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Article
IRSTI: 27.39.19

CHARACTERIZATION OF THE BOUNDEDNESS OF THE DISCRETE
FRACTIONAL MAXIMAL OPERATOR BETWEEN WEIGHTED LORENTZ

SEQUENCE SPACES 1

A.Gogatishvili 1 , N.A.Bokayev 2 , N.K.Kuzeubayeva 2 *
1 Institute of Mathematical of the Czech Academy of Sciences, �Zitn�a 25, 115 67 Praha 1,

Czech Republic
2 L.N. Gumilyov Eurasian National University, Satpaev Str. 2, 010008, Astana, Republic of

Kazakhstan

(E-mail: 1 gogatish@math.cas.cz, 2 bokayev2011@yandex.ru, 2 *nurgul.kuzeubaeva@mail.ru )

Abstract. In this paper, we give the complete characterization of the boundedness of the
discrete fractional maximal operator Mγ , de�ned on Zn , n ∈ N , γ ∈ [0, n) , between the classical
Lorentz sequence spaces λp(v) and λq(w) , where 0 < p, q < ∞ , {v(m)} and {w(m)} are non-
negative sequences de�ned on N . We �rst obtain a sharp upper estimate for the nonincreasing
rearrangement of the discrete fractional maximal operator Mγx , with a supremal operator involving
a discrete Hardy operator and the nonincreasing rearrangement of the sequence {x(k)} , and we show
that this estimate is sharp by showing a lower estimate for special sequences. Using this result, we
can reduce the characterization of the boundedness of the discrete fractional maximal operator Mγ

between the discrete weighted Lorentz sequence spaces to the boundedness of the discrete supremum
operator between weighted Lebesgue sequence spaces, restricted to nonincreasing sequences. This
problem was investigated in the recent paper by the authors, which enables us to obtain the �nal
characterization.
Keywords: discrete Fractional maximal operator, weighted Lorentz sequence space, supremal

operator, Hardy operator.

DOI: https://doi.org/10.32523/bulmathenu.2026/2.1

2000 Mathematics Subject Classi�cation: 46B30, 46B85

1. Introduction

We start with the de�nition of the decreasing rearrangement of the real sequences. We will
follow the book [1] reformulating the de�nitions for the special case of the σ -�nite measure space

1The research was supported by the grant Ministry of Education and Science of the Republic of Kazakhstan (project
no. AP26196065).The research of A. Gogatishvili was partially supported by the grant project 23-04720S of the Czech

Science Foundation (GA�CR), The Institute of Mathematics, CAS is supported by RVO:67985840, by Shota Rustaveli
National Science Foundation (SRNSF), grant no: FR22-17770.
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(Zn,P(Zn),m) where m is the usual counting measure, which is de�ned as follows: for a �nite set
A , m(A) is the number of its elements, and for in�nite A we have that m(A) = ∞ .

De�nition 1 (Distribution function and decreasing rearrangement). Consider the measure space
(Zn,P(Zn),m) . For any bounded sequence {x(k)}k∈Zn of real numbers, we de�ne its distribution
function mx : [0,∞) → [0,∞] in the following way:

mx(ω) = m{k ∈ Zn : |x(k)| > ω}, ω > 0.

Then for t ≥ 0 we de�ne the decreasing rearrangement:

x∗(t) = inf{ω > 0 : mx(ω) ≤ t}

and the decreasing rearrangement {x∗(i)}∞i=1 of the sequence {x(k)}k∈Zn as

x∗(i) = x∗(t(i)) = inf{ω > 0 : mx(ω) ≤ t(i)}

for any i− 1 ≤ t(i) < i, i ∈ N .
It should be noticed that an alternative equivalent de�nition of the decreasing rearrangement is

possible.

x∗(i) = sup
E⊂Zn,m(E)=i

min
k∈E

|x(k)| i ∈ N.

We use the convention here that inf ∅ = ∞ . Thus, if mx(ω) > i for all ω ≥ 0 , then x∗(i) = ∞ .
We denote x∗∗(k) as the average {x∗(k)}k∈N :

x∗∗(k) =
1

k

k∑
i=1

x∗(i), k ∈ N.

We will use the following conventions. We write A ≲ B if there exists a constant C ∈ (0,∞)
independent of appropriate quantities such that A ≤ CB . We write A ≈ B if we have both A ≲ B
and B ≲ A . We put 1/(±∞) = 0 , 0/0 = 0 , 0 · (±∞) = 0 . Moreover, we omit arguments of
integrands as well as di�erentials in integrals when appropriate in order to keep the exposition as
short as possible. We will denote by LHS(∗) and RHS(∗) , the left-hand side and right-hand side
of an inequality (∗) , respectively. Note that since the counting measure m can only take integer
values (or in�nity), it does not matter which exact tk is chosen for the given k , as long as it is in
the aforementioned interval.
In this paper, an upper bound is obtained for a nonincreasing rearrangement of a discrete

fractional-maximal operator through a certain supremal operator. We assume throughout that
w and v are sequences of nonnegative terms. Their partial sums are denoted by

W (m) =
m∑
k=1

w(k), V (m) =
m∑
k=1

v(k), m ∈ N.

In the case where the series converges, or we consider the limit of the sequence of partial sums, we
write:

V (∞) = lim
m→∞

V (m).

De�nition 2. Given a �xed sequence w(k)k∈N of nonnegative real numbers not identically equal to
zero and a �xed p ∈ (0,∞) . The classical Lorentz sequence space λp(w) is the set of all complex
sequences x = x(k)k∈Zn such that ∥x∥λp(w) <∞ , where

∥x∥λp(w) =


( ∞∑

k=1

(x∗(k))p · w(k)
) 1
p

, 0 < p <∞,

sup
k≥1

x∗(k) · w(k), p = ∞.

Notice that the ∥ · ∥λp(w) does not necessarily have to be a norm.
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De�nition 3.

λp(w) = {x ∈ Zn : ∥x∥λp(w) < +∞}.

For m = (m1,m2, · · · ,mn) ∈ Zn and N ∈ N we de�ne the set

Sm,N := {k ∈ Zn : ||k −m||∞ ≤ N},

where ||(x(1), x(2), · · · , x(n))||∞ := max{|x(i)| : 1 ≤ i ≤ n} for each (x(1), x(2), · · · , x(n)) ∈
Zn . Then |Sm,N | = (2N + 1)n is the cardinality of the set Sm,N . Let γ ∈ [0, n) , x =
(x(1), x(2), · · · , x(k)) ∈ Zn . The discrete fractional maximal operator Mγ is de�ned by

(Mγx)(m) = sup
N∈N

|Sm,N |
γ
n
−1

∑
k∈Sm,N

|x(k)|, m ∈ Zn.

The aim of this paper is to establish a condition for the boundedness of the discrete fractional
maximal operator from Λp(v) to Λq(w) .

2. Preliminaries

Theorem 1. [1, Chapter-2, Theorem 2.2] If x = {x(m)}m∈Zn and b = {b(m)}m∈Zn are complex
sequences, then ∑

m∈Zn
x(m)b(m) ≤

∞∑
k=1

x∗(k)b∗(k).

Lemma 1. Let n ∈ N and γ ∈ [0, n) , then the following inequalities hold:

sup
k∈ N

(Mγx)
∗(k) ≤ D3 sup

k∈ N
k
γ
nx∗(k), (1)

sup
k∈ N

k1−
γ
n (Mγx)

∗(k) ≤ D4

∑
k∈Zn

|x(k)|, (2)

where D3 and D4 are positive constants depending only on n and γ .

Proof. Using the de�nition of Mγ and Theorem 1 we get

sup
k∈ N

(Mγx)
∗(k) = sup

m∈Zn
(Mγx)(m)

= sup
m∈Zn

sup
N∈N

|Sm,N |
γ
n
−1

∑
k∈Sm,N

|x(k)|

≤ sup
m∈Zn

sup
N∈N

|Sm,N |
γ
n
−1

|Sm,N |∑
i=1

x∗(i)

= sup
m∈ Zn

sup
N∈N

|Sm,N |
γ
n
−1

|Sm,N |∑
i=1

i−γ/niγ/nx∗(i)

≤ sup
m∈Zn

sup
N∈N

|Sm,N |
γ
n
−1

|Sm,N |∑
i=1

i−γ/n sup
i∈N

iγ/nx∗(i)

≤ D3 sup
i∈N

iγ/nx∗(i)

the estimate (1) proved.
Now we prove the estimate (2). Fix a number λ > 0 and set

Eλ = {k ∈ Zn : (Mγx)(k) > λ} .
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We want to estimate

m(Eλ)
1− γ

n = m({k ∈ Zn : (Mγx)(k) > λ}) ≤ C̃4

λ

∑
k∈Zn

|x(k)|.

For each k ∈ Eλ , choose Nk such that

1

|Sk,Nk |1−γ/n

∑
m∈Sk,Nk

|x(m)| > λ.

Thus Eλ ⊂ ∪k∈EλSk,Nk . Take any �nite set E ⊂ Eλ , and apply the Vitali covering lemma [2,
Chapter-1, Lemma, p. 9]. So there exists a disjoint subcollection {Sj = Skj ,Nkj } selected by the

Vitali covering lemma, such that:

m(Eλ) ≤ 3n
∑
j

m(Sj)

and

m(Eλ)
1− γ

n ≤ 3n−γ
∑
j

m(Sj)
1− γ

n

≤ 3n−γλ−1
∑
j

∑
m∈Sj

|x(m)|

≤ 3n−γλ−1
∑

m∈∪jSj

|x(m)|

≤ 3n−γλ−1
∑
m∈Zn

|x(m)|,

so
sup
λ>0

λm(Eλ)
1− γ

n ≤ 3n−γ
∑
m∈Zn

|x(m)|

sup
m∈N

m1− γ
n (Mγx)

∗(m) = sup
λ>0

λm(Eλ)
1− γ

n ≤ 3n−γ
∑
m∈Zn

|x(m)|

which is an estimate (2) with D4 = 3n−γ . □

3. Main results

In the following theorem, an upper bound estimate for the nonincreasing rearrangement of the
discrete fractional maximal operator is obtained.
Having de�ned the λp(w) norm, we can now move on to the sequence spaces induced by that

norm. For the de�nition to make sense, we only take sequences with �nite norm.

Theorem 2. Let n ∈ N and γ ∈ [0, n) . Then there exists a positive constant D1 , depending only
on n and γ , such that

(Mγx)
∗(m) ≤ D1 sup

m≤k<∞
kγ/nx∗∗( k), m ∈ N (3)

for any sequence x = {x(m)}m∈Zn .

Proof of Theorem 2. Fix k ∈ N and let x ∈ l1loc(Zn) . We may assume that

sup
m≤k<∞

kγ/n−1
k∑

j=1

x∗(j) <∞ (4)

otherwise (3) holds trivially. Then by the Hardy-Littlewood inequality (1)

∑
k∈Q

|x(k)| ≤
k∑

i=1

x∗(i) <∞
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for every set Q ⊂ Zn of measure at most k . In particular, if we put

E = {m ∈ Zn : |x(m)| > x∗(k)},
then m(E) ≤ k [1, Chapter 2, (1.18)], and so

∑
k∈E

|x(k)| <∞ . We de�ne the sequences:

yk(m) = max{|x(m)| − x∗(k), 0} sgnx(m), m ∈ Zn, (5)

zk(m) = min{|x(m)|, x∗(k)} sgnx(m), m ∈ Zn. (6)

Then x = yk + zk and

y∗k(i) = χ(0;k)∩N(x
∗(i)− x∗(k)), i ∈ N (7)

z∗k(i) = min {x∗(i), x∗(k)}, i ∈ N (8)

whence from (7):

∑
m∈Zn

|yk(m)| =
∞∑
i=1

y∗k(i) =
k∑

i=1

(
x∗(i)− x∗(k)

)
≤

k∑
i=1

x∗(i). (9)

From the inequality (2) it follows that

(Mγyk)
∗(i) ≤ D4i

γ/n−1
∑
m∈Zn

|yk(m)| ≤ D4i
γ/n−1

k∑
i=1

x∗(i), i ∈ N. (10)

By (1) and (8) we have:

(Mγzk)
∗(i) ≤ D3 sup

1≤i<∞
iγ/nz∗k(i)

= D3max
{

sup
0<i<k

iγ/nx∗(k), sup
k≤i<∞

iγ/nx∗(i)
}

≈ D3max
{
kγ/nx∗(k), sup

k≤i<∞
iγ/nx∗(i)

}
≤ D3 sup

k≤i<∞
iγ/nx∗(i).

Hence

sup
0<i<∞

(Mγzk)
∗(i) ≤ D3 sup

k≤i<∞
iγ/nx∗(i), (11)

(
Mγx

)∗
(k) ≤

(
Mγyk

)∗
(k) + sup

0<i<∞

(
Mγzk

)∗
(i).

By using, (10) and (11) we get

(
Mγx

)∗
(k) ≤ D4k

γ/n−1
k∑

i=1

x∗(i) +D3 sup
k≤i<∞

iγ/nx∗(i)

≤ (D4 +D3) sup
k≤i<∞

iγ/nx∗∗(i)

= D1 sup
k≤i<∞

iγ/nx∗∗(i),

with D1 = D3 +D4 . □
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Theorem 3. Let us n ∈ N and γ ∈ [0, n) . Inequality (3) in Theorem 2 is sharp in the sense that
for any positive nonincreasing sequence x = {x(m)}m∈N there exists a sequence y = {y(k)}k∈Zn
such that y∗(k) = x(k) , k ∈ N and the inequality holds:

(Mγy)
∗(m) ≥ D2 sup

m≤k<∞
kγ/ny∗∗( k)

= D2 sup
m≤k<∞

k
γ
n
−1

k∑
i=1

x(i), m, k ∈ N, (12)

where D2 - is a positive constant depending only on n and γ .

Proof of Theorem 3. Let for any m ∈ N de�ne

N1 = {1},
Nm := {i ∈ N : i = (2m− 3)n + 1, · · · , (2m− 1)n}, m = 2, 3, . . . ,

and

Qm := {k̄ ∈ Zn : max
1≤i≤n

|k(i)| = m− 1}.

It is clear that

#{N1} = #{Q1} = 1,

and

#{Nm} = #{Qm} = (2m− 1)n − (2m− 3)n, m = 2, 3, · · ·
N = ∪m∈NNm, Zn = ∪m∈NQm.

Let
Θm : Qm → Nm, m ∈ N

be one-to-one functions.
De�ne Θ : Zn → N

Θ(k) = Θm(k), if k ∈ Qm.

y(k) = x(Θ(k)), k ∈ Zn.

Then, for every k,m ∈ Zn such that ∥k∥∞ ≥ ∥m∥∞ , we have

Mγ(y)(m) ≥ c|S0,∥k∥∞ |
γ
n
−1

∑
j∈S0,∥k∥∞

|y(j)|

= c

(
2∥k∥∞ + 1

)γ−n ∥k∥∞∑
i=1

∑
j∈Qi

|y(j)|

= c

(
2∥k∥∞ + 1

)γ−n ∥k∥∞∑
i=1

∑
j∈Qi

|x(Θ(j))|

= c

(
2∥k∥∞ + 1

)γ−n ∥k∥∞∑
i=1

∑
m∈Ni

|x(m)|

= c

(
2∥k∥∞ + 1

)γ−n (2∥k∥∞+1)n∑
i=1

|x(i)|.

Consequently,

Mγ(y)(m) ≥ c sup
j≥(2∥m∥∞+1)n

j
γ
n
−1

j∑
i=1

|x(i)|.
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Hence, (12) followed on taking rearrangements. □

Remark 1. For the classical fractional maximal operator, similar statements are proven in [3],
and for the generalized fractional maximal operator, they are considered in [4].

From Theorem 2 and Theorem 3 follows the following.

Lemma 2. Let n ∈ N , γ ∈ [0, n) and 0 < q, p ≤ ∞ . Assume that {v(m)} and {w(m)}
are given nonnegative weight sequences. Then the operator Mγ is bounded from λp(v) to λq(w)
(Mγ : λp(v) ↪→ λq(w) ) i.e.( ∞∑

k=1

((Mγy)
∗(k))q w(k)

) 1
q

≤ C̃1

( ∞∑
k=1

(y(k)∗)pv(k)

) 1
p

(13)

holds for any sequence y = {y(m)}m∈Zn , if and only if the following inequality( ∞∑
m=1

(
sup
m<k

k
γ
n
−1

k∑
i=1

x(i)

)q

w(m)

) 1
q

≤ C̃2

( ∞∑
k=1

x(k)pv(k)

) 1
p

(14)

holds for all nonnegative, nonincreasing sequences {x(n)}n∈N . Moreover, if C̃1 and C̃2 are the

best constants in (13) and (14), respectively, then C̃1 ≈ C̃2 and the multiplicative constants in all
the equivalences above depend only on p, q .

Proof of Lemma 2. We will prove the equivalence of two statements:
The boundedness of the operator Mγ from λp(v) to λq(w) , i.e., the ful�llment of inequality

(13). The ful�llment of inequality (14) for all nonnegative, nonincreasing sequences {x(n)}n∈N .
(13) ⇒ (14).
Assume that the operator Mγ is bounded, i.e. the inequality (13) holds for any sequence

{y(m)}m∈Zn . We will show that this implies inequality (14) for nonincreasing sequences x(k)k∈N .
By Theorem 3 for given nonincreasing sequence (x(k)k∈N there exists multivariable sequence
{y(m)}m∈Zn such that y∗(k) = x(k) k ∈ N and

(Mγ(y))
∗(k) ≥ D2 sup

k≤i<∞
i
γ
n
−1

i∑
j=1

x(j).

Therefore, from inequality (13) follows

 ∞∑
k=1

 sup
k<i<∞

i
γ
n
−1

i∑
j=1

x(j)

q

w(k)

1/q

≤ D−1
2

( ∞∑
k=1

(Mγ(y))
∗(k))qw(k)

) 1
q

≤ D−1
2 C̃1

( ∞∑
k=1

y∗(k)pv(k)

) 1
p

= D−1
2 C̃1

( ∞∑
k=1

x(k)pv(k)

) 1
p

.

Therefore, we obtain (14) with

C̃2 ≤ D−1
2 C̃1.

(14) ⇒ (13).
Assume that inequality (14) holds for all nonnegative, nonincreasing sequences {x(n)} . We will

show that this implies the boundedness of the operator Mγ , i.e., inequality (13) for any sequence
y .
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Using Theorem 2 and (14) for nonincreasing sequence
((y∗)(k))k∈N , we obtain( ∞∑

k=1

((Mγy)
∗(k))qw(k)

) 1
q

≤ D1

 ∞∑
k=1

 sup
k<i<∞

i
γ
n
−1

i∑
j=1

y∗(j)

q

w(k)


1
q

≤ D1C̃2

( ∞∑
k=1

(y∗(k))p v(k)

) 1
p

.

Therefore, we obtain (13) with

C̃1 ≤ D1C̃2.

□

In the theorem below, we give a characterization for computing inequality (13) under various
choices of the parameters p and q.

Theorem 4. Let n ∈ N . γ ∈ [0, n) , and 0 < p, q < ∞ . Assume that {w(m)} and {v(m)} are
given nonnegative real numbers not identically equal to zero. Then the inequality( ∞∑

k=1

((Mγx)
∗(k))q w(k)

) 1
q

≤ C̃1

( ∞∑
k=1

(x(k)∗)pv(k)

) 1
p

holds for any sequences {x(m)} if and only if:
(i) If 1 < p ≤ q , then max{C0, C1, C2, C3} <∞ , where

C0 =

( ∞∑
i=1

i
γq
n w(i)

) 1
q
( ∞∑

i=1

v(i)

)− 1
p

,

C1 = sup
k∈N

k
γ
n
−1W (k)

1
q

(
k∑

m=1

V (m)
1

1−p v(m+ 1)

m
p

1−pV (m+ 1)

) p−1
p

,

C2 = sup
k∈N

( ∞∑
i=k

iq(
γ
n
−1)w(i)

) 1
q
(

k∑
m=1

V (m)
1

1−p v(m+ 1)

m
p

1−pV (m+ 1)

) p−1
p

,

C3 = sup
k∈N

(
k∑

i=1

w(i)i
qγ
n

) 1
q

V (k)
− 1
p .

(ii) If p > 1 and q < p , then max{C0, C4, C5, C6, C7} <∞ , where

C4 =

( ∞∑
k=1

( ∞∑
i=k

iq(
γ
n
−1)w(i)

) q
p−q

kq(
γ
n
−1)w(k)

(
k∑

m=1

V (m)
1

1−p v(m+ 1)

m
p

1−pV (m+ 1)

)) p−1
p

,

C5 =

( ∞∑
k=1

W (k)
q
p−qw(k) sup

k≤i<∞
i
( γ
n
−1) pq

p−q

(
k∑

m=1

V (m)
1

1−p v(m+ 1)

m
p

1−pV (m+ 1)

) (p−1)q
p−q

) p−q
pq

,

C6 =

( ∞∑
k=1

W (k)
q
p−qw(k) sup

k≤i<∞
i
γ
n

pq
p−qV (i)

− q
p−q
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×

(∑
m≥i

V (m+ 1)−1V (m)
1

1−p v(m+ 1)

) (p−1)q
p−q

) p−q
pq

C7 =

( ∞∑
k=1

(
k∑

i=1

w(i)i
qγ
n

) q
p−q

w(k) sup
k≤i<∞

i
γq
n V (i)

− q
p−q

) p−q
pq

.

(iii) If 0 < p ≤ 1 and p ≤ q , then max{C8, C9} <∞ , where

C8 = sup
k∈N

k
γ
n
−1W (k)

1
q sup
1≤i≤k

iV (i)
− 1
p .

C9 = sup
k∈N

( ∞∑
i=k

iq(
γ
n
−1)w(i)

) 1
q

sup
1≤i≤k

iV (i)
− 1
p .

(iv) If 0 < q < p ≤ 1 , then then max{C10, C11} <∞ , where

C10 =

( ∞∑
k=1

( ∞∑
i=k

w(i)iq(
γ
n
−1)

) q
p−q

kq(
γ
n
−1)w(k) sup

1≤i≤k
i
pq
p−qV (i)

q
q−p

)

C11 =

( ∞∑
k=1

W (k)
q
p−qw(k) sup

k≤i<∞
i
γ
n

pq
p−qV (i)

q
q−p

) p−q
pq

.

Moreover, if we denote by C̃ the best constant in (14), then

C̃ ≈


max{C0, C1, C2, C3} in the case (i),

max{C0, C4, C5, C6, C7} in the case (ii),

max{C8, C9} in the case (iii),

max{C10, C11} in the case (iv).

Moreover, the multiplicative constants in all the equivalences above depend only on p, q .

Proof of Theorem 4. The proof easily follows from Lemma 2 by using [5, Theorem 2.3], with

u(i) = i
γ
n
−1 , a(m) = w(m) and b(m) = v(m) . It is easily seen that z(k) = k

γ
n
−1 and

supi≤j≤n u(j)j = n
γ
n . Therefore, in the cases (iii) and (iv), we have one condition less than in

[5, Theorem 2.3] because in case (iii) we have C ≈ C8 + C9 + C10 and C10 ≤ C8 . In case (iv) we
have C ≈ C11 + C12 + C13 , C13 ≤ C12 , therefor C ≈ C11 + C12 , C11 and C12 are now C10 and
C11 .

□

We note that weighted inequalities for Hardy operators and for other operators have also been
considered in the literature [6]-[13].

4. Conclusion

In this paper, we have obtained sharp upper and lower bounds for the nonincreasing rearrangement
of the discrete fractional maximal operator in weighted Lorentz-type sequence spaces λp(v) ↪→
λq(w) . These estimates were derived using supremal operator techniques and reduction arguments
applied to cones of monotone sequences.
In the paper [7]-[8], a continuous case is considered. In the discrete case, the result was problem-

atic, and the result is essentially di�erent. We have proved the new Copson theorem for the discrete
case; in the results, it can be seen that it uses shifts - this is a new e�ect. Also, obtaining the
estimate below for the decreasing rearrangement of the fractional maximal function is more di�cult
than in the continuous case. In the continuous case, it is enough to consider a radial function, there
is no analog of a radial sequence in Zn .
Ë.Í. Ãóìèëåâ àòûíäà¡û Å�Ó õàáàðøûñû. Ìàòåìàòèêà, êîìïüþòåðëiê ¡ûëûìäàð, ìåõàíèêà ñåðèÿñû, 2026, Òîì 155, �2
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Our results generalize and re�ne known weighted inequalities for discrete Hardy-type and kernel
operators. The established equivalences involving iterated supremal expressions highlight a deep
connection between discrete harmonic analysis and classical real-variable techniques.
From a practical perspective, such rearrangement-based estimates can be useful in problems re-

lated to smoothing analysis, approximation, and stability assessment in discrete computational set-
tings.
Future research may focus on extending these results to generalized discrete potential-type oper-

ators and exploring their role in grid-based models.
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Ñàëìà©òàë¡àí Ëîðåíö òiçáåêòåði êå­iñòiêòåði àðàñûíäà¡û äèñêðåòòi á°ëøåêòi
ìàêñèìàëäû îïåðàòîðäû­ øåíåëãåíäiãií ñèïàòòàó

À. Ãîãàòèøâèëè 1 , Í.À. Áîêàåâ 2 , Í.Ê. Êóçåóáàåâà 2 *
1 ×åõèÿ ¡ûëûì àêàäåìèÿñûíû­ ìàòåìàòèêà èíñòèòóòû, 115 67 Ïðàãà 1, Æèòíà ê°øåñi, 25,×åõèÿ

2 Ë.Í. Ãóìèëåâ àòûíäà¡û Åóðàçèÿ ´ëòòû© óíèâåðñèòåòi, Ñºòïàåâ ê°øåñi, 2, 010008, Àñòàíà, �àçà©ñòàí

Àííîòàöèÿ. Á´ë ìà©àëàäà áiç Zn , n ∈ N , γ ∈ [0, n) , æèûíûíäà àíû©òàë¡àí Mγ

äèñêðåòòi á°ëøåêòiê ìàêñèìàëäû îïåðàòîðûíû­ êëàññèêàëû© Ëîðåíö òiçáåêòåð êå­iñòiêòåði
λp(v) ìåí λq(w) àðàñûíäà øåíåëãåí áîëóûíû­ òîëû© ñèïàòòàìàñûí áåðåìiç, ì´íäà¡û
0 < p, q < ∞ , àë {v(m)} æºíå {w(m)} � N æèûíûíäà àíû©òàë¡àí òåðiñ åìåñ
òiçáåêòåð. Àëäûìåí áiç Mγx äèñêðåòòi á°ëøåêòiê ìàêñèìàëäû îïåðàòîðûíû­ °ñïåéòií
àëìàñòûðóû ³øií äºë æî¡àð¡û áà¡àëàóäû àëàìûç, á´ë áà¡àëàó äèñêðåòòi Õàðäè îïåðàòîðû
ìåí {x(k)} òiçáåãiíi­ °ñïåéòií àëìàñòûðóûí ©àìòèòûí ñóïðåìóìäû© îïåðàòîð àð©ûëû
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°ðíåêòåëåäi. Ñîíäàé-à©, àðíàéû òiçáåêòåð ³øií ò°ìåíãi áà¡àëàóäû êåëòiðó àð©ûëû àëûí¡àí
áà¡àëàóäû­ äºëäiãií ê°ðñåòåìiç. Îñû íºòèæåíi ïàéäàëàíà îòûðûï, ñàëìà©òû Ëîðåíö
òiçáåêòåð êå­iñòiêòåði àðàñûíäà¡û Mγ äèñêðåòòi á°ëøåêòiê ìàêñèìàëäû îïåðàòîðûíû­
øåíåëãåíäiãií ñèïàòòàó ìºñåëåñií ñàëìà©òû Ëåáåã òiçáåêòåð êå­iñòiêòåði àðàñûíäà¡û äèñêðåòòi
ñóïðåìóì îïåðàòîðûíû­ øåíåëãåíäiãií çåðòòåóãå êåëòiðóãå áîëàäû. Àòàë¡àí ìºñåëå
àâòîðëàðäû­ æ´ìûñòàðû­äà çåðòòåëãåí, ñîíû­ íºòèæåñiíäå äèñêðåòòi á°ëøåêòiê ìàêñèìàëäû
Mγ îïåðàòîðûíû­ äèñêðåòòi ñàëìà©òû Ëîðåíö êå­iñòiêòåðiíäå øåíåëãåíäiãiíå ò³ïêiëiêòi
ñèïàòòàìà àëó¡à ì³ìêiíäiê áåðäi.
Ò³éií ñ°çäåð: á°ëøåêòi ìàêñèìàëäû îïåðàòîð, ñàëìà©òàë¡àí Ëîðåíö òiçáåêòåð êå­iñòiãi,

ñóïðåìóì îïåðàòîðû, Õàðäè îïåðàòîðû.

Õàðàêòåðèñòèêà îãðàíè÷åííîñòè äèñêðåòíîãî äðîáíî-ìàêñèìàëüíîãî îïåðàòîðà
ìåæäó âåñîâûìè ïðîñòðàíñòâàìè ïîñëåäîâàòåëüíîñòåé Ëîðåíöà

À. Ãîãàòèøâèëè 1 , Í.À. Áîêàåâ 2 , Í.Ê. Êóçåóáàåâà 2 *
1 Èíñòèòóò ìàòåìàòèêè ×åøñêîé àêàäåìèè íàóê, óë.Æèòíà, 25, 115 67 Ïðàãà 1, ×åøñêàÿ Ðåñïóáëèêà

2 Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í. Ãóìèë¼âà, óë.Ñàòïàåâà, 2, 010008, Àñòàíà,

Êàçàõñòàí

Àííîòàöèÿ. Â äàííîé ðàáîòå ïðèâîäèòñÿ ïîëíàÿ õàðàêòåðèçàöèÿ îãðàíè÷åííîñòè
äèñêðåòíîãî äðîáíîãî ìàêñèìàëüíîãî îïåðàòîðà Mγ , îïðåäåëåííîãî íà Zn ,
n ∈ N , γ ∈ [0, n) , êàê îïåðàòîðà, äåéñòâóþùåãî ìåæäó êëàññè÷åñêèìè ïðîñòðàíñòâàìè
ïîñëåäîâàòåëüíîñòåé Ëîðåíöà λp(v) è λq(w) , ãäå 0 < p, q < ∞ , à {v(m)} è {w(m)}
íåîòðèöàòåëüíûå ïîñëåäîâàòåëüíîñòè, çàäàííûå íà N . Ñíà÷àëà ìû ïîëó÷àåì òî÷íóþ îöåíêó
ñâåðõó äëÿ íåâîçðàñòàþùåé ïåðåñòàíîâêè ïîñëåäîâàòåëüíîñòè Mγx (ðåçóëüòàòà äåéñòâèÿ
äèñêðåòíîãî äðîáíîãî ìàêñèìàëüíîãî îïåðàòîðà) ÷åðåç ñóïðåìàëüíûé îïåðàòîð, âêëþ÷àþùèé
äèñêðåòíûé îïåðàòîð Õàðäè è íåâîçðàñòàþùóþ ïåðåñòàíîâêó ïîñëåäîâàòåëüíîñòè {x(k)} ,
òî÷íîñòü ýòîé îöåíêè ïîäòâåðæäàåòñÿ ñîîòâåòñòâóþùåé îöåíêîé ñíèçó äëÿ ñïåöèàëüíûõ
ïîñëåäîâàòåëüíîñòåé. Èñïîëüçóÿ ýòîò ðåçóëüòàò, çàäà÷ó î õàðàêòåðèçàöèè îãðàíè÷åííîñòè
äèñêðåòíîãî äðîáíîãî ìàêñèìàëüíîãî îïåðàòîðà Mγ ìåæäó äèñêðåòíûìè âåñîâûìè
ïðîñòðàíñòâàìè ïîñëåäîâàòåëüíîñòåé Ëîðåíöà ìîæíî ñâåñòè ê çàäà÷å îá îãðàíè÷åííîñòè
äèñêðåòíîãî ñóïðåìàëüíîãî îïåðàòîðà ìåæäó âåñîâûìè ïðîñòðàíñòâàìè ïîñëåäîâàòåëüíîñòåé
Ëåáåãà, ðàññìàòðèâàåìîãî íà êëàññå íåâîçðàñòàþùèõ ïîñëåäîâàòåëüíîñòåé. Ýòà çàäà÷à áûëà
èññëåäîâàíà â ðàáîòàõ àâòîðîâ, ÷òî ïîçâîëèëî ïîëó÷èòü îêîí÷àòåëüíóþ õàðàêòåðèñòèêó
îãðàíè÷åííîñòè äèñêðåòíîãî äðîáíîãî ìàêñèìàëüíîãî îïåðàòîðà Mγ â äèñêðåòíûõ âåñîâûõ
ïðîñòðàíñòâàõ Ëîðåíöà.
Êëþ÷åâûå ñëîâà: äèñêðåòíûé äðîáíî ìàêñèìàëüíûé îïåðàòîð, âåñîâîå ïðîñòðàíñòâî

ïîñëåäîâàòåëüíîñòåé Ëîðåíöà, ñóïðåìàëüíûé îïåðàòîð, îïåðàòîð Õàðäè.
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ON BREDON COHOMOLOGY WITH MACKEY FUNCTOR IN MORAVA
K -THEORY

M. Bakuradze
Department of Algebra and Geometry, Faculty of Exact and Natural Sciences, Ivane

Javakhishvili Tbilisi State University, 1 Ilia Tchavtchavadze Avenue, Tbilisi, Georgia

(E-mail: malkhaz.bakuradze.tsu@ge)

Abstract. Utilizing the algebraic framework of Mackey functors, we analyze the cochain com-
plex and explicitly compute the cellular di�erentials governed by restrictions and transfer maps
within Morava K -theory K(n)∗ . We focus on the geometric construction of the octahedral surface
2-complex, isolating purely equivariant phenomena driven by stabilizer jumps. By analyzing the
complex directly over the Morava ring K(n)∗[x, y] , we determine the zero-th and �rst codi�eren-
tials. We show that while the underlying space is geometrically trivial in degree one, the equivariant
chromatic classes persist due to the cluster's sector geometry. Finally, we provide a complete descrip-
tion of the �rst Bredon cohomology group H1

Q8
(X;K(n)∗) expressed as a quotient of the coe�cient

ring. These results contribute to the structural classi�cation of equivariant cohomology rings for
�nite p -groups with concentrated even degrees.
Keywords: Morava K -theory, equivariant CW complex, Bredon Homology

DOI: https://doi.org/10.32523/bulmathenu.2026/2.2

2000 Mathematics Subject Classi�cation: 55N91, 55

1. Introduction

Our consideration of the Mackey functor M for Bredon cohomology relies on the explicit Morava
K -theory ring calculations for 'good' �nite p -groups provided in [1].
Let G be a �nite group and X a �nite G -CW complex. We de�ne the contravariant Bredon

K(n)∗ module on the orbit category OG by setting:

K(n)∗(G/H) = K(n)∗(BH)

for each subgroup H ⊆ G .
The n -th Bredon cochain group is de�ned as the direct sum over the n -dimensional orbit repre-

sentatives:

Cn
G(X;K(n)∗) =

⊕
σ∈cellsn(X/G)

K(n)∗(BGσ)

where Gσ is the stabilizer of a chosen cell σ .
18
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2. The Di�erential and AHSS

The coboundary operator δn : Cn
G → Cn+1

G is de�ned via the restriction maps. For a cochain α ,
we have:

(δnα)(ψ) =
∑

σ∈cellsn(X/G)

∑
g∈G

[ψ : gσ] · ResgGσg
−1

Gψ
(g · ασ)

where:

• [ψ : gσ] are the degrees of the corresponding attaching maps.
• Res is the restriction map in Morava K -theory.

The n -th Bredon cohomology group of X with coe�cients in K(n)∗ is then:

Hn
G(X;K(n)∗) =

ker(δn)

im(δn−1)

3. Atiyah-Hirzebruch Spectral Sequence (AHSS)

While the evenness of the Bredon cohomology is a su�cient rather than a necessary criterion for
the "goodness" of X , it remains the most computationally viable path.
Key Observation: If the E2 -condition is met (i.e., the cohomology vanishes in odd degrees),

the equivariant Atiyah-Hirzebruch spectral sequence:

Ep,q
2 = Hp

G(X;K(n)q) ⇒ Kp+q
G (X)

collapses immediately at the E2 page.

4. The Example: Octahedral Surface 2-Complex

Geometric Construction. To study the chromatic cohomology under the Q8 action, we de�ne the
underlying space X as the 2-dimensional surface of a regular octahedron.
Let Voct = {±i,±j,±k} be the set of vertices of a regular octahedron in R3 . We identify the

ambient 3-dimensional space with the purely imaginary quaternions Im(H) . The group Q8 =
{±1,±i,±j,±k} acts on X via conjugation: for any g ∈ Q8 and v ∈ Im(H) , the action is given
by g · v = gvg−1 .
We de�ne the complex X as the boundary complex of this octahedron, which is homeomorphic to

the sphere S2 . Unlike a solid ball or a radially �lled cone, X is a pure 2-dimensional spherical
complex that does not include the central origin w0 . Its combinatorial data consists of:

• 0-cells (6 vertices): The peripheral vertices Voct .
• 1-cells (12 edges): The edges connecting the vertices in Voct , forming the 1-skeleton.
• 2-cells (8 faces): The triangular faces forming the surface of the octahedron.

This structure allows us to explicitly describe the Q8 action on the cells without introducing an
invariant central �xed point that would force an equivariant contraction.
Homotopy Type and Cohomology. The complex X is geometrically realized as the sphere S2 .

Consequently, its ordinary cohomology in degree 1 vanishes:

H1(X) = 0 (1)

The vanishing of ordinary cohomology in this degree serves to isolate the equivariant e�ects. The
persistence of chromatic classes in H1

Q8
(X;K(n)∗) is thus entirely attributable to the Q8 -action

and its associated stabilizer jumps, rather than the 1-dimensional topological features of the base
space. By removing the central cone point, the space avoids equivariant contractibility, allowing
non-trivial Bredon cohomology to emerge.
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5. Octahedral Geometry and Q8 Action

The underlying complex X is a 2-sphere with an octahedral decomposition. It consists of 6
vertices, 12 edges, and 8 triangular faces. The action of Q8 permutes these geometric simplices
through quaternion conjugation (for example, i · j · i−1 = −j ).

i · j · i−1 = −j

i

−i

j

−j

k

−k

6. Orbit Decomposition under Q8

The Q8 -action on the octahedral surface X ∼= S2 induces a decomposition into orbits of n -cells.
The equivariant structure of X is given by:

• 0-cells: 3 orbits of peripheral vertices. Each orbit consists of a pair of antipodal vertices:
[i] = {i,−i} , [j] = {j,−j} , and [k] = {k,−k} . The stabilizer of each vertex is isomorphic
to C4 (e.g., Stab(i) = ⟨i⟩ ). Thus, the 0-cochain module C0

Q8
(X;K(n)∗) has rank 3, with

basis elements e01, e
0
2, e

0
3 .

• 1-cells: 3 orbits of edges forming the 1-skeleton of the octahedron. Each orbit contains 4
edges, and the stabilizer is the central subgroup C2 = {1,−1} (since −1 acts trivially on the
geometric space Im(H) ). Thus, C1

Q8
(X;K(n)∗) has rank 3, with basis elements e11, e

1
2, e

1
3 .

• 2-cells: 2 orbits of triangular faces, each containing 4 faces, with stabilizer C2 = {1,−1} .
Thus, C2

Q8
(X;K(n)∗) has rank 2, with basis elements e21, e

2
2 .

This model provides a highly symmetric orbit category breakdown without a �xed point, naturally
avoiding equivariant contractibility and enabling non-trivial Bredon cohomology computations.

7. The modi�ed Di�erential and Cohomology

The di�erential dr : Cr
G → Cr+1

G is a morphism of K∗(BG) -modules. Its matrix entries are
determined by the interaction between the stabilizers of incident orbits through the global group G .
For a generator in the component corresponding to an orbit [σ] , the di�erential is computed via

the cellular structure and Mackey functor maps as:

dr([σ]) =
∑

[τ ]∈Orbitsr+1

ϵ([τ ], [σ]) · Φ[τ ],[σ]([τ ])

where the algebraic weight Φ[τ ],[σ] is de�ned using the Mackey functor structure. Speci�cally, let
H = Stab(σ) and K = Stab(τ) be the stabilizer subgroups of the incident cells. The corresponding
matrix entry is given by the composition of transfer and restriction maps:

Φ[τ ],[σ] = ResGK ◦TrGH : K∗(BH) → K∗(BK)

For p = 2 , the Morava K-theory coe�cient ring is de�ned over F2 , meaning we operate in
characteristic 2 (where signs are absorbed, 1 = −1 , and 2 = 0 ).
Let k = 2n−1 . The chromatic weights corresponding to the transfers from C4 to C2 are derived

from the formal group law, yielding elements xk, yk , and zk = xk + yk .
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Zero-th Codi�erential d0 : C0
G → C1

G . This matrix connects the 3 vertex orbits to the 3 edge
orbits. The geometric boundary maps, combined with the transfers from the C4 stabilizers of the
vertices to the C2 stabilizers of the edges, give the following 3× 3 boundary matrix:

d0 =

xk yk 0
0 yk zk

xk 0 zk

 (2)

First Codi�erential d1 : C1
G → C2

G . This matrix connects the 3 edge orbits to the 2 face
orbits. Since the stabilizers for both edges and faces are identical (C2 ), the transfer maps are
trivial, leaving only the incidence relations (the topological boundary operator). In characteristic 2,
the 2× 3 matrix is given by:

d1 =

(
1 1 1
1 1 1

)
(3)

We directly verify the fundamental cochain complex condition d1 ◦ d0 = 0 . Multiplying the
matrices over the Morava ring modulo 2:

d1 · d0 =
(
1 1 1
1 1 1

)xk yk 0
0 yk zk

xk 0 zk

 =

(
2xk 2yk 2zk

2xk 2yk 2zk

)
= 0 (4)

This algebraic con�rmation perfectly aligns with the boundary structure of X .
First Bredon Cohomology H1 . To compute the �rst Bredon cohomology group

H1
G(X;K(n)∗) = ker(d1)/ im(d0) , we evaluate the kernel and image directly via matrix transforma-

tions over the coe�cient ring.
The kernel ker(d1) consists of vectors (a, b, c)T satisfying a + b + c = 0 . The image im(d0) is

generated by the column vectors of d0 . Since zk = xk + yk , the column relations naturally lie in
the kernel. By factoring the image from the kernel, the resulting quotient module simpli�es exactly
to the quotient by the ideal generated by the transfer classes:

H1
G(X;K(n)∗) ∼=

K(n)∗[x, y]

(x2n−1, y2n−1)
(5)

This establishes the explicit isomorphism of modules. The non-vanishing group represents the per-
sistent chromatic signature of the Q8 -action locked into the surface geometry of the symmetric
cluster.
Second Bredon Cohomology H2 . To compute the second Bredon cohomology group

H2
G(X;K(n)∗) , we analyze the higher cochain modules. The 2-cochain module C2

G(X;K(n)∗) has
rank 2, corresponding to the 2 orbits of triangular faces with stabilizer C2 . Since the underlying
space X ∼= S2 is 2-dimensional, the 3-cochain module vanishes (C3

G = 0 ), implying that the kernel
ker(d2) is the entire module C2

G .
The image im(d1) is determined by the rank-1 image of the 2× 3 matrix d1 , which is generated

by the diagonal relation (1, 1)T . Taking the quotient yields:

H2
G(X;K(n)∗) ∼=

K(n)∗ ⊕K(n)∗
⟨(1, 1)⟩

∼= K(n)∗ (6)

Thus, the second Bredon cohomology group is isomorphic to a free module of rank 1 over the
Morava K -theory coe�cient ring, perfectly consistent with the equivariant spherical structure of
the octahedral surface.

8. Good Groups and Elements

Good Elements and Good Groups.

De�nition 1. An element x ∈ K(s)∗(BG) is good if it is a transferred Euler class of a complex
subrepresentation of G :

x = Tr∗(e(ρ))
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where ρ is a complex representation of a subgroup H ⊆ G and Tr : BG → BH is the transfer
map.

De�nition 2. A group G is called good if K(s)∗(BG) is spanned by good elements as a K(s)∗ -
module.

The "weakly good" groups, characterized by K(s)odd = 0 , play a signi�cant role in the classi�-
cation of group cohomologies [3, 4, 5].

9. Vanishing of Odd Cohomology

Families of p -groups with K(n)odd(BG) = 0 . In particular, if G belongs to any of the following
families of p -groups, then K(n)odd(BG) = 0 :

(a) Wreath products H ≀ Cp with H good [2, 6];
(b) Metacyclic p -groups [7];
(c) Minimal non-abelian p -groups (all maximal subgroups are abelian) [8];
(d) Groups of p -rank 2 [9];
(e) Elementary abelian by cyclic groups (extensions V → G→ C ) [5, 3];
(f) Central products H ◦ Cpm with H good [4];

(g) H ◁ G of index p , where H is good and K̃(s)(BH) is a permutation module for G/H [3].

Multiplicative Structure and Transfer. For these families, the ring structure of K(s)∗(BG) is
either studied in the cited works or can be derived from existing computations modulo certain
indeterminacy.
Yagita and Tezuka determined the multiplicative structure modulo the transfer formula. Our

main aim here is to check (speci�cally for groups with a maximal abelian subgroup of index 2)
whether the transfer formula is su�cient to determine the ring structure via:

• Methods of characteristic classes;
• Transfer formulas (double coset formula, etc.);
• Induced representations.

The papers [10, 11, 12, 13] treat the same problem.

10. Conclusion

Our computational strategy reinforces the broad utility of analyzing "good" �nite p -
groups�speci�cally those exhibiting vanishing odd Morava K -theory. For such groups, the im-
mediate collapse of the equivariant Atiyah-Hirzebruch Spectral Sequence (AHSS) at the E2 page
provides a robust foundation for extracting the cohomology structure directly from the orbit cate-
gory.
Future investigations may extend this Mackey functor-based approach to higher-dimensional equi-

variant CW-complexes and broader families of �nite p -groups.
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Ìîðàâà K -òåîðèÿñûíäà¡û Ìàêêè ôóíêòîðûìåí áåðiëãåí Áðåäîí êîãîìîëîãèÿñû
òóðàëû

Ì. Áàêóðàäçå
Èâàíå Äæàâàõèøâèëè àòûíäà¡û Òáèëèñè ìåìëåêåòòiê óíèâåðñèòåòi, Èëüÿ ×àâ÷àâàäçå äà­¡ûëû, 1,

Òáèëèñè, Ãðóçèÿ

Àííîòàöèÿ. Ìàêêè ôóíêòîðëàðûíû­ àëãåáðàëû© àïïàðàòû íåãiçiíäå êîöåïòiê
êåøåíãå òàëäàó æ³ðãiçiëiï, K(n)⋆ ò³ðäåãi K -Ìîðàâà òåîðèÿñûíäà¡û øåêòåó æºíå
òðàíñôåð áåéíåëåóëåði àð©ûëû àíû©òàëàòûí ´ÿøû©òû© äèôôåðåíöèàëäàð àé©ûí
ò³ðäå åñåïòåëåäi. Åðåêøå íàçàð ýêâèâàðèàíòòû åìåñ æà¡äàéäà æèûðûëàòûí êå­iñòiê
áîëûï òàáûëàòûí îêòàýäðäi­ ðàäèàëäû 2-©à­©àñûíû­ ãåîìåòðèÿëû© ©´ðûëûìûíà
àóäàðûëàäû, á´ë ò´ðà©òàíäûð¡ûøòàðäû­ ñåêiðìåëi °çãåðiñòåðiíåí òóûíäàéòûí òàçà
ýêâèâàðèàíòòû ©´áûëûñòàðäû á°ëiï ê°ðñåòóãå ì³ìêiíäiê áåðåäi. K(n)[x, y] Ìîðàâà
ñà©èíàñû ³ñòiíäå Ñìèòòi­ ©àëûïòû ôîðìàñûíà (Smith Normal Form, SNF) êåëòiðó
àð©ûëû í°ëiíøi æºíå áiðiíøi êîäèôôåðåíöèàëäàð àíû©òàëàäû. Íåãiçãi êå­iñòiêòi­
ãåîìåòðèÿëû© ò´ð¡ûäàí òðèâèàëäû áîëóûíà ©àðàìàñòàí, çåðòòåëåòií êåøåííi­ ñåêòîðëû©
ãåîìåòðèÿñûíû­ ºñåðiíåí ýêâèâàðèàíòòû õðîìàòèêàëû© êëàñòàðäû­ ñà©òàëàòûíû ê°ðñåòiëåäi.
Ñîíûìåí ©àòàð, H1

Qs
(X;K(n)⋆) áiðiíøi Áðåäîí êîãîìîëîãèÿ òîáûíû­ êîýôôèöèåíòòåð

ñà©èíàñûíû­ ôàêòîðñà©èíàñû ò³ðiíäåãi òîëû© ñèïàòòàìàñû àëûíàäû. Àëûí¡àí íºòèæåëåð
êîãîìîëîãèÿëàðû æ´ï äºðåæåëåðäå øî¡ûðëàí¡àí à©ûðëû p-òîïòàð ³øií ýêâèâàðèàíòòû
êîãîìîëîãèÿ ñà©èíàëàðûíû­ ©´ðûëûìäû© æiêòåëóiíå ³ëåñ ©îñàäû.
Ò³éií ñ°çäåð: Ìîðàâà K-òåîðèÿñû, ýêâèâàðèàíòòû CW-êåøåí, Áðåäîí ãîìîëîãèÿñû.

Î áðåäîíîâñêîé êîãîìîëîãèè ñ ôóíêòîðîì Ìàêêè â òåîðèè Ìîðàâû K -òèïà

Ì. Áàêóðàäçå
Òáèëèññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Èâàíå Äæàâàõèøâèëè, ïðîñïåêò Èëüè ×àâ÷àâàäçå,

1, Òáèëèñè, Ãðóçèÿ

Àííîòàöèÿ. Èñïîëüçóÿ àëãåáðàè÷åñêèé àïïàðàò ôóíêòîðîâ Ìàêêè, ïðîâîäèòñÿ
àíàëèç êîöåïíîãî êîìïëåêñà è ÿâíîå âû÷èñëåíèå êëåòî÷íûõ äèôôåðåíöèàëîâ, çàäàâàåìûõ
îòîáðàæåíèÿìè îãðàíè÷åíèÿ è òðàíñôåðà â òåîðèè Ìîðàâû K -òèïà K(n)∗ . Îñîáîå
âíèìàíèå óäåëÿåòñÿ ãåîìåòðè÷åñêîé êîíñòðóêöèè ðàäèàëüíîãî 2 -îñòîâà îêòàýäðà, êîòîðûé
íåýêâèâàðèàíòíî ÿâëÿåòñÿ ñòÿãèâàåìûì ïðîñòðàíñòâîì, ÷òî ïîçâîëÿåò âûäåëèòü ÷èñòî
ýêâèâàðèàíòíûå ÿâëåíèÿ, îáóñëîâëåííûå ñêà÷êàìè ñòàáèëèçàòîðîâ. Ïóò¼ì ïðèâåäåíèÿ ê
íîðìàëüíîé ôîðìå Ñìèòà (Smith Normal Form, SNF) íàä êîëüöîì K(n)∗[x, y] îïðåäåëÿþòñÿ
íóëåâîé è ïåðâûé êîäèôôåðåíöèàëû. Ïîêàçàíî, ÷òî, íåñìîòðÿ íà ãåîìåòðè÷åñêóþ
òðèâèàëüíîñòü ëåæàùåãî â îñíîâå ïðîñòðàíñòâà, ýêâèâàðèàíòíûå õðîìàòè÷åñêèå êëàññû
ñîõðàíÿþòñÿ áëàãîäàðÿ ñåêòîðíîé ãåîìåòðèè ðàññìàòðèâàåìîãî êîìïëåêñà. Êðîìå òîãî,
ïîëó÷åíî ïîëíîå îïèñàíèå ïåðâîé ãðóïïû áðåäîíîâñêîé êîãîìîëîãèè H1

Q8
(X;K(n)∗) â

âèäå ôàêòîð-êîëüöà êîýôôèöèåíòíîãî êîëüöà. Ïîëó÷åííûå ðåçóëüòàòû âíîñÿò âêëàä
â ñòðóêòóðíóþ êëàññèôèêàöèþ êîëåö ýêâèâàðèàíòíûõ êîãîìîëîãèé êîíå÷íûõ p -ãðóïï ñ
êîãîìîëîãèÿìè, ñîñðåäîòî÷åííûìè â ÷¼òíûõ ñòåïåíÿõ.
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Êëþ÷åâûå ñëîâà: Ìîðàâà K -òåîðèÿ, ýêâèâàðèàíòíûé CW -êîìïëåêñ, ãîìîëîãèÿ
Áðåäîíà.
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Àííîòàöèÿ. Áûâàþò ó÷¼íûå, ÷üè èìåíà îñòàþòñÿ òîëüêî íà ïîæåëòåâøèõ ñòðàíèöàõ
äèññåðòàöèé. À áûâàþò ñîçèäàòåëè, ñïîñîáíûå ïîä÷èíèòü êàïðèçíûå çàêîíû ôèçèêè
íóæäàì îãðîìíîé ñòðàíû è çàñòàâèòü âåñü ìèð â ôîðìàòå ïðîòèâîñòîÿùèõ äâóõ
ñàìûõ ìîùíûõ âîåííûõ äåðæàâ � îò Ìîñêâû äî Âàøèíãòîíà � ïðèñëóøàòüñÿ ê
ãîëîñó êàçàõñòàíñêîé íàóêè. Èìåííî òàêèì ÷åëîâåêîì áûë àêàäåìèê ÍÀÍ ÐÊ,
äîêòîð òåõíè÷åñêèõ íàóê, ïðîôåññîð Øàõáàç Àëèìãèðåâè÷ Åðøèí (05.09.1926�02.08.2019).

Â ýòîì ãîäó áëàãîäàðíîå íàó÷íîå ñîîáùåñòâî îòìå÷àåò âåêîâîé þáèëåé
ñî äíÿ ðîæäåíèÿ ÷åëîâåêà, êîòîðûé ñîçäàë óíèêàëüíóþ îòå÷åñòâåííóþ
øêîëó ãèäðîàýðîìåõàíèêè, çàãëÿíóë âíóòðü áóøóþùåãî ïëàìåíè è íàó÷èë
óðàâíåíèÿ Íàâüå�Ñòîêñà ðàáîòàòü íà áëàãî ïðîèçâîäñòâà.
Íà îñíîâå ìîíîãðàôèè ¾Ïàðàäîêñû àýðîãèäðîäèíàìèêè¿ è ðàáîò

ïðåäñòàâèòåëåé íàó÷íîé øêîëû Åðøèíà îáñóæäàþòñÿ òå÷åíèÿ âÿçêèõ
è âÿçêîïëàñòè÷íûõ ñðåä â êàíàëàõ, âëèÿíèå äèññèïàòèâíîãî íàãðåâà
íà âÿçêîñòü è ñîïðîòèâëåíèå äâèæåíèþ, à òàêæå ãèäðîäèíàìè÷åñêèå
ïðåäïîñûëêè ëîêàëüíîãî ïîâðåæäåíèÿ íåôòåïðîìûñëîâûõ òðóáîïðîâîäîâ.

Ðàññìàòðèâàþòñÿ îñîáåííîñòè ïåðåíîñà ÷åðåç ïðîíèöàåìûå ñòåíêè, ðàñïðåäåëåíèÿ ãàçà â
êàòàëèòè÷åñêèõ àïïàðàòàõ, ðàçâèòèÿ ñâîáîäíûõ ñòðóé è ýâîëþöèè âèõðåâûõ îáðàçîâàíèé.
Îòäåëüíîå âíèìàíèå óäåëåíî âëèÿíèþ òåìïåðàòóðû íà ñòðóêòóðó ãàçîâûõ ñòðóé è
ñîîòíîøåíèþ ïðîöåññîâ ñìåøåíèÿ, âîñïëàìåíåíèÿ è âûãîðàíèÿ òîïëèâà ïðè ñâåðõçâóêîâîì
ãîðåíèè. Ïîêàçàíî, ÷òî êàæóùèåñÿ ïðîòèâîðå÷èÿ ìåæäó ïðèâû÷íûìè ïðåäñòàâëåíèÿìè è
ïîâåäåíèåì ðåàëüíîãî ïîòîêà ìîãóò áûòü îáúÿñíåíû ó÷¼òîì âçàèìîñâÿçàííûõ ôèçè÷åñêèõ
ïðîöåññîâ è ãðàíèö ïðèìåíèìîñòè ðàñ÷¼òíûõ ìîäåëåé. Ïîä÷¼ðêèâàþòñÿ çíà÷åíèå
ñîïîñòàâëåíèÿ òåîðèè ñ ýêñïåðèìåíòîì, íåîáõîäèìîñòü ðàçëè÷àòü êà÷åñòâåííîå îáúÿñíåíèå
è êîëè÷åñòâåííîå ïîäòâåðæäåíèå, à òàêæå ðîëü íàó÷íîé øêîëû â ðàçâèòèè êóëüòóðû
èññëåäîâàíèÿ. Ïðåäñòàâëåííûé îáçîð ðàñêðûâàåò ïðàêòè÷åñêóþ çíà÷èìîñòü íàñëåäèÿ Åðøèíà
äëÿ ýíåðãåòèêè, íåôòÿíîé ïðîìûøëåííîñòè è ñîâåðøåíñòâîâàíèÿ òåõíîëîãè÷åñêèõ àïïàðàòîâ.
Êëþ÷åâûå ñëîâà: àýðîãèäðîäèíàìèêà, íàó÷íîå íàñëåäèå Øàõáàçà Åðøèíà,

âÿçêîïëàñòè÷íûå ñðåäû, âÿçêàÿ äèññèïàöèÿ, ñâîáîäíûå ñòðóè, âèõðåâûå îáðàçîâàíèÿ,
ñâåðõçâóêîâîå ãîðåíèå.
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Âëàñòåëèí òóðáóëåíòíûõ ñòèõèé ...

Îò ëåíèíãðàäñêîé çàêâàñêè � ê ñîáñòâåííîìó ïðîðûâó. Íàó÷íûé âçë¼ò Øàõáàçà
Åðøèíà íà÷àëñÿ â ñåðåäèíå ïðîøëîãî âåêà â óíèêàëüíîé àòìîñôåðå. Åãî íàñòàâíèêîì ñòàë
ëåãåíäàðíûé ëåíèíãðàäñêèé òåïëîôèçèê Ëåâ Àáðàìîâè÷ Âóëèñ, ðàáîòàâøèé â òå ãîäû â
Êàçàõñòàíå. Èìåííî òîãäà ìîëîäîé èññëåäîâàòåëü íàâñåãäà óñâîèë ãëàâíîå ïðàâèëî: áîëüøàÿ
íàóêà íå äîëæíà áûòü àáñòðàêòíîé. Òåîðèÿ è ïðàêòèêà îáÿçàíû èäòè ðóêà îá ðóêó.
Óæå â 1957�1973 ãîäàõ, ðàáîòàÿ â Íàó÷íî-èññëåäîâàòåëüñêîì èíñòèòóòå ýíåðãåòèêè ÀÍ

ÊàçÑÑÐ, Åðøèí ñîâåðøàåò ïðîðûâ, ñòàâøèé êëàññèêîé. Îí âûñòóïàåò îäíèì èç êëþ÷åâûõ
ñîçäàòåëåé àýðîäèíàìè÷åñêîé òåîðèè ãàçîâîãî ôàêåëà.
×òî ýòî òàêîå? Ïðîùå ãîâîðÿ, ó÷¼íûé âçÿëñÿ îïèñàòü, êàê âåäóò ñåáÿ áóðíûå, õàîòè÷íûå

(òóðáóëåíòíûå) ïîòîêè ãàçà â ìîìåíò, êîãäà â íèõ áóøóåò îãîíü. Ïîíÿòü ôèçèêó ãîìîãåííîãî
ãîðåíèÿ è òî, êàê ôðîíò ïëàìåíè óêðîùàåò õàîòè÷íûå ïóëüñàöèè ãàçà, � çíà÷èëî ïîëó÷èòü
êëþ÷ ê óïðàâëåíèþ êîëîññàëüíîé ýíåðãèåé.
Â 1968 ãîäó â Ëåíèíãðàäå âûõîäèò ñîâìåñòíàÿ ìîíîãðàôèÿ ¾Îñíîâû òåîðèè ãàçîâîãî

ôàêåëà¿ [1]. Ýòîò òðóä ïðîèçâåë ýôôåêò ðàçîðâàâøåéñÿ áîìáû ñðåäè ñïåöèàëèñòîâ. Â
ñàìûé ðàçãàð õîëîäíîé âîéíû îáîðîííûå âåäîìñòâà è êîñìè÷åñêîå àãåíòñòâî ÑØÀ (NASA)
çàêàçûâàþò îôèöèàëüíûé ïåðåâîä íà àíãëèéñêèé ÿçûê. Àìåðèêàíñêèå èíæåíåðû èçó÷àëè
òðóäû êàçàõñòàíñêèõ ôèçèêîâ, ÷òîáû ïðîåêòèðîâàòü ðåàêòèâíûå äâèãàòåëè è ðàêåòíûå
ñèñòåìû. ×óòü ïîçæå ïî êîíòðàêòàì U.S. Navy â ÑØÀ ïåðåâîäÿò è ðàáîòû Åðøèíà ïî
êîàêñèàëüíûì (âëîæåííûì äðóã â äðóãà) ñòðóÿì. Ýòî áûë òðèóìô è áåçîãîâîðî÷íîå ïðèçíàíèå
ìèðîâîãî óðîâíÿ.
¾Çà èíòåðåñíûìè çàäà÷àìè � ïîåçæàéòå ê Åðøèíó!¿. Â 1973 ãîäó ðåêòîð

Êàçàõñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà Óìèðáåê Äæîëäàñáåêîâ ñîâåðøàåò äàëüíîâèäíûé
øàã � ïðèãëàøàåò Øàõáàçà Àëèìãèðåâè÷à íà êàôåäðó ìåõàíèêè. Èìåííî çäåñü, â ñòåíàõ
âåäóùåãî âóçà ñòðàíû, Åðøèí ðàçâîðà÷èâàåò ñâîþ çíàìåíèòóþ êóçíèöó êàäðîâ, âíåäðèâ
æåëåçíûé ïðèíöèï: ¾Èññëåäóþ � îáó÷àþ � èññëåäóþ¿. Ê ñëîæíîé íàóêå îí ïðèâëåêàåò
ñòóäåíòîâ ñ ïåðâûõ êóðñîâ, çàðàæàÿ èõ àçàðòîì ïåðâîîòêðûâàòåëåé.
Îäèí èç îñíîâîïîëîæíèêîâ ñîâåòñêîé ïðèêëàäíîé ìàòåìàòèêè àêàäåìèê Í.Í. ßíåíêî ÷àñòî

ãîâîðèë ñâîèì ó÷åíèêàì â Íîâîñèáèðñêå è Ìîñêâå: ¾Çà ïðîáëåìàìè åçæàéòå ê Åðøèíó � ó
íåãî â Àëìà-Àòå ìíîãî èíòåðåñíûõ çàäà÷¿.
È çàäà÷ äåéñòâèòåëüíî õâàòàëî. Åðøèí è åãî ó÷åíèêè çàìàõíóëèñü íà ñàìûå ñëîæíûå òàéíû

ïðèðîäû � âèõðè. Îíè èññëåäîâàëè çàãàäî÷íûå ñòðóêòóðû Ã¼ðòëåðà�Òåéëîðà, êðóæàùèåñÿ
êîëüöåâûå âèõðè (î êîòîðûõ âûäàþùèéñÿ ñîâåòñêèé ìåõàíèê Ã.Ã. ×¼ðíûé ïèñàë, ÷òî ðàáîòà
àëìààòèíöåâ íàêîíåö-òî ðàñêðûëà âñþ ñòàäèþ èõ ðàçâèòèÿ) è ïîâåäåíèå ñâåðõçâóêîâûõ
ïîòîêîâ.
Áîëåå òîãî, Øàõáàç Àëèìãèðåâè÷ îäíèì èç ïåðâûõ â ðåñïóáëèêå ïîíÿë: áóäóùåå � çà

êîìïüþòåðàìè. Êîãäà ÝÂÌ åùå çàíèìàëè öåëûå çàëû, åãî ó÷åíèêè óæå âîâñþ çàíèìàëèñü
âû÷èñëèòåëüíîé ãèäðîìåõàíèêîé, ðàññ÷èòûâàÿ ñëîæíåéøèå òå÷åíèÿ âíóòðè ïîðèñòûõ
òðóá è õèìè÷åñêèõ àïïàðàòîâ.
Íàóêà íà ñëóæáå ñòåïíûõ ãèãàíòîâ. Åðøèí íèêîãäà íå çàïèðàëñÿ â ¾áàøíå èç ñëîíîâîé

êîñòè¿. Êàæäîå ôóíäàìåíòàëüíîå îòêðûòèå åãî øêîëû òóò æå íàõîäèëî äîðîãó íà çàâîäû,
ýëåêòðîñòàíöèè è ìåñòîðîæäåíèÿ. Ó÷¼íûå åãî øêîëû áóêâàëüíî ñïàñàëè ïðîìûøëåííîñòü îò
ìèëëèàðäíûõ óáûòêîâ è àâàðèé:
Çàùèòà íåôòåïðîâîäîâ. Ïî çàêàçó Êàçàõñêîãî ãîñóäàðñòâåííîãî íàó÷íî-

èññëåäîâàòåëüñêîãî è ïðîåêòíîãî èíñòèòóòà íåôòåäîáûâàþùåé ïðîìûøëåííîñòè Êîìàíäà
Åðøèíà ðàçãàäàëà ãèäðîäèíàìè÷åñêóþ òàéíó ¾ðó÷åéêîâîãî ýôôåêòà¿, èç-çà êîòîðîãî âíåçàïíî
ðâàëèñü êîììóíèêàöèîííûå òðóáû íà ãèãàíòñêèõ ìåñòîðîæäåíèÿõ Æåòûáàé è Óçåíü (1991ã.).
Íåôòÿíûå ôèëüòðû. Äëÿ ìåñòîðîæäåíèÿ Êåíêèÿê áûë ñîçäàí óíèêàëüíûé

ìåòàëëîêåðàìè÷åñêèé çàáîéíûé ôèëüòð, êîòîðûé îñòàíîâèë çàáèâàíèå ñêâàæèí ïåñêîì
(1982ã.).
Ýíåðãåòèêà. Çàêîíû ðàçâèòèÿ òóðáóëåíòíûõ ñòðóé, îòêðûòûå Åðøèíûì, ëåãëè â îñíîâó

ìîùíûõ ãîðåëîê äëÿ Åðìàêîâñêîé ÃÐÝÑ (íûíå Àêñóñêîé ýëåêòðîñòàíöèè) (1970ã.).
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Ó.Ê. Æàïáàñáàåâ

Ýêîëîãèÿ è êîñìîñ. Íàó÷íàÿ øêîëà Åðøèíà ðàçðàáîòàëà ñïîñîá êàòàëèòè÷åñêîé î÷èñòêè
òîêñè÷íûõ ãàçîâ, âûðàáàòûâàåìûõ àâòîìîáèëüíûìè äâèãàòåëÿìè, è ðàññ÷èòàëà ñâåðõçâóêîâîå
ãîðåíèå âîäîðîäà äëÿ ïåðñïåêòèâíûõ ãèïåðçâóêîâûõ àïïàðàòîâ.
Çåë¼íàÿ ýíåðãèÿ. Íàó÷íàÿ øêîëà Åðøèíà â âåòðîýíåðãåòèêå ñïðîåêòèðîâàëà

ýôôåêòèâíóþ óñòàíîâêó ¾ÁÈÄÀÐÜÅ-1¿.
Íàñëåäèå, óñòðåìë¼ííîå â áóäóùåå. Ãîñóäàðñòâî âûñîêî îöåíèëî çàñëóãè èññëåäîâàòåëÿ

� çâàíèå ¾Çàñëóæåííûé äåÿòåëü íàóêè Êàçàõñêîé ÑÑÐ¿, Ïðåìèÿ èìåíè Ê.È. Ñàòïàåâà,
ìíîãî÷èñëåííûå îðäåíà è çíàêè îòëè÷èÿ. Íî ãëàâíûì åãî ïàìÿòíèêîì ñòàëà ñîçäàííàÿ èì
æèâàÿ íàó÷íî-èíæåíåðíàÿ ñèñòåìà.
Ïîä ðóêîâîäñòâîì àêàäåìèêà ÅðøèíàØàõáàçà Àëèìãèðåâè÷à áûëè çàùèùåíû 5 äîêòîðñêèõ

è 29 êàíäèäàòñêèõ äèññåðòàöèé. Ñåãîäíÿ åãî ó÷åíèêè è ïîñëåäîâàòåëè â ÊàçÍÓ èì.
àëü-Ôàðàáè è äðóãèõ íàó÷íûõ öåíòðàõ ïðîäîëæàþò ðàçâèâàòü çàëîæåííûå òðàäèöèè.
Îíè ñîçäàþò ïðîãðàììíîå îáåñïå÷åíèå öèôðîâîãî ìîäåëèðîâàíèÿ ýíåðãîñáåðåæåíèÿ ïðè
òðàíñïîðòèðîâêå íåôòè ïî ìàãèñòðàëüíûì òðóáîïðîâîäàì, ñòðîÿò öèôðîâûå äâîéíèêè
âîäîïðîâîäíûõ è òåïëîâûõ ñåòåé, ðàçðàáàòûâàþò ìàòåìàòè÷åñêèå ìîäåëè äëÿ ïîäçåìíîãî
ñêâàæèííîãî âûùåëà÷èâàíèÿ óðàíîâûõ ðóä, à òàêæå âíåäðÿþò òåõíîëîãèè èñêóññòâåííîãî
èíòåëëåêòà äëÿ îïòèìèçàöèè ïðîìûøëåííûõ è ýíåðãåòè÷åñêèõ ïðîöåññîâ � è òåì ñàìûì
âîçâûøàþò Êàçàõñòàí íà ïîçèöèè ìèðîâîãî ëèäåðà îòðàñëè.
ÀêàäåìèêØàõáàç Åðøèí äîêàçàë: Êàçàõñòàíñêàÿ øêîëà ãèäðîàýðîìåõàíèêè � ýòî íå ïðîñòî

ñòðî÷êè â ó÷åáíèêàõ ôèçèêè. Ýòî ïðî÷íûé ôóíäàìåíò íàøåãî òåõíîëîãè÷åñêîãî ñóâåðåíèòåòà,
çàëîæåííûé âûäàþùèìñÿ ó÷¼íûì ñ ìèðîâûì èìåíåì.
Òàêæå îòìåòèì ïðè÷àñòíîñòü Ø.À.Åðøèíà ê èñòîðèè Êàçàõñòàíà íå òîëüêî áëàãîäàðÿ

åãî ëè÷íûì íàó÷íûì ïðîðûâàì, íî è ïî ïðîèñõîæäåíèþ: Øàõáàç-à¡à - åäèíñòâåííûé ñûí
À©©à¡àç Äîñæàíîâîé (1893-1932), ïåðâîé æåíùèíû Âîñòîêà ñ ñîâåòñêèì âûñøèì ìåäèöèíñêèì
îáðàçîâàíèåì (â 2016 ãîäó â Àêòîáå íà òåððèòîðèè Ìåäèöèíñêîãî óíèâåðñèòåòà óñòàíîâëåí
À.Äîñæàíîâîé ïàìÿòíèê):
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Âëàñòåëèí òóðáóëåíòíûõ ñòèõèé ...

Òåïåðü îáðàòèìñÿ ê íàó÷íîìó íàñëåäèþ àêàäåìèêà Ø.À. Åðøèíà è ñäåëàåì
ïîäáîðêó çíà÷èìûõ ðàáîò åãî ó÷åíèêîâ. Ïî÷åìó ãóñòàÿ æèäêîñòü ìîæåò òå÷ü ëåã÷å
èìåííî ïîòîìó, ÷òî òðåíèå ïðè äâèæåíèè å¼ íàãðåâàåò? Îò÷åãî ãîðÿ÷àÿ ãàçîâàÿ ñòðóÿ ïðè
îïðåäåë¼ííûõ óñëîâèÿõ îêàçûâàåòñÿ áîëåå óïîðÿäî÷åííîé, ÷åì õîëîäíàÿ? Êàê âèõðü ñîõðàíÿåò
ñâîþ ôîðìó, ïåðåìåùàÿñü ñêâîçü îêðóæàþùóþ ñðåäó? Âîïðîñû òàêîãî ðîäà çàíèìàëè
àêàäåìèêà Øàõáàçà Åðøèíà è åãî ó÷åíèêîâ. Îíè âîçíèêàëè íà ïåðåñå÷åíèè ôóíäàìåíòàëüíîé
íàóêè è êîíêðåòíûõ çàäà÷ ýíåðãåòèêè, íåôòÿíîé ïðîìûøëåííîñòè è òåõíèêè.
Àýðîãèäðîäèíàìèêà èçó÷àåò äâèæåíèå æèäêîñòåé è ãàçîâ. Ìû ñòàëêèâàåìñÿ ñ å¼

ïðîÿâëåíèÿìè êàæäûé äåíü: îòêðûâàåì êðàí, íàáëþäàåì îáëàêà, ÷óâñòâóåì âåòåð, âèäèì,
êàê äûì ðàñõîäèòñÿ íàä òðóáîé. Îäíàêî ïðèâû÷íîñòü ýòèõ ÿâëåíèé îáìàí÷èâà. Âíóòðè
ïîòîêà ìîãóò îäíîâðåìåííî ïðîèñõîäèòü ïåðåìåøèâàíèå, íàãðåâ, èçìåíåíèå ñâîéñòâ âåùåñòâà,
îáðàçîâàíèå âèõðåé è âçàèìîäåéñòâèå ðàçíûõ êîìïîíåíòîâ ñìåñè. Äàæå ïðîñòàÿ íà âèä ñòðóÿ
ñïîñîáíà ïîñòàâèòü ïåðåä èññëåäîâàòåëåì ñëîæíóþ çàäà÷ó.
Â ãîä ñòîëåòèÿ ñî äíÿ ðîæäåíèÿ Øàõáàçà Åðøèíà îáðàùåíèå ê åãî íàó÷íîìó íàñëåäèþ

ïîçâîëÿåò ïðîñëåäèòü ïóòü îò íåîæèäàííîãî íàáëþäåíèÿ ê ôèçè÷åñêîìó îáúÿñíåíèþ.
Â ìîíîãðàôèè ¾Ïàðàäîêñû àýðîãèäðîäèíàìèêè¿ [2] ðàññìàòðèâàþòñÿ êàíàëüíûå òå÷åíèÿ,
ñâîáîäíûå ñòðóè è ñîñðåäîòî÷åííûå âèõðè. Ýòè íàïðàâëåíèÿ îáúåäèíÿåò âîïðîñ: êàêèå
ìåõàíèçìû çàñòàâëÿþò äåéñòâèòåëüíûé ïîòîê âåñòè ñåáÿ èíà÷å, ÷åì ïîäñêàçûâàåò ïåðâîå
âïå÷àòëåíèå?
Íàó÷íûé ïàðàäîêñ âîçíèêàåò, êîãäà ðàñ÷¼ò èëè ïðèâû÷íîå ïðåäñòàâëåíèå ðàñõîäÿòñÿ ñ

íàáëþäåíèåì. ×òîáû ðàçðåøèòü ðàñõîæäåíèå, ïðèõîäèòñÿ óòî÷íÿòü óñëîâèÿ çàäà÷è è èñêàòü
ôèçè÷åñêèé ìåõàíèçì, êîòîðûé ðàíåå íå áûë ó÷ò¼í. Òàê íåîáû÷íûé ðåçóëüòàò ñòàíîâèòñÿ
îñíîâàíèåì äëÿ íîâîãî îáúÿñíåíèÿ, à çàòåì � äëÿ áîëåå íàä¼æíîãî èíæåíåðíîãî ðàñ÷¼òà.
Íèæå ïðåäëàãàåòñÿ ïðîéòè òàêîé ïóòü áåç ñëîæíûõ ôîðìóë. Ìû ðàññìîòðèì, ÷òî

ïðîèñõîäèò âíóòðè òðóáû, ïî÷åìó òåìïåðàòóðà âëèÿåò íà äâèæåíèå, êàê óñòðîåíû ñòðóè è
âèõðè è ÷åì ýòè èññëåäîâàíèÿ ïîëåçíû ïðîèçâîäñòâó. Ôèçè÷åñêèå ÿâëåíèÿ îáúÿñíÿþòñÿ òàê,
÷òîáû èõ ñóòü áûëà ïîíÿòíà øèðîêîìó ÷èòàòåëþ.
Çà îòäåëüíûìè çàäà÷àìè ïîñòåïåííî ïðîñòóïàåò õàðàêòåð èññëåäîâàòåëüñêîé øêîëû.

Å¼ ñèëà çàêëþ÷àåòñÿ â óìåíèè ñâÿçàòü íàáëþäåíèå ñ òåîðèåé, ïðîâåðèòü îáúÿñíåíèå è
ïîäãîòîâèòü ëþäåé, ñïîñîáíûõ ïðîäîëæèòü ðàáîòó. Èìåííî ñ ýòîé òî÷êè çðåíèÿ ïàðàäîêñû
àýðîãèäðîäèíàìèêè ïðåäñòàâëÿþò èíòåðåñ è ñåãîäíÿ.
Ïî÷åìó ïðèâû÷íàÿ ìîäåëü èíîãäà ïîäâîäèò. ×òîáû ðàññ÷èòûâàòü ñëîæíîå ÿâëåíèå,

åãî íåîáõîäèìî óïðîñòèòü. Èíæåíåð íå ìîæåò îäíîâðåìåííî ó÷èòûâàòü êàæäóþ íåðîâíîñòü
òðóáû, êàæäóþ ÷àñòèöó ïðèìåñè è âñå ìåëü÷àéøèå èçìåíåíèÿ ñêîðîñòè. Îí âûäåëÿåò ãëàâíîå
è ñîçäà¼ò ìîäåëü. Íàïðèìåð, ïðèíèìàåò ïîñòîÿííóþ âÿçêîñòü, ðàâíîìåðíóþ òåìïåðàòóðó
èëè îäèíàêîâûå ñâîéñòâà æèäêîñòè âî âñ¼ì ñå÷åíèè. Åñëè ýòè ïðåäïîëîæåíèÿ ñîîòâåòñòâóþò
óñëîâèÿì, ìîäåëü äà¼ò ïîëåçíûé ðåçóëüòàò.
Òðóäíîñòè íà÷èíàþòñÿ, êîãäà óñëîâèÿ ìåíÿþòñÿ. Òðóáà îõëàæäàåòñÿ, æèäêîñòü ãóñòååò, â

ñìåñè ïîÿâëÿþòñÿ òâ¼ðäûå ÷àñòèöû èëè âîçëå ñòåíêè îáðàçóåòñÿ îñîáûé ñëîé. Ïðåæíèé ðàñ÷¼ò
ìîæåò ñîõðàíÿòü ìàòåìàòè÷åñêóþ ïðàâèëüíîñòü, íî óæå îïèñûâàòü äðóãîé, áîëåå ïðîñòîé
ïîòîê. Ïîýòîìó ðàñõîæäåíèå ñ îïûòîì òðåáóåò ïðîâåðêè èñõîäíûõ ïðåäïîëîæåíèé.
Êëàññè÷åñêèé ïðèìåð � ïàðàäîêñ Äàëàìáåðà. Â îïðåäåë¼ííîé ïîñòàíîâêå äëÿ èäåàëüíîé

æèäêîñòè ìàòåìàòè÷åñêîå îïèñàíèå äà¼ò íóëåâîå ñîïðîòèâëåíèå îáòåêàåìîãî òåëà. Ìåæäó òåì
ëþáîå äâèæåíèå ðóêè â âîäå ïîêàçûâàåò, ÷òî ñîïðîòèâëåíèå ñóùåñòâóåò. Ïðè÷èíà ðàñõîæäåíèÿ
ñâÿçàíà ñ èäåàëèçàöèåé: èç ìîäåëè èñêëþ÷åíà âÿçêîñòü, à óñëîâèÿ îáòåêàíèÿ íå âîñïðîèçâîäÿò
âñå îñîáåííîñòè ðåàëüíîãî òå÷åíèÿ.
Âîçëå ïîâåðõíîñòè òåëà âÿçêîñòü îñîáåííî ñóùåñòâåííà. Ïðè îáû÷íîì óñëîâèè ïðèëèïàíèÿ

ñêîðîñòü æèäêîñòè íåïîñðåäñòâåííî ó íåïîäâèæíîé ñòåíêè ðàâíà íóëþ, òîãäà êàê äàëüøå îò
íå¼ ïîòîê äâèæåòñÿ. Âîçíèêàåò îáëàñòü ðåçêîãî èçìåíåíèÿ ñêîðîñòè. Ïðè íåêîòîðûõ óñëîâèÿõ
ïîòîê îòðûâàåòñÿ îò ïîâåðõíîñòè, è çà òåëîì îáðàçóåòñÿ ñëåä. Äàâëåíèå âïåðåäè è ïîçàäè
ïåðåñòà¼ò óðàâíîâåøèâàòüñÿ òàê, êàê â èäåàëèçèðîâàííîé êàðòèíå.

Ë.Í. Ãóìèëåâ àòûíäà¡û Å�Ó õàáàðøûñû. Ìàòåìàòèêà, êîìïüþòåðëiê ¡ûëûìäàð, ìåõàíèêà ñåðèÿñû, 2026, Òîì 155, �2
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Ó.Ê. Æàïáàñáàåâ

Ýòîò ïðèìåð ïîìîãàåò ïîíÿòü, ïî÷åìó íåáîëüøîé ïî ðàçìåðàì ó÷àñòîê ìîæåò âëèÿòü
íà ïîâåäåíèå âñåé ñèñòåìû. Òîíêèé ñëîé âîçëå ñòåíêè ñïîñîáåí îïðåäåëÿòü ñîïðîòèâëåíèå
êðóïíîãî àïïàðàòà. Òî÷íî òàê æå ëîêàëüíûé íàãðåâ èëè íåðàâíîìåðíîñòü ñîñòàâà ìîãóò
èçìåíèòü óñëîâèÿ ïåðåêà÷êè â äëèííîì òðóáîïðîâîäå.
Çàäà÷à èññëåäîâàòåëÿ ñîñòîèò â âûáîðå äîñòàòî÷íîé ñëîæíîñòè ìîäåëè. Ñëèøêîì ïðîñòîå

îïèñàíèå ïðîïóñêàåò âàæíûé ìåõàíèçì. ×ðåçìåðíî ïîäðîáíîå òðåáóåò äàííûõ, êîòîðûõ
íåò, è áîëüøèõ âû÷èñëèòåëüíûõ çàòðàò. Ìåæäó ýòèìè êðàéíîñòÿìè íàõîäèòñÿ îáîñíîâàííîå
ðåøåíèå: ó÷èòûâàòü ïðîöåññû, äåéñòâèòåëüíî îïðåäåëÿþùèå ðàññìàòðèâàåìîå ÿâëåíèå.
Òðóáà èçíóòðè è ðîëü âÿçêîñòè. Êîãäà ìû ñìîòðèì íà ïîòîê èç êðàíà, ëåãêî

ïðåäñòàâèòü, ÷òî âîäà âíóòðè òðóáû äâèæåòñÿ îäèíàêîâî âî âñåõ òî÷êàõ. Â äåéñòâèòåëüíîñòè
ñêîðîñòü ðàñïðåäåëåíà ïî ñå÷åíèþ íåðàâíîìåðíî. Âîçëå íåïîäâèæíîé ñòåíêè æèäêîñòü
çàòîðìàæèâàåòñÿ, à âäàëè îò íå¼ äâèæåòñÿ áûñòðåå. ×òîáû ïîääåðæèâàòü òå÷åíèå, íàñîñ
äîëæåí ñîçäàâàòü ïåðåïàä äàâëåíèÿ, ïðåîäîëåâàþùèé ñîïðîòèâëåíèå.
Âÿçêîñòü õàðàêòåðèçóåò ñïîñîáíîñòü ñðåäû ñîïðîòèâëÿòüñÿ îòíîñèòåëüíîìó ïåðåìåùåíèþ

ñîñåäíèõ ñëî¼â. Ïðîñòóþ àíàëîãèþ äà¼ò êîëîäà êàðò: åñëè ñäâèãàòü âåðõíþþ ÷àñòü
îòíîñèòåëüíî íèæíåé, îòäåëüíûå ñëîè ïåðåìåùàþòñÿ ñ ðàçíîé ñêîðîñòüþ. Â æèäêîñòè òàêîå
ïåðåìåùåíèå ñîïðîâîæäàåòñÿ ïåðåäà÷åé óñèëèé ìåæäó ñëîÿìè. ×åì âûøå âÿçêîñòü ïðè ïðî÷èõ
ðàâíûõ óñëîâèÿõ, òåì áîëüøå óñèëèé òðåáóåòñÿ äëÿ ïîääåðæàíèÿ çàäàííîãî äâèæåíèÿ.
Ïðè ñïîêîéíîì, óñòàíîâèâøåìñÿ äâèæåíèè íüþòîíîâñêîé æèäêîñòè â ïðÿìîé êðóãëîé òðóáå

ðàñïðåäåëåíèå ñêîðîñòè èìååò èçâåñòíóþ ïëàâíóþ ôîðìó: ñêîðîñòü ìàêñèìàëüíà â öåíòðå è
óìåíüøàåòñÿ ê ñòåíêå. Íî ýòà êàðòèíà ñïðàâåäëèâà ëèøü ïðè ñîîòâåòñòâóþùèõ óñëîâèÿõ.
Â òóðáóëåíòíîì ïîòîêå èíòåíñèâíîå ïåðåìåøèâàíèå èçìåíÿåò ðàñïðåäåëåíèå ñêîðîñòè è
ìåõàíèçì ïåðåíîñà èìïóëüñà.
Íåôòü, áóðîâîé ðàñòâîð èëè ïóëüïà ìîãóò âåñòè ñåáÿ ñëîæíåå âîäû. Èõ ñâîéñòâà çàâèñÿò îò

òåìïåðàòóðû, ñîñòàâà è ñêîðîñòè äåôîðìàöèè. Èíîãäà ïðè óâåëè÷åíèè èíòåíñèâíîñòè ñäâèãà
êàæóùàÿñÿ âÿçêîñòü óìåíüøàåòñÿ. Â äðóãèõ ñðåäàõ òðåáóåòñÿ ñíà÷àëà ïðåâûñèòü îïðåäåë¼ííîå
íàïðÿæåíèå, ÷òîáû íà÷àëîñü çàìåòíîå òå÷åíèå. Ïîýòîìó ñëîâî ¾æèäêîñòü¿ åù¼ íå îïðåäåëÿåò
ïîäõîäÿùóþ ðàñ÷¼òíóþ çàâèñèìîñòü.
Åñòü è ãåîìåòðè÷åñêàÿ ñòîðîíà çàäà÷è. Ïîòåðè äàâëåíèÿ çàâèñÿò îò äèàìåòðà è äëèíû

òðóáû, øåðîõîâàòîñòè ñòåíêè, ïîâîðîòîâ è ìåñòíûõ ñóæåíèé. Îäíàêî óâåëè÷åíèå äèàìåòðà
ñàìî ïî ñåáå íå ðåøàåò âñå ïðîáëåìû: äëÿ ñìåñè ñ îñåäàþùèìè ÷àñòèöàìè ñíèæåíèå ñêîðîñòè
ìîæåò âûçâàòü íàêîïëåíèå òâ¼ðäîé ôàçû. Ðåøåíèå ïðèõîäèòñÿ èñêàòü ñ ó÷¼òîì ñâîéñòâ
êîíêðåòíîé ñðåäû.
Òàêèå ïðèìåðû îáúÿñíÿþò, ïî÷åìó èññëåäîâàíèÿ êàíàëüíûõ òå÷åíèé çàíèìàþò çíà÷èòåëüíîå

ìåñòî â èíæåíåðíîé ãèäðîìåõàíèêå. Âíóòðè âíåøíå ïðîñòîãî òðóáîïðîâîäà âçàèìîäåéñòâóþò
ñâîéñòâà âåùåñòâà, ãåîìåòðèÿ è ðåæèì äâèæåíèÿ. Èçó÷åíèå êàæäîãî èç ýòèõ ôàêòîðîâ
ïîìîãàåò ïîíÿòü, ãäå óïðîùåíèå äîïóñòèìî, à ãäå îíî ïðèâîäèò ê îøèáêå.
Êîëüöåâîé êàíàë è äâèæåíèå âÿçêîïëàñòè÷íûõ ñðåä. Ïðåäñòàâèì îäíó òðóáó âíóòðè

äðóãîé. Ìåæäó èõ ïîâåðõíîñòÿìè îñòà¼òñÿ êîëüöåâîé çàçîð. Òàêàÿ ãåîìåòðèÿ âñòðå÷àåòñÿ â
òåïëîîáìåííûõ àïïàðàòàõ è â ñêâàæèíàõ, ãäå æèäêîñòü äâèæåòñÿ ïî ïðîñòðàíñòâó ìåæäó
êîëîííàìè. Íà ïåðâûé âçãëÿä êîëüöåâîé êàíàë íàïîìèíàåò îáû÷íóþ òðóáó, íî ïîòîê òåïåðü
âçàèìîäåéñòâóåò ñðàçó ñ äâóìÿ ñòåíêàìè.
Ïðè íåïîäâèæíûõ ñòåíêàõ æèäêîñòü çàòîðìàæèâàåòñÿ è ó âíóòðåííåãî, è ó íàðóæíîãî

öèëèíäðà. Ñàìàÿ âûñîêàÿ ïðîäîëüíàÿ ñêîðîñòü íàõîäèòñÿ ìåæäó íèìè. Ïðè ýòîì ïîëîæåíèå
ìàêñèìóìà íåëüçÿ àâòîìàòè÷åñêè ñ÷èòàòü ñåðåäèíîé çàçîðà: êðèâèçíà ïîâåðõíîñòåé è
ñîîòíîøåíèå ðàäèóñîâ âëèÿþò íà ðàñïðåäåëåíèå ñêîðîñòè. ×åì óæå çàçîð ïî ñðàâíåíèþ
ñ ðàäèóñàìè, òåì áëèæå íåêîòîðûå ñâîéñòâà òå÷åíèÿ ê äâèæåíèþ ìåæäó ïî÷òè ïëîñêèìè
ïîâåðõíîñòÿìè.
Äîïîëíèòåëüíûå îñîáåííîñòè ïîÿâëÿþòñÿ, åñëè ñðåäà âÿçêîïëàñòè÷íàÿ. Óäîáíàÿ áûòîâàÿ

àíàëîãèÿ � ãóñòàÿ ïàñòà, êîòîðàÿ óäåðæèâàåò ôîðìó ïðè ñëàáîì âîçäåéñòâèè, íî íà÷èíàåò
äåôîðìèðîâàòüñÿ, êîãäà óñèëèå ñòàíîâèòñÿ äîñòàòî÷íî áîëüøèì. Â èíæåíåðíîé ìîäåëè ýòî
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Âëàñòåëèí òóðáóëåíòíûõ ñòèõèé ...

îïèñûâàþò ïðåäåëîì òåêó÷åñòè. Íèæå íåãî ìàòåðèàë ìîæåò ðàññìàòðèâàòüñÿ êàê ïðàêòè÷åñêè
íåäåôîðìèðóåìûé, à âûøå � êàê òåêóùèé.
Â êàíàëå íàïðÿæåíèÿ ðàñïðåäåëÿþòñÿ íåðàâíîìåðíî. Ïîýòîìó ðàçíûå ÷àñòè îäíîé è

òîé æå ñðåäû ìîãóò íàõîäèòüñÿ â ðàçíûõ ñîñòîÿíèÿõ. Òàì, ãäå âîçäåéñòâèå äîñòàòî÷íî
ñèëüíîå, ñëîè äåôîðìèðóþòñÿ. Â îáëàñòè ñ ìåíüøèìè íàïðÿæåíèÿìè ìîæåò âîçíèêíóòü ÿäðî,
ïåðåìåùàþùååñÿ ïî÷òè áåç âíóòðåííåãî ñäâèãà. Îíî íå îáÿçàòåëüíî íåïîäâèæíî: îêðóæàþùèå
òåêó÷èå ñëîè ñïîñîáíû ïåðåíîñèòü åãî âìåñòå ñ ïîòîêîì.
Ýòî ðàçëè÷èå ñóùåñòâåííî äëÿ ïîíèìàíèÿ çàäà÷è. ¾Ïðîáêà¿, äâèæóùàÿñÿ êàê åäèíîå

îáðàçîâàíèå, è íåïîäâèæíîå îòëîæåíèå íà ñòåíêå � ðàçíûå ÿâëåíèÿ. Èõ íåëüçÿ îòîæäåñòâëÿòü
òîëüêî ïîòîìó, ÷òî â îáåèõ îáëàñòÿõ îòñóòñòâóåò çàìåòíàÿ äåôîðìàöèÿ. ×òîáû îïðåäåëèòü
ñîñòîÿíèå ñðåäû, íóæíî ó÷èòûâàòü ñêîðîñòü, íàïðÿæåíèÿ è óñëîâèÿ êîíòàêòà ñî ñòåíêîé.
Åñëè âíóòðåííèé öèëèíäð ñìåù¼í îòíîñèòåëüíî íàðóæíîãî, øèðèíà çàçîðà ñòàíîâèòñÿ

íåîäèíàêîâîé. Ïîòîê ïîëó÷àåò âîçìîæíîñòü ïåðåðàñïðåäåëÿòüñÿ, è ñèììåòðè÷íîå îïèñàíèå
óæå íåäîñòàòî÷íî. Åñëè öèëèíäð âðàùàåòñÿ, ïîÿâëÿåòñÿ åù¼ îäèí èñòî÷íèê äâèæåíèÿ. Â
ïðàêòè÷åñêîé çàäà÷å ãåîìåòðèÿ è ãðàíè÷íûå óñëîâèÿ îêàçûâàþòñÿ ñòîëü æå âàæíû, êàê
ñâîéñòâà æèäêîñòè.
Ñðåäè ðàáîò Åðøèíà çàìåòíîå ìåñòî çàíèìàþò èññëåäîâàíèÿ âÿçêèõ è âÿçêîïëàñòè÷íûõ

ñðåä â êîëüöåâûõ êàíàëàõ. Èõ çíà÷åíèå ïîíÿòíî äàæå áåç ôîðìóë: ïðåæäå ÷åì ðàññ÷èòûâàòü
äàâëåíèå è ðàñõîä, íåîáõîäèìî óñòàíîâèòü, êàêèå ó÷àñòêè ñðåäû äåôîðìèðóþòñÿ è êàêèì
îáðàçîì ôîðìà êàíàëà íàïðàâëÿåò äâèæåíèå.
Êàê âíóòðåííåå òðåíèå íàãðåâàåò æèäêîñòü. Íàñîñ ïåðåäà¼ò æèäêîñòè ìåõàíè÷åñêóþ

ýíåðãèþ. ×àñòü å¼ ðàñõîäóåòñÿ íà ïðåîäîëåíèå ñîïðîòèâëåíèÿ è â èòîãå ïðåâðàùàåòñÿ â òåïëî.
Ýòîò ïðîöåññ íàçûâàþò âÿçêîé äèññèïàöèåé. Ñëîâî ìîæåò ïîêàçàòüñÿ ñëîæíûì, íî åãî ñìûñë
çíàêîì êàæäîìó: äâèæåíèå ñîïðîâîæäàåòñÿ íåîáðàòèìûì ïðåâðàùåíèåì ýíåðãèè â òåïëîâóþ
ôîðìó.
Åñëè ïîòåðåòü ëàäîíè, îíè ñîãðåþòñÿ. Â æèäêîñòè íåò ñîïðèêîñíîâåíèÿ òâ¼ðäûõ

ïîâåðõíîñòåé â òàêîì æå ñìûñëå, íî îòíîñèòåëüíîå äâèæåíèå ñîñåäíèõ ñëî¼â òîæå òðåáóåò
ðàáîòû. ×åì èíòåíñèâíåå ñäâèã è ÷åì ñóùåñòâåííåå âÿçêèå íàïðÿæåíèÿ, òåì çàìåòíåå ìîæåò
áûòü òåïëîâûäåëåíèå. Â îáû÷íîì âîäîïðîâîäå ýòîò íàãðåâ ÷àñòî ìàë, à â î÷åíü âÿçêîé ñðåäå
ñïîñîáåí ïîâëèÿòü íà ðàñ÷¼ò.
Òåïåðü ïðåäñòàâèì, ÷òî âÿçêîñòü âåùåñòâà óìåíüøàåòñÿ ñ òåìïåðàòóðîé. Òàê âåäóò ñåáÿ

ìíîãèå æèäêîñòè â îïðåäåë¼ííûõ äèàïàçîíàõ. Âíóòðåííåå òðåíèå íàãðåâàåò ñðåäó, íàãðåâ
ñíèæàåò âÿçêîñòü, à óìåíüøåíèå âÿçêîñòè ìåíÿåò ðàñïðåäåëåíèå ñêîðîñòè è òðåáóåìûé ïåðåïàä
äàâëåíèÿ. Äâèæåíèå è òåìïåðàòóðà îêàçûâàþòñÿ ñâÿçàííûìè îáðàòíîé ñâÿçüþ.
Âîçëå ñòåíêè ãðàäèåíò ñêîðîñòè íåðåäêî âåëèê. Ïîýòîìó òåïëîâûäåëåíèå ìîæåò áûòü

ðàñïðåäåëåíî ïî ñå÷åíèþ íåðàâíîìåðíî. Íî òåìïåðàòóðà îïðåäåëÿåòñÿ íå òîëüêî òåì, ãäå
âûäåëÿåòñÿ òåïëî. Âàæíû åãî ïåðåíîñ ïîòîêîì, òåïëîïðîâîäíîñòü è òåïëîîáìåí ÷åðåç ñòåíêó.
Îõëàæäàåìàÿ òðóáà è òåïëîèçîëèðîâàííûé êàíàë ïðè îäèíàêîâîì ðàñõîäå ìîãóò äàòü ðàçíûå
ðåçóëüòàòû.
Ó íåôòè è ìàñåë çàâèñèìîñòü âÿçêîñòè îò òåìïåðàòóðû îñîáåííî ñèëüíà: ïðè ïîíèæåíèè

òåìïåðàòóðû âÿçêîñòü ðàñò¼ò ïî çàêîíó, áëèçêîìó ê ýêñïîíåíöèàëüíîìó. Åñëè òðóáîïðîâîä
îòäà¼ò òåïëî îêðóæàþùåé ñðåäå, æèäêîñòü ó ñòåíêè îñòûâàåò è å¼ âÿçêîñòü ìîæåò âîçðàñòè
ìíîãîêðàòíî ïî ñðàâíåíèþ ñ âÿçêîñòüþ â öåíòðå ïîòîêà.
Â ïðèñòåíî÷íîé îáëàñòè ÷àñòî âåëèê ãðàäèåíò ñêîðîñòè. Äëÿ íüþòîíîâñêîé æèäêîñòè

ìåñòíîå âûäåëåíèå òåïëà ïðè ñäâèãå îïðåäåëÿåòñÿ ïðîèçâåäåíèåì âÿçêîñòè íà êâàäðàò ýòîãî
ãðàäèåíòà. Åñëè ïîääåðæèâàåòñÿ ïåðåïàä äàâëåíèÿ, ñíèæåíèå âÿçêîñòè ìîæåò óâåëè÷èòü
ðàñõîä è ìîùíîñòü, ïåðåäàâàåìóþ ïîòîêó. Ïðè íåäîñòàòî÷íîì îòâîäå òåïëà âîçíèêàåò
ïîëîæèòåëüíàÿ îáðàòíàÿ ñâÿçü: íàãðåâ îáëåã÷àåò äâèæåíèå, à âîçðîñøåå äâèæåíèå óñèëèâàåò
òåïëîâûäåëåíèå. Â íåêîòîðûõ ìîäåëÿõ ýòî ïðèâîäèò ê ïîòåðå óñòîé÷èâîñòè ïðåæíåãî ðåæèìà
� ÿâëåíèþ, íàçûâàåìîìó ãèäðîäèíàìè÷åñêèì òåïëîâûì âçðûâîì. Òåðìèí îáîçíà÷àåò ðåçêóþ
ïåðåñòðîéêó òå÷åíèÿ, à íå îáÿçàòåëüíî ìåõàíè÷åñêîå ðàçðóøåíèå òðóáû. Ïðè çàäàííîì ðàñõîäå
îáðàòíàÿ ñâÿçü è óñëîâèÿ ïåðåõîäà ìîãóò áûòü äðóãèìè.
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Ó.Ê. Æàïáàñáàåâ

Îõëàæäåíèå ÷åðåç ñòåíêó, ïåðåíîñ òåïëà âäîëü êàíàëà è ïåðåðàñïðåäåëåíèå ñêîðîñòè
îãðàíè÷èâàþò ñàìîðàçîãðåâ. Â îòäåëüíûõ ðåæèìàõ âîçëå õîëîäíîé ñòåíêè ñîõðàíÿåòñÿ
âûñîêîâÿçêàÿ îáëàñòü ñ ìàëûìè ñêîðîñòÿìè, òîãäà êàê îñíîâíàÿ ÷àñòü æèäêîñòè äâèæåòñÿ
çíà÷èòåëüíî áûñòðåå. Òàêàÿ îáëàñòü ìîæåò èçìåíÿòü òåïëîâîå ñîïðîòèâëåíèå ìåæäó ïîòîêîì
è ñòåíêîé. Îäíàêî å¼ âîçíèêíîâåíèå è ðàçìåðû çàâèñÿò îò ñâîéñòâ æèäêîñòè è óñëîâèé
òåïëîîáìåíà. Äëÿ âÿçêîïëàñòè÷íîé ñðåäû äîïîëíèòåëüíî òðåáóåòñÿ óñòàíîâèòü, ïðåâûøàþò ëè
ìåñòíûå íàïðÿæåíèÿ ïðåäåë òåêó÷åñòè: õîëîäíûé ìåäëåííî äâèæóùèéñÿ ñëîé è íåïîäâèæíàÿ
îáëàñòü ñ íàïðÿæåíèÿìè íèæå ïðåäåëà òåêó÷åñòè èìåþò ðàçíûå ôèçè÷åñêèå îñíîâàíèÿ.
Îòñþäà âîçíèêàåò êàæóùèéñÿ ïàðàäîêñ: ïîòåðè ìåõàíè÷åñêîé ýíåðãèè ñïîñîáíû èçìåíèòü

ñâîéñòâà æèäêîñòè òàê, ÷òî å¼ äâèæåíèå îáëåã÷àåòñÿ ïî ñðàâíåíèþ ñ ðàñ÷¼òîì ïðè èñõîäíîé
òåìïåðàòóðå. Ïðè ýòîì ýíåðãèÿ íå âîçíèêàåò èç íè÷åãî. Íàñîñ ïðîäîëæàåò ñîâåðøàòü ðàáîòó,
à ÷àñòü ïåðåäàííîé ýíåðãèè îñòà¼òñÿ â âåùåñòâå â âèäå òåïëà èëè óõîäèò â îêðóæàþùóþ ñðåäó.
Äëÿ èíæåíåðà âàæíî ðàçëè÷àòü çàäàííûé ðàñõîä è çàäàííûé ïåðåïàä äàâëåíèÿ. Åñëè

ïîääåðæèâàåòñÿ ðàñõîä, èçìåíåíèå âÿçêîñòè âëèÿåò íà íåîáõîäèìîå äàâëåíèå. Åñëè
ïîääåðæèâàåòñÿ äàâëåíèå, ìîæåò èçìåíèòüñÿ ðàñõîä. Áåç óêàçàíèÿ òîãî, ÷òî èìåííî
ôèêñèðîâàíî, ñðàâíåíèå äâóõ ðåæèìîâ ëåãêî ñòàíîâèòñÿ íåîäíîçíà÷íûì.
Èññëåäîâàíèå òàêîãî ýôôåêòà òðåáóåò ñîâìåñòíîãî ðåøåíèÿ ãèäðîäèíàìè÷åñêîé è òåïëîâîé

çàäà÷. Èçìåðåíèÿ âÿçêîñòè ïðè ðàçíûõ òåìïåðàòóðàõ çäåñü ñòîëü æå íåîáõîäèìû, êàê ñâåäåíèÿ
î òðóáå è íàñîñå. Ýòîò ïðèìåð ïîêàçûâàåò, íàñêîëüêî äàëåêî ìîæåò çàéòè îøèáêà, åñëè
ñâîéñòâî âåùåñòâà ïðèíÿòü ïîñòîÿííûì ëèøü ðàäè óäîáñòâà âû÷èñëåíèé.
Ïî÷åìó ïîâðåæäåíèå òðóáû áûâàåò ëîêàëüíûì. Òðóáîïðîâîä âûãëÿäèò êàê

åäèíàÿ êîíñòðóêöèÿ, íî åãî ñòåíêà íå îáÿçàòåëüíî èñïûòûâàåò îäèíàêîâîå âîçäåéñòâèå ïî
âñåé îêðóæíîñòè. Ïîêàçàòåëüíà çàäà÷à èç ïðàêòèêè íåôòåïðîìûñëîâûõ êîììóíèêàöèé:
ïîâðåæäåíèå ïðåèìóùåñòâåííî âäîëü íèæíåé ÷àñòè òðóáû. Òàêàÿ ëîêàëèçàöèÿ òðåáóåò
îáúÿñíåíèÿ, êîòîðîå íåëüçÿ ïîëó÷èòü èç îäíîãî ñðåäíåãî çíà÷åíèÿ ñêîðîñòè.
Ðåàëüíàÿ ñìåñü ìîæåò âêëþ÷àòü íåôòü, âîäó, ãàç è òâ¼ðäûå ïðèìåñè. Ýòè êîìïîíåíòû

îòëè÷àþòñÿ ïëîòíîñòüþ è äðóãèìè ñâîéñòâàìè. Â çàâèñèìîñòè îò ñêîðîñòè è ðåæèìà
îíè ðàñïðåäåëÿþòñÿ ïî ñå÷åíèþ íåîäèíàêîâî. Ñèëà òÿæåñòè ñïîñîáñòâóåò ðàññëîåíèþ, à
òóðáóëåíòíîå ïåðåìåøèâàíèå ìîæåò åìó ïðîòèâîäåéñòâîâàòü. Èòîãîâàÿ êàðòèíà îïðåäåëÿåòñÿ
ñîîòíîøåíèåì ýòèõ ïðîöåññîâ.
Åñëè âîçäåéñòâèå íà ñòåíêó ñîñðåäîòî÷åíî â óçêîé çîíå, ñðåäíèå õàðàêòåðèñòèêè ñêðûâàþò

ñàìîå ñóùåñòâåííîå. Ïðåäñòàâèì äîæäü, êîòîðûé ðàâíîìåðíî âûïàäàåò íà êðûøó, íî
çàòåì ñîáèðàåòñÿ â âîäîñòîêå. Íà âûõîäå èç íåãî âîäà âîçäåéñòâóåò íà ìàëåíüêèé ó÷àñòîê
ãîðàçäî ñèëüíåå. Ýòî ëèøü àíàëîãèÿ ëîêàëèçàöèè; äåéñòâèòåëüíûé ìåõàíèçì â òðóáå íóæíî
óñòàíàâëèâàòü îòäåëüíî.
Èññëåäîâàíèÿ ðó÷åéêîâîãî ýôôåêòà â øêîëå Åðøèíà áûëè ñâÿçàíû ñ ïîèñêîì

ãèäðîäèíàìè÷åñêîãî îáúÿñíåíèÿ òàêîãî íåðàâíîìåðíîãî âîçäåéñòâèÿ. Äëÿ îáúÿñíåíèÿ
ýôôåêòà âàæíî ïîíÿòü, êàê ïîòîê îðãàíèçîâàí ó ïîâðåæäàåìîé ïîâåðõíîñòè è ïî÷åìó èìåííî
òàì óñëîâèÿ îòëè÷àþòñÿ îò îñòàëüíûõ ó÷àñòêîâ.
Îäíî èç ãèäðîäèíàìè÷åñêèõ îáúÿñíåíèé ðó÷åéêîâîãî ýôôåêòà ñâÿçàíî ñ ðàññëîåíèåì ñìåñè

è âîëíàìè íà ãðàíèöàõ å¼ êîìïîíåíòîâ. Â ãîðèçîíòàëüíîé òðóáå âîäà è ìåõàíè÷åñêèå ïðèìåñè
ìîãóò ñîñðåäîòî÷èâàòüñÿ â íèæíåé ÷àñòè, íåôòü � ðàñïîëàãàòüñÿ âûøå, à ãàç � çàíèìàòü
âåðõíþþ îáëàñòü. Ìåæôàçíûå ïîâåðõíîñòè èñïûòûâàþò âîçìóùåíèÿ, â òîì ÷èñëå ñâÿçàííûå
ñ íåñòàöèîíàðíîé ðàáîòîé îáîðóäîâàíèÿ. Âîëíû ìåíÿþò òîëùèíó ñëî¼â, ðàñïðåäåëåíèÿ
ñêîðîñòè è äàâëåíèÿ. Ýòè èçìåíåíèÿ ñëåäóåò ðàññìàòðèâàòü ñîâìåñòíî: äëÿ íåñòàöèîíàðíîé
ìíîãîôàçíîé ñìåñè ïðîñòîãî ïðèìåíåíèÿ çàêîíà Áåðíóëëè íåäîñòàòî÷íî.
Â îïèñàíèè ïðîìûñëîâîé ïðîáëåìû íà ìåñòîðîæäåíèÿõ Æåòûáàé è Óçåíü îòìå÷àëîñü

ïðåèìóùåñòâåííîå ïîâðåæäåíèå òðóá âäîëü íèæíåé îáðàçóþùåé. Ñîñðåäîòî÷åíèå âîäû è
òâ¼ðäûõ ïðèìåñåé ó äíà ñîçäà¼ò óñëîâèÿ äëÿ ñîâìåñòíîãî äåéñòâèÿ ýðîçèè è êîððîçèè.
×àñòèöû ìîãóò ïîâðåæäàòü çàùèòíóþ ïîâåðõíîñòü, à êîíòàêò ìåòàëëà ñ âîäíîé ôàçîé �
ñïîñîáñòâîâàòü äàëüíåéøåìó óãëóáëåíèþ äåôåêòîâ. Óçêàÿ äîðîæêà ïîâðåæäåíèé ïîëó÷èëà
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Âëàñòåëèí òóðáóëåíòíûõ ñòèõèé ...

íàçâàíèå ¾ðó÷åéêîâîãî ýôôåêòà¿. Ïðè ýòîì ñêîðîñòü ðàçðóøåíèÿ çàâèñèò îò ñîñòàâà ñìåñè,
ñâîéñòâ ÷àñòèö, ìàòåðèàëà òðóáû è ðåæèìà ýêñïëóàòàöèè.
Ãèäðîäèíàìè÷åñêèå èññëåäîâàíèÿ øêîëû Åðøèíà ïîçâîëÿëè ðàññìàòðèâàòü ýòó ïðîáëåìó

÷åðåç ïðîñòðàíñòâåííóþ îðãàíèçàöèþ ïîòîêà. Èõ ïðàêòè÷åñêèé ñìûñë çàêëþ÷àëñÿ â ïîèñêå
ñâÿçè ìåæäó äâèæåíèåì êîìïîíåíòîâ ñìåñè è ëîêàëèçàöèåé ïîâðåæäåíèé. Îêîí÷àòåëüíûé
âûâîä î ìåõàíèçìå ðàçðóøåíèÿ òðåáóåò ñîïîñòàâëåíèÿ ðàñ÷¼òà ñ äàííûìè îáñëåäîâàíèÿ òðóá
è ñîñòàâîì òðàíñïîðòèðóåìîé ñðåäû.
Âìåñòå ñ òåì â îáùåì ñëó÷àå ðàçðóøåíèå ìåòàëëà ìîæåò èìåòü íåñêîëüêî ïðè÷èí.

Ìåõàíè÷åñêàÿ ýðîçèÿ, êîððîçèîííûå ïðîöåññû è èõ ñîâìåñòíîå äåéñòâèå íå ðàâíîçíà÷íû. Ïî
âíåøíåé ôîðìå ïîâðåæäåíèÿ íåëüçÿ óâåðåííî óñòàíîâèòü âåñü ìåõàíèçì. Íóæíû ñâåäåíèÿ î
ñîñòàâå ñðåäû, ðåæèìàõ ðàáîòû, ìàòåðèàëå òðóáû, îòëîæåíèÿõ è ðåçóëüòàòàõ îáñëåäîâàíèÿ.
Äëÿ ïðîâåðêè ãèïîòåçû ïîëåçíî ñîïîñòàâèòü ðàñïîëîæåíèå ïîâðåæäåíèÿ ñ íàïðàâëåíèåì

äâèæåíèÿ, óêëîíîì òðóáîïðîâîäà è èçìåíåíèÿìè ðàñõîäà. Ëàáîðàòîðíûé îïûò èëè ÷èñëåííàÿ
ìîäåëü ìîãóò ïîêàçàòü âîçìîæíîå ðàñïðåäåëåíèå êîìïîíåíòîâ è ñêîðîñòåé. Îäíàêî ðàñ÷¼ò
ñòàíîâèòñÿ óáåäèòåëüíûì ëèøü òîãäà, êîãäà åãî ïðèçíàêè ñîãëàñóþòñÿ ñ íàáëþäàåìîé
êàðòèíîé.
Ïðàêòè÷åñêîå çíà÷åíèå òàêîãî ïîäõîäà ñîñòîèò â âûáîðå îáîñíîâàííîé ìåðû. Èíîãäà

òðåáóåòñÿ èçìåíèòü ðåæèì, èíîãäà � ìàòåðèàë èëè çàùèòó ïîâåðõíîñòè, èíîãäà � óñëîâèÿ
ïîäãîòîâêè òðàíñïîðòèðóåìîé ñìåñè. Ïîíèìàíèå ìåõàíèçìà ïîçâîëÿåò îáñóæäàòü ýòè ðåøåíèÿ
ïðåäìåòíî. Áåç íåãî ðåìîíò ìîæåò óñòðàíèòü ñëåäñòâèå, îñòàâèâ ïðè÷èíó ïðåæíåé.
Ïðîíèöàåìàÿ ñòåíêà ìåíÿåò âåñü ïîòîê. Â ïðèâû÷íîé òðóáå ñòåíêà óäåðæèâàåò

æèäêîñòü âíóòðè. Íî ñóùåñòâóþò êàíàëû, ÷åðåç ñòåíêè êîòîðûõ ñðåäà ïîñòóïàåò â
îñíîâíîé ïîòîê èëè îòâîäèòñÿ èç íåãî. Îíè âñòðå÷àþòñÿ â ôèëüòðàöèîííûõ óñòðîéñòâàõ è
òåõíîëîãè÷åñêèõ àïïàðàòàõ. Òàêàÿ ñòåíêà ñòàíîâèòñÿ ÷àñòüþ ïðîöåññà ïåðåíîñà âåùåñòâà, è
ðàñõîä óæå íåëüçÿ ñ÷èòàòü íåèçìåííûì ïî äëèíå.
Åñëè ÷åðåç ïîðû æèäêîñòü âõîäèò â êàíàë, ïðîäîëüíûé ïîòîê ïîñòåïåííî ïîïîëíÿåòñÿ. Åñëè

âûõîäèò � ðàñõîä óìåíüøàåòñÿ. Ìåíÿþòñÿ ñêîðîñòü, äàâëåíèå è óñëîâèÿ äâèæåíèÿ âîçëå
ïîâåðõíîñòè. Ïîýòîìó ôîðìóëó äëÿ íåïðîíèöàåìîé òðóáû íåëüçÿ áåç ïðîâåðêè ïåðåíîñèòü
íà òàêîé àïïàðàò: èñõîäíûå óñëîâèÿ ñóùåñòâåííî îòëè÷àþòñÿ.
Ïîðèñòóþ ñòåíêó ìîæíî ïðåäñòàâèòü êàê ìíîæåñòâî ìàëåíüêèõ ïóòåé, ñîåäèíÿþùèõ

âíóòðåííèé ïîòîê ñ îêðóæàþùåé ñðåäîé. Îäíàêî ðåàëüíûå ïîðû èìåþò ñëîæíóþ ôîðìó è
ðàçíûå ðàçìåðû. Èõ ñîïðîòèâëåíèå çàâèñèò îò ñòðóêòóðû ìàòåðèàëà è ñâîéñòâ æèäêîñòè.
Äàæå ðàâíîìåðíàÿ íà âèä ïîâåðõíîñòü ìîæåò ïðîïóñêàòü ñðåäó íåðàâíîìåðíî, åñëè âäîëü íå¼
èçìåíÿåòñÿ äàâëåíèå.
Âàæåí è êîíòàêò äâóõ äâèæåíèé: îñíîâíîãî, íàïðàâëåííîãî âäîëü êàíàëà, è ïîïåðå÷íîãî,

âîçíèêàþùåãî ÷åðåç ñòåíêó. Ïðèñòåíî÷íàÿ îáëàñòü ïåðåñòðàèâàåòñÿ. Âìåñòå ñ íåé ìîãóò
èçìåíèòüñÿ ïåðåíîñ òåïëà, ðàñïðåäåëåíèå ïðèìåñåé è óñëîâèÿ âçàèìîäåéñòâèÿ ñî ñòåíêîé. Â
íåêîòîðûõ çàäà÷àõ èìåííî ýòè èçìåíåíèÿ îïðåäåëÿþò ýôôåêòèâíîñòü àïïàðàòà.
Èññëåäîâàíèÿ øêîëû Åðøèíà âêëþ÷àëè êàíàëû ñ ïðîíèöàåìûìè ïåðåãîðîäêàìè è çàäà÷è

ôèëüòðàöèè. Ñðåäè ïðèëîæåíèé óïîìèíàåòñÿ íåôòåïðîìûñëîâûé ôèëüòð. Åãî íàçíà÷åíèå
ïîìîãàåò ïîíÿòü èíæåíåðíûé ñìûñë: íåîáõîäèìî ïðîïóñòèòü æèäêîñòü è îäíîâðåìåííî
îãðàíè÷èòü ïîñòóïëåíèå íåæåëàòåëüíûõ ÷àñòèö, îáåñïå÷èâ ïðèåìëåìîå ñîïðîòèâëåíèå.
Â êàòàëèòè÷åñêîì àïïàðàòå äîáàâëÿåòñÿ åù¼ îäèí ïðîöåññ � õèìè÷åñêîå ïðåâðàùåíèå íà

àêòèâíîé ïîâåðõíîñòè. Òåïåðü äâèæåíèå îïðåäåëÿåò, íàñêîëüêî áûñòðî âåùåñòâî äîñòèãàåò
çîíû ðåàêöèè, à ðåàêöèÿ è òåïëîîáìåí ìîãóò âëèÿòü íà ñâîéñòâà ñðåäû. Ðàññìîòðåíèå îäíîãî
ëèøü ðàñõîäà óæå íå äà¼ò ïîëíîãî îòâåòà î ðàáîòå óñòðîéñòâà.
Ïîêàçàòåëåí ïðèìåð ïðîòî÷íîãî êàòàëèòè÷åñêîãî ðåàêòîðà [3]. Ãàç äâèæåòñÿ â ñâîáîäíîé

÷àñòè àïïàðàòà, ïðîõîäèò ÷åðåç ñëîé çåðíèñòîãî êàòàëèçàòîðà è ñíîâà âûõîäèò â ñâîáîäíîå
ïðîñòðàíñòâî. Â ýòèõ îáëàñòÿõ ïðèìåíÿþò ðàçíûå îïèñàíèÿ: óðàâíåíèÿ äâèæåíèÿ ñâîáîäíîãî
ïîòîêà è ìîäåëü ôèëüòðàöèè â ïîðèñòîé ñðåäå. Ïðè äîñòàòî÷íî ìàëûõ ñêîðîñòÿõ
ôèëüòðàöèè îñíîâîé ìîæåò ñëóæèòü çàêîí Äàðñè; ïðè ñóùåñòâåííîì âëèÿíèè èíåðöèè
íóæíû äîïîëíèòåëüíûå ÷ëåíû ñîïðîòèâëåíèÿ. Íà ãðàíèöàõ îáëàñòåé íåîáõîäèìî ñîãëàñîâàòü
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Ó.Ê. Æàïáàñáàåâ

ìàññîâûé ïîòîê è óñëîâèÿ ïåðåäà÷è ìåõàíè÷åñêèõ âîçäåéñòâèé. Ñêîðîñòü, óñðåäí¼ííàÿ ïî
âñåìó ñå÷åíèþ ïîðèñòîé ñðåäû, ïðè ýòîì îòëè÷àåòñÿ îò ñêîðîñòè íåïîñðåäñòâåííî â ïîðàõ.
Â ðàññìàòðèâàåìîì ïðèìåðå çà ñëîåì êàòàëèçàòîðà íà ïðîôèëå ñêîðîñòè ïîÿâëÿþòñÿ

¾óøè¿ � ïîâûøåííûå çíà÷åíèÿ âáëèçè ñòåíîê ïðè ìåíüøåé ñêîðîñòè â öåíòðå. Òàêîå
ðàñïðåäåëåíèå ìîæåò áûòü ñâÿçàíî ñ íåîäíîðîäíîé ñòðóêòóðîé çàñûïêè. Ó ñòåíêè óêëàäêà
ç¼ðåí îòëè÷àåòñÿ îò óêëàäêè â ãëóáèíå ñëîÿ, ÷òî ñïîñîáíî óâåëè÷èòü ìåñòíóþ ïîðèñòîñòü
è ïðîíèöàåìîñòü. ×àñòü ãàçà ïðîõîäèò ïî ïóòè ìåíüøåãî ñîïðîòèâëåíèÿ è ìåíüøå
âçàèìîäåéñòâóåò ñ êàòàëèçàòîðîì. Äëÿ êîíñòðóêòîðà ýòî âàæíûé ñèãíàë: ïðàâèëüíîãî
ñðåäíåãî ðàñõîäà íåäîñòàòî÷íî, åñëè ïîòîê ðàñïðåäåë¼í ïî ñå÷åíèþ íåðàâíîìåðíî.
Çäåñü îñîáåííî ÿñíî âèäíî, êàê ãðàíèöà ðàñ÷¼òíîé îáëàñòè âëèÿåò íà ðåçóëüòàò. Ñòåíêà íå

âñåãäà ÿâëÿåòñÿ ïàññèâíîé ãåîìåòðè÷åñêîé ïîâåðõíîñòüþ. Å¼ ïðîíèöàåìîñòü, òåìïåðàòóðà è
ñâîéñòâà ñïîñîáíû èçìåíèòü âåñü ïîòîê. Äëÿ ïðàâèëüíîãî îïèñàíèÿ íóæíî çíàòü íå òîëüêî
òî, ÷òî ïðîèñõîäèò âíóòðè êàíàëà, íî è êàêèì îáðàçîì êàíàë âçàèìîäåéñòâóåò ñ îêðóæàþùåé
ñðåäîé.
Ìîæíî ëè ñíèçèòü ñîïðîòèâëåíèå äîáàâëåíèåì æèäêîñòè. Èíòóèòèâíî êàæåòñÿ:

åñëè ÷åðåç òðóáó ïðîõîäèò áîëüøå æèäêîñòè, íàñîñ äîëæåí ðàáîòàòü òÿæåëåå. Ïðè íåèçìåííûõ
ñâîéñòâàõ ñðåäû è ïðî÷èõ ñîïîñòàâèìûõ óñëîâèÿõ óâåëè÷åíèå ðàñõîäà äåéñòâèòåëüíî òðåáóåò
áîëüøåãî ïåðåïàäà äàâëåíèÿ. Íî ñèòóàöèÿ ìåíÿåòñÿ, êîãäà äîáàâëÿåìàÿ æèäêîñòü èìååò
äðóãèå ñâîéñòâà è ïåðåñòðàèâàåò ïðèñòåíî÷íóþ îáëàñòü.
Ïðåäñòàâèì îñíîâíîé ïîòîê î÷åíü âÿçêîé ñðåäû. Èìåííî âîçëå ñòåíêè âîçíèêàþò

çíà÷èòåëüíûå èçìåíåíèÿ ñêîðîñòè è ïåðåäàþòñÿ óñèëèÿ îò æèäêîñòè ê ïîâåðõíîñòè. Åñëè
÷åðåç ïîðèñòóþ ñòåíêó ïîäàâàòü ìåíåå âÿçêóþ æèäêîñòü, ïðè ïîäõîäÿùèõ óñëîâèÿõ òàì
ìîæåò ñôîðìèðîâàòüñÿ ñëîé ñ ìåíüøèì ñîïðîòèâëåíèåì ñäâèãó. Îí îáëåã÷àåò îòíîñèòåëüíîå
äâèæåíèå îñíîâíîé ñðåäû è ñòåíêè.
Òàêîé ýôôåêò óäîáíî ñðàâíèòü ñî ñìàçêîé, õîòÿ âíóòðè òðóáîïðîâîäà êàðòèíà ñëîæíåå

îáû÷íîãî ñìàçûâàíèÿ ìåõàíèçìà. Òîëùèíà ñëîÿ ìåíÿåòñÿ, æèäêîñòè ìîãóò ïåðåìåøèâàòüñÿ,
à ïîäà÷à ÷åðåç ïîðû âëèÿåò íà ðàñïðåäåëåíèå ñêîðîñòè. ×òîáû ïîëó÷èòü ñíèæåíèå
ñîïðîòèâëåíèÿ, íåîáõîäèìî îïðåäåë¼ííîå ñî÷åòàíèå ñâîéñòâ è ðåæèìà.
Ïîýòîìó èòîã íåëüçÿ ïðåäñêàçàòü èç îäíîãî ôàêòà äîáàâëåíèÿ æèäêîñòè. Åñëè îíà áûñòðî

ñìåøèâàåòñÿ ñ îñíîâíîé ñðåäîé, âûðàæåííûé ïðèñòåíî÷íûé ñëîé ìîæåò íå ñîõðàíèòüñÿ.
Åñëè ïîäà÷à ÷ðåçìåðíà, óâåëè÷åíèå ðàñõîäà ñïîñîáíî ïåðåâåñèòü áëàãîïðèÿòíîå èçìåíåíèå
ðàñïðåäåëåíèÿ âÿçêîñòè. Âàæíû òàêæå äëèíà ó÷àñòêà è óñëîâèÿ ôîðìèðîâàíèÿ ñëîÿ.
Â øêîëå Åðøèíà ýòîò âîïðîñ èçó÷àëè ÷èñëåííî � íà ïðèìåðå âäóâà ìàëîâÿçêîé ñðåäû ÷åðåç

ïîðèñòóþ ñòåíêó. Äëÿ øèðîêîãî ÷èòàòåëÿ çäåñü èíòåðåñíî òî, ÷òî èçìåíåíèå ìàëîãî ó÷àñòêà
ñå÷åíèÿ ñïîñîáíî çàìåòíî ïîâëèÿòü íà îáùèé ðåçóëüòàò. Ïðè÷èíà çàêëþ÷àåòñÿ â îñîáîé ðîëè
ïðèñòåíî÷íîãî ïåðåíîñà èìïóëüñà.
Äëÿ èíæåíåðíîé îöåíêè íóæíî ðàññìàòðèâàòü âñþ ñèñòåìó. Ñíèæåíèå ïåðåïàäà äàâëåíèÿ

íà îñíîâíîì ó÷àñòêå åù¼ íå îçíà÷àåò óìåíüøåíèÿ ñóììàðíûõ ýíåðãåòè÷åñêèõ çàòðàò.
Äîïîëíèòåëüíóþ æèäêîñòü òðåáóåòñÿ ïîäàòü, ïîäãîòîâèòü, à èíîãäà çàòåì îòäåëèòü. Íà ýòè
îïåðàöèè òîæå ðàñõîäóþòñÿ ýíåðãèÿ è ðåñóðñû. Ïðàêòè÷åñêàÿ âûãîäà îïðåäåëÿåòñÿ ïîëíûì
áàëàíñîì.
×òî ñåòêà äåëàåò ñ ïîòîêîì. Îáû÷íàÿ ñåòêà êàæåòñÿ ñëèøêîì ïðîñòûì ïðåäìåòîì

äëÿ ñåðü¼çíîãî èññëåäîâàíèÿ. ×åðåç å¼ îòâåðñòèÿ ïðîõîäèò âîçäóõ èëè âîäà, ÷àñòü ýíåðãèè
òåðÿåòñÿ, è íà ýòîì îïèñàíèå ìîæíî áûëî áû çàêîí÷èòü. Íî åñëè ïîñìîòðåòü íà äâèæåíèå
âíèìàòåëüíåå, îáíàðóæèòñÿ ìíîæåñòâî ìàëåíüêèõ ñòðóé è ñëåäîâ, âîçíèêàþùèõ âîêðóã
ýëåìåíòîâ ñåòêè.
Ïåðåä ñåòêîé ïîòîê çàòîðìàæèâàåòñÿ è ïåðåðàñïðåäåëÿåòñÿ. Â îòâåðñòèÿõ îí óñêîðÿåòñÿ,

à çà ïåðåìû÷êàìè âîçíèêàþò îáëàñòè ïîíèæåííîé ñêîðîñòè. Äàëüøå îòäåëüíûå ñòðóè
âçàèìîäåéñòâóþò, ñëåäû ðàñøèðÿþòñÿ è ïîñòåïåííî ïåðåìåøèâàþòñÿ. Ïîýòîìó óñëîâèÿ
íåïîñðåäñòâåííî çà ñåòêîé îòëè÷àþòñÿ îò óñëîâèé íà íåêîòîðîì ðàññòîÿíèè îò íå¼.
Ñåòêà ñïîñîáíà îäíîâðåìåííî ñîçäàâàòü ìåëêèå âîçìóùåíèÿ è èçìåíÿòü êðóïíóþ

íåðàâíîìåðíîñòü ïîòîêà. Èìåííî ïîýòîìó å¼ äåéñòâèå íåëüçÿ îïèñàòü ñëîâàìè ¾óñïîêàèâàåò¿
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èëè ¾âîçìóùàåò¿ áåç óêàçàíèÿ ìåñòà íàáëþäåíèÿ è ðåæèìà. Ðåçóëüòàò çàâèñèò îò ðàçìåðà
ÿ÷ååê, òîëùèíû ýëåìåíòîâ, îòêðûòîé ïëîùàäè è ñêîðîñòè ñðåäû.
Èíòåðåñíûì ñâîéñòâîì òå÷åíèÿ ÷åðåç ñåòêó îêàçàëîñü ¾ïðåëîìëåíèå¿ ëèíèé òîêà. Åñëè

ïîòîê íàáåãàåò íà ñåòêó ïîä óãëîì, òî çà íåé îí äâèæåòñÿ óæå â äðóãîì íàïðàâëåíèè � áëèæå
ê ïåðïåíäèêóëÿðó ê å¼ ïëîñêîñòè. Â ýêñïåðèìåíòàõ ýòîò ýôôåêò áûë îò÷¼òëèâî çàôèêñèðîâàí
è îïèñàí ýìïèðè÷åñêîé ôîðìóëîé.
Íàêëîííàÿ ñåòêà îêàçûâàåò ðàçëè÷íîå âîçäåéñòâèå íà ñîñòàâëÿþùèå äâèæåíèÿ è

ñïîñîáíà óìåíüøàòü ñîñòàâëÿþùóþ ñêîðîñòè âäîëü ñâîåé ïëîñêîñòè. Äëÿ óñòàíîâèâøåãîñÿ
íåñæèìàåìîãî ïîòîêà ñîõðàíåíèå ìàññû îáåñïå÷èâàåò íåïðåðûâíîñòü ñóììàðíîãî ðàñõîäà
÷åðåç ñåòêó. Ïðè îäèíàêîâîé ïëîùàäè ñðàâíèâàåìûõ ñå÷åíèé ýòî îçíà÷àåò ðàâåíñòâî
óñðåäí¼ííîé íîðìàëüíîé ñêîðîñòè, íî íå ñîõðàíåíèå å¼ ëîêàëüíîãî çíà÷åíèÿ â êàæäîé òî÷êå:
â îòâåðñòèÿõ ïîòîê óñêîðÿåòñÿ, à çà ïåðåìû÷êàìè îáðàçóþòñÿ ñëåäû. Èçìåíåíèå îòíîøåíèÿ
óñðåäí¼ííûõ ñîñòàâëÿþùèõ ñêîðîñòè ïîâîðà÷èâàåò ïîòîê áëèæå ê íîðìàëè. Ñðàâíåíèå ñ
ïðåëîìëåíèåì ñâåòà íàãëÿäíî, îäíàêî çäåñü ìåõàíèçì ñâÿçàí ñ ñîïðîòèâëåíèåì ïðåïÿòñòâèé è
ïåðåðàñïðåäåëåíèåì èìïóëüñà.
Ïàêåò èç íåñêîëüêèõ ñåòîê äîáàâëÿåò íîâûå óñëîâèÿ. Âàæíû ðàññòîÿíèÿ ìåæäó íèìè

è âçàèìíîå ðàñïîëîæåíèå ÿ÷ååê. Åñëè ñëåäóþùàÿ ñåòêà ñòîèò ñëèøêîì áëèçêî, îíà
âîñïðèíèìàåò åù¼ íå âûðîâíÿâøèéñÿ ïîòîê. Åñëè ðàññòîÿíèå äîñòàòî÷íî âåëèêî, ÷àñòü
íåîäíîðîäíîñòåé óñïåâàåò îñëàáíóòü. Îäíîâðåìåííî êàæäîå äîïîëíèòåëüíîå ïðåïÿòñòâèå
óâåëè÷èâàåò ïîòåðè äàâëåíèÿ.
Ýòè îñîáåííîñòè ñóùåñòâåííû äëÿ àïïàðàòîâ, ãäå íåîáõîäèìî ðàñïðåäåëèòü ïîòîê ïî

ðàáî÷åìó ñå÷åíèþ. Íåðàâíîìåðíàÿ ïîäà÷à ìîæåò óõóäøèòü òåïëîîáìåí, ïåðåìåøèâàíèå
èëè óñëîâèÿ èçìåðåíèÿ. Ïîýòîìó âûáîð ñåòêè ñâÿçàí ñ êîìïðîìèññîì: ïîëó÷èòü íóæíóþ
ñòðóêòóðó äâèæåíèÿ ïðè äîïóñòèìûõ ýíåðãåòè÷åñêèõ ïîòåðÿõ.
Ñâîáîäíàÿ ñòðóÿ è âîçäóõ âîêðóã íå¼. Ïîòîê âíóòðè òðóáû îãðàíè÷åí ñòåíêàìè.

Ïîñëå âûõîäà èç îòâåðñòèÿ îí ñòàíîâèòñÿ ñâîáîäíîé ñòðó¼é è íà÷èíàåò âçàèìîäåéñòâîâàòü ñ
îêðóæàþùåé ñðåäîé. Ãðàíèöà ìåæäó äâèæóùåéñÿ è ïåðâîíà÷àëüíî íåïîäâèæíîé æèäêîñòüþ
èëè ãàçîì íå îñòà¼òñÿ ðåçêîé: ÷åðåç íå¼ ïåðåäàþòñÿ èìïóëüñ, òåïëî è âåùåñòâî, ðàçâèâàåòñÿ
ïåðåìåøèâàíèå.
Íàãëÿäíûé ïðèìåð � ñòðóÿ âîçäóõà èç âåíòèëÿòîðà. Íà íåêîòîðîì ðàññòîÿíèè îíà

ñòàíîâèòñÿ øèðå, à å¼ ñêîðîñòü â öåíòðàëüíîé îáëàñòè óìåíüøàåòñÿ. Ïðè÷èíà íå ñâîäèòñÿ ê
ïðîñòîìó ¾ðàñõîäîâàíèþ ñèëû¿. Ñòðóÿ âîâëåêàåò îêðóæàþùèé âîçäóõ â äâèæåíèå, è èñõîäíûé
èìïóëüñ ðàñïðåäåëÿåòñÿ ìåæäó áîëüøèì êîëè÷åñòâîì âåùåñòâà.
Ýòî âîâëå÷åíèå íàçûâàþò ýæåêöèåé èëè çàõâàòîì îêðóæàþùåé ñðåäû. Åñëè ïðåäñòàâèòü

ïîòîê êàê óçêóþ ëåíòó áûñòðî äâèæóùåãîñÿ âîçäóõà, å¼ ñîñåäíèå ñëîè ïîñòåïåííî íà÷èíàþò
äâèãàòüñÿ âìåñòå ñ íåé. Ïðè òóðáóëåíòíîì ðåæèìå îáìåí óñèëèâàåòñÿ âèõðåâûìè äâèæåíèÿìè.
Ñòðóÿ ðàñøèðÿåòñÿ, à å¼ ñòðóêòóðà ìåíÿåòñÿ ïî íàïðàâëåíèþ äâèæåíèÿ.
Â ðåàëüíîì óñòðîéñòâå êàðòèíà çàâèñèò îò ôîðìû îòâåðñòèÿ, íà÷àëüíîé ñêîðîñòè, ïëîòíîñòè

ñòðóè è îêðóæàþùåé ñðåäû. Ãîðÿ÷èé ë¼ãêèé ãàç èñïûòûâàåò äåéñòâèå ïëàâó÷åñòè. Òÿæ¼ëàÿ
ñòðóÿ ìîæåò îòêëîíÿòüñÿ èíà÷å. Åñëè ïîáëèçîñòè åñòü ñòåíêà èëè âñòðå÷íûé ïîòîê, ñâîáîäíîå
ðàçâèòèå íàðóøàåòñÿ è âîçíèêàþò äîïîëíèòåëüíûå âçàèìîäåéñòâèÿ.
Íåñêîëüêî ñòðóé ñïîñîáíû ñëèâàòüñÿ, óñèëèâàòü ïåðåìåøèâàíèå èëè ñîçäàâàòü ñëîæíûå

îáëàñòè ðåöèðêóëÿöèè. Â êîàêñèàëüíîé ñèñòåìå îäíà ñòðóÿ îêðóæàåò äðóãóþ. Òàê ìîæíî
óïðàâëÿòü ïîäà÷åé êîìïîíåíòîâ è îáìåíîì ìåæäó íèìè. Îäíàêî ðåçóëüòàò çàâèñèò îò
ñîîòíîøåíèÿ ñêîðîñòåé è ïëîòíîñòåé, à íå òîëüêî îò ðàñïîëîæåíèÿ ñîïåë.
Èññëåäîâàíèÿ ñâîáîäíûõ ñòðóé ñîñòàâëÿëè îäíî èç îñíîâíûõ íàïðàâëåíèé øêîëû Åðøèíà.

Îíè áûëè ñâÿçàíû ñ òåîðèåé ãàçîâîãî ôàêåëà è ðàçðàáîòêîé ãîðåëî÷íûõ óñòðîéñòâ. Ýòî
ïîíÿòíàÿ ñâÿçü: ïðåæäå ÷åì òîïëèâî ñãîðèò, îíî äîëæíî âñòðåòèòüñÿ ñ îêèñëèòåëåì â
ïîäõîäÿùèõ óñëîâèÿõ.
Ïî÷åìó íàãðåâ ìåíÿåò òóðáóëåíòíîñòü. Òóðáóëåíòíîå äâèæåíèå ÷àñòî îïèñûâàþò êàê

õàîòè÷åñêîå. Ñêîðîñòü â îäíîé òî÷êå êîëåáëåòñÿ, âîçíèêàþò âèõðè ðàçíûõ ðàçìåðîâ, ñîñåäíèå
ó÷àñòêè èíòåíñèâíî ïåðåìåøèâàþòñÿ. Òåì íå ìåíåå òàêîå òå÷åíèå ïîä÷èíÿåòñÿ ôèçè÷åñêèì
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çàêîíàì. Åãî ñâîéñòâà îïðåäåëÿþòñÿ âçàèìîäåéñòâèåì èíåðöèè, âÿçêîñòè, ãåîìåòðèè è
âíåøíèõ âîçäåéñòâèé.
Äëÿ îöåíêè ðåæèìà øèðîêî èñïîëüçóþò ÷èñëî Ðåéíîëüäñà. Áåç ôîðìóëû åãî ñìûñë ìîæíî

âûðàçèòü òàê: îíî ñîïîñòàâëÿåò ñòðåìëåíèå ïîòîêà ñîõðàíÿòü äâèæåíèå ñ äåéñòâèåì âÿçêîñòè,
ñãëàæèâàþùåé ðàçëè÷èÿ ñêîðîñòè. Ïðè îäèíàêîâîé ãåîìåòðèè âûñîêàÿ ñêîðîñòü îáû÷íî
óñèëèâàåò ðîëü èíåðöèè, à áîëüøàÿ êèíåìàòè÷åñêàÿ âÿçêîñòü � ðîëü âÿçêîãî âîçäåéñòâèÿ.
Ïîýòîìó îäèí è òîò æå ïîêàçàòåëü ñêîðîñòè åù¼ íå îçíà÷àåò îäèíàêîâîãî ïîâåäåíèÿ äâóõ

ñðåä. Õîëîäíûé è ãîðÿ÷èé ãàç ðàçëè÷àþòñÿ ïëîòíîñòüþ è âÿçêîñòüþ. Ó ìíîãèõ ãàçîâ
äèíàìè÷åñêàÿ âÿçêîñòü ïðè íàãðåâàíèè âîçðàñòàåò, à ïëîòíîñòü ïðè ñîïîñòàâèìîì äàâëåíèè
óìåíüøàåòñÿ. Â ðåçóëüòàòå îòíîñèòåëüíàÿ ðîëü âÿçêîñòè ìîæåò çàìåòíî óñèëèòüñÿ.
Ïðè ïîäõîäÿùèõ óñëîâèÿõ ýòî ñïîñîáñòâóåò îñëàáëåíèþ ïóëüñàöèé è ñîõðàíåíèþ áîëåå

óïîðÿäî÷åííîãî äâèæåíèÿ ãîðÿ÷åé ñòðóè. Òàê ïîÿâëÿåòñÿ íåîæèäàííîñòü: âûñîêàÿ
òåìïåðàòóðà íå îáÿçàòåëüíî ñîïðîâîæäàåòñÿ áîëåå ñèëüíîé òóðáóëåíòíîñòüþ. Îäíàêî íóæíî
ïîìíèòü, ÷òî ïðè íàãðåâàíèè ìîãóò èçìåíÿòüñÿ è ñêîðîñòü, è ðàçìåðû ïîòîêà, è äðóãèå
ïàðàìåòðû.
Â ïëàìåíè êàðòèíà åù¼ ñëîæíåå [1]. Òåïëîâîå ðàñøèðåíèå, íåîäèíàêîâàÿ ïëîòíîñòü,

ãðàäèåíòû òåìïåðàòóðû è âçàèìîäåéñòâèå ôðîíòà ðåàêöèè ñ ïîòîêîì ìîãóò ñîçäàâàòü
ñîáñòâåííûå íåóñòîé÷èâîñòè. Ïîýòîìó óòâåðæäåíèå î ïîäàâëåíèè ïóëüñàöèé îòíîñèòñÿ ê
îïðåäåë¼ííûì óñëîâèÿì è ó÷àñòêàì òå÷åíèÿ. Åãî íåëüçÿ ïðåâðàùàòü â ïðàâèëî äëÿ ëþáîãî
ãîðåíèÿ.
Ðàáîòû Åðøèíà è åãî êîëëåã ïî âûñîêîòåìïåðàòóðíûì ñòðóÿì è ãàçîâîìó ôàêåëó îáðàùàþò

âíèìàíèå èìåííî íà ñâÿçü ñâîéñòâ âåùåñòâà è ñòðóêòóðû äâèæåíèÿ. Äëÿ ÷èòàòåëÿ çäåñü
âàæåí îáùèé âûâîä: ïîòîê îïðåäåëÿåòñÿ öåëîé ñîâîêóïíîñòüþ óñëîâèé. Òåìïåðàòóðà ñïîñîáíà
ìåíÿòü ñàì ìåõàíèçì äâèæåíèÿ, ïîýòîìó å¼ ó÷¼ò íå îãðàíè÷èâàåòñÿ ðàñ÷¼òîì êîëè÷åñòâà
ïåðåäàâàåìîãî òåïëà.
Îò òåîðèè ôàêåëà ê ðàáîòå ãîðåëêè. Ãàçîâûé ôàêåë çíàêîì ïî ïëàìåíè ãîðåëêè.

Íî çà åãî âèäèìîé ôîðìîé ñêðûâàåòñÿ ñîâìåñòíîå äåéñòâèå àýðîäèíàìèêè, òåïëîïåðåíîñà
è õèìè÷åñêèõ ðåàêöèé. Òîïëèâî äîëæíî ñìåøàòüñÿ ñ âîçäóõîì, âîñïëàìåíèòüñÿ è ñãîðåòü
â ïîäõîäÿùåì ïðîñòðàíñòâå. Ïðè ýòîì äâèæåíèå îïðåäåëÿåò, ãäå âñòðå÷àþòñÿ ðåàãåíòû è
ñêîëüêî âðåìåíè îíè íàõîäÿòñÿ â çîíå ðåàêöèè.
Åñëè ñìåøåíèå íåäîñòàòî÷íî, ÷àñòü òîïëèâà ìîæåò íå óñïåòü ïîëíîñòüþ îêèñëèòüñÿ. Åñëè

îðãàíèçàöèÿ ïîòîêà íå ñîîòâåòñòâóåò ðåæèìó, ïëàìÿ ñïîñîáíî ñòàòü íåóñòîé÷èâûì. ×ðåçìåðíî
èíòåíñèâíîå äâèæåíèå òîæå íå âñåãäà ïîëåçíî: óñëîâèÿ óäåðæàíèÿ ôðîíòà ãîðåíèÿ çàâèñÿò îò
ñîîòíîøåíèÿ ñêîðîñòåé ïîòîêà è ïðîöåññîâ âîñïëàìåíåíèÿ.
Ïîýòîìó ðàçðàáîòêà ãîðåëêè òðåáóåò îòâåòà íà íåñêîëüêî ñâÿçàííûõ âîïðîñîâ. Êàê ïîäàòü

âîçäóõ è òîïëèâî? Ãäå îáåñïå÷èòü ïåðåìåøèâàíèå? Êàêèì îáðàçîì óäåðæàòü ïëàìÿ â ðàáî÷åé
çîíå? Êàê ðàñïðåäåëèòü òåïëîâûäåëåíèå, ÷òîáû îíî ñîîòâåòñòâîâàëî íàçíà÷åíèþ óñòàíîâêè?
Ãåîìåòðèÿ ñîïåë è êàíàëîâ ñòàíîâèòñÿ èíñòðóìåíòîì óïðàâëåíèÿ ýòèìè ïðîöåññàìè.
Íàó÷íûå èñòîêè Åðøèíà ñâÿçàíû ñ òåïëîôèçèêîì Ëüâîì Âóëèñîì. Âìåñòå ñ Ë.À. Âóëèñîì è

Ë.Ï. ßðèíûì îí íàïèñàë ìîíîãðàôèþ ¾Îñíîâû òåîðèè ãàçîâîãî ôàêåëà¿ (1968) [1]. Ýòîò öèêë
ðàáîò ïîêàçûâàåò, ïî÷åìó èññëåäîâàíèå ñòðóé áûëî âàæíî îäíîâðåìåííî äëÿ ôóíäàìåíòàëüíîé
íàóêè è ýíåðãåòèêè.
Ðåçóëüòàòû èññëåäîâàíèÿ òóðáóëåíòíûõ ñòðóé ïðèìåíÿëèñü ïðè ðàçðàáîòêå ãîðåëî÷íûõ

óñòðîéñòâ äëÿ Åðìàêîâñêîé ÃÐÝÑ (íûíå Àêñóñêàÿ ÃÐÝÑ). Ïðèìåíåíèå ýòèõ ðåçóëüòàòîâ
ïîêàçûâàåò, êàê ïîíèìàíèå äâèæåíèÿ äà¼ò îñíîâó äëÿ îðãàíèçàöèè ñìåøåíèÿ è ãîðåíèÿ.
Õàðàêòåðèñòèêè êîíêðåòíîé ãîðåëêè îïðåäåëÿþòñÿ å¼ êîíñòðóêöèåé è ïðîâåðÿþòñÿ ïðè
èñïûòàíèÿõ â ðàáî÷èõ óñëîâèÿõ.
Âûñîêîòåìïåðàòóðíûå è ñâåðõçâóêîâûå ïîòîêè òðåáóþò åù¼ áîëåå ñëîæíîãî îïèñàíèÿ. Òàì

ñóùåñòâåííû ñæèìàåìîñòü ãàçà, èçìåíåíèå òåìïåðàòóðû è êîðîòêîå âðåìÿ âçàèìîäåéñòâèÿ
êîìïîíåíòîâ. Ìîäåëü, ïðèãîäíàÿ äëÿ ñïîêîéíîé ëàáîðàòîðíîé ñòðóè, äîëæíà áûòü
ñóùåñòâåííî óòî÷íåíà. Ïðîâåðêà å¼ ïðèìåíèìîñòè ñòàíîâèòñÿ ñàìîñòîÿòåëüíîé ÷àñòüþ
èññëåäîâàíèÿ.
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Âëàñòåëèí òóðáóëåíòíûõ ñòèõèé ...

Òåîðèÿ ôàêåëà ïîýòîìó ïðåäñòàâëÿåò ñîáîé ïðèìåð çàäà÷è, â êîòîðîé ïðîöåññû íåëüçÿ
èçîëèðîâàòü äðóã îò äðóãà. Äâèæåíèå âëèÿåò íà ðåàêöèþ, ðåàêöèÿ âûäåëÿåò òåïëî, òåïëî
ìåíÿåò ïëîòíîñòü è âÿçêîñòü, à ýòè èçìåíåíèÿ ïåðåñòðàèâàþò ïîòîê. Íàó÷íàÿ ðàáîòà èùåò
ñîãëàñîâàííîå îáúÿñíåíèå âñåé ýòîé öåïî÷êè è óñëîâèÿ, â êîòîðûõ îíà îáåñïå÷èâàåò óñòîé÷èâóþ
ðàáîòó óñòðîéñòâà.
Âèõðåâûå ñòðóêòóðû íà êðèâîëèíåéíîé ïîâåðõíîñòè. Âîäà, äâèæóùàÿñÿ ïî èçãèáó,

ìåíÿåò íàïðàâëåíèå. Äëÿ ýòîãî íåîáõîäèìû ñèëû, óäåðæèâàþùèå ïîòîê íà êðèâîëèíåéíîé
òðàåêòîðèè. Âíóòðè æèäêîñòè âîçíèêàþò ñîîòâåòñòâóþùèå ðàñïðåäåëåíèÿ äàâëåíèÿ è
ñêîðîñòè. Åñëè èõ ñî÷åòàíèå íåáëàãîïðèÿòíî äëÿ óñòîé÷èâîñòè, ïåðâîíà÷àëüíî ïëàâíîå
äâèæåíèå ìîæåò ïåðåñòðîèòüñÿ è îáðàçîâàòü ðåãóëÿðíûå âèõðåâûå ñòðóêòóðû.
Óäîáíàÿ àíàëîãèÿ � äâèæåíèå àâòîìîáèëÿ ïî ïîâîðîòó. ×åì âûøå ñêîðîñòü è ÷åì êðó÷å

ïîâîðîò, òåì çàìåòíåå òðåáîâàíèå ê ñèëàì, èçìåíÿþùèì íàïðàâëåíèå äâèæåíèÿ. Íî â
æèäêîñòè ñîñåäíèå ñëîè ìîãóò äâèãàòüñÿ ñ ðàçíîé ñêîðîñòüþ è îáìåíèâàòüñÿ âåùåñòâîì.
Ïîýòîìó âîïðîñ óñòîé÷èâîñòè ñëîæíåå ïîâåäåíèÿ îäíîãî òâ¼ðäîãî òåëà.
Ïðè òå÷åíèè âäîëü âîãíóòîé ïîâåðõíîñòè â ïîãðàíè÷íîì ñëîå ìîãóò âîçíèêàòü ïðîäîëüíûå

âèõðè Ã¼ðòëåðà. Îíè ïåðåíîñÿò æèäêîñòü ìåæäó ó÷àñòêàìè, ðàñïîëîæåííûìè áëèæå ê ñòåíêå
è äàëüøå îò íå¼. Â ðåçóëüòàòå ïîâåðõíîñòü èñïûòûâàåò íåîäèíàêîâîå âîçäåéñòâèå ïî øèðèíå,
à òåïëîîáìåí ìîæåò ñòàòü ñóùåñòâåííî íåðàâíîìåðíûì.
Äðóãîé èçâåñòíûé ïðèìåð � æèäêîñòü ìåæäó âðàùàþùèìèñÿ öèëèíäðàìè. Ïðè

îïðåäåë¼ííûõ ñî÷åòàíèÿõ âðàùåíèÿ è ñâîéñòâ ñðåäû âîçíèêàþò âèõðè Òåéëîðà. Çäåñü
õàðàêòåðíûå îáðàçîâàíèÿ èìåþò äðóãóþ îðèåíòàöèþ, ÷åì ïðîäîëüíûå âèõðè âîçëå âîãíóòîé
ñòåíêè. Îáúåäèíÿåò ýòè çàäà÷è ðîëü êðèâîëèíåéíîãî äâèæåíèÿ è öåíòðîáåæíûõ ìåõàíèçìîâ
íåóñòîé÷èâîñòè.
Èññëåäîâàíèÿ òàêèõ ñòðóêòóð âåëè Åðøèí è åãî ó÷åíèêè. Èõ çíà÷åíèå âûõîäèò çà ðàìêè

êðàñèâîé êàðòèíû òå÷åíèÿ. Âèõðè èçìåíÿþò ïåðåìåøèâàíèå, ïåðåíîñ èìïóëüñà è òåïëà.
Ñëåäîâàòåëüíî, îíè ìîãóò âëèÿòü íà ðàáîòó àïïàðàòà äàæå òîãäà, êîãäà ñðåäíèå ðàñõîä è
òåìïåðàòóðà îñòàþòñÿ ïðåæíèìè.
Âèõðåâîå êîëüöî ïåðåíîñèò äâèæåíèå. Äûìîâîå êîëüöî � îäèí èç ñàìûõ íàãëÿäíûõ

îáúåêòîâ ãèäðîìåõàíèêè. Îíî èìååò óçíàâàåìóþ ôîðìó è íåêîòîðîå âðåìÿ ïåðåìåùàåòñÿ
êàê åäèíîå îáðàçîâàíèå. Äûì äåëàåò äâèæåíèå âèäèìûì, íî îñíîâíóþ ñòðóêòóðó ñîçäà¼ò
âðàùàþùèéñÿ âîçäóõ. Ïîäîáíûå êîëüöà ìîãóò ñóùåñòâîâàòü è â âîäå, ãäå äëÿ íàáëþäåíèÿ
èñïîëüçóþò îêðàøåííóþ æèäêîñòü èëè ÷àñòèöû.
Âíóòðè êîëüöà ñðåäà äâèæåòñÿ âîêðóã åãî ïîïåðå÷íîãî ñå÷åíèÿ. Åñëè ìûñëåííî ðàçðåçàòü

êîëüöî ïëîñêîñòüþ ÷åðåç îñü, ìîæíî óâèäåòü äâå îáëàñòè âðàùåíèÿ, îòíîñÿùèåñÿ ê îäíîé
ïðîñòðàíñòâåííîé ñòðóêòóðå. Ýòî âðàùåíèå ñîçäà¼ò ïîëå ñêîðîñòåé, áëàãîäàðÿ êîòîðîìó
êîëüöî ïåðåìåùàåòñÿ â îêðóæàþùåé ñðåäå.
Âèõðü ñïîñîáåí ïåðåíîñèòü âîâëå÷¼ííîå âåùåñòâî, íî åãî ãðàíèöà íå ÿâëÿåòñÿ òâ¼ðäîé

îáîëî÷êîé. Îí âçàèìîäåéñòâóåò ñ îêðóæåíèåì, èçìåíÿåò ôîðìó è ïîñòåïåííî òåðÿåò
ïåðâîíà÷àëüíûå ñâîéñòâà. Ïîýòîìó ñðàâíåíèå ñ äâèæóùèìñÿ ïðåäìåòîì ïîëåçíî ëèøü
îò÷àñòè: âíóòðè òàêîãî ¾ïðåäìåòà¿ íåïðåðûâíî ïðîèñõîäèò ñîáñòâåííîå äâèæåíèå.
Ñêîðîñòü ïîñòóïàòåëüíîãî äâèæåíèÿ êîëüöà çàâèñèò îò åãî ðàçìåðîâ è èíòåíñèâíîñòè

âðàùåíèÿ. Ñóùåñòâåííà è òîëùèíà âèõðåâîãî ÿäðà. Â ïðîñòûõ òåîðåòè÷åñêèõ îïèñàíèÿõ
òîíêîãî êîëüöà ýòè âåëè÷èíû ñâÿçàíû ìåæäó ñîáîé, íî ïåðåíîñèòü òàêîå îïèñàíèå íà ëþáîå
ðåàëüíîå êîëüöî íåëüçÿ. Òîëñòîå ÿäðî, áëèçêàÿ ñòåíêà èëè ñèëüíàÿ äåôîðìàöèÿ òðåáóþò
äðóãèõ óòî÷íåíèé.
Âÿçêîñòü ïîñòåïåííî ñãëàæèâàåò ðàñïðåäåëåíèå âðàùåíèÿ è ìåíÿåò ÿäðî. Ïðè íåêîòîðûõ

ðåæèìàõ íà êîëüöå âîçíèêàþò êîëåáàíèÿ è íåóñòîé÷èâîñòè, êîòîðûå ïðèâîäÿò ê áîëåå ñëîæíîé
ñòðóêòóðå. Ïîýòîìó íàáëþäàåìîå ñîõðàíåíèå ôîðìû ÿâëÿåòñÿ âðåìåííûì è çàâèñèò îò
óñëîâèé. Âèõðåâîå êîëüöî íå îòìåíÿåò ïîòåðü ýíåðãèè â ðåàëüíîé ñðåäå.
Èññëåäîâàíèÿ êîëüöåâûõ âèõðåé çàíèìàëè âàæíîå ìåñòî â ðàáîòàõØ. Åðøèíà è À. Êàëòàåâà

[4]. Äëÿ ïîïóëÿðíîãî ÷èòàòåëÿ ýòîò ïðèìåð îñîáåííî ïîëåçåí: îí ïîêàçûâàåò, ÷òî ñëîæíûé
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Ó.Ê. Æàïáàñáàåâ

ïîòîê ñïîñîáåí îáðàçîâàòü óñòîé÷èâóþ íà îïðåäåë¼ííîì ýòàïå ñòðóêòóðó. Ïîðÿäîê âîçíèêàåò
âíóòðè äâèæåíèÿ, êîòîðîå ëåãêî ïðèíÿòü çà õàîñ.
Èçó÷àÿ êîëüöî, èññëåäîâàòåëü ïîëó÷àåò âîçìîæíîñòü îòäåëüíî ðàññìîòðåòü îáðàçîâàíèå,

ïåðåìåùåíèå è ðàñïàä âèõðÿ. Ýòè ýòàïû ïîìîãàþò ïîíÿòü ïåðåíîñ âåùåñòâà è èìïóëüñà â áîëåå
ñëîæíûõ òå÷åíèÿõ. Íàãëÿäíûé îïûò îêàçûâàåòñÿ âõîäîì â îáùóþ ïðîáëåìó: êàê âèõðåâûå
ñòðóêòóðû îðãàíèçóþò äâèæåíèå è êàêèì îáðàçîì âçàèìîäåéñòâóþò ñ îêðóæàþùåé ñðåäîé.
×èñëåííûé ýêñïåðèìåíò è ïðîäîëæåíèå íàó÷íîé øêîëû. Ìíîãèå ïðîöåññû âíóòðè

òðóáû, ôèëüòðà èëè ãîðÿ÷åãî ôàêåëà òðóäíî íàáëþäàòü íåïîñðåäñòâåííî. Ïðèáîð èçìåðÿåò
äàâëåíèå â îòäåëüíûõ òî÷êàõ, äàò÷èê ïîêàçûâàåò òåìïåðàòóðó, ðàñõîäîìåð äà¼ò îáùèé ðàñõîä.
Íî ýòè äàííûå åù¼ íå ðàñêðûâàþò âñþ âíóòðåííþþ êàðòèíó. ×èñëåííîå ìîäåëèðîâàíèå
ïîìîãàåò ñâÿçàòü èçìåðåíèÿ ñ ðàñïðåäåëåíèÿìè ñêîðîñòè, äàâëåíèÿ è òåìïåðàòóðû.
Ðàñ÷¼òíóþ îáëàñòü äåëÿò íà íåáîëüøèå ýëåìåíòû è äëÿ íèõ ðåøàþò óðàâíåíèÿ ñîõðàíåíèÿ

ìàññû, èìïóëüñà è ýíåðãèè. Êîìïüþòåð ïîñëåäîâàòåëüíî íàõîäèò ñîãëàñîâàííîå ñîñòîÿíèå
ïîòîêà. Òàêîé ïîäõîä ïîçâîëÿåò ñðàâíèâàòü âàðèàíòû ãåîìåòðèè è ðåæèìû, èññëåäîâàòü
âëèÿíèå îòäåëüíûõ ôàêòîðîâ è ïðîâåðÿòü ôèçè÷åñêèå ãèïîòåçû.
Îäíàêî ïîäðîáíàÿ öâåòíàÿ êàðòèíà íå ÿâëÿåòñÿ äîêàçàòåëüñòâîì ñàìà ïî ñåáå. Ðåçóëüòàò

çàâèñèò îò ìîäåëè âåùåñòâà, óñëîâèé íà ãðàíèöàõ è ðàçðåøåíèÿ ðàñ÷¼òà. Åñëè íåèçâåñòíà
âÿçêîñòü èëè íåïðàâèëüíî çàäàíà òåìïåðàòóðà ñòåíêè, óâåëè÷åíèå ÷èñëà ýëåìåíòîâ íå óñòðàíèò
èñõîäíóþ îøèáêó. Íóæíà ïðîâåðêà ïî íåçàâèñèìûì äàííûì è îöåíêà óñòîé÷èâîñòè ðåçóëüòàòà
ê ïðèíÿòûì ïðåäïîëîæåíèÿì.
Åðøèí óäåëÿë áîëüøîå âíèìàíèå ÷èñëåííîìó ìîäåëèðîâàíèþ, â òîì ÷èñëå ïðè ïîäãîòîâêå

ó÷åíèêîâ. Çäåñü âàæíà èññëåäîâàòåëüñêàÿ ïîñëåäîâàòåëüíîñòü: ïîñòàâèòü ñîäåðæàòåëüíûé
âîïðîñ, âûáðàòü îïèñàíèå, âûïîëíèòü ðàñ÷¼ò è ñîïîñòàâèòü åãî ñ îïûòîì. Êîìïüþòåð
ðàñøèðÿåò âîçìîæíîñòè ýòîãî ïîäõîäà, íî íå çàìåíÿåò ïîíèìàíèå ôèçèêè.
Ñâåðõçâóêîâîå ãîðåíèå: ïðîäîëæåíèå èäåé íàó÷íîé øêîëû. Ïðîäîëæåíèå ýòîãî

èññëåäîâàòåëüñêîãî ïîäõîäà ìîæíî óâèäåòü â ðàáîòå Ó.Ê. Æàïáàñáàåâà è Å.Ï. Ìàêàøåâà [5].
Â çàäà÷å î ãîðåíèè âîäîðîäíîé ñòðóè ñõîäÿòñÿ íåñêîëüêî òåì: ñìåøåíèå ïîòîêîâ, âëèÿíèå
òåìïåðàòóðû, èçìåíåíèå ãåîìåòðèè êàíàëà è õèìè÷åñêèå ðåàêöèè. Ñâÿçü ñ íàñëåäèåì øêîëû
çàêëþ÷àåòñÿ â ñàìîì ñïîñîáå ïîñòàíîâêè âîïðîñà: îïðåäåëèòü, êàêîé èç âçàèìîäåéñòâóþùèõ
ïðîöåññîâ óïðàâëÿåò íàáëþäàåìûì ðåçóëüòàòîì.
Â ãèïåðçâóêîâîì ïðÿìîòî÷íîì âîçäóøíî-ðåàêòèâíîì äâèãàòåëå ïîòîê â êàìåðå ñãîðàíèÿ

îñòà¼òñÿ ñâåðõçâóêîâûì. Òîïëèâî äîëæíî ïåðåìåøàòüñÿ ñ âîçäóõîì, âîñïëàìåíèòüñÿ è
âûäåëèòü òåïëî çà î÷åíü êîðîòêîå âðåìÿ ïðåáûâàíèÿ â êàìåðå. Áûñòðîå äâèæåíèå ñàìî ïî
ñåáå íå ãàðàíòèðóåò óñïåøíîãî ãîðåíèÿ: åñëè ðåàãåíòû íå óñïåâàþò âñòðåòèòüñÿ, çíà÷èòåëüíàÿ
÷àñòü òîïëèâà ìîæåò âûéòè èç êàìåðû íåñãîðåâøåé.
Â ðàññìîòðåííîé ðàñ÷¼òíîé ñõåìå ïî îñè êàíàëà èñòåêàåò òîíêàÿ ñòðóÿ âîäîðîäà, îêðóæ¼ííàÿ

êîàêñèàëüíûì ñâåðõçâóêîâûì ïîòîêîì ãîðÿ÷åãî âîçäóõà. Ñîïîñòàâëÿþòñÿ êàíàë ïîñòîÿííîãî
ñå÷åíèÿ è êàíàë, êîòîðûé ïîñëå íà÷àëüíîãî öèëèíäðè÷åñêîãî ó÷àñòêà ïëàâíî ðàñøèðÿåòñÿ.
Òàêàÿ ïîñòàíîâêà ïîçâîëÿåò âûäåëèòü âëèÿíèå ãåîìåòðèè íà ñìåøåíèå è âîñïëàìåíåíèå. Äàæå
íåáîëüøîé óãîë ðàñøèðåíèÿ ñïîñîáåí èçìåíèòü âðåìÿ ïðåáûâàíèÿ ãàçà è òåìïåðàòóðíûå
óñëîâèÿ ðåàêöèè.
Äëÿ îïèñàíèÿ èñïîëüçóþòñÿ óðàâíåíèÿ äâèæåíèÿ, ïåðåíîñà ýíåðãèè è êîìïîíåíòîâ

ðåàãèðóþùåé ñìåñè, à òàêæå ìîäåëü òóðáóëåíòíîãî ïåðåíîñà. Õèìè÷åñêàÿ ñõåìà ó÷èòûâàåò
âîäîðîä, êèñëîðîä, âîäó è ïðîìåæóòî÷íûå àêòèâíûå ÷àñòèöû. Ýòè ÷àñòèöû íåîáõîäèìû äëÿ
ðàçâèòèÿ öåïíûõ ðåàêöèé. Âàæíà òàêæå íåîäíîðîäíîñòü ñîñòàâà: ñðåäíèå êîíöåíòðàöèè
òîïëèâà è îêèñëèòåëÿ åù¼ íå îçíà÷àþò, ÷òî îíè õîðîøî ïåðåìåøàíû íà ìàñøòàáå, ãäå
ïðîòåêàåò ðåàêöèÿ. Ïðèáëèæåíèÿ ðàñ÷¼òíîé ìîäåëè äîëæíû îöåíèâàòüñÿ îòäåëüíî; íàëè÷èå
ñâåðõçâóêîâîé ñêîðîñòè ñàìî ïî ñåáå íå óñòðàíÿåò âÿçêèå ïðîöåññû, ïîãðàíè÷íûå ñëîè è
âëèÿíèå òåïëîâûäåëåíèÿ.
Ãëàâíûé ôèçè÷åñêèé âîïðîñ êàñàåòñÿ ðàñøèðåíèÿ êàíàëà. Êàæåòñÿ, ÷òî äîïîëíèòåëüíîå

ïðîñòðàíñòâî äîëæíî ïîìîãàòü ãîðåíèþ. Íî â ïðîñòîì ñëó÷àå ñâåðõçâóêîâîé ãàç ïðè
ðàñøèðåíèè óñêîðÿåòñÿ è îõëàæäàåòñÿ. Äëÿ ðåàãèðóþùåãî ïîòîêà ê ýòîìó äîáàâëÿþòñÿ
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òåïëîâûäåëåíèå, òðåíèå è èçìåíåíèå ñìåøåíèÿ. Â ðàññìîòðåííûõ ðåæèìàõ ðàñøèðåíèå
çàäåðæèâàåò âîñïëàìåíåíèå è çàòðóäíÿåò çàâåðøåíèå ãîðåíèÿ. Çíà÷åíèå èìååò íå òîëüêî îáú¼ì
êàìåðû, íî è òî, êàê èçìåíÿþòñÿ ñîñòîÿíèå ãàçà è âðåìÿ êîíòàêòà ðåàãåíòîâ.
Ðàñ÷¼òíûå ðàñïðåäåëåíèÿ ïîçâîëÿþò îòëè÷èòü ìåñòî íà÷àëà ðåàêöèè îò ó÷àñòêà ïîëíîãî

âûãîðàíèÿ òîïëèâà. Ìåæäó íèìè ìîæåò ëåæàòü ïðîòÿæ¼ííàÿ çîíà. Ïîâûøåíèå òåìïåðàòóðû
âõîäÿùåãî îêèñëèòåëÿ îáû÷íî ñîêðàùàåò õèìè÷åñêóþ çàäåðæêó âîñïëàìåíåíèÿ, îäíàêî íå
îáÿçàòåëüíî îáåñïå÷èâàåò áûñòðîå çàâåðøåíèå ãîðåíèÿ. Åñëè ñìåøåíèå îñòà¼òñÿ ìåäëåííûì,
îíî ïðîäîëæàåò îãðàíè÷èâàòü ïðîöåññ.
Îñîáóþ ðîëü èãðàþò àêòèâíûå ÷àñòèöû � àòîìû è ðàäèêàëû, ó÷àñòâóþùèå â öåïíûõ

ðåàêöèÿõ. Èõ ïðèñóòñòâèå âî âõîäÿùåì ïîòîêå ìîæåò ñóùåñòâåííî ïðèáëèçèòü íà÷àëî
âîñïëàìåíåíèÿ ê ñîïëó. Îäíàêî êîëè÷åñòâî òàêèõ ÷àñòèö îïðåäåëÿåòñÿ íå îäíîé òåìïåðàòóðîé:
âàæíû äàâëåíèå, ñîñòàâ, ñïîñîá íàãðåâà è ïðåäûñòîðèÿ ïîòîêà. Ïîýòîìó íåëüçÿ àâòîìàòè÷åñêè
ïðèðàâíèâàòü íàãðåòûé ÷èñòûé âîçäóõ ê ïîòîêó, ïîäãîòîâëåííîìó ñ ïîìîùüþ ñãîðàíèÿ
òîïëèâà.
Ýòî ðàçëè÷èå îñîáåííî ñóùåñòâåííî â ëàáîðàòîðíûõ óñòàíîâêàõ, ãäå ãîðÿ÷èé îêèñëèòåëüíûé

ïîòîê ìîæåò ñîäåðæàòü âîäÿíîé ïàð è äðóãèå ïðîäóêòû ïðåäâàðèòåëüíîãî ñãîðàíèÿ. Òàêîé
ïîòîê ïî õèìè÷åñêîìó ñîñòàâó îòëè÷àåòñÿ îò àòìîñôåðíîãî âîçäóõà. Åãî âîçäåéñòâèå íà
âîñïëàìåíåíèå ñëåäóåò ó÷èòûâàòü ïðè ñîïîñòàâëåíèè ðàñ÷¼òîâ, ýêñïåðèìåíòîâ è óñëîâèé
ðàáîòû äâèãàòåëÿ. Áîëåå ðàííåå íà÷àëî ðåàêöèè ïðè ýòîì åù¼ íå îçíà÷àåò, ÷òî âñ¼ òîïëèâî
áûñòðåå ñãîðèò.
Òàê ïðîÿâëÿåòñÿ åù¼ îäíà íåîæèäàííàÿ ñâÿçü: õèìè÷åñêèå ðåàêöèè ìîãóò íà÷èíàòüñÿ

áûñòðî, à ïîëíîå ñãîðàíèå âñ¼ ðàâíî îïðåäåëÿåòñÿ ñêîðîñòüþ ñìåøåíèÿ. Äëÿ êîíñòðóêòîðà
ýòî îçíà÷àåò íåîáõîäèìîñòü ñîãëàñîâàòü ïîäà÷ó òîïëèâà, äëèíó êàìåðû è å¼ ðàñøèðåíèå ñ
òåì, ãäå ðåàãåíòû äåéñòâèòåëüíî óñïåâàþò ïåðåìåøàòüñÿ. Âûâîä îòíîñèòñÿ ê ðàññìîòðåííûì
óñëîâèÿì; ïåðåíîñ åãî íà äðóãóþ ãåîìåòðèþ èëè äðóãîé ðåæèì òðåáóåò ïðîâåðêè.
×èñëåííûé ýêñïåðèìåíò ïîìîãàåò ðàçäåëèòü ýòè ïðîöåññû: ïðîñëåäèòü äâèæåíèå ñòðóè,

ðàçâèòèå çîíû ñìåøåíèÿ, íà÷àëî ðåàêöèè è ïîñëåäóþùåå âûãîðàíèå. Ñîïîñòàâëåíèå ñ
èçìåðåíèÿìè óñòàíàâëèâàåò, íàñêîëüêî äîñòîâåðíî ìîäåëü îïèñûâàåò êàæäûé ýòàï. Îñîáåííî
âàæíî ðàçëè÷àòü êà÷åñòâåííîå ñîâïàäåíèå êàðòèíû è êîëè÷åñòâåííîå âîñïðîèçâåäåíèå
èçìåðåííûõ õàðàêòåðèñòèê: ïåðâîå åù¼ íå ãàðàíòèðóåò âòîðîãî.
×òî ñîõðàíÿåò íàó÷íàÿ øêîëà. Íàó÷íîå íàñëåäèå ñêëàäûâàåòñÿ èç ðåçóëüòàòîâ è

èç ñïîñîáîâ èõ ïîëó÷åíèÿ. Â ðàáîòàõ, ðàññìîòðåííûõ â ýòîé ñòàòüå, ìîæíî âûäåëèòü
îáùóþ èññëåäîâàòåëüñêóþ ëèíèþ: ñíà÷àëà îáíàðóæèòü íåîáû÷íîå ïîâåäåíèå ïîòîêà, çàòåì
óñòàíîâèòü îïðåäåëÿþùèé ìåõàíèçì è òîëüêî ïîñëå ýòîãî îáñóæäàòü èíæåíåðíîå ïðèìåíåíèå.
Òàêîé ïîäõîä ñâÿçûâàåò çàäà÷è, âíåøíå äàë¼êèå äðóã îò äðóãà, � îò ïåðåêà÷êè âÿçêîé æèäêîñòè
äî ãîðåíèÿ ñâåðõçâóêîâîé ñòðóè.
Â þáèëåéíîé ñòàòüå îñîáåííî âàæíî ðàçëè÷àòü ðåçóëüòàòû ñàìîãî Øàõáàçà Åðøèíà,

ñîâìåñòíûå ðàáîòû ñ êîëëåãàìè è ïîñëåäóþùèå èññëåäîâàíèÿ ó÷åíèêîâ. Ýòî ïîçâîëÿåò òî÷íåå
óâèäåòü âêëàä âûäàþùåãîñÿ èññëåäîâàòåëÿ. Ïðîäîëæåíèå øêîëû ïðîÿâëÿåòñÿ â ðàçâèòèè
ïîñòàâëåííûõ âîïðîñîâ, ñîâåðøåíñòâîâàíèè ìîäåëåé è îáðàùåíèè ê íîâûì îáúåêòàì, ãäå
ñîõðàíÿåòñÿ ïîòðåáíîñòü â ÿñíîì ôèçè÷åñêîì îáúÿñíåíèè.
Äëÿ ìîëîäîãî èññëåäîâàòåëÿ ïàðàäîêñ ïîëåçåí êàê íà÷àëî ðàáîòû. Îí çàñòàâëÿåò ïðîâåðèòü

î÷åâèäíîå: äåéñòâèòåëüíî ëè ñâîéñòâà ñðåäû ïîñòîÿííû, äîñòàòî÷íî ëè ñðåäíåãî çíà÷åíèÿ
ñêîðîñòè, ìîæíî ëè ïðåíåáðå÷ü ñòåíêîé, óñïåâàþò ëè ðåàãåíòû ïåðåìåøàòüñÿ? Íà òàêèå
âîïðîñû íåëüçÿ îòâåòèòü îäíîé êðàñèâîé ðàñ÷¼òíîé êàðòèíîé. Îòâåò ñòðîèòñÿ íà ñî÷åòàíèè
òåîðèè, èçìåðåíèé è êðèòè÷åñêîãî îáñóæäåíèÿ.
Íàó÷íàÿ øêîëà ïåðåäà¼ò ñëåäóþùåìó ïîêîëåíèþ èìåííî òàêóþ êóëüòóðó ðàáîòû. Ó÷åíèê

îñâàèâàåò íå òîëüêî óðàâíåíèÿ è ïðîãðàììû. Îí ó÷èòñÿ çàìå÷àòü ïðîòèâîðå÷èå, îòëè÷àòü
èçìåðåííîå îò ïðåäïîëàãàåìîãî, óñòàíàâëèâàòü ãðàíèöû ðåçóëüòàòà è îáñóæäàòü åãî
ïðàêòè÷åñêèé ñìûñë. Ðàçíûå òåìû îáúåäèíÿþòñÿ îáùèì ñïîñîáîì èññëåäîâàíèÿ.
Íàñëåäèå Øàõáàçà Åðøèíà ïðîäîëæàåò ïðåäñòàâëÿòü èíòåðåñ áëàãîäàðÿ ñîåäèíåíèþ

ôóíäàìåíòàëüíûõ âîïðîñîâ è çàäà÷ ïðàêòèêè. Íåîæèäàííîå ïîâåäåíèå æèäêîñòè èëè ãàçà
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òðåáóåò âíèìàòåëüíîãî èññëåäîâàíèÿ. Óìåíèå ïðåâðàòèòü òàêîå íàáëþäåíèå â ïðîâåðÿåìîå
îáúÿñíåíèå îñòà¼òñÿ îäíîé èç âàæíûõ îñíîâ íàó÷íîé ðàáîòû.
Ïîñòàíîâêè çàäà÷ è íàó÷íûå ðåçóëüòàòû ïðèâåäåííûõ â ñòàòüå èññëåäîâàíèé èçëîæåíû â

ïóáëèêàöèÿõ [1-5].
Ñòèëü èçëîæåíèÿ ïðåäíàçíà÷åí äëÿ øèðîêîãî ÷èòàòåëÿ.
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ýíåðãåòèêà, ì´íàé °íåðêºñiái æºíå òåõíîëîãèÿëû© àïïàðàòòàðäû æåòiëäiðó ³øií ïðàêòèêàëû©
ìà­ûçûí àøàäû.
Ò³éií ñ°çäåð: àýðîãèäðîäèíàìèêà, Øàõáàç Åðøèííi­ ¡ûëûìè ì´ðàñû, ò´ò©ûð-

ïëàñòèêàëû© îðòàëàð, ò´ò©ûðëû© äèññèïàöèÿñû, åðêií à¡ûíøàëàð, ©´éûíäû© ©´ðûëûìäàð,
äûáûñòàí æî¡àðû æûëäàìäû©òà¡û æàíó.
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Âëàñòåëèí òóðáóëåíòíûõ ñòèõèé ...

Master of Turbulent Forces: How Academician Yershin Brought Kazakhstan's
Hydromechanics to International Prominence

Commemorating the 100th Anniversary of the Birth of Academician Sh. A. Yershin

U. K. Zhapbasbayev

Non-Pro�t Joint-Stock Company �K.I. Satpayev Kazakh National Research Technical University�,

Satpayev Street, 22a, 050013, Almaty, Kazakhstan

Abstract. Some scientists' names remain only on the yellowed pages of dissertations. Others
are builders capable of harnessing the intricate laws of physics to meet the needs of a vast country
and making the world�from Moscow to Washington, the centres of the two most powerful opposing
military superpowers�listen to the voice of Kazakhstan's science. Academician of the National Acad-
emy of Sciences of the Republic of Kazakhstan, Doctor of Technical Sciences, Professor Shakhbaz
Alimgireyevich Yershin (5 September 1926�2 August 2019) was one such person.
This year, a grateful scienti�c community commemorates the centenary of a man who established

a distinctive national school of hydroaeromechanics, peered into the heart of raging �ames, and put
the Navier�Stokes equations to work for industry.
Drawing on the monograph Paradoxes of Aerohydrodynamics and publications by members of

Yershin's scienti�c school, this review discusses �ows of viscous and viscoplastic media in channels,
the e�ects of dissipative heating on viscosity and �ow resistance, and the hydrodynamic conditions
contributing to localised damage in oil�eld pipelines. It examines transport through permeable
walls, gas distribution in catalytic apparatuses, the development of free jets, and the evolution of
vortical structures. Particular attention is paid to the e�ects of temperature on the structure of
gas jets and the interplay between mixing, ignition, and fuel burnout during supersonic combustion.
The review shows that apparent contradictions between conventional understanding and actual �ow
behaviour can be explained by accounting for interconnected physical processes and the limits of
applicability of computational models. It emphasises the importance of comparing theory with
experiment, distinguishing qualitative explanations from quantitative validation, and the role of a
scienti�c school in cultivating a research culture. The review highlights the practical signi�cance
of Yershin's legacy for the energy sector, the oil industry, and the improvement of technological
apparatuses.
Keywords: aerohydrodynamics, scienti�c legacy of Shakhbaz Yershin, viscoplastic media, viscous

dissipation, free jets, vortical structures, supersonic combustion.

References

1 L.A. Vulis, Sh.A. Yershin and L.P. Yarin, Osnovy teorii gazovogo fakela [Fundamentals of Gas Flame Theory],
Energiya, Leningrad, 1968. [in Russian]

2 Sh.A. Yershin, Paradoxes in Aerodynamics, Springer, 2017.
3 O.A. Vlasov, Sh.A. Yershin and U.A. Zhapbasbayev, Investigation of the aerothermochemical process in a �xed-bed
catalytic reactor, Fluid Dynamics 26 (1991), no. 2, 252�258.

4 A. Kaltayev and Sh.A. Yershin, Matematicheskoe modelirovanie evolyutsii vikhrevogo koltsa v vyazkoi zhidkosti
[Mathematical Modeling of the Evolution of a Vortex Ring in a Viscous Fluid], Vestnik KazGU. Seriya matematiki,
mekhaniki, informatiki [Bulletin of Kazakh State University. Mathematics, Mechanics, and Informatics Series]
(1984), no. 2, 45�52. [in Russian]

5 U.K. Zhapbasbayev and E.P. Makashev, Nekotorye dannye sverkhzvukovogo goreniya neperemeshannykh gazov v
rasshiryayushchikhsya kanalakh [Some Data on Supersonic Combustion of Unmixed Gases in Expanding Channels],
Gorenie i plazmokhimiya [Combustion and Plasma Chemistry] 13 (2015), no. 1, 3�10. [in Russian]

Ñâåäåíèÿ îá àâòîðå:
Æàïáàñáàåâ Óçàê Êàéðáåêîâè÷ � äîêòîð òåõíè÷åñêèõ íàóê, ïðîôåññîð, ëàóðåàò

Ãîñóäàðñòâåííîé ïðåìèè Ðåñïóáëèêè Êàçàõñòàí â îáëàñòè íàóêè è òåõíèêè èìåíè àëü-Ôàðàáè
2019 ãîäà, ÍÀÎ ¾Êàçàõñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé òåõíè÷åñêèé óíèâåðñèòåò èì.
Ê.È. Ñàòïàåâà¿, óë. Ñàòïàåâà, 22à, 050013, Àëìàòû, Êàçàõñòàí.
Ë.Í. Ãóìèëåâ àòûíäà¡û Å�Ó õàáàðøûñû. Ìàòåìàòèêà, êîìïüþòåðëiê ¡ûëûìäàð, ìåõàíèêà ñåðèÿñû, 2026, Òîì 155, �2

Âåñòíèê ÅÍÓ èì. Ë.Í. Ãóìèëåâà. Ñåðèÿ Ìàòåìàòèêà, êîìïüþòåðíûå íàóêè, ìåõàíèêà, 2026, Òîì 155, �2

40



Ó.Ê. Æàïáàñáàåâ

Zhapbasbayev Uzak Kairbekovich � Doctor of Technical Sciences, Professor, Laureate of the 2019
Al-Farabi State Prize of the Republic of Kazakhstan in Science and Technology, Non-Pro�t Joint-
Stock Company �K.I. Satpayev Kazakh National Research Technical University�, Satpayev Street,
22a, 050013, Almaty, Kazakhstan.

Ïîñòóïèëà: 27.06.2026. Ïîñëå ïîâòîðíîé ðåäàêöèè: 07.09.2026.

Îäîáðåíà: 19.10.2026. Äîñòóïíà îíëàéí: 31.10.2026.

Copyright: © 2026 by the authors. Submitted for possible open access publication under the terms and conditions
of the Creative Commons Attribution (CC BY NC) license (https://creativecommons.org/licenses/by-nc/4.0/).

Bulletin of L.N. Gumilyov Eurasian National University. Mathematics, computer science, mechanics series, 2026, Vol. 155, �2

41



Áàñ ðåäàêòîð: Í. Òåìið¡àëèåâ

Æàóàïòû ðåäàêòîð: �.Å. Òàó¡ûíáàåâà

Ë.Í. Ãóìèëåâ àòûíäà¡û Åóðàçèÿ ´ëòòû© óíèâåðñèòåòiíi­
õàáàðøûñû. Ìàòåìàòèêà, êîìïüþòåðëiê ¡ûëûìäàð, ìåõàíèêà ñåðèÿñû.
- 2026. 2(155). - Àñòàíà: Å�Ó. 42-á. Áàñó¡à ©îë ©îéûëäû: 02.11.2026.
Àøû© ©îëäàíûñòà¡û ýëåêòðîíäû í´ñ©à: http://bulmathmc.enu.kz/

Àâòîðëàð¡à àðíàë¡àí í´ñ©àóëû©òàð, ïóáëèêàöèÿëû© ýòèêà æóðíàë ñàéòûíäà áåðiëãåí:
http://bulmathmc.enu.kz/

Ìàçì´íûíà òèïîãðàôèÿ æàóàï áåðìåéäi

Ðåäàêöèÿ ìåêåí-æàéû: 010008, �àçà©ñòàí Ðåñïóáëèêàñû, Àñòàíà ©.,
Ñºòïàåâ ê°øåñi, 2.

Ë.Í. Ãóìèëåâ àòûíäà¡û Åóðàçèÿ ´ëòòû© óíèâåðñèòåòi
Òåë.: +7(7172) 70-95-00 (iøêi 31-410)

Ë.Í. Ãóìèëåâ àòûíäà¡û Åóðàçèÿ ´ëòòû© óíèâåðñèòåòiíi­ áàñïàñûíäà áàñûëäû

42


	A.Gogatishvili, N.A.Bokayev, N.K.Kuzeubayeva CHARACTERIZATION OF THE BOUNDEDNESS OF THE DISCRETE FRACTIONAL MAXIMAL OPERATOR BETWEEN WEIGHTED LORENTZ SEQUENCE SPACESto.44em.
	Introduction
	Preliminaries
	Main results
	Conclusion
	Acknowledgements
	M. Bakuradze ON BREDON COHOMOLOGY WITH MACKEY FUNCTOR IN MORAVA K-THEORYto.44em.
	Introduction
	The Differential and AHSS
	Atiyah-Hirzebruch Spectral Sequence (AHSS)
	The Example: Octahedral Surface 2-Complex
	Octahedral Geometry and Q8 Action
	Orbit Decomposition under Q8
	The modified Differential and Cohomology
	Good Groups and Elements
	Vanishing of Odd Cohomology
	Conclusion
	У.К. Жапбасбаев ВЛАСТЕЛИН ТУРБУЛЕНТНЫХ СТИХИЙ: КАК АКАДЕМИК ЕРШИН ВЫВЕЛ КАЗАХСТАНСКУЮ ГИДРОМЕХАНИКУ НА ОРБИТУ МИРОВОГО ПРИЗНАНИЯ К 100-летию со дня рождения академика Ш.А. Ершинаto.44em.

