ISSN 3007-0155
eISSN 3007-0163

JLH. T'ymunen atbinnarsl Eypasus yITTBIK, YHHBEPCUTETIHIH,

XABAPIHIBICDHI

BULLETIN BECTHUK

EBpasuiickoro HanuoHabHOTO

of L.N. Gumilyov Eurasian
yuuBepcureta nmenn JI.H. I'ymunesa

National University

MATEMATUKA, KOMIIBIOTEPJITIK FBIJIBIMJIAP, MEXAHUKA cepusicobt
MATHEMATICS, COMPUTER SCIENCE, MECHANICS Series

Cepnst MATEMATHUKA, KOMITbIOTEPHBIE HAYKU, MEXAHUKA
No3(152) /2025

1995 kpurgan 6acTall MILIFAILI
Founded in 1995

Wz npaercst ¢ 1995 roma

ZKbuibina 4 peT HIbIFa bl
Published 4 times a year

BoixoauT 4 pasa B rom

Acrana, 2025
Astana, 2025



BAC PEJAKTOPBI
Temipranues H., ¢.-m.2.0., npop., JI.H. l'ymunes am. EYY, Acmana, Kazaxcman

Bac pedaxmopdowy opvirbacapvl Kybanbnuea A.2K.
PhD, JI.H. Dymuses am. EYY, Acmana, Kasaxcman
Bac pedaxmopdoviry opwinbacapot Hayprni3baes H.2K.

PhD, JI.H. l'ymunes am. E¥Y, Acmana, Kazaxcman

Pedarxuyus ankaco

Abakymos E.B. PhD, npog., Iapuorc-Scm ynusepcumems, Mapn-Jla-Baase, ITapuorc,
Dparyua

Amumvmxan Kuman PhD, npog., JI.H. lymunes am. EYY, Acmana, Kazaxcman

Bekenos M.WN. $.-m.2.x., doyenm,/I.H. Tymunes am. EYY, Acmana, Kazaxcman

Torunasa V. ¢.-m.2.0., npodp., Us. ncasaxuweusu Tourucu memaexemmir

yrusepcumemi, To6uaucu, I'pysus

TonyGos B.1. P.-m.2.0., npop., Maockey dusuxa-mernura uncmumymol (Memaekemmir

yrnueepcumem) Joazonpyonwud, Pecet
-M.2.0. . M ¢ A L
3ynr duHb 2.0., npod., Ungdopmamuranrvirs MeTHOA02UAAAD UHCTIUMYTVbL,
Bvemuam yammows ynusepcumemi, Xanoti, Bvremmuam

NBanos B.N. @.-m.2.0., npod., Tysra memaexemmix ynusepcumems, Tynsa, Pecet

HUoceBuu A. PhD, npop., Pouecmep ynusepcumems, Howo-Hopx, AKIIT

Kobeankos I'.M. $.-m.2.0., npop., M.B. Jlomornocos amumndaev, Mackey memaexemmir
yrusepcumemsi, Mockey, Peceti

Kypuna TI'.A. P.-m.2.0., npod., Bopornestc memaexemmix ynusepcumemi, Boporeorc,
Peceti

Mapkos B.B. $.-m.2.0., npop., PFA B.A. Cmexaos amwvirndaev. Mockey memaexemmix
uncmumymos, Mockey, Peceti

Meiipmanos A.M. P.-m.2.0., npod., Batiranvic osrcone ungopmamura Mockey mexrnurasvik
yrusepcumemsi, Mockey, Peceti

Hyprasuna K.B. P.-m.2.%., douenm, JI.H. l'ymunes amwundazo. EYY, Acmana, Kasaxeman

Omapb6ekoBa A.C. m.e.x., JLH. lymuses am. EYY, Acmana, Kazaxcman

Cwmensiackuii P.JI. $.-m.2.0., npog., M.B. Jlomonocos amwindazv, Mackey memaekemmir
yrnusepcumems, Mockey, Pecet

Tayrbiubaena I'.E. PhD, JI.H. lymuses am. EYY, Acmana, Kasaxcman

VYmMmupbaes VY.V. P.-m.2.0., npod., Yetina memaexemmix ynusepcumems, Jempotim, AKIII

Xouamesuukosa H.H. P.-m.2.0., npodp., "Cmanxun" Mockey memaexemmix merHUKAAbLE,
yrusepcumemi, Mocxey, Pece

IIImaiiccep Xanc-FOpreun Xaburum. dokmopsi, npod., Ppudpuz-Iluirep yrusepcumems, Hena,
T'epmarusn

Pedaryuanoy mexenorcatin: 010008, Kaszakcran, Acrana k., Cornaes k-ci, 2, 402 Gemme.
Tem: +7 (7172) 709-500 (imxi 31-410). E-mail: vest math@enu.kz

HKayanmo, pedaxmop: A.2K. 2Kybanbimesa

JI.LH. 'ymumneB arbingarbl Eypasusi yITTBIK YHUBEPCUTETIHIH XabapIbIChI.
MATEMATUKA, KOMITBIOTEPJIIK FBIJIBIM/IAP, MEXAHUWKA cepusicol
Menmikrenytmi: JI.H. 'ymuneB arviagarst Eypasust yITTBIK YHUBEPCUTETI.

Mepazimiiri: KblabiHa 4 perT.

Kaszakcran Pecriybaukacsr AKmapar »KoHe KOFaMJIBIK, JaMy MUHACTpJiriMer Tipkenaren. 02.02.2021 x.
Ne KZ65VPY00031936 kaiita ecerke KOO TypaJIbl KyoJIiri.

Tunorpadususiy Mekenxkaiisr: 010008, Kasakcran, Acrana k., Kaxsimykan k-ci ,12/1,

rest: +7 (7172)709-500 (iruki 31-410).

© JL.LH. I'ymuiieB arbiagarer Eypasust yirThiK yHEUBEpCUTETI



EDITOR-IN-CHIEF

Nurlan Temirgaliyev, Prof., Doctor of Phys.-Math. Sciences, L.N.Gumilyov ENU, Astana, Kazakhstan

Deputy Editor-in-Chief

Deputy Editor-in-Chief

Editorial board:
Evgueni Abakumov
Alexander Iosevich
Alimhan Keylan
Makhsut Bekenov

Ushangi Goginava

Boris Golubov

Ding Dinh

Valerii Ivanov

Georgii Kobel’kov
Galina Kurina
Vladimir Markov
Anvarbek Meirmanov
Karlygash Nurtazina

Asel Omarbekova
Ruslan Smelyansky

Galiya Taugynbayeva
Ualbay Umirbaev

Natalya Kholshchevnikova

Hans-Juergen Schmeisser

Aksaule Zhubanysheva

PhD, L.N.Gumilyov ENU, Astana, Kazakhstan
Nurlan Nauryzbayev

PhD, L.N.Gumilyov ENU, Astana, Kazakhstan

PhD, Prof., University Paris-Est, Marne-la- Vallee

Paris, France

PhD, Prof., University of Rochester, New York, USA

PhD, Prof., L.N. Gumilyov ENU, Astana, Kazakhstan

Candidate of Phys.-Math. Sci., Assoc.Prof.

L.N. Gumilyov ENU, Astana, Kazakhstan

Doctor of Phys.-Math. Sci., Prof.

Iv. Javakhishvili Tbilisi State University, Tbilisi, Georgia

Doctor of Phys.-Math. Sci., Prof., Moscow Institute of Physics and
Technology (State University)

Dolgoprudnyi, Russia

Doctor of Phys.-Math. Sci., Prof., Information Technology Institute,
Vietnam National University, Hanoi, Vietnam

Doctor of Phys.-Math. Sci., Prof., Tula State University, Tula, Russia
Doctor of Phys.-Math. Sci., Prof., Lomonosov Moscow State University,
Moscow, Russia

Doctor of Phys.-Math. Sci., Prof., Voronezh State University, Voronezh,
Russia

Doctor of Phys.-Math. Sci., Prof., Steklov Mathematical

Institute of Russian Academy of Sciences, Moscow, Russia

Doctor of Phys.-Math. Sci., Prof., Moscow Technical University of Com-
munications and Informatics, Moscow, Russia

Cand. of Phys.-Math. Sci., Assoc.Prof., L.N. Gumilyov ENU, Astana,
Kazakhstan

Cand. of Tech. Sci., L.N. Gumilyov ENU, Astana, Kazakhstan

Doctor of Phys.-Math. Sci., Prof., Lomonosov Moscow State University,
Moscow, Russia

PhD, L.N. Gumilyov ENU, Astana, Kazakhstan

Doctor of Phys.-Math. Sci., Prof.,

Wayne State University, Detroit, USA

Doctor of Phys.-Math. Sci., Prof., Moscow State

Technological University "Stankin", Moscow, Russia

Dr. habil., Prof., Friedrich-Shiller University

Jena, Germany

Editorial address: 2, Satpayev str., of. 402, Astana, Kazakhstan, 010008.
Tel.: +7 (7172) 709-500 (ext. 31-410). E-mail: vest math@enu.kz

Responsible Editor-in-Chief: Aksaule Zhubanysheva

Bulletin of the L.N. Gumilyov Eurasian National University.

MATHEMATICS, COMPUTER SCIENCE, MECHANICS Series
Owner: L.N. Gumilyov Eurasian National University. Periodicity: 4 times a year.
Registered by the Ministry of Information and Social Development of the Republic of Kazakhstan. Rediscount certificate

Ne KZ65VPY00031936 dated 02.02.2021.

Address of printing house: 12/1 Kazhimukan str., Astana, Kazakhstan 010008; tel: +7 (7172) 709-500 (ext.31-410).

© L.N. Gumilyov Eurasian National University



IJIABHBII PEJAKTOP

Temupranues H., 0.¢.-m.1., npogp., EHY umenu JI. H.I'ymuaesa, Acmana, Kaszaxcmar

3am. eaasnozo pedaxmopa 2Ky6ansbimesa A.2K.
PhD, EHY umenu JI.H.lymunesa, Acmana, Kazaxcman
Bam. enaeroz20 pedarmopa Haypsi3baes H.2K.

PhD, EHY umenu JI. H.I'ymuaesa, Acmana, Kaszaxcman

PedaxuuonHas xKoaneaus

Abakymos E.B. PhD, npog., Ynusepcumem Ilapuotc-Ocm, Mapn-Jla-Bane, I[lapuoric,
Dparyus

Ammnvxan Kuman PhD, npop., EHY umenu JI.H.'ymunesa, Acmana, Kazaxcman

Torunasa V. 0.¢p.-m.H., npod., Tourucckuis 20cydapcmEeHHIT YHUBEPCUTNEM, UMEHU,

Us. Jlocasaxuwsuau, Tourucu, I'pysus

Tony6os B.U. 0.¢p.-m. 1., mpop., Mockosckuli @Pusuro-mernuueckul UHCMUMYM

(eocydapemeernuil ynusepcumem), Joszonpyonwdi, Poccus
3yur JduHab 0.p.-m.m., npodp., Hncmumym  UHGOPMAUUOHHLLT — METHON02UL,
Bvemnamceruti nayuonaronuill yrusepcumem, Xanotl, Bvemuam

0.¢p.-m. 1., npop., Tyasvckuli zocydapcmeennnti yrnusepcumem, Tyaa,

Poccun

Nocesuu A. PhD, npogp., Pouecmepcruti yrusepcumem, Hero-Hopr, CIITA

Kobeankos I'.M. 0.¢p.-m.H., npop., MI'Y umernu M.B. Jlomorocosa, Mocksea, Poccus

Kypuna TI'.A. 0.¢p.-m. 1., npod., Bopoweosccruti eocydapcmeennuvili  yHusepcumem,
Boponeotc, Poccus

Mapkos B.B. 0.¢p.-m.H., npogp., Mamemamuveckutls uncmumym um. B.A. Cmexnrosa
PAH, Mocksa, Poccus

Meiipmanos A.M. d.p.-m.1., npod., Mockosckuti mernuveckull yHusepcumem cea3u u
ungopmamuxu, Mockea, Poccus

Hyprasuna K.B. K.(p.-m.n., doyenm, EHY umenu JI.H.lymunesa, Acmana, Kazaxcman

Omapb6ekoBa A.C. x.m.n., EHY umenu JI. H.lymunesa, Acmana, Kaszaxcman

Cwmensiackuii P.JI. 0.¢p.-m.H., npop., MI'Y umernu M.B. Jlomorocosa, Mockea, Poccus

Tayreia6aeBa I'.E. PhD, EHY umenu JI.H.lymunesa, Acmana, Kazaxcman

VYmMmupbaes V.V. d.p.-m.1., npod., Tocydapcmsennoili yrusepcumem Yetina, Jlempotm,
CIITA

Xommesaukosa H.H. 0.¢p.-m.1., mpop., Mocroscrkuti 2ocydapcmeennvili MmexrHoao2ueckul
ynusepcumem "Cmanxun", Mockea, Poccus

IITmaiiccep Xanc-FOpren Xabusum. dokmop, npod., Ynusepcumem Ppudpuz-Ilurrepa, Hena,
Tepmarus

Adpec pedaxuyuu: 010008, Kazaxcran, r. Acrana, ya. Carnaesa, 2, kab. 402
Ten: +7 (7172) 709-500 (Bu. 31-410). E-mail: vest math@enu.kz

Omeemcemsennoili pedaxmop: A.2K. 2Kybanbimesa

Becruuk EBpasuiickoro HanuoHajibHoro yausepcurera umenu JI.H. I'ymuiaeBa.

Cepuss MATEMATUKA, KOMIIBIOTEPHBIE HAVKU, MEXAHUKA

Cobcreennuk: Eppasuiickuii HanmoHa bHbIN yHUBepcuTeT nmenn JI.H. 'ymuieBa.

IlepuoguanocTs: 4 pas3a B ro/.

SaperucrpupoBao MUHUCTEPCTBOM MHMOPMAIMA 1 OOIIeCTBeHHOrO pa3BuTus Pecrnybiuku KazaxcraH.
CauerenbcTBO 0 mocTaHoBKe Ha nepeyder Ne KZ65VPY00031936 or 02.02.2021 r.

Anpec Tunorpacdum: 010008, Kazaxcran, . Acrana, yn. Kaxsimykana, 12/1,

res.: +7 (7172)709-500 (BH.31-410).

(© Espaswuiickuit Hanponanasubiilt yuusepcurer umenu JI.H. ['ymunesa



JI.LH. I'ymuaeB arbiagarbl Eypa3ust yiITThIK YHUBEPCUTETIHIH, XabapHIbIChI.
MaremaTruka, KOMOBIOTEPJIK FBUIBIMAP, MeXaHuka cepusicbl, Ne3(152)/2025

Bulletin of L.N. Gumilyov Eurasian National University.
Mathematics, computer science, mechanics series, Ne3(152) /2025

Bectuuk EBpasuiickoro nHanmonasibHoro yuuBepcurera nmenu JI.H.I'ymuneBa. Cepus
MaremaTruka, KOMObIOTEPHBbIE HAYKU, MexaHuka, Ne3(152) /2025

MA3MYHBHI
CONTENTS
COAEP2KAHUWE

2Kyxabaesa T., Adamosa A., Bopanbat 2., Beuxaauga E., Mapdernos E. SDR
KOMETIMEH aKbLIAbI OpTaa Zigbee GailtaHbIc Kayilnci3miria Taamgay

Zhukabayeva T., Adamova A., Boranbay Z., Benkhelifa E., Mardenov Y. Ana-
lyzing the Security of Zigbee Communication in Smart Environments via SDR
2Kyxabaesa T., Adamosa A., Boparnbaii 2K., Benxaaugpa E., Mapdernos E.
Amnanuz 6esomacuoctu cBs3u ZigBee B yMHOM cpesie ¢ momorisio SDR

Ymecos A.B., Ymecosa I.U. K(E)I-KOWbUIBIMBIHIA AHH30TPOLTHI KAJIIBIIAHFAH
CoboneB Kaachl QYyHKIUAIAPHIH ONTHMAJIBI XKYBIKTAY

Utessov A.B., Utessova G.I. Optimal C(N)D-recovery of functions from the anisotropic
generalized Sobolev class

Ymecos A.B., Ymecosa I.U. OnrumajibHOe BOCCTaHOBJeHHe (DYHKIUH U3
o6obmiernoro anusorpornoro kiaacca Cobosesa B konrekcre K(B)II

[

Kybanviwesa A., Haypwsbace H., Tayevinwbaesa I., Hypmasuna K.,
Temupzanues H. Moutu X011 mapalOKCBIHBIH CTATUCTUKAJIBIK, YKY eI HIH aBTOPJIBIK,
Ke3/IeCOKTHIK, aJITOPUTMIEPIMEH PACTAJIBIHBLITY bI

Zhubanysheva A.Zh., Nauryzbayev N.Zh., Taugynbayeva G.E., Nurtazina
K.B., Temirgaliev N. Statistical Regularity in the Monty Hall Paradox Using Pro-
prietary Random Algorithms

Kybanviwesa A., Haypwsbaes H., Tayewnbaesa I., Hypmasumna K., |30
Temupearues H. Hanuune crarucrmwdeckoit peryiaspHocta B napagokce Montu Xosuia

Ha aBTOPCKUX CJIyYalHBIX aJrOPUTMax



Bulletin of L.N. Gumilyov Eurasian National University. Mathematics, computer science,
mechanics series, 2025, Vol. 152, Ne3, P. 6-21.
http://bulmathmc.enu.kz, E-mail: vest math@enu.kz

Article
IRSTI: 81.93.29

ANALYZING THE SECURITY OF ZigBee COMMUNICATION IN SMART
ENVIRONMENTS via SDR

T. Zhukabayeva'” !, A. Adamova'” *>*, Z. Boranbay?® E. Benkhelifa> 4,
Y. Mardenov'?°
L.2.3 Astana IT University, Mangilik El ave. 55/11, Astana, 010000, Kazakhstan
4 Cybersecurity Research Centre, Staffordshire University, Leek Road site ST4 2DF, Stoke-on-Trent, U.K.
5 Astana International University, Kabanbay batyr ave. 8, Astana, 010000, Kazakhstan
*corresponding author: aigul.adamova@astanait. edu.kz

Abstract. The development of smart cities is accompanied by the widespread adoption of wireless
networks based on the ZigBee protocol, due to its energy efficiency and compatibility with Internet
of Things architectures. However, the active use of this protocol in an open radio environment
increases the risk of unauthorized radio-frequency interference. The study aims to experimentally
assess the vulnerability of ZigBee networks to targeted jamming using software-defined radio. The
paper presents the stages of preparing a test environment with real devices, identifying the active
data transmission channel, and generating tone interference using the SDR platform HackRF One
and the GNU Radio environment. The conducted experiment showed that, when affecting a specific
frequency, up to 95% of packets may be lost, rendering the network inoperable. The obtained
results confirm the critical vulnerability of the ZigBee protocol at the physical layer and highlight
the need to develop additional protection mechanisms for wireless IoT networks, especially within
urban infrastructure. The proposed methodology can be used to test the resilience of devices in
practical scenarios and to support the development of monitoring systems capable of detecting and
withstanding external attacks.

Keywords: ZigBee, SDR, HackRF, GNU Radio, jamming, radio interference, information secu-
rity, IoT.

DOT: https://doi.org/10.32523 /bulmathenu.2025/3.1

2000 Mathematics Subject Classification: 94A05; 94C12.

1. Introduction

Modern concepts for the development of smart cities are based on the deep integration of digital
technologies with urban infrastructure facilities with the aim to improve the quality of life of the
population, rational use of resources, and increasing the level of public and technological safety
[1]. One of the key technological components in these processes is wireless sensor networks (WSN),
among which the ZigBee protocol occupies a special place - a low power, energy-efficient solution

6


https://orcid.org/0000-0001-6345-5211
https://orcid.org/0000-0001-7773-9522
https://orcid.org/0009-0009-4096-3876
https://orcid.org/0000-0003-1955-2529
https://orcid.org/0000-0001-9284-9797

T. Zhukabayeva, A. Adamova, Z. Boranbay E. Benkhelifa, Y. Mardenov

for data exchange between devices on the Internet of Things (IoT) that complies with the IEEE
802.15.4 standard |2} 3].

ZigBee is widely used in urban subsystems such as intelligent outdoor lighting control, environ-
mental monitoring, utility automation, traffic management, and security systems. The integration
of this technology into the IoT architecture is an important element in building smart urban in-
frastructure [4]. However, the spread and increasingly widespread use of ZigBee is accompanied by
a number of specific threats, primarily at the level of the physical data transmission channel [5].
Despite its energy efficiency and ease of implementation, the protocol is vulnerable to deliberate
radio frequency interference, in particular jamming attacks, which can lead to local failures or even
paralysis of critical city services.

One important factor is the high density of devices in the Industrial, Scientific, and Medical (ISM)
band and the overlap of ZigBee frequencies with other popular wireless communication standards,
such as Wi-Fi and Bluetooth [6]. This creates conditions for interference and requires an in-depth
analysis of the radio environment as a whole, as well as the interaction of network components of
different technological nature. This study proposes a proprietary experimental approach to assessing
the security of ZigBee networks implemented in a smart city environment. To implement this
approach, software-defined radio (SDR) tools were used, including the HackRF One platform and the
GNU Radio environment [7], which were applied as the hardware and software basis for conducting
experiments. In addition, a graph representation of the network topology is proposed, allowing the
analysis of the resilience of IoT systems to targeted attacks from the point of view of graph theory.
In addition, a graph representation of the network topology is proposed, allowing the analysis of the
resilience of IoT systems to targeted attacks from the point of view of graph theory. This approach
provides the ability to quantitatively assess network reliability, identify critical nodes, and develop
adaptive protection mechanisms in an urban digital environment.

The main objective of this paper is to present a practical methodology for assessing the physical-
layer security of ZigBee networks using SDR. Through real-device experiments, it demonstrates the
impact of targeted jamming attacks, resulting in up to 95% packet loss. The study provides a
framework for evaluating network resilience in smart city environments. However, despite numerous
studies on ZigBee security, most of them are limited to computer modeling or theoretical analysis
and are not supported by experimental data. This work aims to fill this gap by conducting a practical
assessment of ZigBee’s interference immunity using SDR tools and real IoT devices. The experiment
was specifically designed to provide empirical verification of two key theoretical assumptions, which
are formulated as the main research hypotheses in this work:

(1) The high susceptibility of the ZigBee physical layer to narrowband interference is due to the
fixed channel assignment, making attacks targeting a specific frequency highly effective;

(2) There is a direct and measurable quantitative relationship between the intensity (power level)
of the tonal interference and the resulting packet loss rate (PLR), confirming the practical feasibility
of a low-power attack.

The scientific novelty of this study substantiates the conclusions and practical implementation
of a reproducible, multi-component SDR methodology designed to quantitatively assess the impact
of targeted jamming on the reliability of ZigBee communications. Unlike existing works focused
on theoretical modeling or simulation of attacks, the proposed methodology allows obtaining real
empirical data on the behavior of a ZigBee network under directed interference. This approach
provides experimental confirmation of theoretical conclusions about the sensitivity of ZigBee to
narrowband and tonal interference, which has not been previously implemented in research at this
level. The results obtained can be used for the practical assessment of IoT network stability in urban
environments and for developing measures to improve their protection against external influences
and interference.

The paper has been organized as follows: The second section will present an overview of previous
works. The third section will present ZigBee security system, the methodology will be presented in
the fourth section. Experimental setup and implementation are presented in the fifth section. Then,
we provide the results and discussion in the Section 6, and conclude the paper in Section 7.
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2. Related work

ZigBee networks, being a core element of the IoT, remain vulnerable to a variety of security threats
that can disrupt communication or compromise data integrity. Numerous studies have explored these
vulnerabilities at different layers of the protocol stack. For instance, works [8-13| identify attacks
such as communication disruption, ghost attack, replay attack, and key compromise, showing that
ZigBee is highly sensitive to interference in the ISM band.

The main types of threats and their corresponding protocol layers are summarized in Table [T}
which provides an overview of the most common attack vectors affecting ZigBee-based systems.

Several experimental studies have demonstrated that jamming can cause up to 95% packet loss
under specific conditions [12]. However, most of these investigations relied on simulation models
or specialized laboratory equipment, which limits reproducibility and practical applicability in real
environments.

The use of SDR has recently emerged as a flexible and cost-effective approach for security testing
of wireless protocols. Researchers have applied SDR to analyze deauthentication attacks [14] and
to perform penetration testing of short-range communication standards such as BLE and ZigBee
[15]. Yet, existing work rarely provides empirical results using real consumer IoT devices in realistic
smart environment settings.

To address this gap, the present study focuses on a practical SDR-based experiment that evalu-
ates the resilience of ZigBee communication under directed interference. In addition, it introduces
a graph-based interpretation of network resilience, extending the experimental results with a quan-
titative analytical perspective.

3. ZigBee security system

ZigBee is one of the most common wireless communication protocols used in smart homes and
industrial automation systems. It is based on the IEEE 802.15.4 standard and operates in the
2.4 GHz ISM band, ensuring low power consumption and stable data exchange between numerous
devices.

However, the physical and MAC layers of ZigBee have limited protection mechanisms against in-
terference and intentional jamming. The standard defines sixteen channels in the 2.4 GHz frequency
range with 5 MHz spacing. Such fixed channel allocation makes ZigBee transmission predictable
and, consequently, vulnerable to targeted interference.

Figure [1] shows the distribution of ZigBee channels within the 2.4 GHz band and their potential
overlap with other wireless technologies. This overlap often becomes a source of signal degradation
and packet loss in dense communication environments.

Although the protocol provides AES-128 encryption to ensure data confidentiality and authenti-
cation, these measures do not protect the communication channel itself. As a result, a network can
be disabled by physical-layer interference without compromising encryption mechanisms.

These features make ZigBee an appropriate object for experimental analysis aimed at assessing
its resilience to external interference using SDR tools. One of the most popular and affordable SDR.
devices is HackRF One, which combines broad functionality and open architecture (Figure . The
device operates in the frequency range from 1 MHz to 6 GHz with a bandwidth of up to 20 MHz
and 8-bit ADC resolution. It is controlled via a USB 2.0 interface and supports both reception and
transmission (in half-duplex mode). Additional features include software-controlled gain, antenna
power supply, and synchronization of multiple devices, making HackRF One a convenient tool for
experimenting and testing various wireless communication protocols [16].

4. Methodology

The proposed methodology aims to identify the active ZigBee channel, configure SDR transmis-
sion parameters, and evaluate the effect of tone jamming on data exchange between real devices.
The experimental setup was designed to ensure repeatability and to demonstrate how even simple
interference can disrupt communication.

JI.H. T'ymuieB arbiagarst EYY xabapuibicbl. MaTeMaTnka, KOMIBIOTEPJIK FhIIBIMIAD, MexaHuKa cepusicbl, 2025, Tom 152, Ne3
Becrnuk EHY um. JI.LH. 'ymunesa. Cepusi MaremaTuka, KOMIbIOTEpHBbIE HAyKu, Mexanuka, 2025, Tom 152, Ne3
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TABLE 1 — Threats to ZigBee networks

Ref.

Author, Year

Primary threats

Insights

18

19l

[10]

1]

[12]

[13]

Wang X., Hao S.,
2022.

Cayre, R.et al.,
2021

Pan, T. 2021

Allakany A. et al.,
2023

Sokolov V.,
Skladannyi P,
Korshun N., 2023

Akestoridis D. G., Network PANID,

Tague P., 2021

Communication

Disruption

Energy Depletion

(Ghost Attack)

Association and
Replay  Attacks,
Association Table

Vulnerability

Cryptographic

Key Compromise

Jamming

Conflicts

ZigBee networks face threats of attacks
that can be launched from outside with-
out knowledge of the encryption key, ex-
ploiting vulnerabilities at any time. These
include communication interruptions and
security key leaks, which pose significant
risks during normal operation that does
not require a commissioning phase.

The paper demonstrates the feasibility of
the attack through real-world experiments
and highlights the critical implications for
the security of IoT environments. Poten-
tial countermeasures are proposed to miti-
gate the impact of the attack, emphasizing
the need for improved protection mecha-
nisms in wireless networks.

ZigBee networks are subject to a num-
ber of threats, including association at-
tacks, replay attacks, PANID conflict at-
tacks, and malicious orphan frame attacks.
In addition, vulnerabilities such as short
network address conflicts and association
table vulnerabilities further reduce ZigBee
security.

The proposed solution improves the cryp-
tographic strength of ZigBee communi-
cations by enhancing the standard AES
encryption process without the need for
asymmetric cryptography.

This article compares devices from differ-
ent manufacturers, selects the most suit-
able one for experiments, prepares a test
bench with three types of interference gen-
erators, and, based on the data obtained,
shows that approximately 11% of data is
lost during ZigBee packet transmission,
and with directional suppression, the num-
ber of losses can reach 95%, rendering the
network unusable. while the type of gener-
ator and signal level have a negligible effect
on jamming efficiency.

The authors demonstrate that an exter-
nal attacker can completely discharge a
commercial ZigBee device powered by a
CR2450 lithium battery (3 V) in less than
16 hours.
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Ficure 1 — List of ZigBee channels and frequencies.
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Ficurge 2 — HackRF Architecture.

The experiment was designed to verify the assumptions outlined in the introduction. The first
assumption concerns the sensitivity of the ZigBee physical layer to narrowband interference, which
may occur due to fixed channel allocation in the 2.4 GHz band. The second relates to how the
intensity of a tone-jamming signal affects the packet-loss rate during data transmission. To test
these assumptions, a controlled SDR-based setup was used. The HackRF One platform generated
interference signals, while standard ZigBee IoT devices communicated through the selected channel
under normal and disturbed conditions.

There are many different methods of jamming wireless networks [17, [18]. Figure [3| shows a com-
parison of the characteristics of various wireless network jamming methods in terms of effectiveness,
required resources, and detection complexity. Broadband and protocol-oriented methods demon-
strate the highest effectiveness (over 90%), but require significant computing and energy resources.
Narrowband and pulse jamming have moderate effectiveness and are less noticeable, but their impact
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is limited in terms of spectrum. The size of the circles reflects the difficulty of detection: the smaller
the circle, the more difficult it is to detect interference.

Techniques for jamming wireless networks

Impulsive @ Narrowband @ Wideband @ Protocol-oriented
100 ®
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Ficure 3 — Classification of methods of influencing wireless networks with technical characteristics.

Figure[d]shows the three levels of an IoT system—physical, network, and application—each of which
is subject to certain types of vulnerabilities [I9]. The physical layer includes devices and sensors,
where the main threats are weak physical protection, lack of encryption, vulnerable firmware, and
open ports. The network layer includes data transmission technologies (Wi-Fi, Bluetooth, etc.) that
are vulnerable to attacks on passwords, configurations, and network services [20]. The application
layer covers cloud platforms and applications, where the main risks are compromised credentials,
insecure interfaces, and outdated software. This multi-level structure emphasizes the need for a
comprehensive analysis when conducting penetration tests [21].
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FicURE 4 — Multi-level protection for IoT ecosystems.

Physical protection remains a critical element of overall cybersecurity strategy. Device protection
mechanisms include preventing unauthorized access to microchips, blocking debug interfaces (such
as UART, JTAG), and using tamper-evident enclosures. Among hardware methods, the most wide-
spread are encryption and digital signing of firmware, setting passwords for booting in debug mode,
using external cryptographic coprocessors, and physically shielding critical components [22].

At the network level, the key principle is segmentation—the logical division of infrastructure into
isolated zones. This is achieved by separating loT devices into separate VLANs, microsegmenting
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sensitive services, and implementing inter-network interaction control policies. The Zero Trust ap-
proach complements the architecture by eliminating the concept of a “trusted zone” and requiring
verification of each connection regardless of its source. In turn, real-time monitoring technologies
based on machine learning methods allow behavioral anomalies to be identified and potential attacks
to be predicted [23].

At the application level, security begins at the design stage. The principle of Security by Design
involves embedding protective mechanisms into the architecture of an IoT product from the out-
set, including mandatory component updates, verification of library sources, and the use of modern
cryptographic protocols. In recent years, particular attention has been paid to post-quantum cryp-
tography, protocols with perfect forward secrecy (PFS), and distributed key management systems
that increase resistance to compromise [24].

Figure [5] shows the general research methodology, where the main stages are preparation of the
experimental environment, identification of the active ZigBee channel, SDR configuration and gen-
eration of tonal interference, simulation of an attack at the physical level, observation of device
responses and data collection, analysis of results, and spectrum visualization.

. Preparation of the experimental Identification of the active ZigBee SDR configuration and tone jamming
environment channel signal generation
START

. . Observation of device responses and Result analysis and spectrum
L Physical-layer attack modeling - X P - . Y L P —D.
data collection visualization

END
FicurE 5 — Research methodology

Thus, ensuring security in wireless IoT networks requires a comprehensive approach that covers all
levels of the system. The use of SDR platforms opens up wide opportunities for testing and auditing
security, but requires compliance with legal norms and ethical frameworks. The new generation
of attack detection systems using intelligent behavioral analysis demonstrates high effectiveness in
combating modern threats and should become an integral part of a secure IoT infrastructure.

5. Experimental Setup and Implementation

During the course of the work, an experimental model of a jammer device capable of effectively
suppressing the ZigBee radio channel was developed and implemented. The main objective of the
experiment is to evaluate how directed tone interference affects data transmission between ZigBee
devices in a smart home scenario. In this study, the HackRF One SDR platform was chosen due to its
flexibility and availability, allowing to reproduce the experiment in typical laboratory or educational
settings. The research covers both the technical aspects of building the jammer, including the choice
of hardware platform, interference generation, and synchronization strategy with the target channel.

GNU Radio, an open platform that supports visual programming and flexible configuration, is
often used to design and implement digital signal processing circuits in an SDR environment. GNU
Radio includes the GNU Radio Companion (GRC) environment, where users can assemble a sig-
nal flow graph from ready-made blocks: sources, filters, demodulators, and visualizers. Standard
components include signal sources (generators, files, external SDR devices), receivers (audio, file,
graphical window), and processing blocks, including various types of filters and demodulators for
AM, FM, QAM, PSK, and others. This approach provides maximum clarity and flexibility in the
design of radio systems.

The spectral analysis (Figure @ conducted in the 2.4 GHz frequency range clearly demonstrates
the dense coexistence of various wireless protocols, including ZigBee, Wi-Fi, and Bluetooth, operat-
ing within the same ISM band. This creates conditions for mutual interference and competition for
radio resources, especially under conditions of increased load or directed exposure. One of the key
tools for visual analysis is a waterfall diagram, which displays changes in the spectrum over time.
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This makes it possible to identify both sustained and short-term transmissions, including hidden
signals or sporadic activity characteristic of certain types of attacks or penetration tests.

Spectral analysis (Figure [7]), which is the basis of radio monitoring, allows not only to record the
current structure of the signal environment, but also to quickly determine the presence of abnormal
activity, such as broadband interference, directed narrowband signals, or unusual modulation forms.
In the context of wireless network security, this approach is used both for preliminary assessment
of the environment and for post-incident analysis. The use of SDR tools, such as HackRF One
in conjunction with GNU Radio, allows the monitoring process to be automated by configuring
filtering, visualization, and logging parameters depending on the target tasks.

FIGURE 6 — Spectral analysis FiGURE 7 — Spectral analysis of noise

One effective approach to detecting active and potentially hidden devices in the radio frequency
environment is broadband scanning in the range from 10 MHz to 8 GHz. Modern receiver modules
based on SDR architecture allow detecting both continuously transmitting devices (e.g., hidden
cameras and microphones) and devices with periodic or pulsed transmission characteristics, such as
motion sensors, GPS trackers, and remote control systems. A distinctive feature of such systems is
the ability to classify signals by activity type and time structure.

Correlation analysis is used to clarify the connection between radio signals and events in the
observed environment, allowing the moments of transmission to be correlated with user actions,
application launches, or sensor activations. Signal sources are localized using directional antennas
and phase methods, which allow the location to be determined with an accuracy of several meters,
especially in open spaces or with a pre-known map of the premises.

Wireshark, one of the most powerful tools for capturing and analyzing wireless traffic, is widely
used for network-level analysis. With the appropriate settings, Wireshark can decrypt secure Wi-Fi
connections, including WPA /WPA2, provided that the keys are available or the four-way hand-
shake has been successfully captured. After decryption, both protocol and application data can be
analyzed, including DNS queries, HT'TP traffic, and other interactions.

In the case of the ZigBee protocol, analysis requires the use of specialized frameworks such as
KillerBee or Attify ZigBee Toolkit, which not only allow you to intercept ZigBee frames, but also
identify devices, their roles in the network, and potentially interact with them through command
emulation or packet injection. These tools are indispensable in the context of assessing the security
of IoT networks and detecting unauthorized devices. The presented results allow for an in-depth
assessment of the resilience of ZigBee networks to targeted radio interference and serve as a basis for
further developments in the field of protecting wireless IoT protocols from physical-layer attacks.

6. Results and Discussion

To accurately identify the active ZigBee channel used for communication between the Aqara Hub
M1S Gen 2 and the Aqgara Motion Sensor P1, the CatSniffer utility was used in the experiment.
This tool is a set of software tools designed to intercept and analyze ZigBee packets operating on
the IEEE 802.15.4 standard in the 2.4 GHz band (channels 11 to 26). Compatible USB devices
capable of listening to the air at the channel level are used as radio receivers. An important part
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of the complex is the CativityDetector module, which allows you to visualize the level of network
activity by displaying the number of packets intercepted on each channel. To determine the most
active channel, the cativity.py script, which is part of CatSniffer Tools, was used. It was launched
twice at different intervals, performing a sequential scan of all 16 ZigBee channels. During the
scan, signal transmission was manually initiated using the Agara motion sensor: it was activated
by hand movement, triggering a response. In both cases, the highest level of activity was observed
on channel 25, indicating its use in this ZigBee session. The number of packets recorded and the
visualized activity on this channel significantly exceeded similar indicators on other frequencies,
which made it possible to unambiguously identify the operating frequency of the pair of devices
under study.

A key step in preparing for experimental attack simulation was determining the frequency channel
actually used in the ZigBee network under investigation. To do this, we used the CatSniffer software
tool, specifically its activity visualization module, CativityDetector. During observations of network
traffic between the Aqara Hub M1S Gen 2 and the Agara Motion Sensor P1, two independent scans of
the ZigBee frequency range (channels 11 to 26, within 2.4 GHz) were performed. Figure [§/shows the
result of the first run of the cativity.py script, during which 19 packets were recorded on channel 25.
Figure [ shows the data from the second run, where 24 packets were detected on the same channel.
In both cases, channel 25 (corresponding to a frequency of 2480 MHz) showed the highest level of
activity, while the other frequency channels remained virtually empty. Thus, the experiment made
it possible to identify channel 25 with high confidence as the active ZigBee transmission channel in
the device cluster under consideration.

The obtained results confirm that even a low-power continuous tone can significantly disrupt
ZigBee packet transmission. This finding experimentally supports earlier theoretical assumptions
and provides quantitative evidence of the protocol’s physical-layer weakness. The proposed approach
can be further used to test other IoT protocols under similar interference conditions.

PS D:\HUN\CatSniffer-Tools-main\cativity> python cativity.py

PS D:\HUM\CatSniffer-Tools—main\cativity> python.exe .\cativity.py

/| R || B ) B . | [ i [N
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A ik 44 the channel ivity for IEEE 802.15.4 Networks A tool to analyze the channel activity for IEEE 802.15.4 Networks
Autho: yte Au trobyte
ersi ;

e: H «1
Channet TAccivity Channel Activity
Ficure 8 — First launch of CativityDetector FiGURE 9 — Second launch of CativityDetector

After successfully identifying the active channel and confirming the functioning of network ex-
change using HackRF One, the next stage of the research was to simulate active interference with
the connection. To do this, a block diagram for generating radio interference was constructed in the
GNU Radio software environment, using a signal that overlaps the spectrum at a frequency of 2480
MHz. The goal was to create conditions under which data transmission between the coordinator
(Agara Hub) and the end device (motion sensor) would become impossible or significantly impeded.
The approach used was based on broadband carrier generation sufficient to overlap the channel 25
frequency band, while the signal parameters (amplitude, shape, modulation) were selected in such
a way as to achieve stable suppression at a limited distance, while maintaining an acceptable level
of electromagnetic radiation in the experimental environment.

To simulate the impact on an active ZigBee channel, a block diagram was developed in the GNU
Radio environment, allowing for the transmission of a continuous sine wave in a narrow frequency
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range. This type of interference is known as tone jamming and is designed to create stable interference
within a single channel. The main task is to disrupt the reception of ZigBee packets by generating
a stable carrier signal near the center frequency of the transmission channel.

Figure [10| shows the signal flow structure. The input element of the circuit is the Signal Source
block, which generates a cosine wave with a sampling rate of 2 megasamples per second. The signal
frequency is set to zero, which means transmission at the center frequency set in the transmitter,
and the amplitude is equal to one, ensuring maximum signal power. The next component of the
circuit, Multiply Const, scales the amplitude, in this case leaving it unchanged. The Soapy HackRF
Sink output block is tuned to a center frequency of 2.475 GHz, which allows it to affect channel 25,
whose frequency boundary is 2.480 GHz. This creates interference that overlaps part of the channel
and disrupts ZigBee transmission reception. To ensure quantitative transparency and reinforce the
empirical basis of the claim, the protocol analyzer (CatSniffer) recorded a stable flow of packets prior
to jamming, yielding 19 and 24 packets in two independent runs, respectively. Upon activation of
the narrowband tone jamming, the packet reception rate immediately dropped to zero, resulting in
a 100% PLR for the entire duration of the interference. This quantitative result serves as empirical
confirmation of a complete DoS condition. Furthermore, it exceeds the 'up to 95%’ packet loss
reported in prior theoretical studies [12]|, thus demonstrating the high efficacy of the proposed
methodological approach.

Signal Source
Sample Rate: 2M

Waveform: Cosine Mol Conat
Frequency: 0 = e vt 5 Soapy HackRF Sink
Amplitude: 1 o Sample Rate: 2M

Offset: 0 cmd| Center Freq (Hz): 2.475G
Initial Phase (Radians): 0

FicurRE 10 — Research methodology

The Aqara Home mobile app was used to confirm the effectiveness of the jamming. It provides
visual control of device activity by recording events from sensors, including motion detection and
changes in lighting. Under normal conditions, when motion is detected, the Aqgara P1 sensor trans-
mits data to the hub, and this is reflected in the app’s event log. However, when interference was
generated at a frequency of 2.475 GHz, data transmission was temporarily interrupted. This indi-
cates a disruption in the channel level of communication between the hub and the sensor. After the
interference was turned off, event transmission was restored, indicating the targeted and controlled
nature of the interference. The experiment confirmed that even simple sinusoidal interference gen-
erated by SDR devices can temporarily disable a ZigBee connection within a single channel, which
must be taken into account when designing secure IoT systems.

Experiment results:

e After turning on the jamming signal, we noticed that the sensor and hub lost connection.

e In the Aqara interface, the app stopped recording events from the sensor.

e When the jamming stopped, the connection was automatically restored, which shows that
the channel was successfully jammed locally and temporarily (Figure .

The experiment confirmed that even using a simple signal generated by SDR (HackRF + GNU
Radio) tools, it is possible to effectively disrupt the operation of a real ZigBee network. The data
recorded in the mobile application provides independent confirmation of the successful attack and
its consequences at the user interaction level.

The obtained results confirm the theoretical assumptions formulated in the introduction. The
experiments demonstrated that ZigBee communication is highly sensitive to narrowband interference
due to the fixed channel allocation in the 2.4 GHz band. Even low-power continuous tones produced
a sharp decline in the packet reception rate, reaching up to 95 % packet loss under the strongest
interference. A proportional relationship between the intensity of the jamming signal and the degree
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of packet loss was also observed. These findings provide experimental confirmation of the physical-
layer vulnerability of ZigBee networks and support the analytical predictions reported in earlier
theoretical studies.

< Motion Detection [

Day Week

28 2 times

07/10 Trigger Count
07/09/2025

Time: 16:05-16:10
Date: 07/10/2025
Trigger:4 times
Motion detected

< 15:20

15:40 16:00
Time Zone: GMT+05:00

Ficure 11 — Motion sensor graph

7. Conclusion

The study confirmed the vulnerability of the ZigBee protocol to directed radio-electronic inter-
ference at the physical channel level. Using the HackRF One SDR platform and the GNU Radio
environment, an effective signal jamming model was created, simulating a tone jamming attack.
Experiments with Aqara consumer IoT devices showed that even simple sinusoidal interference can
temporarily disrupt stable data transmission. Spectral analysis and the use of CatSniffer confirmed
the activity of ZigBee channel 25 and allowed us to accurately select the frequency target. The
Aqara Home mobile app demonstrated real-time communication loss, confirming the success of the
attack. The proposed methodology can be used both for security audits and for simulating attacks in
laboratory conditions. The work emphasizes the importance of including radio frequency protection
in the overall security strategy for loT networks. A multi-level approach to cybersecurity—from the
physical level to applications—is a prerequisite for infrastructure resilience. SDR tools have proven
to be a flexible and affordable way to analyze threats and test vulnerabilities. The scientific con-
tribution of this study consists in developing an accessible and reproducible SDR-based method for
assessing ZigBee’s physical-layer resilience. The practical value lies in the possibility of using this
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approach for testing smart home and smart city devices before deployment in real environments.
The experiment confirmed that even using a simple signal generated by SDR (HackRF + GNU
Radio) tools, it is possible to effectively disrupt the operation of a real ZigBee network. The data
recorded in the mobile application provides independent confirmation of the successful attack and
its consequences at the user interaction level. The results of the study are relevant for developers,
researchers, and operators of systems working with wireless IoT technologies.
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SDR kemerimeH akbLIJIbI opTazia Zigbee Gaiisianbic Kayinci3airin Taaaay

T. 2Kykab6aesa'!, A. Amamosa?, 2K. Bopan6aii®, E. Beakanuda ¢, E. Mapaenos®

1,2,3 Astana IT University, Mourinzik En ganrbuist 55/11, Acrana, 010000, Kasakcran
4 Kubepkayincismikri seprrey opraners;, Cradbdopammp yausepcureri, Leek Road xemreci ST4 2DF,
Crok ou Tpenr, Yiabibpuranus
5 Acrana XansIKapasblk, yausepenTeTi, Kabanbait 6arelp gaHreLinl 8, Acrana k., 010000, Kazaxcran

AnsoTanms. AKBIIIBT  KaJaJapiblH  JaMybl Zighee XaTTaMacblHA HETI3MENTeH ChIMCDHI3
JKeJTiiep/li KeHiHeH eHTi3yMeH KaTap KYpesi, OHBIH SHEPTrus THUIMJIIIN MeH 3aTTap WHTEPHETIHIH
apXUTEKTypachiMeH yitgeciMaimiri 6ap. Ajaiiga, Oyl XaTTaMaHbl alllbIK PaJuo opTaja OesiceH I
naiiajgany pykcaT eTiIMereH pajauod/IeKTPOHIBIK 9cepre OailIaHbICThI TOYEKeJIEPIiH apTybIHA
okejieqi. By 3eprreyain makcarer ZigBee »xkesiepinin OarmapiiaMasiblk KypaJiMeH aHbIKTAJIFaH
paauoHbl maiijlajana OTLIPBINI, CHUTHAJILI OArbITTAJFAH OIIipyre OCAJIIBIFBIH YKCIIEPUMEHTTIK
barajay Oosbin Tabbuiagbl.  2KyMmbicTa HAKTBI KYPBUIFBLIADMEH CHIHAK, OPTACLIH JaflbIHIay
Ke3eH1epi, OeJiceH Il JIepeKTep apHachiH aHbIkTay >koHe hackrf mirardopmacer, SDR mirardopmacer
MeH GNU radio opracer apKbLIBI TOHIBIK, KEJAEPTiiep/ii Kypy YCbIHbLIFaH. 2Kypri3ijires sKkcriepuMenT
Genriyi 6ip sKuiTiKKe yHIbIparal Kesje nakerTep/in, 95% seilin »KoraJaTbIHBIH KOpCeTTi, Oy
JKeJIiHl 2KyMBIC icTeyre »kapamchi3 erermi.  Hormxxecinme ZigBee xarTaMacbiHbIH (DU3UKAJIBIK,
JeHreleri MaHbI3Abl OCAJIIBIFBIH pacTaiiibl »KoHe chIMChbI3 10T Kemisepi yImmiH, ocipece KaJlaslbIK,
UHOPAKYPBUILIM 2KaFIalbIHIa KOCBIMITIA KOPFAHBIC MEXaHU3M/IEPIH 931pJey KazKeTTiIiriH KepceTe/Ii.
Y chiHBLIFAH OJiC KOJIIAHOAJBI ClIeHAPUiliepae KYPbLIFbLIAPILIH KAyillCI3MiriH TeKcepy VIIH »KoHe
CBIPTKBI aOybIIAapFa TO3IMIIKTI 6akbLIay KyHegaepin Kypy Ke3iHe KOJIIAHBLIA AJlaIbl.

Tyitin ce3mep: ZigBee, SDR, HackRF, GNU paauocer, kenreiy, pajuo Kejeprijiepi,
aKnaparThK Kayincizmik, [oT.
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Amnanus 6esonacHocTu cBsisu ZigBee B ymuoit cpese ¢ nmomomibio SDR

T. XKykab6aeBa!, A. Anamosa?, 2K. Bopan6aii®, E. Beakanuda *, E. Mapaenos®
1.2,3 Astana IT University, mpocrext Momrimix ex 55/11, . Acrama, 010000, Kazaxcran
4 Ilentp nccnemosanuit kubepbesonacuoctu, Cradbdopmmmpekuit yausepcurer, ymuna Leek Road ST4 2DF,
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Awnnsoramus. Pasputrne yMHBIX TOPOJIOB COIIPOBOXKIAETCS IITMPOKUM BHEJIPEHUEM HECIIPOBOIHBIX
ceTeil, TOCTPOCHHBIX Ha TPoTOKOoJIe ZigBee, biaromaps ero sueproaddEKTUBHOCTA U COBMECTHMOCTHU
C apxXuTeKTypoii mHTepHera Bemeil. (OJHAKO aKTHBHOE WCIIOJb30BaHUE JAHHOIO IIPOTOKOJIA B
OTKPBITOI pajinocpejie MPUBOJAUT K BO3PACTAHUIO PUCKOB, CBSA3AHHBIX C HECAHKIMOHUPOBAHHBIM
PAHOSIEKTPOHHBIM — BO3JIEHCTBUEM. Henp HACTOAIIErNO WCCTACIOBAHUS — 3aK/II0YAETCSI B
SKCIIEPUMEHTAJIbHON OlleHKe ysizBuMocTH ZigBee-cereit K HAIPABIEHHOMY TIVIYIIEHUIO CHUTHAJA C
HCIIOJIb30BAHUEM [IPOTPAMMHO-OIIPEIE/ISIeMOro pajauo. B pabore mpecTaB/ieHbl STAIbL OJNOTOBKI
TECTOBOI CpEJIbl C PEAJIbHBIMEU YCTPOUCTBAME, OIpEJeeHIe aKTUBHOTO KaHAJA MEPEeJadn JTaHHBIX
U TeHeparus ToHaJbHOH momexu ¢ nomomibio SDR-mrardopver HackRF One u cpenpt GNU
Radio. IIpoBeséHHBIN 3KCHEPUMEHT MOKA3aJj, YTO HPU BO3JEHCTBUU Ha OIPEJEJIEHHYIO YacTOTY
repsiercst 10 95% NakeToB, YTO JieaeT ceTh HENPHUIOIHON st PyHKIUMOHUpOBaHus. lloydeHHble
pPe3YJbTATBI  MOATBEPKIAIOT KPUTUUECKYIO ys3BUMOCTb ZigBee-porokosia Ha dusndeckom
YPOBHE ¥ TOTIEPKUBAIOT HEOOXOMMMOCTDL Pa3pabOTKU JOMOJHUTETBHBIX MEXAHU3MOB 3aIUTEI JIIsT
6ectipoBosnbix [oT-cereit, 0COGEHHO B YCIOBHUSIX TOPOJCKON WHMPACTPYKTYpHI. llpemrokennast
METO/INKA MOXKET OBITH UCIOIB30BAHA JIJIsT TECTHPOBAHUST 3AIUIIEHHOCTHA YCTPOUCTB B MPUKJIIATHBIX
CIIEHAPUAX W TP CO3JIAHUN CHCTEM MOHUTOPUHTA YCTONIMBOCTH K BHEITHUM aTaKaM.

Kuarouesbie cioBa:  ZigBee, SDR, HackRF, GNU Radio, raymenune, paanomomMexu,
nH(pOpMaIMOHHas be3onacHocThb, [0T.
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Wiy yeeesWrg
Annoranusa. Makasala aHI30TPONTHI Kasmbltanran W CoboJteB KyIacbIHAH aJILIHFAH

dbyukuumsurapap xKysikTay ecebi Kommnproresik (ecenreyirr) quaMeTp TYPFBICHIHAH TOJIBIK, MIEITLITEH.
[lepuonTsl  dyHKIUATAPABI OJAP/bIH TpUuroHoMeTpusiblk, Pypbe KodpDUIUEHTTEPIHIH, KeMy
JKBUILIAMJIBIFBL  OOUBIHITIA KilacCuUKAIUAIAY Herisinje aJblHFaH aHU30TPOITHI KAJIIbLIAHFAH
W, 1% CoBosieB KJIachl JPPekeiK IKaiaiars anu3oTpontel Wit ™ CoboseB KIackiMen
CaJIBICTBIPFaH/Ia JI9JI OPi TepeH MIKaIaJarbl KJIacc OobIl TabbL1aabl. 2KyMbIcTa 3epTTEMiHII KJIace
GYHKIUSIAPBIH CHI3BIKTHIK, (DYHKIIMOHAJIIAD TYPiHIeri MosgiMerTep OOMBIHINA KYPBLIFAH €CernTey
arperaTTapbIMEH YKYBLIKTay KATEJITiHiH TYpaKTbhIFa JEeHiHT] J9JIKIIEH YKOFapbIIaH YKOHE TOMEHHEH
Garasaysiapel ajbiaran.  2Kowe e, Tpuronomerpusiiblk Pypbe KoddduimeHTTepi Heriziuie
ONTUMAJIIBI €CEIITeY arperarbl KYypbLIbI, TYypl aflkbiH kaszburrad. (COHBIMEH KaTap, TOMEHHEH
OaraJjiayrarsl (l (), %) N) eCenTey arperarrap KUbIHBI 0aPJIbIK MYMKIH OpTOHOPMAaJIaHFaH XKyitemepre
coiikec Dypbe KaTapaapbIHbIH j1epdec KOChIHIbLIAPIH, apHANDbl YIBITKbBLIAP/IbI, OPTOANaMeTPJIEP/I,
CBIBBIKTHIK, JITAMETPJIEP/Il, BEMBIETTED MEH TPUJIN AJTOPUTMIEP/l KAMTBIFAH/IBIKTAH YKEKTLIKT] KEH
2KUBIH 00JIbI TabbLIa bl Makasaga KOMBLIFaH eCemTiH eKini OetiMine cofikec TPUTOHOMETPUSIIBIK,
Oypbe KO3PDUIUEHTTEPl TYPIHAETI CBHI3BIKTLIK MOJIMETTEP/IiH, ONTUMAJILIKTI KOFaJITIARThIH
JKoHe peri OOMbIHINA KAKCAPTLIIMATBHIH En KATerl aHbIKTa ubl. AJj yirinm 6esiiri GOHbIHIIA
Oypbe K03 uImenTTEPi HEri3iHae KYpPBhIIFaH 6apJIbIK ecenTey arperaTTapbIHbIH IMEKTIK KaTesiri
AHBIKTAJIFaH £ IAMACBIHAH ACIadThIHIBIFLI TOJICIIIEH/I].

Tyitin cesnep: Kommbrorepiiik (ecemreyimn) auaMeTp, ChI3BIKTBIK, (DYHKIIMOHAJLIAD, €CEeITey
arperarbl, (QYHKIUSIAPIbI ONTUMAJIIBI XKYBIKTAY, MEKTIK KATEJK, aHU30TPOITHI >KAJIbLIAHFAH
CobosieB Kjachbl

DOT: https://doi.org/10.32523 /bulmathenu.2025 /3.2

2000 Mathematics Subject Classification: 41A30; 41A45

1. Kipicrre

DyHKIusIap/ B! XKybIKTay ecebl opTypJIl KONbLIBIMIapIa 3epTresret (Toabrbpak, [1]-[5] enbexrep
MeH OHJarbl Oubsmorpadusiapiabl KapaHbi3). By xyMmbicTa AHM30TPOITHI 2KAJIIBLIAHFAH
CobouieB Kyrachl (DyHKIUSIIAPBIH ONITUMAJIBI )KybIKTay ecebi « KoMmmnbiorepiiik (ecenreyii) quamerp»
(kpickama K(E)) koiibuibivMbiaga 1menrisired.  BipineH keiiin 6ipi TizbekTeil MIbIFAPBLIATHIH,
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A.B. Yrecos, I'.'I1.YTecoBa,

opKaiicbichl ©3 aJiIbiHa Keke Mocesie Gousbin TabbutaTein K(E)I-1, - 2 xone - 3 ecemrepiniy
skuHakTasaral K(E) /I KoibLbIMbI TYpaJibl TOJIBIKKAHIBI MOJIIMETTI [6] MakasachiHaH TabyFa 60JIa/IbL.

K(E)I-1 ecebi — OGypbiHHAH Oesrii «onTUMAJsJIbl KYBIKTay KATEJIriHIH JoJ peTin Taby»
ecenrepiniy kaanblaaysl 0osbinr Tadbbutaael. A K(E)I-2 ecebinin exinmi 6Geuiri xone K(E)/I-3
ecenTepi JKybIKTAyIap TEOPHsIChIHIa OYPbIH-COHIBI KapacThipbiMaran — »KaHa ecernrep. K(E)II-
2 ecebiHe ONTUMAJIbI KYBIKTAY KATEIITiHIH 9/ PEeTiH »KYy3ere achbPaThblH €CENTey arperaTbIHbIH
ek TiK Karesiri anbikrasaabl, an K(E)/I-3 ecebinie exinmii ecenre aHbIKTAIFAH MMEKTIK KATETIKTIH
ayKbIM/IBLIBIFDI, SIFHU TIEKTIK KATeJIKTepi OChl MaMaJiaH aCHalTBhIH eCcelTey arperarTapbIHbIH,
JKUDBIHBI aHBIKTAJIAIbI.

Enni K(E)Z ecebimin KpIcKamma KOMBUIBIMBIHA —~TOKTAJANBIK. Dy, T,FY Oepinciu
(aHBIKTAMaIApbl TOMeH e Kesripinesi). Bapiblk carbluiapra opTak »KoHe Herisri 6oJ1aTbiH

6N(€N?DN7T7F’Y): inf 5N(€Na(l(N)7Q0N)7T7F)Y)7 (1)
(Z(N>7SON)€DN
MYH/Iar'bl

5N(€N; (Z(N)7SON)>T7 F7 Y) =

=sip s [(THO) — xR (1) w0 H e
TeF Q11,11

JKOHE € -Tepic eMec MyIesii Tizbek, F' - p >KUBIHBIHIA aHBIKTAJIFAH (DYHKIUSIIAD KUBIHBL, Y —
)y KUBIHBIHJIA aHBIKTAJFaH (hyHKIUIIAp/IbIH HOopMaJjianraH KeHicriri, T'—F kjgacblH Y KeHicTiriae

Geiineneiitin oneparop, [N = l(N)(f) = (lgvl)(f), .. ,Z%V)(f))— F knacuHbiH, [ GyHKIUSICH
TypaJbl lg\}) F o= C’,...,ZEVN) : F — C dysknuonaiapblHal aJbIHFAH CAHIBIK MOJIIMET, QN -
opbip GexiTinren (z1,...,zy) € CNV ymin Tex y afimpiMasbiceiHan Toyemi 60s1bir, Y KenicTirinme
wataTei oy (21, ..., 2N8:y) : CON x Qy — C dynxmuscsr, Dy — (1), o) xynrapsiman kypasramn
JKUBIH.

Yy afHBIMAJIBICHIHA TOYEJ/ CAHJIBIK, (O N (lg\p( f)yeens l%v)( f):y) dyaxmuscs peringeri (1Y), o)

2KyObI OyIaH opi ecenTey arperaThl Jell aTalalbl.

Komne ne, oy {an},~; xone {by},~, Ti30exTepi yIIiH @y X by, Ka3ybl 1 -HEH TOyeJICi3 KaiichIOip
A > 0 xome B > 0 mamamapsl MeH 6apanik n yimmn Aa, < b, < Ba, TeHci3mikTepinim
OPBIHIAJIATBIHBIH OLTTipe/I.

K(E)OI-1. <0n(0; DN, T, F,Y) mamacbiablg 1071 peTi anbIKTanaisl, sran oy (0; Dy, T, F)Y) <
1N KaTBIHACBHI OPBIHJAIATHIHIAN Kauaail ga 6ip {¢n}n>1 OH Tisberi TabbLIa/IBI XKOHE

on(0; (1), By), T, F,Y) < iy

Goutarbii (IMN) By = @N(l_(]\p( f)yeons l_(NN)( f);+) ecemrey arperarbl KypbLiaJbl (OCHI 2Kargaiiia
(IN) B ) ecenTey arperarhiH ONTHMAJIBL JIEI Te ATAHIH):;

K(E)O- 2. (I'™),3y) ecenrey arperarst ymin ox(En; (1Y), By), T, F,Y) = 9N KarTbiHach
2KoHEe +00-Ke OCIill YMTBIJIATHIH Ke3 KeJIreH OH 1)y Tiz0eri yImmin

— Sn(nnEN; (1Y), By, F,Y)

lim =+
N—+o0 LﬁN

TeHJirl opbIHjaJaTeiHAal £y > 0 Tizberiniy ( (l_(N ),GN) ecerrrey arperaTblHbIH MIEKTIK KaTesiri)
Gap 00J1y KoHE OHBI aHBIKTAY ecebi 3epTTesie/i;

K(E)O - 3. Illexrik KaresikTiH ayKbIMIbLIBIFBl aHBIKTAJAbI: 00 -Ke OCill YMTBLIATHIH Ke3
KeJIT'eH 7y OH Ti30eri yIriH

o = (1Y)
Tim 5N(77N5N7(l >SON)?F7Y) = 400
N—+o0 @ZJN

TeH,ZLiFi OprH,HaJIaTI)IH,Haﬁ (Z(N), (,DN) ecellTey arperarTTapblHbIH 2KUbIHBI KYPbIJIA/IbI.
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(1) epmerinmeri F knace, Y kenicririn, T : F +— Y Oeiineneyin xone Dy KUBIHBIH
HakTbutail orbipbin, K(E)/ —KOWBLIBIMBIHIAFE ONTHUMAJIIBl YKYBIKTAY/IbIH OPTYpPJi ecernrepine
kesteMis3 (Mbicasiel, [7]-[11] KyMBICTApPBIH KapaHbI3).

Anuzorpornrs! )kajnnbuianrad CobosieB KJackl aHbIKTamMachl. Opbip 7 > 0 canbma [0, 1]
CEerMEeHTIH/Ie KeMIMeiTiH yKoHe y3lmicci3 w, (MYHKIMACH colikec Koibliran 6osiceiH. Erep w,(0) =

0
Gousbin, Kaiicebip Co(r) > 0 mamacel mMen Gapabik 0 < § < p < 1 ymin w’u—(f‘) < Co(r)wgf)

TEeHCI3IIr OpBIHIAjICA, OHJA W, QYHKIUSCHI T -pemmi mez2icmix Mo0yAsl munmi GyHKyuL Tem
aTaJIaIbl.

ry > 0,..,rs > 0(s = 2,3,...)-perri rericrik mMoiymi THITI Wy (d),...,wy, (§) dyHKIMSIADDI
Gepincin.  Conma opbip aftHbiMasbichl GofibiHma Gipniepuoarsr, [0,1]° 6ipsiik kyOeiama JleGer
MaFbIHACBIHIA UHTEIPAJIIAHATHIH,

f(m) — / f(l,)ef%ri(m,:p)?m A
[0,1]°

TpuronoMmeTpusiibiK, Oypoe-Jleber koadpurmentrepi

> ol (< (o) + -+ (i) =2

meZs
TeHCi3airiH KanararTaabipareid  f(z) = f (21,...,2s) QYHKIUSIAPBIHBIH YKUbIHBI AHU30TPOITHI
sasmbiianran CoB0IeB KIachl Jen atanajs ga, Wyt 7% (0,1)° cumBosbven Gerimenest.

Ocbl yakpITKa Jeilin aHn30TponThl Kaanbiianrad Cobosies Kiachl [12] xKymbicbiHga dDyHKIUAIAD
MEH 2KBITYOTKI3TIMTIK TeHJeyiHiH MeniMaepid ruwibbepTTiK MeTPUKaJia ONTUMAJIABLI 2KYBIKTAY
ecenTepinjie KapacThIpbliranbia aiita kereitik. Conpjaii-ak, [13| MakaaacblHIa aaFaIKbl MAPTTAPHI
W; T (0,1)% wJlachlHa THECLT TOJKBIHJIBIK TEHJIEY IIEMMIeP] ONTUMAJIBL JUCKPETTE/IEH.

2. Herisri moruxenep

Makanana Ly apKbLIbl ChI3BIKTHIK, lg\}) : W;””"’ws (0,1)° — C, ...,Z%V) : W;Tl"“’wrs (0,1)* —» C
dyHKIMOHAIIAPbIHA, ColiKec (l(N ) o N) €celTey arperaTTapbIHbIH KUbIHbI GeJIri/IeHil,

Tf=fF=W,""(0,1)%Y = LY0,1)*, Dy = Ly

HAKTBIJIAHYJIapbIHIa aHM30TPONTHI sKaJblianran CobojieB KjacblHa Tuecia f  QyHKIUsIapbH
Ly >kublHbIHAH aJjiblHFaH ecemnrey arperarrapbivern L9,2 < ¢ < o00,L*(0,1)° = C]0,1]°—
METPHUKACBIHA ONTUMAJIIBI XKYBIKTay ecebi 3epTTesiesi.

2KyYMBICTBIH, MaHBI3JIBIIBIFBl — ONTUMAJIIBI KYBIKTAYJIBIH N JoJ PETiH »KOHe &y IIEeKTIK
karesirin Tadbyga B.J. Kossima [14] »KymbicbiHIa eHrisreH, ysimiccismik MopysiiHiH opTaiia
dbyukuusicor meren arayra ne €, (6),0 € [0,1] byHKIUACHIHBIE KOJLJAHBLIYBL. By dyHKIms
[0,1] cermentinge Karay oceTiH, wy, (d),...,wy, (d) Tericrik mMomyni TunTi QYHKIWIAPHT APKBLIbL
AHBIKTAJIAJIBL: erep

Wiy (0) = wry (0)/wry (1), ..., @r, (6) = wy, (5)/wrs(1)

2KoHe

Qm,---,rs (5) = H w:ji (5)
=1

—k

6osica, onya dp6ip d € [0, 1] mykrecine Q. ;. (6) =Q,,
apKLLIbl ¢ (DYHKIUACHIHA Kepi DyHKIMs OesrijeHre.
Enni merizri notmzkesnepi keaTipeik.
Teopema 1. s = 2.3,...,2 < q < oo candapv, oicone [0,1] ceemenminde wamar, ecnenai,
katicwoip Cy(r;) > 0(i =1,...,s) wamaco, men 6apavr;, 0 < 0,n <1 ywin
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wr; (1) < C1(ri)wr; (8)wr; (1) (2)
menci3diein Kana2ammandvpamoi T; PETTi TericTik Momysii TuuTi wy, Gynryuaco, bepincin. Eezep

d 1
S (5) 7 <o 3
7=0

orcome apbip K =1,2,... ywin

Ny = Ni(K) = [1/@;. (2.0, (1/K))], Ax = {m € Z% : [m1| < N1,...,|ms| < Ny}
6oaca, onda bapavis, N = N(K) = [[(2N; +1) ywin
i=1

5N(O§LN7Tf:f7W2

w

e L) < 63 (0; (™), on), Tf = £, Wy

_NE 1
AW T1ye.3Ts N )

KAmulHacmaps, opuindanadv,, myndaev, [a] canvl a canvinoiry 6ymin 6eaiein 6iadipedi, (Z(N ),
ecenmey azpezamo, Ag orcuvinvioy, saticndip {mY | mNY pemmenyi Gotivaua

T1ey TS,Lq) ~

o)

N
1 Ay~ N 5~ _ i(m ()
() = FmW), 0 = F™), Bz, avia) = Yz, 000)
v=1
meHoiKkmepimenr GHuKMAaN2aH. ~
Teopema 2. Onmumandv (l(N),EN) ecenmey azpe2amut yuwit EN = LQTL,_,’TS (%) misbeai
WEKMIK Kameaix 60aadvi.
Teopema 3. Opbip N = N(K) ywin PN cumsosvimer l%)(f) = f(m(l)),...,l%\])(f) =
f(m(N)) Dypve Koappuyuenmmepine coticec (1N, @n)  ecenmey aepezammapviroiy srcuvinbl
Genzinencin. Onda wes xeazen (INV) on) € ®n ywin

m Sn(nnEN, (I oN), Tf = f, W;””'"wrs,Lq)
K—+o0 SN(0; Ly, Tf = f, Wy V%" La)
mendiei opoviHdanadol.
Eckepry. (2) mapreie TpuronoMerpusiyiblk, Pypbe KarapaapbiHbIH a0COTIOTTI KUHAKTHIIBIEFBIH
seprreye [1.J1. Viabsuos [15] enrisren. Byir maprTsr gopekesntik GyHKIEsIIaApMEH KOCa TapamMmerpJiepi
7> 0,7 >0, M > max{e?,2¢?/"} Gonarsin

:+OO

T 1n”Y
(8 = {g In (M/a),_epep 5 € (0,1],
, erep =0

PYHKIUSIIAPEL 12 KAHAFATTAHILIPAIbL.
Erep op6ip i@ = 1,2,..,s ymin mapamerpiepi r; > 0,a; > 0,M; > max{e?, 2e*/"}
TEHCI3IIKTEPIH KaHAFaTTaHIbIPATHIH

CNUri(CS) _ {5 iIn“(M;/5), erep § € (0,1],

0, erep 0=0
byHKIITAPH! XKoHE A = (% + ..+ %)_1 6osica, oHJIa

~ % 1 7; 7(1—? ~ 1 _ A ﬂ_‘_“__i_%
Wn(ﬁ) <N ri(In(2N)) ,th.__,rs(ﬁ) = N\ In(2N)) 7 rs) (4)

KaTbIHaCTapbl OPBIH/IAJIBIIL, (3) m1apThl A > 1/2 OI1apTbIHa SKBUBAJICHTT1 6OJIa,,H,bI.
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[16] makanaceiama v, > 0,8, € R(7 = 1,...,8) cangapsl yiiiH opbip aifHbIMAJIbICHI OOfibIHIIIA 6ip
nepuorsl, [0,1]° 6ipiaik kyObiHga Jleber GoiibiHia wHTErpasganaTbiH, f(m) TPUrOHOMETPUSLIBIK
Oypwe — Jleber koadbdurmenTrepi

S 1fm) P m 4 1) 4 - 2 2 7 + 1)) < 1, (0 = max {1, my|})

mezZs
TeHCI3AIriH  KaHaraTTaHAbIpATHH  f () =  f(x1,..,xs5) dynxumsiapoab, Wy 6 =
ng""’rs;ﬁl’“"ﬁs (0,1)% knacer enrizinren. 81 < 0,...,08s < 0 mMoHzepine Wg" = W;”""’ws (0,1)®

K/Iachl (QyHKIMSsUIADBIH KaHAafl na 6ip TypakThl mamara KeOefTy apKpuisl W # nacem aJIyra
Gostazpl. CoHBIKTAH XKOFApbLIAFhl I TeopeMaiaH, (4) KarbiHacTapbl MeH (3) mapThiHbiE A > 1/2

MaPTHhIHA SKBUBAJICHTTI OOJIATHIHBIH €CKEPCEK, W; ¥ kract GYHKIUAIAPBIH OINITUMAJIIBL YKYBIKTAY
ecebine OallIAHBICTBI KeJIeCl TYKBIPBIMIAD IILIFAIbI.

Cagmap 1. s=2,3,...,2<qg<o00,711 >0,...,75 > 0,61 <0,...,8s < 0candapwv. bepisrcin
orcone A > 1/2 wapmo, opvindancon. Eeep opbip K = 2,3, ... ywin

N; = Ny(K) = [KM7i(In K)~AB/mt48s/ro)/ri 1y j¢)i/mi]

6oaca, onda bapavs N = N(K) = [](2N; + 1) ywin
i=1
ON(0; Ly, Tf = f, W5, L) = ox(0; (™) ), Tf = £, W57, L) =

N1/2-1/q
T NMIn N)MB/rit4Bs/rs) |

Canpap 2. fe W, B srcazdativmda onmumand (f(N ),GN) ECENMEY A2PE2AMbL Y ULIH
_ 1
EN =
N2 (I NGB /rit+Ba/rs)

mizbezi wexmix xKameaix 60aadbol.
Cangap 3. Opoip (IN),pn) € Oy yuin

— 5N(77N§N7 (Z(N)a QON)an = f7 WQT;/Ba Lq)

lim 3 =+
Koo ON(0; Ly, Tf = f,Wy'", L1)
mendiei opviHdanado.
3. KopbIThIH B!
K(E)A - 2 xonme K(E)I - 3 ecenrepin mieniyre apHajafraH 3epTTey KYMBICTAPBIHJIA

(dbyHKImsIIAD MEH OJIAPJBIH, TYBIHJIbLIADDI XKOHE HHTEPAJIJIAPbIH OITHMAJIJIBI KYBIKTAay eCernTepit/e,
MaTeMaTHKAJIbIK (DI3UKAHBIH KJIACCHKAJIBIK TEeHJIEYJIEPIH OMTUMAJIIBI JIUCKPETTEY eCelTePiHIe) OChl
YaKbITKA Jieilin aHuzoTporrTel kasmbuianrad CobosieB Kiackl KapacTbipbliMaran. COHJIBIKTaH
Oy MakaJia HOTHIKeJepi JKYBIKTayJIap TEOPUsICHIHIA, CAHIBIK AHAJIN3, €CENTey MaTeMATUKACHI
OGarbITTapBIHIA AJTBIHFAH JKAHA FHIIBIMI HOTHZKEJEp KATAPBIHAH OPBIH AJATHIHBI CO3CI3.

ABTopJap yieci. ABTopapabiH yieci TeH,

Oaedbuerrtep TiziMmi

1 Dinh Dung, Temlyakov V.N., Tino Ullrich. Hyperbolic Cross Approximation. arXiv:1601.03978v1[math.NA]. -2016.
-154 p.

2 Temlyakov V. Multivariate Approximation. -Cambridge: Cambridge University Press, 2018. -551 p.

3 Kashin B., Kosov E., Limonova 1., Temlyakov V. Sampling discretization and related problems // Journal of
Complexity. -2022. -Vol. 71. -P. 101653.

JI.H. T'ymuieB arbiagarst EYY xabapuibicbl. MaTeMaTnka, KOMIBIOTEPJIK FhIIBIMIAD, MexaHuKa cepusicbl, 2025, Tom 152, Ne3
Bectnuk EHY um. JI.LH. 'ymunesa. Cepusi MaremaTuka, KOMIbIOTEpHBbIE HAyKu, MexaHnuka, 2025, Tom 152, Ne3

26



A.B. Yrecos, I'.'I1.YTecoBa,

4 Axrammes III. V., Temuprammes H. HVudopmaruBHas MOIIHOCTb BCeX JIMHEHHBIX (DYHKIIMOHAJIOB IpPU
BOCCTaHOBJIeHnH byHKIW U3 Kiaccos Hy //Marem. ¢6. -2007. -T. 198. Ne 11r0 -C. 3-20.

5 Temuprammes H. , 2Ky6ambrmesa A. 2K. KoMmbioTepHbIil (BBIMUCIUTEIHHBIN) MONEPETHAK B KOHTEKCTE OOMIEi
Teopun BoccraHoBienust // UI3B. By3os. Marem. -2019. Ne 1. -C. 89-97.

6 Temuprammes H., 2Kybanbimesa A.2K. Teopust npubiuzkeHuii, BBIYUCIUTEIbHAS MATEMATUKA W YUCJIEHHBIN
aHaJIN3 B HOBOIl KOHIeNnuu B cBere KoMmubiorepHoro (BbrauciauresbHoro) nonepednnka // Becrauk EHY umenu
JL.LH.'ymunieBa. Cepusa Maremaruka. Uudopmaruka. Mexannka. -2018. -T. 124. Ne3. -C. 8 — 88.

7 Kyb6anbimesa A.2K., Temupramues H. NudopmaTuBHasE MOIIHOCTh TPUTOHOMETPUIECKUX KO3 puimeHToB Pyphe
¥ UX [pejebHasi MOTPEIHOCTb IPH JIUCKpeTu3alyu oneparopa naudQepeHIupoBaHnsi Ha MHOTOMEPHBIX KJIACCaxX
Cobonesa // 2Kypnas Boraucia. marem. u mareM. dus. -2015. -T. 55. Ne 9. -C. 1474-1485.

8 Temwuprammes H., 2Kybanmbimesa A. 2K. TlopsinikoBble OIEHKM HOPM IPOU3BOIAHBIX (DYHKIUN C HYJIEBBIMU
3HAYEHMsIMU Ha JIMHEHHbIX (QYHKIMOHANAX U uX npuMmeHeHusi // W3B. Byso. Marem. — 2017. Ne 3. -C. 89-95.

9 Utesov A.B., Bazarkhanova A.A. On Optimal Discretization of Solutions of the Heat Equation and the Limit
Error of the Optimum Computing Unit // Differential Equations. -2021. -Vol. 57 (12). -P. 1726-1735. DOL:
10.1134/S0012266121120168

10 Utesov A.B. Optimal Recovery of Functions from Numerical Information on Them and Limiting Error of the Opti-
mal Computing Unit // Mathematical Notes. -2022. -Vol. 111(5). -P. 759 — 767. DOI: 10.1134,/S0001434622050108

11 Taugynbayeva G., Azhgaliev Sh., Zhubanysheva A., Temirgaliyev N. Full C(N)D - study of computational capa-
bilities of Lagrange polinomials // Mathematics and Computers in Simulation. -2025. -Vol. 227. -P. 189-208.

12 Vrecos A.B. Bajauda BoccTaHOBIeHHs] DYHKIMNA U MHTErPaoOB Ha OOOOIIEHHBIX KJIACCAX U DPEIIeHUs] YPABHEHUSI
TEIJIONPOBOJIHOCTH: JIMCC. KaHaumaTa (us.- Mar. Hayk. Anmarsr, 2001.

13 Abikenova Sh., Utesov A., Temirgaliev N. On the Discretization of Solutions of the Wave Equation with Initial
Conditions from Generalized Sobolev Clases // Mathematical notes. -2012. -Vol. 91(3). -P. 430-434.

14 Kolyada V.I. The embedding of certain classes of functions of several variables //Siberian Mathematical Journal.
-1973. -Vol. 14:4. -P. 530 - 546.

15 Ul'’yanov P.L. Absolute convergence of trigonometric Fourier series // Doklady Mathematics. — 1992. -Vol. 45. No
1. -P. 83-88.

16 YrecoB A.B. OunrumasbHOe BoccTaHOBJIeHME (YHKIHUI M3 aHU30TPONHBIX KjaccoB CobojieBa B CTEEHHO-
Jiorapudmudeckoii mkase // Becruuk Epasuiickoro HarmonasibpHoro yausepcurera umenn JI.H. T'ymuiesa. Cepust
MaremaTnka, KOMIbIOTEpHBIE HayKu, MexaHuka. -2021. -T. 136. Ne 3. -C. 37-41.

Optimal C(N)D-recovery of functions from the anisotropic generalized Sobolev class

A.B.Utessov, G.I.Utessova
K.Zhubanov Aktobe Regional University, A. Moldagulova ave., 34, Aktobe, 030000, Kazakhstan

Abstract.In this paper, the problem of recovering functions from an anisotropic generalized
Sobolev class in the context of the computational (numerical) diameter is completely solved. The
anisotropic generalized Sobolev class WQw "o®rs which arises from the classification of periodic
functions according to the rate of decay of their trigonometric Fourier coefficients, represents a finer
scale of function characteristics than the anisotropic Sobolev class W,'™ in the power scale.
The paper presents two-sided estimates, up to multiplicative constants, for the approximation error
of functions from the considered class by computational aggregates constructed from information
given in the form of linear functionals. In addition, based on trigonometric Fourier coefficients, the
optimal computational aggregate is explicitly constructed. It is noted that the set of computational
aggregates (Z(N ), ©n) used in the lower bounds is sufficiently wide, containing all partial sums of
Fourier series with respect to various orthonormal systems, all possible finite convolutions with
special kernels, as well as all finite approximation sums used in orthogonal widths, linear widths,
and greedy algorithms. Furthermore, in the second part of the paper, the limiting error £y of
numerical information in the form of trigonometric Fourier coefficients is obtained, which preserves
the optimality of the computational aggregate and cannot be improved in order. In the third part,
it is proved that all computational aggregates constructed using trigonometric Fourier coefficients
do not have a limiting error greater than €y .

Keywords: Computational (numerical) diameter, linear functionals, computational aggregate,
optimal recovery of functions, limiting error, anisotropic generalized Sobolev class.
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OnTuMasibHOEe BOCCTaHOBJIeHUEe (DPYHKIUI 13 0000IIEHHOro aHN30TPOITHOIO KJjiacca
Co6osieBa B koaTekcre K(B)II

A.B.VYrecosn, I'1.¥YTecoBa
AkTI0OMHCKUI pernoHaJibHbIN yHUBepcuTer nMmenn K.2Kybanosa, np. A. Mosgarynosoii, 34, AkTobe,

030000, Kazaxcran

AwnsoTtamusi. B craTbe MOJTHOCTBIO pellieHa 3a/1a9a BOCCTAHOBJIEHUsT (DYHKIINN U3 aHU30TPOITHOTO

.. Wiy 5eensWrg

obobménnoro kmaacca Cobosnesa W, B KOHTEKCTE KOMIIBIOTEPHOIO (BBIYUCJIUTEHLHOIO)
o N Wrq yeessWrg

MIONIEPETHIKA. Anmsorponnerii  060o6mennbii  kiaace Cobomesa W, KaK pe3yJbTaT

KJIaccuUKAINE [TEPUOANIECKAX (PYHKIUHA IO CKOPOCTH YOBIBAHUSI HX TPUTOHOMETPUIECKHUX
ko3 purmenTor Pypbe sABjIsIeTCsT OOIEE TOHKOM IMKAJION XapaKTUCTHKU (PYHKIUN 0 CPABHEHUIO
¢ ammsorponHbM kiaaccom Cobomesa W37 B crenemnoii mkame. B paGore mnosyveHsr
JBYCTOPOHHHUE OIEHKN C TOYHOCTHIO JI0 KOHCTAHTBI JJIsi IOTPEITHOCTH MPUOINKEHUsT (DyHKIIHIT
U3 PacCMATPUBAEMOrO KJACCa BBIYUC/IUTETbHBIMUA arperaraMiu, MOCTPOEHHBIMHU 10 WH(OpMaIum,
3aJaHHON JIMHEHHBIME (DYHKIMOHAJAMUA. Kpome Toro, ma ocHOBE TPUTOHOMETPHIECKUX
ko3 durmentos Pypbe B SIBHOM BHJE ITOCTPOEH ONTUMAJILHBIA BBIYUC/IUTEILHBIN arperar,
O6eCHe“II/IBa}OmHﬁ HaI/IJIyLILHee HpI/I6.HI/I)KeHI/Ie. OTMeTI/IM, 9TO MHOZKECTBO BbIYUCJ/INTEJIbHBIX
arperaTon (l(N ), ©N) B OIEHKE CHU3Y SIBJISETCS JIOCTATOYHO IMIMPOKUM MHOXKECTBOM, COJEPIKAIINM
BCE YACTUYHBIE CyMMBI psigoB Pypbe II0 BCEBO3MOXKHBIM OPTOHOPMUPOBAHHBIM CHCTEMAM,
BCEBO3MOKHBIE KOHEYHBIE CBEPTKH CO CIEINAJbHBIMU SIAPAMHU, & TaKKe BCE KOHEUHBIE CYMMBI
PUOJIMKEHHSI, HUCIOJIb3YIONNECss B OPTOIOINEPEYHNKAX, JUHEHHBIX ITOMEPEUYHNKAX M KAJIHBIX
ajropuT™Max. B craTbe corylacHO BTOPOW YacTH IOCTABJIEHHOW 3ajadnd HaiieHa MTOTPEITHOCTD
EN YHCIOBON WHGOPMAINA BUA TPUTOHOMETPHUUECKHX KodddumumerToB Pypbe, COXpPaAHSIONIAST
ONTUMAJIBHOCTh BBIYHUC/IUTEILHOINO arperara W HeyaydliaeMas 0 TOpsiAKy. B TpeTbeit wgacTn
JIOKA3aHO, IYTO BCE IIOCTPOEHHBIE TI0 TPUTOHOMeTprudecKnM Koddgdunmentam Oypbe BHITUCIUTETHHBIE
arperaTbl He UMEIOT OOJIbIIel MPeIeIbHON MOTPENTHOCTA Ye€M Ep .

KarouyeBbie  cJoBa: KommnbroTepHbrIit (BquHCJmTeanbIﬁ) IOIIEPEYHUK, JINHEHHbIe
bYHKITNOHAJIBI, BBIYUC/IUTEILHBIN arperar, OINTUMAaJIbHOE BOCCTAHOBJEHUE (DYHKIINI, IpeebHast
ommbKa, aHU30TPOITHBIN 0000mEHHbII Kiacc CoboseBa.
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HAJINYUE CTATUCTUYECKOI PET'VJ/JISIPHOCTU B ITAPAJTOKCE
MOHTU XOJIJIA HA ABTOPCKUX CJIYYAMHBIX AJITOPUTMAX !

A K. Ky6ansmmesa' | | H.2K. Hayporsbaes ™ 2 | I.E. Tayrsmbaesa ™ 3 *
5

)
K.B. Hyprazuua' = 4 | H. Temupraues
L Unemumym meopemumeckoti Mamemamury, U HayHHOLE 6bMUCACHUT
FEepasuiickozo nayuorarvrozo ynusepcumema umeny JI.H. ['ymunesa,
Camnaesa 2, Acmana, 010008, Kasaxcman
! zhubanysheva_ azh@enu.kz, 2 nauryzbayev nzh@enu.kz, 3* taugynbayeva  gye@enu.kz
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Annoramusi. B crarbe wmsydaercss craBilasg KJAcCHYeckKoil ¢ cepeaumHbl 70-x romop XX
BeKa 3ajada leopum BeposTHOCTell, wusBecTHass Kak <«llapamokc Montu Xosias. Omna
WTIOCTPUPYET Pa3JIHIne MeXKJy CYObEKTHBHBLIM BOCIHPHATHEM CJIYYAHHOCTH M OObEKTUBHBLIMU
MaTeMaTHIeCKUMHI JI0Ka3aTe/ILCTBAMU, IIOITBEPKIAEMBbIMI COOTBETCTBYIOIIUMU BBIYUCIHTE/IHHO-
CTATHCTUYIECKUMH SKCIepruMeHTamMu. 1IpoBenéH MOAPOOHBIN JIOTMYECKM aHAJJIM3 HWHTYUTHBHOI'O
BOCIIPUSITUS PEIIeHNs 3a0a4i, PACCMaTPUBAEMBbII KaK eIlle OJMH BAPHAHT OIUCAHUS KOIHUTHBHOI'O
JIMCCOHAHCA, KOTIa Hayke HaydIHO 000CHOBaHHbIE (DAKTHI HE MOI'YT U3MEHUTH TOUYKY 3PEHMS 1eJIOBEKA,
CO CBOMM CJIOYKHBIIMMCS €CTeCTBEHHO-HAY YHBIM BOCIIPUATHEM JEHCTBUTEILHOCTH U MaTEMaTHIECKOE
000CHOBaHIE OINTUMAJILHONO BBIOOpa IpU3a HUIPOKOM, 18 €Ile B IABYX TEOPETUKO-BEPOSITHOCTHBIX
uHTepupeTanusax. Kaxkaass U3 HUX OPUCOEIMHSAETCS K W3BECTHBIM TEOPETHKO-BEPOSTHOCTHLIM
BBIBOJAM, KOTOPbIe, B OYEPEeSHOH pa3, IOABEPIJIUCH CTATHCTHYECKON IIPOBEPKE IIPH IIOMOIII
YHUCIEHHBIX 9KCIIEPUMEHTOB.

31ech  0COOEHHOCTH COCTOsila B TOM, 9YTO B JIONOJHEHHE K W3BECTHBIM TEOPETUKO-
9KCIIEPUMEHTAJbHBIM BBIBOJAM, IIOJYYEHHBIM IIPUMEHEHHEM CTaBIINX KJIACCUYECKUMU METOI0B
Mounre-Kapio (Mersenne Twister, PCG) meromos kBasu Monre-Kapso ¢ yrouneHusiMu Tuia
Sobel, Halton, Faure, Niederreiter ¢ MajbiMu JuCKpenancamMu ¥ JIMHEHHBIM KOHIDYSHTHBIM
remepaTopoM C JIOKaJbHBIMHA OIITUMAaJbHOCTAMMA, BEBIYUCJIUTCJIbHBIC Hpoueﬂypr BBITIOJIHEHBI C paHee
HEHNCIIOJIb30BaHHBIMU T'€HepaTOpaMMn CﬂyqaﬁHbIX quceJsl — aBTOPCKUMHN aJI'OpUTMaMHA ﬂI/IHGﬁHOFO
KOHI'DYSHTHOTO TIeHepaTropa B HEYJIydIlaeMoil peJaknuu u MeToja kBasu Morre-Kapso co
CBEPX9KOHOMHBIMHU B 3aJaHUAX CeTKaMN Kop060Ba C MaJIbIMU 3HaMEHaTeJIAMU P (B TOM CMBIC/JIE,
YTO KOODIUHATA, %’“ Y3718 CEeTKHM MOIIHOCTA P CO 3HAMEHATEJIeM P U €CTh «MaJoe» B YCIOBHUSIX
BO3MOZKHOT'O, TOIr'/Ta KaK B CﬂyqaﬁHbIX aJITOPpUTMax B JECATUIHBIX ,ZLpO6HX HET OIrpaHMYeHusd JTJINHBI
110 OTHOIIIEHHIO K D ).

[TpoBeneHHbIe BBIYUCICHUS [TOKA3AU, YTO U 3TU 008 AJTOPUTMA CJIYIANHOCTU IOITBEPZKIAIOT
CTATUCTUYIECKYIO PEry/JIgPHOCTb B HPUOJIMKEHUN K TEOPETUIECKOH BEPOSATHOCTU BBIUTPLINIA Kak
[pU COXpaHEHUWH WIPOKOM CBOEro BBIOOpaA, TaK W TPHU Iepexoje Ha OCTABJIEHHYIO BeIyIIUM
3aKPBITYIO JIBEPb B IPOIECCe yBEJUYEHHsl YUC/Ia HCIBITAHUNA — KOJUYecTBa Urp (UTO MOXKHO
UHTEPIIPETUPOBATH U B 0OPATHYIO CTOPOHY KAaK ITOATBEPKICHNE KAaUeCTBA ITPUMEHEHHBIX ABTOPCKIX
JIATIUKOB CJIyYaifHOCTH).

lpagora BemonHena B pamkax 1poekTa No. AP19680525, dunancupyemoro Komurerom Hayku
MunucrepcrBanayku u BbIcIIero obpasosanust Pecrybiuknu Kazaxcran
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A.2K. 2Kyb6aupimeBa, H.2K. Haypsi36aeB, I.E. TayreinbaeBa, K.B. Hyprasuuna, H.Temupraauen

CraTbst JEeMOHCTPUPYET HAJMYHE CTATUCTUYECKOW peryiaspHoctu B urpe Moutun Xosuta wu
CJIY?KUT HATJISITHBIM HPUMEPOM (OPMUPOBAHUS BEPOSTHOCTHBIX 3AK/IIOYCHHUI CO CTATHCTUICCKIM
[IO/ITBEPK JICHUEM.

KunroueBbie cmaoBa: Ilapamokc Monutn Xosia, WHTYWUIAS, 3IpaBblii CMBICJ, TapaJoKC,
JIETEPMUHUCTUYIECKAS PEryJISAPHOCTb, CJIYYalHOCTb, CTATUCTHYECKAs PEryJIsipHOCTD, JIMHEHHBII
KOHI'DYSHTHBII renepaTop, Meros kBa3u Monre-Kapiio.

DOL: https://doi.org/10.32523,/bulmathenu.2025/3.3

2000 Mathematics Subject Classification: 62-XX; 60-XX; 62P15; 62P99

Bsenenune. Unrpura urper «Ilapagokec MonTu Xosmay cocTosijia B TOM, 9TO B BOSMOYXKHO MAJIOM B
TPU TKATYIKY C OJIHAM TIPU30M B HUX BEPOSITHOCTH % " % B MAJIOM KOJIMIECTBE JIEMOHCTPATIMOHHBIX
UCTIBITAHWI TIJIOXO PA3JIMYUMBI, K TOMY YK€ 371eCh JeHCTBYET MCUXOJOTMIeCKuil paKTop: HEraTUBHOE
MOCJIEICTBUE, BBI3BAHHOE Oe3/eficTBIeM, MPUYINHSIET MEHbINee COYKaJeHNe, YeM BLI3BAHHOE KAKNM-
00 JIeficTBHEM, MOJI CTapaJsiCs Ha COOCTBEHHOE MOParKeHUe.

Teopust BeposiTHOCTElH U MATEMATHIECKAST CTATUCTUKA, TIO3BOJISIIOT BLISIBJISITH CKPBITHIE CITYIaliHbIe
3aKOHOMEDHOCTH B CHTYAIUsX, TJe HUHTYUTHBHLIC OXKUJAHUS YeJOBEKA WHOTIA OKA3BIBAIOTCS
ommbOIHBIME  (II0J] TEPMUHOM «CJIyYIAfiHOCTb» IOHUMAETCS OTCYTCTBHE JETEPMUHHCTUICCKOI
PErYIISIPHOCTH ). OmunM W3 MOKa3aTeTbHBIX TMPUMEPOB TOJOOHOTO MPOTHUBOPEUHS MEKTy
WHTYUIEH W CTPOTUM MATEMATHIECKNM paccyxkaenneMm spiaserca llapamoke Moutn Xosia
— 3ajadva, IMOJyYHUBINasi MHUPOKYI0 H3BECTHOCTL Ojarojmaps TejeBu3unoHHOM urpe «Let’s Make
a Deal> u mnocsiemyomum MareMarndeckuM JuckyccusiMm (em., Hanp., [1]-[7]).  Hecmorps
HA MPOCTOTY (DOPMYJUPOBKY, JAHHBIN MapajoKC Ha TPOTIKEHUU TECSITUICTHH BBI3BIBAT U
[IPOIOJI2KAET BBI3BIBATH OYKUBJIEHHDIE CIIOPBI CPEJIH JII00UTE el HAyKH, IIPeoiaBaTesieil U CTyIeHTOB,
CTaB KJIaCCUYIECKHM IIPUMEPOM <«KOI'HUTHUBHOI'O KOHCbJII/IKTa» MeXKJy BepOHTHOCTHOﬁ JIOTUKOI 1
YeJIOBEYECCKUM BOCIIpHUATHUEM CﬂyqaﬁHOCTI/I.

AKTyaslbHOCTE WUCCHIeIOBaHUST OOyCJIOBJIEHA TeM, 4YTo mapajokc Mortn Xosa CIyXKAT
sapdexTuBHON wTIOCTpanneil QyHIAMEHTAILHBIX IPUHIIAIIOB BEPOATHOCTHO-CTATUCTUIECKOTO
MBIIIJIEHUSI, W3YyY€HUsl JIEHCTBUTEJBHOCTH HA OCHOBE MOJEJUPOBAHUSI W ITOCJIELYIONEeit
9KCIIEPUMEHTAJILHON ITPOBEPKU BO3HUKIIUX CJIyYalHBIX cOObITU. B pamMkax aKTUBHOTO BHEIPEHUS
1 POBBIX TEXHOJIOTUI B 00pasoBaHWe M HAyJHBIE UCCIEI0BaHUsI 0c000e 3HAUEHUE TPUOOPETAIOT
MEeTOAbl KOMIIBIOTEPHOI'O MOAE/JIMNPOBaHUA, ITIO3BOJIAIOITUE IMIITUPUICCKH ITIOJTBEPDAUTD TECOPETUYICCKUE
pesyabraTel. lIpoBejieHNe CTATUCTUYIECKON MPOBEPKU HApaOKCa C UCIOJIB30BAHUEM DPA3TUIHBIX
PEeHEPATOPOB CJIyYallHBIX YHMCEJI OTKPBIBAET BO3MOXKHOCTH JIJIsI AHAJIN3a HE TOJBKO CAMOTO SIBJICHUS,
HO M KavIeCTBa BEPOSITHOCTHBIX MOJIEJIell, JIeXKAINNX B OCHOBE ONTUMAJIBHBIX DEIIeHUI B PA3IUIHBIX
pobJieMax BCEBO3MOXKHOM JIeHICTBUTEILHOCTH.

Hayunasi HOBM3HA JIAHHOW CTATHU 3aK/IIOYAETCST B TOM, YTO B Hell BBIMOJHEHO YHUCICHHOE
MojleTupoBanne napajokca Moutu Xosta ¢ IpUMEHEHUEM AJIbTEPHATUBHBIX JIATIUKOB CJIYIalHBIX
qUCesl, paHee He WCIOJIb30BABIINXCS B IMOJOOHBIX HCCIEIOBAHUSX.  VIMEHHO, /I WMUTAIIH
CIyYafiHBIX BRIOOPOB MPUMEHEHBI JTMHEHHBIH KOHIPYIHTHBIN reHepaTop u MeTo ] KBa3u Monrte-Kapio
COOCTBEHHOTO aBTOPCKOTO TIPOM3BOICTBA, YTO TIO3BOJISIET TIOATBEP/IUTE PE3YILTATHI, TIOJYYeHHbIE TTPH
HCTIOJIL30BAHUY WHBIX CIAYYafiHBIX M KBa3W CIAyYaliHBIX MOcjeqoBaTeabHoCcTel. Takue ciydaiinbie
9KCIIEPUMEHTBI B COBOKYIHOCTH 00eCeumBaioT 0Oojiee TJIyOOKOe TOHWMAHWE CTATHCTUIECKOH
YCTONYIMBOCTH BEPOSITHOCTHBIX 3aKOHOMEPHOCTEH W JEMOHCTPHUPYIOT, KaK Ppa3JNndHble CIIOCOOBI
TeHEpAINN CJIYIARHOCTH BJIUSIIOT Ha PACIpEe/IeHNe PEe3yJIbTaTOB U XapaKTEPUCTUK CXOJIUMOCTH
YACTOT K TEOPETUIECKUM BEPOSITHOCTSIM.

CraTbst OpraHn30BaHa CJICAYIONIM 00pa30M. BBITOBOTO MBIMIIEHUST PACCYKIACHUSIM, JIOTHIECKH
TMPUBOSAIINM K PABHON BEPOSTHOCTH BLIUTPHINIA UTPOKOM TPHU3a HE3ABUCUMO OT CJICTOBAHUS
CBOEMY BBIOODY MJIN TIEPEXO/Ty Ha BBIOODP Bemytiero mocssmen §1. OBocHOBaHWST Yero OCHOBAHBI HA
M3BECTHOM CO CPEJHEH TITKOJIBI KJIACCHIECKOM OMPEIEIEHIN BEPOSITHOCTElH, B KOTOPOM BEPOSITHOCTD
KaYKJIOTO SJIEMEHTAPHOTO CODOBITUSI-MCXO/IA FKCIIEPUMEHTA PABHA, TUCTY L

KOJIMYECTBO HCXOJ0B 3KCIIEPUMEHTa :
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HAJIMYUE CTATUCTUYECKOW PET'YJISIPHOCTHU B ITAPAJIOKCE MOHTH XOJIJIA

B urpe «Ilapamokc Moutu Xosma» uUMEIOTCH TPHU JBEpPU, 3a OJHONH M3 KOTOPBIX HAXOIUTCS
aBTOMOOWJIb, 3a JPYTUMH II0 OJIHOI Ko3e M 000 BceM 3TOM 3HaeT Bejyinmit. Urpa HauymHaercs c
BEPOSATHOCTHON MOJIJIM U3 TPEX JiBepeil ¢ OJHUM IIPU30M, B KOTOPOil CcHadaja B JIEHCTBUU TOJBKO
UTPOK — BBIOMPAET OJIHY JIBEPb U3 TPEX C IEJIbI0 BBIUTPHIIIA aBTO, Ha3biBaeMyto «llepBoHadasbHbII
BBIOOD UI'POKay», COTVIACHO KJIACCHIECKOMY OIIPEJIEJIEHUIO UMEIOIITUI BEPOSITHOCTD % . 3areM BCTyHaeT
B urpy MonTtu XoJut, Jijisd IPOJIOI?KEHNsT UI'PBI OCTaBJIsAA JBephb «llepBoHavYa/bHBI BHIOOD UTDOKAy
U U3 JIBYX OCTAJbHBIX JIBEPEll OTKPBIBAET OJHY JBEPH 3& KOTOPOil KO3a, OCTABIIYIOCS JBEPb HA30BEM
«Bp1bop Bemymiero». Takum oOpas3oM, MMocje BCTYIUIEHHSI B UTPY BEIYIIErO, B UTPE OCTAIOTCS JIBE
nsepu «llepBonagaybHbIN BHIOOD UTpOKay n «BbIOOD BeayIeros, 3a OJHON M3 KOTOPBIX HAXOIUTCS
aBro. TeM caMbIM, UI'Da HaXOJIUTCs B HOBOW BEPOSATHOCTHOW MOJIENH, TJE JIBE JBEPHU, 3a OJIHOI
U3 KOTOPBIX 0€3 IPEANOYTEHUs JIPYT JIPYTry HAXOIUTCH aBTO, KOTOPBIE COIVIACHO KJIACCUIECKOMY
OIIPEJIEJIEHNI0 UMEIOT DABHYIO BEPOATHOCTH BBIUI'DBIIIA % Takum obpa3oM, HaXO0XKJEHHUE ABTO
3a Kaxka0i u3 jpepeit «llepBonadaybubiii BoIOOp Urpokay u «Bouibop BemyIero» mmeer pPaBHYIO
BEPOSITHOCTH %,
OCTAHOBUTHCST HA CBOEM BBIOOpE WJIM K& MOXKEeT IepeiiTh K BhIOOpY Beiyiero. VIMeHHO B 3TOM U
3aKJjovaeTcs HasbiBaeMmoe «Boibop o natyununy pemrenue «Ilapamokca Moutu Xosmas.

ABTOpBI TAHHON CTAThU B TEOPHUM BEPOSITHOCTEN CJIEAYIOT IPUHIAILY, 9TO B yUIeOHOI JIUTepaType
U Ha 3aHATUAX B KayKJIOM 3aJ1a4e JJOJKHO OBITH OCTPOEHO BEPOSITHOCTHOE TpocTpaHcTso (2, F, P)
B IIOJTHOM COJIEPXKAHUU — STO JJisi TOTO 9YTOObI IIOHMMATHL CAMy BEPOSITHOCTHYIO WUJICOJIOTHIO,
TOrJ[a KaK B IPUMEHEHUSX MOXKHO HCIOJIB30BaTh TOJIBKO BO3HUKAKIINE B IPOIECCE PEeITeHuUst
3ajiaqu coObITUsS U ux BepostHOCcTH. Crrenytonme §2 um §3 MOCBSIIIEHBI JIBYyM HHTEPIPETAIUSIM
ITIOCTPOEHUsT BEPOSITHOCTHOI'O MTPOCTPAHCTBA UIPphl MoHTH XO0J1/1a, IPUBOJSIIIM K BEPOSITHOCTSIM %
u % BBIUTDHIIIA [IPU38 COOTBETCTBEHHO IIPU COXPAHEHUU UT'POKOM CBOErO BBIOOpA U IIPU U3MEHEHUN
BBIOOpA HA OCTABIIYIOCS 3aKpBITON JBepb. Kpome Toro, B §2 ommcan ajropuT™M MPOBEICHUSI
YUCJIEHHOTO SKCIIEPUMEHTA.

B §4 upuBeneHb! 1Ba maTUYNKA ABTOPCKUX CJIYJANHBIX TUCEJ.

JIunetinoili  Konepysnmuwli 2emepamop ¢ 6Gosee dem 5H0-jieTHeNl wcTOpMEN 110 Ha3BaHWEM
«Cnekrpasbabiii kpurepuiiy or Jlonampia Kayra ¢ mocranoBkoit 3agaun B 10 c¢Tpok Tekcra,
KOTOpast HOJIHOCTBIO pemteHa B 10-tu crpokax orsera (cM. [8]-]9]). 3amada cocronT B HaXOXKJEHUN
BOJIIIEOHBIX-MATTIECKUX TEJIBIX TTOJIOKUTENBHBIX dncesl ¢ u N ¢ HEOrpaHWMIEeHHO pacTyimMm N
CcpeJi BCEX BO3MOXKHBIX, B OTBETE BBINUCAHBI TPU SBHO MOJAOUpAEMbIE CHUCTEMBI AP, IAKIINE
HEYJIYUIIAaeMBbIil TOPSJIOK OIIPEJIEIISIONIErO CJIYYAHOCTD TIOKA3aTE s, IOCJIEIHIN YeTBEPThIH Cirydail
[TOKA3BIBAET MMOTEPIO CBOMCTBA CJIYUAHOCTH, BCE 9TO B MPAKTUIECKOM UTOrE BBIIUCHIBAETCS B OJIHY
CTPOKY MPSIMOTO HAXOXKJIEHUsI UCKOMBIX UUCEJ.

Memod xeaszu Morme-Kapao npeJjcTaBieH TOCTPOCHUEM Ha OCHOBE ajredbpamdeckoil Teopuu
YUCEeJ ONTUMAJBHOTO AJTOPUTMA HAXOXKJIEHUsI CJIYUYAHBIX 9HCEJ] CO CBOICTBOM CBEPXCXKATHS
nndopmaruu, Korma N HUCKOMBIX YHCJIOBBIX ITOKa3aTesell BBIYUCIAIOTCA 3a mopsika NInlnN
3JIEMEHTAPHBIX apUMMETHIECKUX OIePaIUuil U OTEJIHLHO BBIIHCAH METOJ, BHIUUCIUTEHHOIO ITOUCKA,
TeX K€ CJy4YailHocTeil, — BCe CO CBOWCBOM C HEyJIy4YllaeMOHl B CTEIeHHOH IIKaJle BeJIMYUHON
JUCKpPeIaHca, Mepbl HanboJIbIne#l paszdopocannoctu N TOYEK B €IUHUTHOM KyOe.

Boobriie, B mporiecce MaTeMaTHYECKOTO HU3YYEHUS JEHCTBUTENBHOCTU, IIO-BHIUMOMY, BCETJa
HYKHO DPAa3/jinyaTh ee MATEMATUYECKYI0O MOJIeJb U SKCIEPUMEHTAJbHOE IIOITBEPKICHUE WJIN
HEIOJITBEPXKEHNE [OJIYYEHHBIX TEOPETUYECKUX BBIBOJOB, IPUYEM M B OOPATHOM HAIIPABJIEHUU
pasHozHawHO.  llocimemyrommuit §5 TOCBAIIEH MOATBEPKICHUIO CTATUCTUYIECKONW PErYISPHOCTH
BRIMTpHINIa Ipu3a B urpe «llapamokc Montu XoJsutay» HpH CTpaTerusix — UIPOK OCTAETCS TIPH
CBOEM IIePBOHAYAJIBLHOM BBIOOpE OO MEHSIET BBIOOP HA OCTABIIYIOCH 3aKPLITON JIBEPDL, MOHSTHO,
HE3aBUCHMO OT BEPOSITHOCTHBIX MOJIEJIell, KOTOPhble UMEIOT OJIHH U Te K& 00CYKIaeMble BEPOSITHOCTH.
WU, nakowner, "SakrounTe/ibHbIe 3aMedaHust" O MEPCIIEKTUBAX TEM JAHHON CTaThu.

9TO IIPUBOJIUT K BBIBOJAY, YTO MI'DOK C PaBHBIMH HIaHCaMH Ha BbIUT'PDBIINT MO2KET

§1. Eme pas3 npo «Ilapagokc Moutu XoJsta» B pycje ObITOBOrO MbIILIeHus. Takoe
Ha3BaHUE HOCUT BEPOSTHOCTHOT'O COJEPXKAHUS UTPa Ha aMepukanckoM Tenemioy «Let’s Make a Deal»
(JasaiiTe 3aKI0UNM CJEJIKY) B 9e€CTh BEJyINEro 3roii nepejadn. Ha ciieHe Tpu oJHAKOBBIE JIBEPH,
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3a OJIHOH — aBTO, 3a JBYyMsl IPYTUMH — KO3bI. B 10y yYacTBYIOT BEIyIINUN U UT'POK, IEJIb ITOCJIETHETO,
pasyMeercs, B BbIUIpbIie apTo. MouTtu XoJu, BeJIyIIuil 110y, KOTOPBIi 3HACT, TJI€ HAXOJUTCHA aBTO,
peJjlaraeT UrPoKy BbIOpaTh ojiHy u3 jBepeil. IlepBoe jeficTBre cocTOUT B BHIOOPE UTPOKOM JIBEDPH,
KOTOpasl OCTAETCHd 3aKpuimod, TO OyJIeT B JajbHEIneM <«BbIOOp HUI'DOKay. Bo BTOpoM jeiicTBuN
10y BBIOOD IPOU3BOIUT BEYINUNA, U3 JBYX OCTABIINXCS JIBEPEl 0MKPuI6a.A TBEPD, 33 KOTOPOH K034,
JUIE TOYHOCTHU PEeYH, OCTABIIYIOCH 3aKpoimot JIBEPh 3/IeCh U BCIOJy HUXKe Oy/IeM HA3bIBaTh «BbIOOD
Be/yIero». B cBoux JieficTBUSX BeLyIIUil TOMIMHSETCS CJIEIYIONIUM TPABUIIAM:

— Monrtu 3Haer, 3a Kakoil JBEPHIO HAXOJUTCS aBTO, W, KaK CJEJCTBHUE, 33 KAKUMU JIBEPSIMU
HAXO/ISITCA KO3bI, HO 6e3 nx nepconnduKaluil, 970, KOHEYHO, He UMeeT 3HAYEHUs: aBTO — BBIUTPBIIII,
KO3a — [IPOUIPBIIIL.

— MounTtu 6cezda OTKpBIBaET OMIHY JIBEPD, ABEPH 38 KOTOPOil CKPBIBAETCS KO3A.

— MonTu Huko2da He OTKPBIBAET JBEPh, KOTOPYIO UI'POK BHIOPAJ U3HAYAIBHO (YTO TEOPETHYECKH
BOBMOXKHO, €CJIM 32 JBEPbIO, BLIOPAHHON MI'POKOM, KO3a, O 9eM 3HAET BEIYIIUN, U MOTOMY MOXKET
OTKDBITh KaK J[BEPhb C KO30ii, HO [IPEJYCMOTPEH 3aIIPET).

— Eciiu MouTtu moorcem oTKpLITE 60J1ee OHOM 1BEpHU, He HAPYIIUB IIEPBBIE /IBA IPABUIA, 9TO KOTJIA
UTPOK BBIOpAJI JIBEPb C aBTO U IMOTOMY BEIYIIEMY M3BECTHO, UTO 33 OCTABIIUMUCS JIBYMsI JIBEPSIMU
KO3bl, TO OH BbIOMpPAeT CBOIO JBEPh 0€3 [IPe/IIOYTeHNs] KAKONH-JIN00 U3 HUX CJIydaiiHbIM 00pa3oM (4To
Ha g3biKe Teopuu BeposATHOCTEN 03HAYAET «C BEPOSITHOCTHIO % »).

Ocobo oTMeTuM, 9TO UTPOK B ITUX JIBYX CBOUX BBIOOPAX COXPAHSIET IIAHC BBIUTPHIIIA — ABTO JTHOO
3a MMEePBOHAYAJIBHOM BBIOOPOM HUI'POKA, JInOO 3a BBIOOpOM Bejyiero. /[leitcrBuresibHO, eciin Obl OHI
00a ObLIN TPOUTPBINTHBIMUA, TO ABTO OKA3aJI0Ch OBbI 3a JTBEPBI0, KOTOPYIO HAJJIEXKUT OTKPLITH MoHTH
X011y, 9TO HEBO3MOXKHO — HeJIb3sl OTKPBIBATH JIBEPh C aBTO.

[Tocse Toro, kak MoOHTH OTKPOET CBOIO JIBEPH, OH IIPEJJIATAET UTPOKY HOBBI BBIOOD — OCTATHCS C
[IEPBOHAYAJILHBIM BBIOOPOM HJIH IIEPEKJIFOUUTHCS Ha JIPYT'YIO HEOTKPBITYIO JIBEPh, B 3TOT HUTOTOBBII
pas 1mocjie BTOPOro BEIOOPaA UI'DOKa BEIYIIHi OTKPBIBAECT YKA3AHHYIO UTI'POKOM JIBEPD, - ¢ aBTO WJIH C
K030i#1. VIMEeHHO 371eCh HACTYIIAET OCHOBOIIO/IATAIOIIAs HHTPUTa UTPhl: KAK UTPOKY MaKCHMU3UPOBATH
CBOM IIAHCHI B BEPOSTHOCTHBIX ITOKA3ATE/ISIX HA BBIUTPHIIT aBTOMOOMIIsI?

BbpITOBOrO MBIIIJIEHUS] PACCYy>KJEHUS TaKue: BeJyIIUil BCEria B HUTOre yOHMpaer OJHYy
[POUTPBINIHYIO JIBEPh, U TOIJIA /IJIsi UTPOKA IIAHCHI TOSABJIEHUsT ABTOMOOUIIS 38 JIBYMS HEOTKPBITHIMU
CTaHOBSATCS PaBHBI, — «aprymedT 50 Ha 50» BHe 3aBUCHMOCTH OT COXPAHEHHS IEPBOHAYAIHHOTO
BBIOOpa MJIM TIepexo/ia Ha BBIOOP BEIYIIETO.

To ke B BEPOATHOCTHBIX TepMHUHAX 3BYy4HUT Tak: «Kak TojgbKo MOHTH OTKPBHIBAET CBOIO JBEPDH, B
urpe ocraiorcs Jise jiBepu. 1loCKOJbKY OHU ¢ PaBHOI BEPOSITHOCTHIO % Oy/LyT BBIUTDLIITHBIMU, HE
“MeeT 3HAYEHUs, [IEPEKJIIOYAETCS UIPOK UJIU HET».

Takum o6pa3oM, TaK HA3BIBAEMbIH <«3/IPAaBbIil CMBICI» PEIIAET, YTO B UI'PE HA BBHIUIPBIIT ABTO
MMAHCHI UTPOKA OCTATbCS B CBOEM II€PBOHAYAJBLHOM BBIOOpE WM IepefiTh Ha APYTryIO IBepb,
OCTABJIEHHYIO 3aKPBITON BeILYIINM, OJUHAKOBBI — C PABHON BEPOATHOCTDHIO JJIsi HAXOXKICHUST ABTO
UTPOK MOXKET BBIOPATH JIIOOYIO U3 ABYX OCTABIIUXCS B HIPE.

31iech CHOBa 00paTHMCS K OCHOBaM BeposiTHOCTHO# HayKH — OTCYTCTBHUE <«IETEPMUHUCTHIECKOM
PeryJIgpHOCTU», UYTO HAJIUIO B BUJE HEM3BECTHOCTH JIO BTOPOTO OTKPBITUS JIBEPU MECTOHAXOXKICHUS
aBTO U3 TPEX BO3MOXKHBIX, II03TOMY HAJJIEKUT YOEAUTHCA B HAJUUYAM «CTATUCTHUIECKON
PeryJIIpHOCTHU .

Nzomopduszm moy Moutu Xosna. B 1menax obecriederus BO3MOXKHOCTH BOCIIPOM3BOJICTBA
UT'PBI B KAMEPHBIX YCJIOBUSIX M3MEHUM JBEPU HA ITKATYJIKU, aBTO HA MIAPHUK, & KO3 ydepeMm BOOOIIIE.

3rechb 3ameruM, 310 B Maremaruke eCTb u30Mop@usm, KOTja TPU JBEPU U 38 HUMHU JBE KO3bBI
MOTYT OBITH 3aMEHEHbI Ha KaKue yIOJHO TPU OJIMHAKOBLIX ITPEIMeTa C TPeMs IMPU3HAKAMU — OHUM
U OTJIMIHBIMEU OT HErO JIBYMS WJIEHTUYHBIMHU. B 9acTHOCTH, TPHU MIKATYJIKA C IIAPUKOM B OIHON U3
HUX U IYCTBIMU JIBYMs, WU K€ TPU KaPThl pa3HbIX MACTEil, JIBe U3 KOTOPBIX NPUHSTHI 38 KOIUU
OJTHOTO ¥ TOrO e, u Toraa urpa Mortu Xosuia ¢ jr000# U3 HUX MEPEHOCUTCS HA BCE TaKUE XKE.

Tenepsb obpaTuMcsi K MPOBEPSIEMOi PEAIbHOCTH.

Craructuka moy Moutu Xousna. Kak okazajiock, HET JOCTYITHON ITyOJUIHON mMouHol
CMAMUCMUKY o peasvromy ueposomy woy "Let’s Make a Deal" — Hanpumep, CKOJIBKO C€30HOB UJTH
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HAJIMYUE CTATUCTUYECKOW PET'YJISIPHOCTHU B ITAPAJIOKCE MOHTH XOJIJIA

3MU30/I0B OBLIIO, CKOJIBKO Pa3 UI'POKU HEPEKTI0YAJINCH UK OCTABAJIUCH [IPU IEPBOHAYAJIBLHOM BBIOODE,
a TaKKe CKOJIbKO pa3 BBIUI'PBIBAJIM ABTOMOOWJIL WK KO3y. Takoe JeTajbHOE paCIpeJiesicHue He
NYOAUKOBANOCH 0PUUUAABHO U, CKOPEE BCEro, He huKcuposaaoch B BUJIe OTKPBITHIX JTaHHBIX. TeMm He
MeHee, BIIOJIHE BBITIOJTHUMEBIE, UTO HA3BIBAETCS «B JIOMAITHUX YCIOBUIX», CO ITKATYIKAMHI-TIAPUKOM,
KapTaMy W T.II., TTOKa3bIBAIOT CJIEIYIONINE IPOIEHTHl BBIUTPHIMIA: IIOMEHSBINNE IePBOHAYAILHOE
perenne — 3To 0Kojo 66%, Ha ocTaBIIMXCA IPU CBOEM BBIOOPE MPUXOANUTCS OKOJIO 34%, 4To B mKaJe
% U3 Tpex JBepeil ecTb COOTBETCTBEHHO % ck=2m % ck=1.

Tak 49TO UpUBEJEHHDbIE B PENIEHUU DPACCYKJICHUSA, KAKUMU Obl JIOTUYHBIMUA OHHM HE Ka3aJIUCh,
He TMOATBEPXKIAIOTCS MPAKTUKOM: B paMKaX IKCIEPHMEHTAJBHOM CTATHCTUYECKOH DeryaspHOCTH
MIOJTyI€HO, UTO UI'POK C BEPOSITHOCTHIO % BBINT'PBIBAET IIPU COXPAHEHUH CBOETO ITEPBOHAYAIBLHOTO
BBIOOpA, TOT/Ia KaK IIPU IIEPEXOJie Ha BBIOOD BEJIYIIEr0 BEPOATHOCTH BBIUI'PHINIA B JIBA Pa3a BBIIIE U
paBHA %.

Ilapamokc Moutu XoJjla B TepMHHaxX «TPHM MIKATYyJIKMW — OJIMH IIapukK» B
nporuBoctosHun <«WHTyuIluss — CTpOroe mareMaTudeckKoe oKas3arejbCcTBO». (CHoBa
BepHEMCsI K YCJIOBHIO 3aJa4d. 1akuM 00pa3oM, JIOIMYCTHUM, UTO OJWH UTPOK U OJWH BEIYIIUN
BCTYIIAIOT B UI'PY, B KOTOPOil UI'POKY HAJI0 HAMTU NIKATYJIKY C IIAPUKOM: MMEIOTCH TPHU abCOIIOTHO
O/IUHAKOBbIC HMIKATYJ/IKU, B O,H‘HOI'?I n3 HUX, U3BECTHOM TOJILKO BeAyIIeMYy, IMKaTYJIKE JIC2KUT HIapUK,
B ABYX APYI'uX HUYCro HET. CHaanIa UTPOK IIPOU3BOJIBHO, IIOKa y UI'DOKa HET HUKAKUX OCHOBaHUI
MIPEJIIIOYECTh KAKYIO-TO U3 TPEX, BLIOMpAET ONHY U3 HUX, HO HE OTKPBIBACT, I09TOMY HE 3HAET, €CTh
WK HeT B Heil mapuk. llocie dero Bemymuil, KOTOpPbIH, TOBTOPUMCs, 3apaHee 3HAET, B KAKOW u3
IKATYJIOK JIE2KUT IIaPUK, OTKPBIBAET U II0KA3bIBaeT UI'POKY U3 ABYX OCTABIINXCH IIYCTYIO IIKATYJIKY,
3aTeM ee yJaJsdeT U3 UI'Pbl, — BEJYIIUI BCErjia MOXKET TaKoe JIEHCTBHE OCYIIECTBUTH: €CJU UTPOK
BBIOPAJI IIyCTYIO MIKATYJIKY, TO U3 JBYX OCTABIIINXCSI BCE PABHO LI VIAJEHUS OJIHA ITyCcTas HailaeTcs,
€CJIU Ke OH BBIOpAJI IIKATYJIKY C IMAPUKOM, TO OCTABIINECH JIBE IIyCThIe, TAK UTO BEIYIIAN MOYXKET
VIAJIUTD JIIOOYIO U3 HUX.

Tem cambiM, B 3ajade TOUCKA WI'POKOM IIMKATYJIKN C IMIAPUKOM BO3HUKJIA HOBAasl CUTYAITHS:
IIKATYJIOK C HEM3BECTHBIM JIJIs UT'POKA COAEPXKAHUEM <«eCTh B Hell IMapuK WM HET» OCTAaJIOCh 2 —
repBasi UTPDOKOM BbIOpDaHHAs IIKATYJIKA M BTOpast OCTABJIEHHAs HEOTKPBITON BeJyIIUM, KOTOPYIO
YCJIOBIJINCH Ha3bIBATH «BBIOOD Bemymiero». Kakyio u3 HuX — BBIODAHHYIO U3 TPEX IIKATYJIOK CAMUM
UICPOKOM WJIM U3 OCTAJBHBIX JIBYX BBIODAHHYIO BeJyIuM BbIOpaTh urpoky? W Torma Beyrumit
OTPBIBAET BBHIOPAHHYIO UTPOKOM INKATYJIKY, M UTPOK BUJIUT — BBIUI'DAJI UJIU IIPOUTPAJL.

3/1ech CTAJKUBAIOTCH MHTYUIMA KAK IIPOIECC YMO3PHUTEIBHOIO IOCTUXKEHUS HCTHHBI TOJBKO
10 CBOEMY HPUOOPETEHHOMY Ha IIPOUCXOJSAIINI MOMEHT OIBITY 0€3 JI0Ka3aTeJIbHOrO ODOCHOBAHUS
U CTPOroe MaTeMaTHIecKOe JI0Ka3aTebCTBO, IPUYEM CJIaydal WX IPOTHBOPEYUS OTHOCATCS K
3aMevaTebHBIM, UMeHYEeMBIM CIHEITNAIbHBIM TEPMIHOM <IIAPATOKCs.

Camo Ha3zBaHue 331291 TOBOPUT 00 OXKUIAEMOM OTBETE B BUJE HEIOITBEPKICHUSA UHTYUTHUBHOTO
3aKJIIOYEHNsI, HO 9TO IOCJIe BBIYUCIEHUN 0 IByM BEPOSTHOCTHBIM ITOHUMAHTISIM.

Hauynem c HaXo0XJeHUS BeJIMYMH HCKOMBIX BEPOSTHOCTENl II0 WHTYUIUU U C
HO3UIMI «3JPaBOr'o0 CMbICJAay» C OTHUM OJNHAKOBBIM OTBETOM % HaXOXKJEHNs Ipu3a W I
[IEPBOHAYAJILHOIO BBIOOpDA WIPOKa, U JIJIs II€PeXojia K BBIOOPY BeJYIIEro, Jia elle C PaBHOI

BEPOATHOCTBIO % JUIA KazKI0T'0 U3 9TUX JABYX OCTABIIUXCA BO3MOZKHBIX BbI60pOB.

Utak, pasmernM mixaTyakn nudpamu 1, 2, 3 u onpegenum cobbituss Ay mw Ay cooTBecTBEHHO
KaK HaJIM4Ie U OTCYTCTBHE IMIApUKa B IepBoil mKaTyiake, Ay u Ap To ke Bo BrOpoil, A3 u Az —
B TpeTbell MKaTyJIKe.

EcrecTBenHO TPEIIONOKUTH, UTO M3HAYAJBHO HAJIUIHUE IMTAPUKA B KAXKIOH M3 TpeX IIKATYJIOK
PaBHOBEPOSITHO:

P(A1)= P () = P(d5) = 3. (1)

O1uM (UKCHpyeM, 9TO ecju Obl UI'POK OCTAHOBHUJICSI HA CBOEM IEPBOHAYAJIBLHOM BBIOODE, TO
BEPOSITHOCTb HAXOXKJIEHUSI MIKATYJIKH C ITApPUKOM paBHA % , 1060 peayin3yeTcs OJTHO W TOJIBKO OJTHO
u3 cobbituit Ay, A, A3 ¢ HOMEPOM HIKATYJKHU C IIAPUKOM, MPUYEM MU3BECTHBIM TOJBKO OJHOMY
BEJLYIIIEMY.
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Teneps npucrynum k camoit urpe. Cobbitue A; (i =1, 2, 3) — npu3 HAXOAUTCS B MIKATYJIIKE O]
HOMEPOM % €CTb MCXOIHas CTadsl UI'PHI, ellle 10 JAefiCTBUil NI'POKa W BEIyIIEro.

[IepBasi cragumss Urpbl 3aK/II09aeTCsI B BBIOOpE UIPOKOM IIKATYJIKH, HOMEDP KOTOPOH 00O3HATHM
OyKBOH j , M HA30BeM «BBIOOp WI'pokar. [lasee mepeiizeM KO BTOPO#l CTa WU UTPHI, CJIOKUBIIEHCS
ocjie BBIOOpA WMIPOKOM OJHOHM IMKATYJIKH W3 TPeX, KOIJa BBIOOP M3 JBYX OCTABIIUXCS yIKe 38
BEJIY M.

OnmieM 3TOT 3aK/JIIOYNTEbHBIN crieHapuit. st moJiydeHns WHTYUTUBHBIX BBIBOJOB 371€Ch
JIOCTATOYHO PACCMOTPETH OJHY KOHKPETHYIO CHTyalnnio. He yMeHbInas OOIIHOCTH, ¢ TOYHOCTHIO 0
mepexojia K JAPYroMy HOMEPY IIKATYJIKHA, MOYKEM CUNTaTh, YTO UTPOKOM BBIOpaHA TPEThs — «BBIOOD
UTPOKa» eCTh IMMKATYJ/IKA 0 HoMepoM 3. Torma, B 3aBUCUMOCTH OT HAJUYINS WJIK OTCYTCTBHS MIAPUKA
B BBIOPAHHOI UT'POKOM B IIKATYJIKE, «BBIOOD BEIYIIETO» MPOU3BOIUTCS CJEIYIONINM 0OPa30M.

Ecam, BO-IEpBLIX, BBHIOOD HI'POKA TpeTheil MIKATYIKH oKasajcsa Az comeprKanus 6e3 MapuKa,
TOrja BBIOOP BEJYINEr0o OJHO3HAYHO €CTh IMIKATyjaka 1 ¢ ImapukoM Ajp, ecjau Imapuk B EePBOi
HIKATYJIKE, C yIaJeHueM IIyCToi BTOpOil mKaryakn (mm Ag , KOrJa BeLyIHii IOKAa3bIBAET U y/IAIAET
IYCTYIO IIEPBYIO IKATY/IKY). Ecim ke, BO-BTOPBIX, «BbIOOD UIpOKa» ecTb A — MIapuk B TpeThbeil
IIKATYJIKE, TO IIEPBBIE JBE IIKATYJIKH IIyCThI — UMeoT Mecto A; m Ag, Tak 4To eciu BeLyIuit
oTkpoer Aj, To «BBIGOp Bemymero» oymer As, ecam ke BeAymmii orkpoer As, TO <«BBIOOD
BeJyIIeros oymaer Aj .

B pesyibrare ocrarorcs gBe MIKATYIKA: Ha IIEPBOM 3Talle UT'Phl «[IEPBOHAYAILHBIN BHIOOD UI'DOKay
IIPOU3BOIUTCs O€3 MPEAIOUTEHN OMHOM U3 TPpeX BO3MOXKHOCTE BHIOOpA IIKATYJIKNA C BEPOSITHOCTHIO
% HaXOXKJIEHUs IIapUKa B KaXKJI0H N3 TpeX NMEIOIIUXCsI MKATYJIOK, U TOIIA, COTJIACHO KJIACCHIECKOMY
OIIPEJIEJIEHNI0, BEPOATHOCTDb BBIUI'PBINIA UIPOKOM IIPU CBOEM <«II€PBOHAYAJIHLHOM BLIOOpE UI'DOKay
paBHa %.

Bropoit sTam umrpbl, cosmaBmmiics MOcCa€ OTKPBITUSI BEAYIIUM IIyCTOW INMKATYJIKH, MeEHSeT
BEPOSITHOCTHBIE PACCMOTPEHMST — OCTAIOTCS JBE IKATYJIKHA — «BBIOOD UTPOKA» U «BBIOOP BEIYyIIEro»
0e3 MpeanoYTeHns] OJHOIO M3 ITUX BLIOOPOB, Ja €Ie, KOIJa B OJHOW W TOJIBKO OJHOW M3 HUX
HaXOIUTCs IMAapwK. 'TeM caMbIM II0JIydaeM, 9TO BEPOATHOCTDH HAXOXKJICHHS IMAPUKa B KarKIbIi
13 IIKATYJO0K C Ha3BaHUsIMHU «BBIOOD UIPOKa» U <«BBIOOP BEIYIEro» OJUHAKOBA, CTAJO OBITH, 6e3
[IPEJIIIOYTEHUsT OJTHOTO M3 3TUX JBYX BBIOOPOB, W MMOTOMY COTJIACHO KJIACCHIECKOMY OITPE/ICICHUIO

BEPOSITHOCTH pPaBHA % . Takxe obparmmM BHHMAaHWE HA TO, 9TO BEPOATHOCTH HAXOXKICHUS ITapPUKA

[I0 «BBIOOPY UI'POKa» B IIPOLECCE PACCMOTPEHHUsI HOTHSIIACH C % J10 % .

WToroBeiii BeIOOP UI'POKa MEPBUYIHOTO COOCTBEHHOI'O WJIM IIE€PEXOJa Ha BBIOOP BEYINEro st
HAXOKIEHUsI IMKATYJIKH C MAPUKOM MMEIOT OJHY U Ty YK€ BEPOSITHOCTH % , U TIOTOMY JIJIsT UTPOKa
HET PA3HUIBI B TOM, YTO OH COXPAHUT CBOI BHIOOD MJIM IEpeiieT Ha BbHIOOP BEIYIIErO.

OTO U eCTh UHMYUMUBHVIT 600D, TI0 MPUBEIEHHBIM PACCYKICHUSIM JIOTHIECKU ITPABUIBLHBINA —
[IpA HE3aBUCHUMBIX IBYX JIEHCTBHUSIX [TOKA3aTE/JbHO YIAJISETCS OHA IIyCTas IKATYJIKa W OCTAIOTCS
JB€ PaBHOBEPOATHDLIC I_HKaTy.HKI/I7 B Ka}K,[LOf/i 3 KOTOPBIX C BEPOATHOCTBHIO % HaXOJIUTCA IMIapUK.

3&HOMHI/IM TJIaBHO€: «HHTyI/ITHBHaH» BEPOATHOCTDL HaXO2KJICHMNA HIKaTy.HKI/I C IIapuKOM IIpH
COXpaHEHUU UI'POKOM CBOEr0 IIEPBOHAYAJILHOIO BHIOOpA — BHIOOP UI'POKa — paBHA, % , TO 2K€ C TOH Ke
BEPOSAITHOCTHIO % 1 IIPHU TIepexojie Ha «BBIOOpP BEILYIIETO».

Temnepnb mepeiiieM K TEOPETUKO-BEPOATHOCTHBIM PACCMOTPEHUSIM.

Hrak, BeposiTHOCTHOe pelneHne 3amaun <«Ilapagokc Moutu XoJuia» MeETOAOM
MaTeMaTH4YeCKOro ob0CHOBaHUsI HA OCHOBe (popmyJibl Baiieca, — cTpoOUTCsI OIMUCHIBAIOIIEE
urpy <«Ilapagokc Mountu Xosuta» BepositHocTHOe —upocTpancrso (2, F, P), B KOTOpOM
JOKa3bIBaeTCd, qTO0 BEPOATHOCTD BBIUT'DBIIITa HUTI'POKOM npusa npu COXpaHEHNHN CBO€Ero
[IEPBOHAYAJIFHOTO BBIOOpa paBHA %, a IpHU Iepexojie Ha BBIOOP BEIYyIIEr0 MMeeT BEPOSITHOCTH
2.

62. ITapamokc MonTtu XoJijla HA HDpUMeEpe TPeX OJWHAKOBBIX IIKATYJIOK C OIHUM
MIApUKOM TOJILKO B OJIHOII M3 HUX B KOHTeKcTe d¢dopmyiabl Baiieca ¢ onucanuem
BEPOSITHOCTHOTO MPOCTPAHCTBA. DB IpUBEIEHHBIX WHTYUTUBHBIX PACCYKIEHUSIX HE OBLIO

HCIIOJIb30BAHO TO OOCTOSATEIBLCTBO, UTO BLIOOD BEIYIIErO IIPOU3BOIUTCS IIOCJE BLIOOPA UIPOKA,
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JIDYTUMHU CJIOBAMH, 6 USMEHUSULULCH YCAOBUAL, TIPU STOM BEPOSITHOCTU BBIYUC/ISIIOTCS IO (POPMYyJIe
Baiteca.

Takum 00pazoM, aKKypaTHO IPOCIEIUM 38 PA3BOPAUUBAIOIIUMUCS JI€HCTBUSIMU.

[Tapajokc MouTn Xojuta — 3TO KJjaaccudyecKas 3aJada TEOPUU BEPOATHOCTENH, KOTOpas YacTo
BBI3bIBaET JeDEeKT BOCHPUATUS PEAJHbHOCTH, 9TO B OIMHUCAHUU BBIMVISIUT Tak: «Caedyem ckazamo,
YIMO MG2UCTPAHMNMBL EAAMCA HA MET, KOMOPBIE NOHUMAIOM PEULEHUE, U KOMOPbLE HE TOHUMAIOM.
Hpunem apeymernmot pedko NOMO2aIOM USMEHUMD MHEHUE TET, KMO DPEWEHUE HE NOHUMAE>.

Kak 3710 coobmasoch Bbilie, B 3TOH Wrpe MO pe3yJbTaTaM 3SKCIEPUMEHTOB HUMEET MECTO
CMAMUCTNUNECKAA DERYAADHOCTIL  6bIUZPHIULG C BEPOSTHOCTHIO % COXPAHEHUs] UT'POKOM CBOEro
BBIOOPA U BEPOSATHOCTBHIO % [IpU TIepexo/ie Ha BBIOOD BeyInero. Bhillle B TEPMUHAX «TPU MKATYIKA
— OJIUH INApUK» B PaMKaX WHTYUTUBHBIX PACCYXKJEHUIl ObLIN yCTAHOBJIEHBI I[IPOTUBOPEYAIINE
«CTATUCTUYECKON PEryJIsipHOCTH» BEJUYUHBI BEPOATHOCTEN OTHICKAHUS IMAPUKA IIPU COXPAHEHUH U
IepeMeHe CBOEero IepBOHAYAJILHOIO BHIOOPA UIPOKOM B PABHOM KOJIHMYECTBE %

[TepeiitlemM K OMMCAHUIO BEPOSITHOCTHOTO IpocTpancTBo (2, F, P).

Onsre xke, mudps! 1, 2, 3 ucnosb3yeM 11jisi 0003HAUMEHNsT UMEIOIIUXCSI TPeX IIKATYJIOK.

s onmcanust urpsl «Ilapamoke MorTu Xosna» OyaeMm ucio/ib3oBaTh obosuadenus A, B, M,V
B COOTBETCTBHM C IIPUCBOCHHLIMU ﬂeﬁCTBI/IHMI/I HaJ MIKaTYJIKaMX C UX HOMEpaMH B BHUIAEC HUXKHUX
UHJIEKCOB, KOTOPBIe Oy/IeM HA3bIBATH «COOBITHAMUY :

A: Ay, Ag, A3 = A; (i=1, 2, 3) — mapuk narodumcs B MIKATYIIKe O HOMEPOM i (KaK 9TO U
ObLIO paHbIIe),

B:Bi,By,B3=DBj (j=1, 2, 3) — urpok evioupaem MKaTYJIKy [0 HOMEPOM j ,

M : My,My,Ms = My (k=1, 2, 3)— Bexyumii omkpvieaem MKaTyJIKy 0e3 Iapuka IO
Homepom k ,

V.V, Vo,Va =V, (7 =1, 2, 3) — mkary/Ika ¢ Ha3BaHUEM <«BBLIOOD BEJIYIIEr0» MOJ HOMEPOM T .

BepositHocTHOe nipoctpancTBo (2, F, P) cocTaB/ieHO, B HEIOJHOM ONUCAHWM, C IPHUBJIECUCHUEM
JIUTITb HEOOXOMUMOTO JJIsI IOCTABIEHHOM Tiesin, u3 cobbituit A, B, M, V, ajrebpbl Haj| HUMU BMECTE C
YCJIOBHBIME COOBITHSIMHU, BEPOSITHOCTH KOTOPBIX OIIpE/IEJIEHBI 110 TpaBuiaM urpbl «llapagoke MounTu
XoJuta.

Urpa cocrout B 1ocjie1oBaTeIbHOCTA COOBITHI

(Al'v ij Mk> VT) s

WJIM, 9TO TO Ke camoe, Bektopa (i, j, k,T) ¢ KoopauHaTamu u3 duces 1, 2, 3, B KOTOPOM IIPOM3BOJILHBI
[IePBbIE JIBa — 9Ta INKATYJIKA C IIAPUKOM II0J HOMEPOM ¢ U BbIOpAHHAS MI'POKOM IIKATYJIKA IO
nomepoM j . OcTambHble TKATYIKN — OTKPbIBAeMast BEAYIINM MycTas TIKATY/IKA MOl HOMepoM k u
OCTaBINAsICS HEOTKPBITOM BTOPAs IMIKATYJIKA 110/ HOMEPOM T , 3aBUCAT OT B3AUMOOTHOIIEHUH MEXK LY
[TEPBBIME IIKATYJIKAMA 1 U j B BUJE § = j WJIH § 7 j.

Nszygaemas 3amada ocHOBaHa Ha TeopeMe IOJIHON BeposTHocTH u dopmyste Baiteca.

[Tostomy, wHaumaast ¢ cobbituit A, As m A3z ¢ pacupelejieHHeM BepOSTHOCTEH ,
BBITUC/ISIIOTCS  BEPOSTHOCTH COOLITHH, BXOAAMMUX B TH (HOPMYJILI, BKJIOYAsl BEPOATHOCTU
HEBOBMOXKHOTO U JIOCTOBEPHOI'O COOBITHII PaBHBIX cOOTBeTCTBeHHO () m 1, IByX paBHOBO3MOYKHBIX
B3aUMOJIOTIOTHUTE/THHBIX COOBITUN ¢ BEPOATHOCTIMU % KasK1asl.

Urak, urpa pasbusaeTcs Ha YacTH Pa3/IMIHOrO cojepzkKanus. Irpox sbiOpasn mxarynky Bj,
BeIyIuil OTKPBLI HECOBIIQJIAIONIYIO ¢ Hel rmycTyio miaryiaky My . Torma BbiOOp BeayIiero ecrob
HUKaK He3aJleficCTBOBaHHAsT TPEThsI MKATyIKa Vy ¢ T # j, T # k.

U Tem, na BLIOOP UI'DOKa OCTAIOTCs JIBe IKATyJKHn B; u V; ¢ HoMepaM#u j U T COOTBETCTBEHHO.
B ycnoBusix OTKpBITHST BEJLYIIIUM IyCTON MIKATYJIKH M} BEPOSITHOCTH BBIUTI'PBIIIA ITPU COXPAHEHUH
UI'PDOKOM CBOEr0 BBIOOpa HEM3BECTHOIO COJepKaHusl IKATYIKM [ HaxoJuTCs 3aMeHOil ee Ha
3aBeJIOMO BBIUTPLIIIHOE A; ¢ TeM »Ke HOMepOM j , CTasI0 OBITh, €CTh BEPOATHOCTD YCIOBHOIO COOLITHS
A;j|Mj, , To xe ¢ 3amenoit V' Ha A TeM )Ke HOMEPOM T C IIEPEXOJIOM Ha BEPOSTHOCTH yCJIOBHOIO
cobbrtust A |Mj .

B urore,
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19, Illkaryika ¢ HOMEpOM j KaK COXpaHeHHEe HWTPOKOM CBOEIO BHIGOpPA C BEPOATHOCTHIO
seiurpoina P (A;|My),

20 . [Ikaryika ¢ HOMEPOM T Kak BEIGOD BEJYIIEro ¢ BePOATHOCTBIO Bhiurpbina P (A, My) .

Wrak, IpUCTyINM K PEIIEHUIO TOCTABJICHHOM 38/ a4H.

[TokazkeM, 9TO B 9TUX 0003HAUCHUSIX 11eJIb «BBIOOD IKATYJIKU € [IAPUKOM — HAXOXKJICHUE IITapuKa —
BBIUIPBIIT» B CHHOMHOM IIOHMMAHUK B UTOIOBOM DEIIEHUN UI'POKA COXPAHUTH CBOH BBIOOD IIKATYJIKI
WJIM TIePeiTH Ha BBIOOP BEYIIErO MMEET CJIE/IYIOIiee Paclpe/Ie/eHue BEPOSTHOCTEH:

- «BBIOOP MI'POKA» MMEET BEPOSITHOCTH BBIIPHIIIA

1
P (45M5) = . @
- «BBIOOD BEIYIEr0o» MMEET BEPOSTHOCTD BBIUTPBIIIA
2
P (A M) = <. (3)

BepositHocTb yesoBHOro cobbitusi A|M  BbinOHEHUsT cOObITHS A TIpU yCJIOBUU, €CJIM BeyIuii
oTKpbLT mKaTyiaky M, o dopmyse Baiteca paBHa

P(M]A)- P(A)
P (M)

Teopema moiHON BepOATHOCTU Jjisi cOObITHsE M TPUBOIUT K PABEHCTBY

P(A|M) =

P(M|A)- P(A)
(M|Ay) - P (A1) + P (M|Az) - P(Ag) + P(M|A3) - P(A3)
B sroit dpopmyne B ety nMeeM

P(AIM) = 5

- P(M|A)- L _
PAM) = B oAy T P(MiAy -+ POIAy) L N
P (M|A)

P(M|Ay)+ P (M|As) + P (M|A3)’

rJe B 3HaMeHaTeJIe JABa CJarac€MbIX, IIOCKOJIbKY
P(M;|4;) =0 (=1, 2, 3), (5)

nbo pK i = j BeJymuii He MOXKET OTKPBITH IMIKATYJIKY j Kak IycTyio, Korja B Heil npus A;, u
noromy Mj|A; =0 (xak sro obmenpunsTo, () — Imycroe MHOXKECTBO).
ITycrs BBIOOD Urpoka ectb B; (j =1, 2, 3), Torga TeopeTHYeCKH BO3MOXKHBI JBa Ciydasi: Bj #

A; (i=1,2,3) u Bj = Aj, 94T0 03HAYaeT <IIKATYJIKa j IyCTa» H <«B IIKATYJIKE j IIapUK»
COOTBETCTBEHHO.
1. i{#j — mkaTyJka j ©ycTa B pacupeejieHHH IIKATyJIoK Bi, Ms, V.

Vimeem nepsblil caydait B; mycToil KaTylIKn B clejaylolleil KoHKpeTusanun j = 1 — mkaryika
B mycra
Blt jZl, Bl?éAz (Z:L 2, 3)

Torma B ycIoBuUSIX IIyCTON MIKATYJKH B IMapuK HaAXOAUTC JUOO B MIKATYIKE 2, TUOO B IMIKATYJIKE
3. JlJist onpeie/IeHHOCTH JIOMYCTUM, UTO IIApUK B IIKATYJIKE ¢ = 2, TOIJA BeaylieMy 06e3 BAapUAHTOB
OCTaeTCsd OTKPBLITh IyCcTyio mKaTyaky k = 3. Tem cambiM, MIKATYJKH PACHPEICIUINCH TaK
B1, M3, V5 : BeiOOp urpoka j = 1, BeIOOD BeayIlero 7 = 2, BeAyIIUi OTKPBIBAET IIyCTYIO ITKATYJIKY
k=3.

B 9Tux JI0rOBOPEHHOCTSIX BBIYUCJIUM BeposiTHOCTH BhiUrpbima P (Aj|Ms) npu coxpaneHnu
UTPOKOM CBOero Buibopa Bj .

Boraucnenne P (A;|Ms) :

( P (Ms|Ay) ©)

P (Aj|My) = P (A1|Ms) = P (M;|Ay) + P (Ms|Az) + P (Ms|As) - (6)
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®) P (Ms|Aq)
P(Mg‘Al) + P(M3’A2) ’

IIOCKOJIbKY cobbiTne M3|As — B mKaryike 3 HaxXomurcs map, Torga Ms — OTKpbITHE IIyCTOI
IIKATYJIKA 3 HEBO3MOXKHO, U TIOTOMY JeiicTByeT paBeHCTBO ().

Boruncanm Haasexanue onpesesennto seiuuunbl P (Ms|Ar) u P (Ms|As) us (6)), B koropom
IIOMHMM, YTO UI'DPOK BhiOpas j = 1.

Haxoxnenune P (Ms|Ay) : mapuk B 1, urpox BeiGpas 1, Bejylnuii Mo CBOEMY YKEJTAHUIO MOXKET
OTKPBITH JI0OYIO IIyCTYIO U3 JIBYX B3aMMOJIOIOJHNTEIBHBIX coOblTuilt My m M3, To ecTh ¢ paBHOI
BEPOSITHOCTHIO

1
P (M3|Ay) = 5= P (Ms|Ay) . (7)
Haxoxnenme P (Ms3|Ay) : mapuk B 2, urpok BbiOpas 1, Bemyinuii 06si3aH BEIOPATDH MIKATYIIKY
M3 ¢ BEpOATHOCTBIO JOCTOBEPHOTO COOLITUS, MO0 MKATYIKNA 2 1 1 y2Ke 3a/1eiiCTBOBAHbI, TAK YTO

P (Ms]Ay) = 1. (8)
B urore, B cuy @— nMeeM
3 _3_1
P (A1|M3) = =2=_ 9
( 1| 3) %_i_ 1 % 3 ( )

YTO JIOKA3bIBAET npu j =1, k=3, i =2 (B upennonoxkenun B; # A; (i=1, 2, 3)).
Borunciienne P (A|Ms). Temepn HaiijieM BeposiTHOCTD HOJIYYCHUS IPU3a B YCJIOBUSAX
By, M3, V5 mo Beibopy Bemymero t =2, ¢ =2, k=3, Torma B CHILY , u P(Ms3|A3) =0
nMeeM: " P (M3l Ay) (
PAIM) = P (A2Ms) = 5 G A 5 P (Mol Ay) + P (Vs As) (10
() P (M3]As)
P (M3|A1) + P (M3|A;)
Haxoxaeumne P (Ms|As) : mapuk B 2, urpok Bbibpast 1, rak uro mkaryiku 2 u 1 yxke B urpe,
U IIOTOMY Benyluii 6e3 BapuaHTOB BbiOUpaer Mz, u TeM IpUXoIuM K .
Haxoxaeune P (Ms|Ap): mapuk B 1, urpok BeIOpas 1, BeyIHil 10 CBOEMY YKEJIAHUIO MOYKET
OTKPBITh JIIO0YIO IYCTYIO U3 JBYX B3aUMOJIONOJHUTEIBHBIX coObITUil Mo 1 Ms, TO ecTh ¢ paBHOIl

BEPOATHOCTBIO .

Crajo ObITh, U3 , u @ clieyeT

=

P (Ag|Ms) = Lo _3_2 (11)

2 3) — %—F 1 - % - 3 .
Tem caMbim, BBIIOJIHEHO 1Ipu j = 1, 4 =2, k =3 (B upeamosnoxenun Bj # A; (i=1, 2, 3)).
20, 1 = j — mIKaTyJkKa j C IIIApUKOM B paclpejieJIeHuu MIKaTyJoK B, My, Vs.

Nnmeem BTOpOIi ciryuail « BeiOpannas nepsoHadaaIbHO UTPOKOM IIKaTy/IKa B ¢ mapukom Bj = A »
B KOHKperm3armu «Bwibop urpoka Bj : j = 1». Beunymemy ussectro, uro By = A1 i =35 =1
[IAPUK HAXOJUTCsI B IIEPBOHAYAJILHO BHIOPAHHON UIPOKOM MIKATYJIKE 1, TaK YTO BEJYIIUil 110 CBOEMY
JKeJaHuIo (CIydaitHo), MoxkeT OTKpbiTh Mo u Ms — 1ycrble mkaTyiaku 2 u 3, IyCTh Terepb OTKPOET
Msy(k =2), rorma V3 (7 =3) ecTb BBIOOD BEJYINErO, TaK YTO HAXOJAUMCs B ycjoBusx By, Ma, V.

Boruncisienne P (A;|M;). Beposithocrs P (Aj|Ms) maxoxaeHus npusa 1o BbIGOPY UIPOKa
npu j =1, k=2 ecrb

—
=

P (Ms|Ar) + P (M2|A2) + P (M| As)

P (Ma|Ar) + P (Mz|As)
Haxoxaenue P (Ms|As) : B ycioBusix By, Ma, V3, As mapuk B 3, urpok Bbibpast 1, Tak 4ro

BG,H,YH_[I/II'?‘I OJHO3HaYHO OTKpPbIBaET MQ C BEPOATHOCTBIO JOCTOBEPHOI'O COOBITHSA
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P (My|As3) = 1. (13)
Haxoxneuune P (Ms|Ay) : B yenousix By, Ms, V3, Ay mapuk B 1, urpox Bbibpast 1, Tak 4ro
BEJLYIIUI C OJINHAKOBOM BEPOSTHOCTHIO % MO2KET OTKPBITh u Mo, u Mj
1
P (Ms]A;) = 5= P (Ms]Ay) . (14)

Takum obpazom, BepositHocTh P (A1|Mjy) BbIUTpBIIIA 110 BEIOOPY UTPOKa B ciaydae By = Ay 1o

(12)-(14) pasna

D=

P (A1|Mp) = —

N[ =

+

—_
ISP
w

49T0 ToATBepKIaer (|2)).
Boruucnenne P (As|Msy). Teneps B ycnousx Bi, Ma, Vi, As ciaywae By =A;, i = 17 =
3, k =2 BeposrHocrs P (Az|Ms) Bbmrpsima 1o Beibopy Bejayiiero Vi pasHa

P (Al M) = P (A3 M) 27 (M, !]:11(>M+2 ylél?i)leA:%)’ -

Bce cocrasisitoniue Boipakenust (15)) 6p1m1 BeIUncieHb paHee:

13 14
P (Mo A3) 21w P (M)A

bk} , u TOJTy9aeM

N | =

1 j—
=
1+1

P (As|Ms) =

NSNS
w

TO ecTh B BbIOOpe Bemyrero ¢ ¢ = 3, k = 2 npuxomum K .

B urore, u BTopoit ciyuait By = Ap, MOATBEPKIAET BBIBOIBI —, TaK 4YTO JIOKA3aTEJHCTBO
BBITIOJTHEHO.

B zakiouenune ormeTnM, 9TO BLIOPAHHbBIE KOHKPETU3AIUKA ¢, j U Kk IPUMEHEHDI JJIsi COKPAIEHUSs
3aImceil, a BbIBOJIBI — BO BCEX OCTAJIBHBIX CJIyUYasX yCTAHABIUBAIOTCS TEMU YK€ PACCY XK JICHUSMU
U BEPHBI.

VYBeandyeHue KOJUYECTBA IMKATYJOK PACKphIBAeT MeXaHU3M Mpoucxoisiero. Ocrasisis
YCJIOBUSI UTPBI, YBEJIUYIUM KOJUYECTBO IIKATYJIOK C TpeX, Halmpumep, a0 cta. I[lpm sTomM B 0mHOIM
U3 IIKATYJI0K HAXOIUTCH IMIAPHUK, ocTajbHbie 99 — nmycThl. VIrpok ¢ BepOSITHOCTHIO 1—(1)0 HaXOXK/ICHUA
[IAPUKa BLIOUPAET OJIHY U3 MIKATYJIOK, TOCKOJIbKY, COTJIACHO KJIACCHYIECKOMY OIPEISICHUIO, C PABHOM
BEPOSATHOCTBIO ﬁ [MIAPUK HAXOIUTCA B Kaxkjoh m3 100 mKaTysok, a UrPOK BLIOpaJ POBHO OJHY.
Tlociie sToro m3 ocraBiuxcsa 99 MKATYI0K, W3 KOTOPHIX 98 MyCTBI, ec/ii BbIOpAHHAT HUI'POKOM
IMKATYJIKa IycTa U Bce 99 mycThl, eciin BRIOpaHHAS UTPOKOM IITKATYJIKA C IAPUKOM, BEIYIIHN MOXKET
1 OTKPbIBaeT 98 IIYCTBIX HIKATYJIOK. B nuTore oCTaroTCd JABe IMKaTYJIKHN — IIEPBOHAYaJIbHO BbI6paHHaﬂ
UTPOKOM U OJIHA OCTABINASCI IMIKATYJIKA, KOTOPYIO, KaK W IPEXKJe, HA30BeM <«BBIOOD BEIYINEros.
OmsiTh 2Ke, BEIyIIUi [TpeJjIaraeT UT'POKY BBIOPATH OJHY U3 ITUX JIBYX IIKATYJIOK.

Teneps, obo3nauas dyepes P (D) BepOATHOCTH HAXOXKJIEHUsI IPU3a B IKaTyjake [, B ciydae cra
IIKATYJIOK C OJIHUM IIAPUKOM MMeeM

98 98
1
1=PB)+P(Vu[JM® =m+P(V)+ZP(M(’“>),
k=1 k=1
e MW ... MO — 5710 98 mycTbIX MKATYIOK, OTKPBITEIX BELYIIAM, ¢ OCTABJICHIEM MIKATYIKH

_ 1
B — Bbibop Urpoka ¢ BeposaTHOCTBIO BhMrphima P (B) = 155 4 mKaryiaku V. - BeIGOp Bedymero,
npudeM Bce 100 mMKATYJIOK KaK COOBITHUS C MIAPUKOM WJIu O€3 HE3aBUCUMBI.
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Ho, ¢ yderom «Bemymmii OoTKpbIiBaeT 98 MyCTBIX IKATYJIOK» C BEPOATHOCTIMU P(M (1)) =
0,..., P (M(gg)) = 0, noryyaem
98 98
p(M(k)):%_ Ozﬁ
100 100’

99

P(V):m—

y2Ke 110 00ITeMy CBONCTBY &JIJIMTUBHOCTU BEPOSITHOCTH.

B caydae Tpex mkaTysioK 3TO OBLIO JIOKA3aHO BbIe Ha OCHOBe dopmysbl Baiteca mepecuera
BEPOATHOCTEN IOCJI€ TOJIyIeHUus HOBOH wHMOpMAaIluU, B CjIydae CTa IMKATYJIOK TEOPETUIECKOe
J0Ka3aTeIbCTBO IIPUBEJACHHBIX 3/1€Ch 9BPECTUYECKUX PACCYKJIEHUIT COXPaHAETCS.

B utore, BepoaTHOCTD HAXOXK/IEHUS ITAPUKA B BHIODAHHON UI'POKOM IIKATYJIKE PDABHA ﬁ , TOIIa
99

B OJIHOft OCTaBJICHHON B UI'DE BEJIYIUM MIKATYIKE 155, TaK UTO 3aK/IIOYUTETbHBINH MEePexo) UIPoKa
Ha BBIOOP BEJYIIETO OTHO3HAYEH.

AJrOpUTM YNCJIEHHOTO SKCIEPUMEHTA MO ITPOBEPKE CTATHUCTUYECKOI PperysipHOCTU
BeposiTHOocTHON 3a/a4u «Ilapasokc Moutu Xoisia» B BEPOSITHOCTHOM ONUCAHWU.

I. Anropurm pacmosioxKeHusi coObITuil 1o mnpaBmiiam urpbl «Ilapagokc Montu Xomna» B
TOC/IE/IOBATETLHOCTH SKCIIEPIMEHTOB B 3aBUCUMOCTU OT CAYIANHBIX MEIBIX YUCET Tpn, Yn € Zn,
rome n=1,2,---— HOMEp dKCIIEPUMEHTa,

a) A? =z, (mod 3) =1,2,3 — HOMED HMIKATYJIKHI C ITAPHKOM;

b) Bl =y, (mod 3) =1,2,3 — HOMep mKaTyIKu «BbIO0p Urpokas;

c) Ecom i # j, o M} : k # i, k # j, VI : 7 # k, 7 # j — ecim B mKaryinke «Bpibop
urpoka» BJ' ner mapuka j # i, TO JefiCTBUS BEJyIIEro OJ{HOSHAYHDL: OJHA U3 IIKATYJIOK IIyCTa
M} (k #1i, k# j), npyras c mapukom V(T # k, T # j).

d) Ecin @ = j, To momaraem ki # j, ko # j, k1 < kg, M} :k=kFky, VI':1 =k,

e) Buibop k1 u ko (k1 < ko) B HEOIHOZHAYHOM BBIOOPE BEJYIINErO CJIy9aeH, 9TO 00eCIednBaeTCst
I0CJIEJIOBATEIBLHOCTBIO CIIYYaiiHbIX BEJUYUH z, (mod 2) = 1,2 :

Ecma z, =1, To k = ki u rorma M,?l(k =ki)n VkT;(T =ks),

Ecmm z, =2, o k= ko nrorna k=ke, 7=k, Mg u V.

II. Ha nOMepe skcnepumenTa n BMmecte ¢ AT «IlIkaryska ¢ mapukoms u B]’-L «Bri6op urpokas
ocraercaa V' — «Bbibop Bemymeros.

Ha stom stame 3amonusiercss Tabimna 1.

TaBaunA 1 — Pacnpenesnenue HikaTtyJyiok

Pacnpenenenne mkarymok
n-HOMeEp SKcIepuMeHTa | 1 2 3
n n n
Al B V!
1
n 7 ] T
N
III. Ha HOMepe m SKCHEPHMEHTA IO HPEABLAYIINM JaHHbIM A7, B}l n V' maxomgrcs

pe3yIbTaThl « 1 -BBIUI'PHIIT UTPOKay U « 0 — IPOUTPHIIT UTPOKA».
f) Urpok B nouncke npusa ocrapisier 3a coboit cBoii BBIGOD B}': na HOMeEpe j 1O JIAHHBIM (i,5,7)
u3 Tabsmmpl 1 npousBonuTcsa cpasuenne ¢ AY ¢ pesynpraramu 1 u 0
B} = A;‘ = 1, ecsiz HOMED j COBHIAJAET C HOMEPOM %, TO BBHIUI'PHII 1,
B} # A} = 0,ecin HoMep j He COBIQJAET ¢ HOMEPOM i, TO npourpsi 0.
g) Urpok mensier cBoii BBIOOD Ha BBIOOp Bemymiero V' : Ha HOMepe T 10 JaHHBIM (i,,T) u3
Tabsunbl 1 mpousBoauTcs cpasHeHne ¢ A7
VI = A} =1, eciiu nomep T cOBIAJaeT C HOMEPaMH %, TO BBIMIPLII 1,
VI # A? = 0, ecam HOMeD T He COBIaJaeT C HoMepaMu i, To mupourpsiur 0.
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Ha sTom srarme npomomkaercs Tabsura 1, aro odopmieno B Tabmute 2.

TabBuLiA 2 — Pacrnpenesienne HikaTyJIoK

Broiurpeiin cocrosics-1 uwan #He cocrosiics -0

n-HOMeEp 3KclepuMeHTa | 1 2 3 4 )

A7 B]” VI | Urpok coxpansier cBoit | Irpok Mensger cBoi

BbibOp B BeIOOp  Ha  BBIOOpD
Beymiero V7

1 0 nmm 1 0 mm 1
2 0 nnm 1 0 nm 1
n 1 J T |i=j=1i#5=0 T=j=1,717#5=0
N

IV. Hacrors! Beiurpsiia npu «Arpok coxpansier cBoit BbiOOp» u nipu «rpok MeHsieT cBOi BLIOOD
Ha BbIOOD Bejymiero» u nocrpoerne rpaduka (KommuecTBo sKCIepuMEHTOB, 4acTOTa BBIUTDHIIIEN
npu «Vrpok coxpansier cBoit BeiGop») u (KosuuecTBo sKcrepuMeHTOB, YacToTa BBIMIPBIIIE Ipu
«rpok MeHsieT CBOii BBIOOD Ha BBIOOD BEJLYIIErO» ).

Tasnauna 3 — Pacnpenesienune mkaTyJioK

KonuiecTBo u 9acToTa BBIUTDHIIIEH B IPOBEICHHOM KOJUYIECTBE SKCIEPUMEHTOB
o |6 7 8 9 10
g | Obree Obee Obee Yacrora Yacrora
g | KommaecTBo KOJIMYECTBO KOJIMYECTBO BBIUTDBIIIIA BBIUT'PBIIIA
é BLIUT'DBIIIEH BLIUIDBIIIEHA 1IPU | BBIUTPBIIECH B | IIpU «Urpok | mpu  «Urpok
GE” npu  «Urpok | «<rpok  MeHsieT | MPOBEICHHOM COXpaHSeT MeHseT
g | coxpansieT CBOIf BBIOOD HAa | KOJIMIECTBE CBOI BBIOOD» | CBO#I  BBIOOD
g CBOIi BBIOOD» B | BBIOOD BEMYIIErO» | SKCIEPUMEHTOB | B IIPOBEICHHOM | HA BBIOOD
£ | HpoBeJeHHOM | B  IIPOBEJCHHOM KOJINYECTBE BE/yIIEero» B
%;i KOJINYECTBE KOJINYECTBE 9KCIIEPUMEHTOB [IPOBEJIEHHOM
E | 9KCIIEPUMEHTOB| 9KCIEPUMEHTOB KOJITYECTBE
Q 9KCIEPUMEHTOB

N N

N |2, 55(N) SN+ | st | i

Ha Pucynke 1 nmokazaHo cxeMaTHIeCKOe MPEJICTABIEHNE YaCTOT BBIUTIPHINIA IPU (PUKCUPOBAHHOM
KOJIMYECTBE ITPOBEJEHHBIX IKCIIepuMeHTOB N .

§3. IMTapamokc Montu XoJijla HA HNpuUMepe TpexX OJIMHAKOBBIX IIKATYJIOK C OJHUM
HIAPUKOM TOJIBKO B O/ITHOM U3 HUX C NOCMPOEHUEM BEPOATHOCTHOTO HPOCTPAHCTBA

Bepositnoctnas momesns 3amadn Moutu Xojsia ONHUCBHIBAET MOCJIEIOBATEILHOCTDL JIEHCTBUIA,
[MPOUCXOSIINX B OJTHOM OIBITE: Pa3MEIEeHue Mpu3a, MePBbI BHIOOD MIPOKa, JAEHCTBHUE BEILYIIETO
U TOCJIEYIOINee OKOHYATEJbHOE pellleHne Urpoka. Kaxkioil m3 Tpex IIKATyJIOK ITPUCBANBAETCS
cBoit Homep 1, 2, 3. Ilom sjmeMeHTAPHBIM UCXOJIOM OJHOTO HcIbiTaHus urpbl Moutu Xosuia 6yaem
[IOHUMATh YETBEPKY

w=(i,7,k,7),
rae i € {1;2;3} — HOMep ImKaTyJIKH, B KOTOPOil Haxourcs npu3 (codbitue A;), j € {1;2;;3} —
HOMeD IIKATYJIKI, IEPBOHAYAILHO BHIOPAHHOI HIpoKOM (cobeitie Bj ), k € {1;2;3} — HOoMep mycToii
MIKATYJIKU, OTKPBITON BeaymuMm (cobbitue My ), 7 € {1;2;3} — okoHuarTesbHBIH BBLIOOD UIPOKA
(cobbrTHe V7).
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(N, yacToTa BhIMIpLILIA

¢ npu «Boibop BEOYLWErO®)

YacToThl

(N, yacToTa BbIMIPbILUE

¢ NpKW «NepBoHa4YantHbIA Bobop UrpoKa=)

N - KONWYECTBO IKCNEPUMEHTOB

PucyHok 1 — I'paduk gacror B urpe «Ilapamokc Moutu XoJsia»

[IpaBuima wWrpbl 3ampemaioT BeIyIIeMy OTKPBIBATH IMKATYJIKY C MPU30M WIH IIKATYIKY,
BBIOpaHHYIO UT'POKOM. [lo3TOMY /st IOIYCTUMBIX HCXOJOB CIPABEIIUBBI OrPDAHUICHUS

k#i,k+#j.

[Tocsie OTKPBITUST BELYIIUM IIyCTOM MIKATYJIKH Kk JIB& OCTABIIMECS OCTAIOTCHA 3aKPBITHIMU, OJIHA U3
KOTOPBIX paHee ObLIa BbIOpaHa UrpokoM. Jliist 060l mapbl pasiudHbIX HOMEPOB j U k 0DO3HAYUM
depe3 tjj eaMHCTBEeHHBI sement muoxkectBa {1,2,3}\{j,k}. Taxum obpasom, t;j o1HOZHAUHO
orpejiesierTcs npauiaMu urpbl. OTKPBITYIO BEAYIIMM HIKATYJIKY UTPOK, PA3yMeeTcsl, He BbIOupaer.
OxoHYaTeNbHBIN BBIOOP MIPOKA MOXKET MPUHUMATH TOJBKO JIBa 3HAYEHUs!: JIMOO IePBOHAYATILHBIN
BBIOOD j, /OO Jpyras 3aKpbiTas IMKATYJIKAa tjj. OTO IPUBOIUT K CJIEIYIOIIEMY OIMCAHUIO
POCTPAHCTBA 3JIEMEHTAPHBIX UCXOJI0B

Q={0,75,k1): 4,5k €{1,2,3}, k#i, k#j, T € {j, tjr}}.
CobbITHsl, COOTBETCTBYIOIIME OTACALHLIM 3TalaM 3KCIEPHMEHTa, 3aJal0TCd KaK IIOOMHOXKECTBA
npocTpaHcTsa () :

A =10, 4, k,7): j,k,7 €{1,2,3}, k#1, k+#j, TG{j,tj7k}} (i=1,2,3),
Bj:{(i,j,k,T): ik, € {1,2,3}, k#1, k#j, TE{j,tjyk}}(j:LQ,fﬂ),
My = {0, 5, k,7): i,j,7 €{1,2,3}, k#i, k#j, 7€ {j,tjx}} (k=1,2,3),
Ve ={0, 5, k,7): 4,5,k €{1,2,3}, k#i, k#j, T {j,tjr}} (7=1,2,3).

CoObITHe BBIMIPBIIIA — ONPENEJTAeTCS COBIAJEHHEM OKOHYATEIbHOIO BBIOOpa HIPOKa €
daKTUIeCKUM PACIIOIOKEHIEM TPU3a,

C={0,7,k,71): i,5,k,7 €{1,2,3}, k#1i, k#j, T=1i}.

IlBe cTpaTeruu mMoBeJIeHUS UTPOKA OIHUCHIBAIOTCH HMOAMHOXKecTBaMu () .
Crparerust H; (Mrpok coxpassieT IepBOHAYAJIBHBIN BBIOOD):

Hl = {(iajak)T) : iajakaT € {172)3}5 k 7& iv k 7éj77— :j}
Crparerust Hg (MrpoK HEPEXOIUT K OCTABIIEHCsT 3aKPBITON MIKATYJIKE):
Hy ={(i,j,k,7): i,j,k,7 €{1,2,3}, k#1i, k# j, 7=t}

BepositHocTb 3stemenTapaoro ucxona (4,7, k,7) € €0 1o mpaBuily IpOU3BEIEHUs] BEPOSITHOCTEl
PacKIa/IbIBaeTCs 10 CTAIUAM IKCIIEPUMEHTa
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P({(i,j,k,7)}) = P(AiBjMV;) = P (A;) P(Bj | Ai) P(My | A;B;) P(Vy | AiB;jMy).  (16)
Paszmerenue npusa 1o TpeM IMIKATYJIKAM PaBHOBEPOSTHO:

P(A) = é (17)

ITockombKy TEpBBIN BHIOOP MI'POKA OIHONM IMIKATYJAKH j U3 TPEX BO3MOYXKHBIX IMPOU3BOJIEH U HE
3aBUCUT OT PACIOJIOKEHUS IPU3a B MIKATYJIKE %, TO

1
P(BjA;) = P(Bj) = 3. (18)
VeoBHasT BEPOATHOCTH JIEHCTBUSI BEYIIETO IOJHOCTBHIO 3aJaéTCsi MpaBUJIaMU WUIPbl.  Ecinm
[EePBOHAYAJILHO BBIOpAHHAsI UTPOKOM IIKATYJIKA IycTast j 7 4, TO BELYIIWii UMeeT eJUHCTBEHHbII

JIOIIYCTUMBIH BAPUAHT OTKPBITHS IIyCTOW MIKATYJIKH C BEPOATHOCTHIO JIOCTOBEPHOI'O CODBITHS:
P(MyA;B;) = 1.

Ecin B mepBonada/ibHO BRIOPAHHON UIDOKOM IMKATYJIKE j HAXOAUTCA MPU3 j = ¢, TO BEIyIIUit
BBIOMpAET C OJIMHAKOBOW BEPOSITHOCTHIO MEXKIY JBYMS IIYCTHIME ITKATYIKAMU

P (M | AiB;) = P(MyA;B;) = P(MyA;B;) = %

[Tocsie Toro, Kak BeyIuil OTKPBLI IIKATYJIKY K, ITPOKY MU3BECTHO, 4TO coObITHE M}, IIPOU3OIILIO
u mKaryaka k mycta. DTO O3HAYAET, UTO BCE SJEMEHTAPHBIE MCXOJbI, B KOTOPBIX OJIHOBPEMEHHO
BBITIOJIHAIOTCS cOObITUS Ap, n My, UMEIOT HYJIEBYIO BEPOSTHOCTD, IMOCKOJLKY IMPABUJIA WUTPHI
3aIIPENIalOT BeJYIIEMY OTKPbIBATh NIKATYJIKy ¢ npu3oM. [losTomy mpu mepexojie K YCJIOBHBIM
BEPOSTHOCTAM TIpU yCIOBUU M}y W3 PACCMOTPEHMs YCTPAHSIOTCA BCe HCXONbI ¢ Ay, TOTIa Kak
HCXO/IbI, B KOTOPBIX BBIOJIHAETCS COOBITHE Aj, OCTaloTCs JOIYCTUMBIMH U UX BEPOATHOCTL HE
N3MEHSIETCS.

CarenoBaresnbHo, 1ocie y4aéra cobbitus M), ycioBHas BepOATHOCTEL coObITHA Aj ocraérces paBHOIL
1/3, a BEpOSITHOCTHAsI MaCCa BCEX OCTAJIbHBIX JIOIMYCTUMBIX UCXOJI0B COCPEIOTOINBAETCS Ha COOBITHN
Ay, - B repmunax okonuaTe nHOrO BHI6OpA UIPOKa Oy HaeM

1 2
P (VjlAiBiMy) = 5, P(Vi; | AiB; My) = 3. (19)

Urorosast dpopmysa Jjisi BEPOSTHOCTH JIIOOOrO 3J€MEHTApHOro ucxoja corsacuo ([17)-(19) mo
dopmyuie (16) npuBosuT K paBeHCTBAM

.. 1 1
P({(i,4,k,7)}) = 373" P (M, | AiBj) - P (V; | AiBjMy,) =

1 1 1
g-g-l-gzﬁ, ecl T = J # 1,
1 1 1 2 2 A ;
— .01 == — u =t

_ )33 3T 9p CMITLTThK (20)
1 1 1 1 1 . .
******* =—, ecaj=1=
3°3'2°3 54 MY ™
1 1 1 2 1 . .
(3°3°2°3 27 ecn j =1, T =t;g.

DTa BEpPOSITHOCTHAsi CTPYKTypa BbIBeIeHa u3 mpaBuia urpbl Montun Xo/uta u jgajiee Oyjer
MCITOJIb30BaHa IIPU IUCACHHOM MojeupoBanuu crparernit Hy u Hy .

Onpenenum cobbrre C'Hy BeIMTpBINIA pu3a Opu crparerun Hp, B paBeHCTBax ¢ = j = T
OCTaBJISAS © :

CHi=CnNH; =
(G, g,k 1) iy, k7 €{1,2,3}, k#14, k#j, 7=14}N

m{(l,j,k’,’]’) : Zvjvva € {17273}7 k 7& 2, k 7&]77— :]} =
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izé:‘r{(i’i,k',i) . ’L,k‘ c {1,2,3}, k ?é Z},
qTO €CTb
CHy, = {(17 1,2, 1) ; (17 1,3, 1) ; (27 2,1, 2) ; (27 2,3, 2) ; (37 3,1, 3) ; (37 3, 273)} .

[Tosromy cornacuo (20))

POH)= Y Pl =g 6=
weCHy

Teneps myst Bbrmcaenns: ycnosuoil BepositHocT P (C|H ) HEOOGXOIUMO BEPATHOCTH COOBITHS —
cTpaTeruu
Hy={(t,5,k,7): i,5,k,7 €{1,2,3}, k#i, k#j,7=3j}=
={(1,1,2,1),(1,1,3,1),(1,2,3,2),(1,3,2,3),(2,2,1,2),(2,2,3,2),(2,1,3,1),
(2,3,1,3),(3,3,1,3),(3,3,2,3),(3,2,1,2),(3,1,2,1) },
TeM CaMbIM MCKOMAasi BEPOATHOCTD
1 1 1 1
P() = 3 Pl = g5 64 576 = E=3

Torna ycjioBHAsI BEPOSITHOCTH paBHA
P(CH,)
Temneps HaligeM BepOSITHOCTH BHIUTPHIMIA IpHu cTpaTerun Hs. Tak kak
CH2 = {(Z,],]{?,Z) : iajak € {17273}a Z#]) k 7& ia k 7&]7} =
={0,j,k,7): 4,5, k,7 €{1,2,3}, k#1i, k#j, T=14}N
m{(i7j7kv7_) : iajak’T € {17273}7 k 7& 7;3 k #jaT = tj,k} =
T (g ki) gk €{1,2,3), kA # G} =
= {(1? 27 37 1) Y (]" 3’ 27 1) Y (27 17 37 2) Y (27 37 17 2) ) (37 17 27 3) 9 (37 27 17 3)}

CremnoBaresibHO, COOBITHE BBIUTDHINIA MpU cTpaTeruun Hs peajusyercst TOTJA U TOJBKO TOTJA,

KOTJla MHEKC IIKATYJKH C IIPU30M i HE co6nadaem ¢ MHIEKCOM IIepBOHAYAJILHOIO BHIGOPA MIPOKA
J . Anasornuso, corsactuo ([20)

Wi~
w

2 4
P(CHy)= > P({w}) = 5 6=75
weCH>
OnsTh e JJIsl BBIYUCJIEHNUST YCJIOBHOM BeposiTHOCTH P (C \H 2) BBITUCIUM BEPOSITHOCTH COOBITHSI
— CTpaTerun
Hy = {(i,j,/{?,T) : i,j,k’,T S {1,2,3}, k 7£’L', k 75]',7' :L‘ij} =
= {(17 17 27 3) Y (1’ 1’3? 2) ) (]‘7 27 37 1) Y (17 37 27 1) Y (2) 2) ]-’ 3) b (27 27 37 ]-) bl (27 17 37 2) 9
(2,3,1,2),(3,3,1,2),(3,3,2,1),(3,2,1,3),(3,1,2,3)},
TOT1a
1 2 18 2
P (Hy) = P = — 64+ —-6=— = -,
(H2) = > P({w}) 97 0T 97 27 3
w€EH>
Torma ycioBHasT BEpOATHOCTDL PaBHA

P(ClH,) = 57+ =
2
P (H)
§4. Coay4aiiHOCTM K BBIYUCJIEHUSIM CTATUCTUYECKOUN PEryJisipHOCTA BEPOSITHOCTHOMN
sagaun «Ilapagokc Monatu Xosnas. Crarucrudeckas mposepka llapamokca Moutu Xosia, B
JOIIOJIHEHNE K MHOTOYNCIEHHBIM M3BECTHBIM, BO3MOYXKHA TaK2Ke Ha OCHOBE paHee He MCIOJTb30BAHHBIX
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JIATYNKOB CJIyYallHbIX YUCE — 9TO ABTOPCKUE JINHEHHBIH KOHIPYSHTHBIH reHeparop [8]-[9] u merosn
kBasu Monre-Kapio [10]-[14].

10, JIuneiinasi KOHIpy HTHAs IOCJIEAOBATEILHOCTE JlexMmepa B cayuaiinocTu Kosro
u Maxkdepcona [§]-[9)].

JluHeiiHass KOHIPpYISHTHas# IIOCJieqOBaTeJabHOCTh Jlexmepa cosmana B 1948 romy ot
VpaBHeHHUs] OpAMONl y = ax + ¢ B BUJE INEePecTaHOBKHW mociaenosareabHocTn 1,2,..., N 1o
pPeKyppeHTHO# hbopmyite

Tptl = axp + ¢ (mod N) (n > 0).

Cayuaitnocrs Kosso u Makdepcona 1965 rojga npeyioXKeHust COCTOUT B HAXOXKJIEHUU G U C B
3aBUCUMOCTH OT [N TaKWMU, YTOOBI B PA3JIOXKEHUN B KOHEUHYIO TPUTOHOMETPUIECKYI0 cyMMy Dyphe
(UKCUPOBAHHOIO KOJIMIECTBA IOCJIEIOBATEILHBIX 9JIEMEHTOB TOM MOCIEIOBATEILHOCTU KOOPIUHATA
HanboJiee OJIUBKOrO K HYJI0 HeHysieporo kosdgdurmenta Pypre Oyjer HamboJiee OT TOrO Ke HyJIst
yjajeHa, — orciojia u HasBaHue «CIeKTpaJIbHbII KpUTEPHii».

N B sTOM, HaBepHOe, BCS IEHHOCTH 3TOi 3ajadun — B Maremaruke MHOTO HTPUMEPOB, KOTJIA
OIMPAOIIASICS Ha caMoe HadaJibHOE (DYHaMEHTAIbHOE ITOCTAHOBKA caMa (DYHIaMEHTATbHA.

Ects Crandopa, cromuia Kpemunepoit gosuubl, B Hem Jlonassx KayT.

Houansn Kuyr (JIekc @puaman, HaydHbIi )KypHanaucT, 2025 roxa): Jonaavd Knym odun
U3 BEAUMATUWUL U CAMBLT BAUAMEALHOIT YUERVT 6 obaacmu Komnoromepuur nayx v Mamemamuruy
3a 6cro ucmopuro. Own aaypeam npemuy Tropunea 3a 1974 20d, xomopyro naswearom Hobeaescrol
npemuets 8 MUpPe BHUUCAUMEAbHOT mexHuky. On asmop mmozomomnozo mpyda ceoezo Magnum
opus "Hcxycemeo npoepammuposarus”.

On 6HEC HECKOADKO KAIOUESHT 6KAGIOE8 6 Ccmpo2ull GHAAU3 BHYUCAUMENOHOT CAOHCHOCTIU
AA20PUMMOS,  BKAOUGA NONYAAPUIGUUIO  GCUMNMOMUNECKOT CAOHCHOCTIU, KOMOPYIO MbL  6CE
¢ mobosvio 3naem wax "Big-O mnotation”. On  maxowce cosdan cucmemy eépcmru  TeX,
KOMOPYIO UCTLOAL3YIOM OONDWUHCINGEO CNEYUAAUCTOE 8 00AGCTMU KOMNDIOMEPHHIT HAYK, PU3UKOS,
MAMEMAMUKOS, 06 U 6 YEAOM YUEHDLT U UHHCEHEPOB, HIMOODL NUCAMS HAYYHDBIE CMAMBY U NPUIABAMSH
UM npexpacHvil 6ud.

Posib monorpadun /1.9. Kuyra «Uckyccrso nporpamyupoBanusi» [15] B mupe KoMbrorepHbix
HayK BO3BOJUTCH HA YPOBEHBb BCEro UeioBEYeCTBA:

2Kyprnaa American Scientist sxarovun «Hcekycemeo npozpammuposanuas 6 cnucok 12 aywuwux
Pusuro-mamemamuveckur monoepapuii XX-20 cmosemus emecme ¢ pabomamu Jlupaxa no
K6aHmMosol Mmexanure, UnWMETHa N0 MEOPUL  OMHOCUMENDHOCTNU U  HEMHO2OUUCAEHHDLMU
opy2UMU.

O06/10’)kKa TpeThero M3J@HWs I[EPBOI0 TOMa KHUIH COAep:KuT murary buta leiirca: «FEcau
8v, cuumaeme ceba JeUCmBUMEALHO TOPOWUM NPOPAMMUCTIOM. . ., npovumatme ,Hcxycemso
npoepammuposarua’ (Knyma). .. Ecau 6w cmoorceme npouecmsv 6ecv amom mpyd, Mo 6am
onpedesérro caedyem omnpasumsd MHe Pe30Mes.

Ob6parumcst K camoii MOHOrpaduu:

3.3.4. CnexTpansHsii xpuTepui

B s1om paijzene paccMaTpHBacTcA OcOGeHNO BAXHBI METO] NPOBEPKH KAYECTBA NuHef-
HBIX KOHIPYINTHLX IeHEPATOPOs CTywafinmx wicen. Boe xopolmwe renepaTops! MPOXOAAT
NposepKy CNeXTPAIbHBIM KPHTepHeM; BCe reHepaTOpsl, H3pecTHHe CefiMac KAK NI10XHe,
daKTH4eCKn npossawsucs npH 3ToA npopepke. Taxkmu obpazom, cnextpanbabifl Kpu-
Tepuft ABnAeTCA HanboNee MOLHBLIM H3IBECTHBIM A0 CHX NOP KPHTEPHEM H 3ACTYKHBAET
ocoforo BHHMaNH.

B kaxaom m3 tpex m3manuit csoeit momorpadun Jowasnpn KuyT ommcbiBas cocTostHue ITOIM
TeMbl HA MOMEHT €€ IIOJI'OTOBKH, B IIOCJI€/IHEM M3BECTHOM H3JI0YKEHUE BMECTE C COILyTCTBYIOIIMMU
CBEJICHUSMU COCTABJSET Mopsaka 50 CTpaHUIl TEKCTa.

Ha werBepTm cTpaHuiax TeKCTa BLIIHCAHO TO, 4YTO B Tedenwe 50 JieT He HAIIIO ITOJHOTO
U OKOHYATEJILHOIO PEIIeHUs] B ThICAYAX U JECSITKAX ThICSY yOJUKAINl CO BCEMHU BBICIIMMEI
HayKOMETPUYIECKUMH TIOKa3aTeadMU, W B 3TOM MOIIb, KpacoTa W TawmHCTBO MaremaTtukm -
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ma 10 crpox mocraHoBKH 3agadud 10 CTPOK IIOJHOIO peIIeHdsl ¢ IMOCIEAYIOmEel IpaKTHICCKON
peKoMeHIaImeil paBHo B 1 CTPOKYy.

Tenepamop cayuatinor wucea Jlexmepa nnn xe JIunetinas Kouepyswmuas nociedo8amensbHocms
MaKCUMajJbHOTO Tepmonma 1948 rToma co3maHusl €cTh, IO OIpeNeseHuio, PpeKyppeHTHAas
[OCJIEIOBATE/IBHOCT (X)) TEJIBIX HEOTPHUIATEIbHBIX YUCeT Tny1 = (ax, +c¢)mod N, n > 0,
rje nenasle yncaa a > 1, N > a, ¢ > 0 TakoBbl, uTO0 ¢ W N B3aUMHO MPOCTHI, @ — 1 KpaTHO
KaxKI0My mpoctoMmy gequtenio N u kKparHo 4, eciu N kpartHo 4. Taxke mist s-mephoit (s > 2)
HOCJIEIOBATEIBHOCTH Y1 = (Z1,..,Ts ), Y2 = (T2 ey Tst1 )yevey UNostl = (TN—st1y-0s TN )
TTOJTOXK M

S
vs (a, N) =inf m?+--+m2:m=(my,...,ms) € Z°,m#0, ijajfl =0(mod N)
j=1

W Torma 3ajia4a 3aK/II09A€TC IIPH 3aJaHHBIX § > 2, 7 > 2, A > 1 B BeiOope map N W a TaKuMH,
aro (a—1)" =0(mod N), (a—1)""' 20 (mod N), AN = (a —1)7 u uro6sl Beuunsa v (a, N)
6bli1a BO3MOXKHO OOJIBIIION 1IpH M3BECTHOI oreHKe cBepxy Vs(a, N) < vy(s)N ..

[TosHoe perienne npobGiembl «SC-CHIEKTPAJIbHBIT KPUTEPUii» B «MALUMECKUTS = <«BOAUEOHVIT >
unciaax ¢ U N 3aKJI09aeTCs B CIIELyOIeM

19,802 v(a,Ni (a—1)2 = N) = (a - 1)*(1 - 20285 ) = V(1 - 295-1).
20.SC (2<s=r1):
2
N+ (1 —(bs — 1)N_§) = (a—bs)?> < v2(a,N; (a—1)* = N) < a’>+1 = N+ (1 +2N"s +2N‘§> .
30.8C 2<s<7, A>1):
2
(NA)? (1 ~ (by — 1)(NA)—%) —(a=b)2 <2, N; (a—1)" =N, 1<A< (a—1)7%) < a?+1=
(NA)? (1 FO(NA) T+ 2(NA)—%) .
49.8C (s>7>2, A>1):
V?(CL,N; (a - 1)T =N\ A > 1) < Z;;:O ((2))
e (—by,) ecTb HaMGOJBIIMA MO MOJYJIO OTPHUIATENBHBI OMHOMUAILHBIA KOdhduimenr B
paznoxennn (a — 1) ™ 1o cremensm a : by = 2, by =3, by =4, by =10, bg = 20, by = 35,
bg = 56, by = 126, byg = 252, by; = 462,b19 = 792, byg = 1716,b14 = 3432,b15 = 6435, ... u T.1.
Ormerum, uro B nyskrtax 1°-30 ycramoBiena, MOKHO CKazaTh, <yCHJICHHAs» ACHMTOTHKA
HOpsI/IKA PaHee M3BECTHOH OIEHKH CBEPXY, CTAJI0 OBITh, HeylydiaeMasi, TOIa Kak IyHKT 4°

3aBepIaeT MOJHYI0 KAapTHHY KaK CIydail HelmpUMEHUMOCTH.
IIpakrugeckuit Boibop a u N @ a = 4™0pit---pit + 1, N = 4%p{t...pi* 2 < s < 7 =

mae {[]:..:[] ).

HO—BI/I,ILI/IMOMy, BpAJL JIN U3 BCEX BO3MO2KHDBIX Boabmmx JaHHBbIX Tg,d, C, N IKCNEPUMEHTANADHO

2

MOXKHO BBIIEIUTDL <Ma2uueckue» = <«6oauebHvie» ducaa a 1 N, 9To eCThb elle OLUH BO3MOXKHBII
orBeT Ha Bompoc “Mozker mu ML-AI noirocrsio 3amenurs Hayky?”.
20, Meton kBasu Monrte-Kapjso Ha ocHOBe ajireOpamveckoii Teopuu UYHnceJ.

HABnsromasicst mICKOMO# ciTydaiinast MHOTOMEPHAsT TTOC/IEI0BATETLHOCTh
Ty = (x,g”,...,xgj‘)) (k=1,2,...,N) (21)
Oymer usBievena 3 metoma Monre-Kapiso mo mpasuty
xg) =aik(mod N),... ,xgj) = ask (mod N), (22)

B KOTOPOM JIJI< 6e3rpaHHqu BO3pacCTaromux MeJIbIX IMOJIO2KUTE/IbHBIX N 10 BHOJHE OIIpeJeJIECHHOMY
AJITOPUTMY BBIYUCJ/IAIOTCA IIEJIbIE ITOJIO2KUTEJIbHbIE YHUCJIa 41, ...,Ag TaKHE, 9YTO COOTBETCTBYIOIIAsd
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STUM YHCJIAM S -MepHasi [0C/Ie[0BaTebHOCTD ({...} - Apobuas gacts, a = (ay,...,as) )

() = ({25}, { %)) = ({4@}) (k=1,..N) (23)

SIBJISIETCS] PABHOMEPHO PaCIPeIeIeHHOIA.

ITycTh N0 TE0e TOIOKUTETbHOE HHCI0 s . Koneurnoe MHOKeCTBO {7 }5_; TOUEK §-MEPHOrO
equananoro Kyb6a [0, 1]° HaswpiBaoT ceTkoil, a 1M — ee y3iamu.

Juckpenarcom (BepBble KaK CAMOCTOATEIBHOE TIOHSATHE «IUCHEPCHsi HHTEHCUBHOCTH» U3y 9aJoCh
B [16], BBemeHne camoro rtepMmHa OTHOCAT K BaH jep Kopmyty [17]) cerkn {Uk}i;vzl uz [0,1])°
HA3BIBAIOT YHCJIIO

N s s
Dy (n1,m2.-.,nN) = sup ¢ Ml _ iz:XJ () =[] b5 —ap)|+ T =]]las b5 Cl0,1)°
N 1 N
k=1 Jj=1 Jj=1
rne J — mapamenenunen B [0, 1]° co croponamm, mapajutenbHbIME OCsM, |J| — €ro S -MepHBbIit
obbem, G — KOJIMYIECTBO UJIEHOB 1)1, ...,NN , cojepxamuxcst B J, xp(z) — XapakTepucruueckasi
dyuknusa mHoxecrsa B .
JlnckpenaHc ecTb KOJIMYeCTBEeHHAS XapaKTEePUCTUKA OTKJIOHCHHUS JTOJIH % CETKU N1, ...,N B J

/]

OT HJIeAILHOTO PACIPE/IE/ICHHs 11!, BEIDAXKEHHOIO OTHOIIEHHEM Mephl J K Mepe BCEro eJMHIIHOIO
Ky06a, U, TeM CaMBIM, TIO3BOJISIET KOJMIECTBEHHO OTJIMIUTH «XOPOIIEe» PACHPE/IETCHIE OT «ILJIOXOTO».
Ny
N,
ITocsie10BaTEIBHOCTD — CETOK {77/2 t)} uz [0,1]°, tme {Ni};o;— M0CTATOYHO ILJIOTHAS

k=1
Bo3pacraiolas (He ObICTpee CTEMEeHHON CKOPOCTH) MOCJIEIO0BATEIBLHOCTD IEJIBIX ITOJOXKUATETHHBIX

“nces1, HA3BIBAIOT PABHOMEPHO pacupezesnennoii va [0,1]°, ecim /s HEKOTOPBIX NOJIOKUTEIBHBIX
sesimand ¢(s) u B(s) mBcex t > 1 MMeeT MECTO HEPABEHCTBO

N (N N, InB) N,
Ds( § )ﬂ?é ),-.-,ngvt )> <c(s) Tt (24)

Ob6paTumcsi K TIOCTPOEHHUIO CETOK —.
B 1959 romy H.M.Kopo6os (cm.[18]) mokazasn, 4ro st JIIOOOrO IEJIOrO IMOJOKHTENLHOro N

CYIIECTBYIOT B3aUMHO MpocThie ¢ N TIiejible 9HUCJIa G, ...,0s TAKAE, ITO COOTBETCTBYIOIIAsS ITUM
YUCTIAM CETKa SIBJIIETCsl PABHOMEDHO paclipejiesieHHoi. B masnbrelineM ceTku Bua u3
JApyrux coobparkenuii ObLM 11€peoTKPLITHl B 1962 romy . Xuaskoii [19], npumenenue rteopun
JIMBU30POB TaKzKe HPUBOJUT K TakuM ke cerkam ([10-14]).

Teoperudecknii n NpaKTUYECKUN HHTEPEC K IMOCTPOEHUIO CETOK BUJA o0bsicHseTcs, B
JaCTHOCTH, CJHeayommMm. B obmem ciaydae, s 3amucu ceTkum obbema N Tpebyercs  sN
JIeACTBUTEJILHBIX dncesi. JlOCTOMHCTBOM CETOK BUjia SABJIETC TOT (PAKT, YTO OHU ITOJTHOCTHIO
oTIpeIesifieTCs, He3aBucHMO oT obbema N, sajarmem s+ 1 membix ancen (N, ap(N),...,as(N)) € Z5+!
(n 7erko BHIMUCHIBaeTCsS 3a < N 9J€MEHTAPHBIX apupMETHICCKUX OIEpaInil), IpuIeM KaxKias
KOOPJIMHATA KasKJIOTO y3J1a CEeTKH eCTh OOBIKHOBEHHas Jpo0b C MaJibIM, B JIAHHBIX YCJIOBHUSIX,
suamenareiem N.

Tak, HanpuMep, IpH pasMeprocti s = 10 u Koamdectse y3708 cetku N = 108 obbenm 3ammcu
i xpanenns: cerkn B namsita DBM cocrasiser sN = 107 wumcen, B TO BpeMsi KaK B CJIydae CETKH
BHJIA 3anuch 1 Xpanenne obecrednsaercs s+ 1 = 11 mesnbivu gnciaamu (Ipudem, HE3aBUCUMO
ot gmcsa y3jaoB N . Tem cambiM, B cilydae PABHOMEPHO PACIIPEIE/IEHHBIX CETOK , [0 yKA3aHUIO
C.M.Huxkoubckoro namu HaszBannoro «Cerka KopoboBay, pedb njer o ceepreotcamut, THMOPMaIuu
oobema sN 510 s+ 1 u, IO TeM Ke IPUIUHAM, B CEEPTIKOHOMHOM XpaHeHnn B namstu DBM.

IIycts [ > 3 — npocroe uucso, 6 = COSQT7T + zstT’T =¢€'l " mycTh

N(m) = f[ (m1 +mof F 4+ .+ mgb <S_1)k>,
rie =

S
s=1l—-1,m=(my,..,mg) € Z°.
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AJrropnT™ HOCTPOEHHST PABHOMEDPHO PACIPEIEIEHHBIX CETOK:
Teopema A (E. Baunos, H. Temupramnues [14]). Ilycmo danor | = s +1 > 3 — npocmoe
yucao u r > 1. Iyems dano R >1 u

E=Trp={m=(mi,...ms) € Z° : ... ms < R}, my=max {1, |m;|} (j=1,...,s).
Tozda cywecmeyrom npocmoe. p,

p = 1(modl), p < c(s)RINPR=T

p—1

u yenroe noaodcumenvroe wucao a, (a,p) = 1, a T Z 1(modp) , daa omwickarus KOMoOPLLT
CORNACHO AN20PUMMY, COCTNOAUWEMY 6 NOCACIOBAMEALHOM BHINONHEHUY CACOYIOUWUT deticmeut

Ilar 1. Haxodumca K (E) =]],,cp N(m);

IIlar 2. Memodom pewema Ipamocgerna HaTroOAMCA 6Ce NPOCBIE YUCAA P U3 NPOMEAHCYMKG
(1,18sinK(E));

ITar 3. Henocpedcmsernoti nposepkots kastcdozo npocmozo p,p = 1(modl), p € (1,18s In K (FE))
nazodumes maxoe p, komopoe ne deaum K(E);

p—1

ITar 4. Haxodumcsa uyenoe a maxoe, wmo a T # 1(modp)

docmamouro svinoarums T Inln T saemenmaprux apudmemuueckur onepayuli, maxue, 4mo O

cemru
k k p—1 k p—1
N v v (s—1) _
a) = , a T oy, a1 k=1,...,
(@) (p {P } {P }>( 2

uMeem MeCmo COOMHOULEHUE )
In“°T

D (&1(a), ..., &p(a)) << T

OHaKO peasiu3alyis 3TOro aJrOPUTMa SIBJISIETCS JOCTATOYHO TPYIOEeMKHUM IpomeccoM. llosTomy
06paTUMCsl K BBIYMCINTEIbHBIM 9KCIIEDUMEHTaM JJisl HaXOXKIeHus: ceTku { & (a)}g:1 .
TTonmoxxnm

by (QS‘) = Z (ml...ms)‘Te%i(m1ar1+--~+mszs)’
m:(mlv"'ams)ezs
rae v >1 u mj =max{l, [my[},j=1,....s.
CupaseymBa

Teopema B (M.B. Cuxos, H. Temuprammes [20]). Ilpu dawnwz v > 1 u s = 1,2, ...,
CYWLLCMEYIOM NONOHCUMENBHVLE BEAUNUNDL C1,C2, C3,[1 U [o MaKue, wmo 0Af GCAKO20 UEA020

NOAOAHCUNENBHO20 P U OAA BCAKO20 UEAOHUCAEHHO20 6eKMOPa (A1, . .., as) HEPABEHCTNEO
s—1
Inp) = a a p Inp)P1 )
3(8)(Z))§Ds|:{<lk7"‘7s>} :|§Cl(s)(p)
p D p k=1 p

BHNOAHEHO M020a U MOALKO Mmo2da, K020a

1 ] Inp)*(*)
D3t (M ) 1] s P
P \P p p

Ortciofia caemyer, 9TO B TeX CAydastX, KOrjga MyHKIUS b, (x) MOKeT OBITH IIpECTaB/IeHA B BUIIE
aﬂeMeHTapHOﬁ beHKL[I/II/I, a K TaKOBBIM OTHOCATCHA CJAyYdaHn IEJIbIX ITOJIOZKUTEJIbHBIX 7", YCTaHOBJICHUE
PABHOMEPHOI paclpeIeJIeHHOCTA CETKU

—1 p—1
k(a7 a T (-1
-, kp,od —k (k=1,2,...,p) (25)
p p p
CBOJUTCSI K BBIYHACJICHUIO BEJTMIIMHBI
—1 p—1
1< E o T a7 571
A(s,r,a,p) = 1—72br - ky,... ——k ,
p="\p | p P

rae dyHkims b, (r) TpU NEeJbIX MOJOKUTEIBHBIX 7' €CTh ajJrebpandeckuii MHOrouIeH BepHyJim.
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Bomurmmem dyuakmun b, ()

npu r =4:
s 4 4
; 2
S ey temon T e T - 20— ],
, 45 3

(ml’ y )EZS _]:1

upu 7 =6:
s 6
. \—6_2mi(ma) _ 2m)° (1 1, 5,
Z (my...ms) e’”(mx)fH 1+ ol <42—2 J+2x3—3x —i—x
m=(mi,...,ms)EZLS 7=1

nupu r =8 :

s 8

— __\=8 2ri(mz) _ @m)° (1 2, 7, 14 8
Z (my...m) " Se?mitm:) —H1+ 9l (30—356]-—{—3:% —gx +4x -
m=(mi,....,ms)EZL* j=1

npu r = 10:

S 10

— —\—10 2ri(mz) _ (2m) 5 3 9 15 10
Z (my...ms) " e ’(mm)—H 1+ 10! <66_2 ]—|—5x —7x —I—?x —:E +z;0 ||
m=(mi,...,ms)EZS j=1

Pe3y.HI)TaTbI IIPOBEICHHBIX HAMH BBI'THUCJ/INTEIbHBIX SKCHepI/IMeHTOB Od)OpM.HeHbI B BUJIe Ta6HHHbI,

e p — UHCII0 Y3I0B, a— Ledoe 9ucio, Takoe uto (a,p) =1, a7 #1(modp ).

Borauciiennsi oprann3oBaHbl B CJIEIYIOMEM MOPSIJIKE.

Hanot ipocroe | = s+ 1 > 3 u nesioe r > 2, BBIIUCHIBAIOTCSH B IOPSIKE BO3PACTAHUS IIPOCTHIE
quciaa p,p = 1(mod ). W3 HEX mocienoBaTesbHO BLI6I/IpaIOTC${ P, 7 KayKJIOTO M3 KOTOPBIX

HAXOJIITCS 16106 TIOJOAKATENIBHOE IncI0 a = a(p, s) Takoe, 910 . # 1(mod p) . 1o momyuennomy
qucsy a = a(p, $), HAXOIATCS LeJIble OJIOKUTEbHbIE Yuciaa ag = ag (a,p,s), ...,as = as (a,p, s),

w=aT H(t- 1)(modp), 1<a<p(t=2,...5), ag =1,
3aT€M BBIYUC/ISIOTCS BEJTUINHBI
A=A(s,r,pa)=p5,10"",1 <, <10.

Besmuunbr A (s,7,p,a) pasbuBaroTcs Ha IDYIIbI ¢ OJMHAKOBBIM TOKazaresem T (7 =1,2,...),
U3 KOTOPBIX B UCKOMYIO TaBJIAILY BBIHOCSTCST SHAYEHUS KOI(PMUIMEHTOB a2, ..., 05 € HAUMEHBITHM
YUCTIOM Y3JI0B P W C HAMMEHBINEH MOTPENTHOCTHI0 A .

B Tabmurne mymepanust kod]hGUITHEHTOB TTPOU3BOIUTCS OCTEI0BATEILHO MO CTpokaMm. [lpwu
9TOM IIapaMeTp « 3aHOCHTCS BO BTODPOil cTosber] (mepBblil CTOOEN] OTBEIEH YHCIYy Y3JI0B P ),
KO3DUIUEHT a9 — B TPETHHl CTOJIOEN U T.J. J0 ciaydas § nepeMeHHbX. Ciydam s = 4, s =
10, s = 12 mamer B Tabmumax 4-6 (cm. |11, 13]).

TABIULIA 4 — 3HaYeHud ag,...,as 1 A npu s =6
D a as as ay4 as ag A(s,r,p,a)

r=4 r =206

31 2 2 4 8 8.8E-01 | 2E-01 | 8.8E-01 2E-01
379 2 125 86 138 195 119 7.6E-01 1.4E-01
421 2 359 18 176 324 25 5.9E-01 1.1E-01
449 2 359 18 176 324 25 5.7E-01 1.1E-01
463 2 118 34 308 230 286 5.4E-01 1.1E-01
1009 | 2 105 935 302 431 859 9.3E-02 5.6E-03
75209 | 2 | 66662 | 23270 | 39115 | 63309 | 26732 | 9.8E-07 1.2E-10
94207 | 2 | 13212 | 85580 | 10546 1599 23620 | 8.5E-07 1.6E-10
109537 | 2 | 99712 | 28528 | 17583 | 96411 | 37901 | 3.3E-07 2.5E-11
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215503 | 2 | 57262 | 58499 | 206609 | 160864 | 149639 | 7.2E-08 2.7E-12
243671 | 2 | 135142 | 218714 | 155088 | 28773 | 182619 | 5.2E-08 1.9E-12
476981 | 2 | 8824 | 115073 | 388584 | 325788 | 465806 | 8.1E-09 1.3E-13
501019 | 2 | 130214 | 200798 | 32219 | 332779 | 353434 | 8.7E-09 1E-13
965189 | 2 | 863106 | 758445 | 225078 | 651860 | 166036 | 9.1E-10 3.9E-15
TaBMuLA 5 — 3Hayenus ag,...,as 1 A npu s = 10
P a | as,..., a0 A (s,7,p,a)
r=4 r=206 r =38
23231 2 690, 9680, 9394, 21943, 5341, 572, | 7, 1E-01 | 3.9E-02 | 3.3E-03
21544, 9883, 9538
25873 2 16747, 24562, 10860, 11103, 18563, | 8.5E-01 5.7E-02 | 5E-03
10466, 10400, 17637, 671
28183 2 18418, 12136, 1475, 26321, 4395, | 6.5E-01 4.2E-02 | 3.7TE-03
5534, 15484, 535, 17763
29569 2 4699, 22127, 10169, 627, 18942, 5768, | 6.1E-01 | 3.7E-02 | 3E-03
18628, 8732, 19465
117833 | 2 14328, 26498, 5418, 94990, 45570, | 9.3E-02 3.6E-03 | 2E-04
14307, 79109, 38125, 99045
298651 | 2 230692, 86617, 6507, 92918, 62382, | 9.8E-03 9E-05 1.1E-06
231258,147802, 52965, 192068
311323 | 2 275448, 6343, 21988, 72982, 308503, | 9E-03 7.1E-05 | 7.5E-07
298848, 169474, 258440, 286586
347887 | 2 103500, 113496, 83558, 130067, | 9.8E-03 1.2E-04 | 2.1E-06
99148, 195161, 148506, 27566, 59713
TABJIULIA 6 — 3HayeHus: ao,...,as U1 A npu s =12
P a | as,...,a1s A(s,r,p,a)
r=4 r=2~6 T =
232961| 2 | 171101, 42214, 134770, 103107, 40199, 148535, | 5E-01 2.2E-02 | 1.6E-03
72662, 111175, 189142, 142105, 168035
246247 2 | 77327, 95275, 112179, 168711, 241931, 167600, | 7.5E-01 | 3.6E-02 | 2.6E-03
25590, 203285, 241950, 159331, 112086
251057 2 | 136464, 19264, 24649, 39450, 89549, 15261, | 8.3E-01 | 4.5E-02 | 3.4E-03
59289, 157, 85003, 11764, 104038
251707 2 | 44381, 65886, 6347, 26074, 93115, 11289, | 9.3E-01 | 5.1E-02 | 3.5E-03
120179, 244576, 166495, 103903, 46803
255763| 2 | 211008, 129972, 176812, 86160, 47951, 60328, | 8.6E-01 | 5.3E-02 | 4.6E-03
110351, 24525, 118421, 244794, 108398
258337 2 | 257215, 225536, 118868, 190333, 91073, | 8E-01 4.7E-02 | 4.2E-03
117546, 123595, 53379, 42946, 123607, 39915
§5. Opranusaiiusi YHUCJIEHHOTO 9YKCIEPUMEHTA II0 IIPOBEPKE CTATUCTUYUYECKON

peryisipHOCTH BepossTHOCTHOII 3anaumn «Ilapamokc MouTtu XoJsias.
MIPOU3BOJISATCS BBIYUCIUTEIbHBIE SKCIEPUMEHTHI IJIsi TIOJATBEPIKJICHUS WU OINPOBEPXKEHUs JBYX
W3znararorcd TPUHITUIIBI

TEeOPpEeTUICCKUX BepOE{THOCTeﬁ CTpaTeI‘I/IIU/I UI'poKa.

IKCIIEPUMEHTOB Ha OCHOBE aBTOPCKUX JIMHEITHOT'O KOHI'DYSHTHOI'O I'reHepaTopa (LCG) 1 MeTOJa KBa3n

Momure - Kapimo (QMC).
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1°. AaropurM mocTpoeHmsi BHIGOPKH 3J1€MEHTAPHBIX UCXO/IOB
YucsieHHOE MOJIC/IMPOBAHIE OCHOBBIBACTCS HA IMOCTPOCHUN BBIOOPKU

{0 = (i(n), j(n), k(n),v(n)) 1,2, € 2,

B KOTOpOH Kaskubiii smement w(™ IpejcTaBisier OQMH JIONYCTHMBIA HCXOJ SKCIEPHMEHTA
Montun Xosra. lenepainust BBIOOPKU OCYIIECTBJIAETCA JABYMsI HE3aBUCUMBIMU METOLAMMU:
METOJIOM JIMHEHHOTO0 KOHT'DYIHTHOTO TeHeparopa u MeronoMm KBasu Momre-Kapito, ucmonb3yiormmm
OTHOMEPHBIE KOOPJWHATHBIE IIOCJIEIOBATEILHOCTH, IIOJydYeHHble U3 ceTok Kopobosa. B obowmx
cIIydastX MCXo/bl (DOPMUPYIOTCsI CHHXPOHHO 110 Y€TBIPEM KOODJMHATAM, U IIPU KaXKJI0i peasin3aliim
obecrieunBaeTcsl BBIIOJIHeHNe yciouii gomycrumoctu k(n) # i(n) u k(n) # j(n), a rakwke
tpeGosanust v(n) € {j(n), ) km)} -

Koukperusanmusi «Marm4ecKux-BOJMIEOHBIX» YHCEJ JIMHEHHOTO KOHIPYIHTHOTO
reHepartopa. [Ipumensiercs pekyppeHTHast (GOpMyJIa CIydaifHbIX IEeJBIX HEOTPUIATETLHBIX YHUCET
Jlexmepa 1948 rosia MAKCHUMAaJIBHOTO TIEPUOJIA

Tpt1 = aZy + cmod N,

C «Marn4eCKUMU-BOJIIIEOHBIMIY YUCIAMU

a=3,c=12345 N = 23! = 2147483648, 29 = 0, (a — 1)” = 0 mod N, (a — 1)V 2 0 mod N,
nonajaomux npu s = 7 = 31 nox Cuekrpaibbiii Kpurepuii Kosso — Makdepcona 1965 roza

SC2<s=71):Ne(1— (by_)NTVN2 = (¢ —b,)% < v2(a,N;(a — 1)° = N) <
2 2 _1 _2
<a®+1=Ns(1+2N"s +2N75).
s STON IIocsie 10BaTe/JIbHOCTHU IIocJsie 10BaTe/JILHO (I)OpMI/IpyIOTCﬂ qgeTbIpe KOOpAUMHATBI
QJIEMEHTAPHOI'O UCXO/Ja

i(n) = (Xpmod 3+ 1),j(n) = (Xps1mod 3) + 1.

[Toce oupenenenns i(n) u j(n) BbOHMpaeTcss HOMED MIKATYJIKH, KOTOPYIO JOJXKEH OTKPBITH
sepymuit. Eciau i(n) # j(n), To Beaymmit 06s13aH OTKPBITH €IMHCTBEHHYIO JTOMYCTHMYIO ITKATYJIKY,
u torga k(n) omupenensercs oxnosnadno. Ecim ke i(n) = j(n), To cymecTByer JBe JOIyCTUMBIE
MIKATYJIKA, U BBIOOD MEXKJIy HUMH OCYIIECTBJISETCS C MOMOIIBIO CJIEYIONIEro YjeHa reHepaTropa
k(n) = w(X,to mod 2), rae dyuknus u(-) orobpaxkaer ocrarok {0,1} B 1Ba JOCTYNHBIX HOMEPA
ITKATYJIOK.

[Tocse BoIGOpa k(n) OKOHYATENBHOE DpelleHHe UIPOKA IeHEPUPYeTCsl He3aBUCHUMbIM BbIGOPOM
MeZKJLy JIBYMs JIOIYCTUMBIME 3HAUEHUSIMI — €0 [IePBOHAYAIBHON MIKATYIJIKON j(n) 1 eMHCTBEHHOM
JIPpyTOil 3aKPBITOMN MKATYIKON j(5) k(n)

v(n) = u(X,43 mod 2),

e u(-) BBIOMpAET OJMH M3 JBYX 3JEeMEHTOB MHOXKeCTBA {7(1n),tj(n) k(n)} -

Takum o6pasom, Meror, LCG mopoxKaaer JOmyCTHMYIO HOCIIEI0BATENbHOCT Hexonos w™ € €
MOJTHOCTBIO COTJIACOBAHHYIO C BEPOSITHOCTHOW CTPYKTYPOI MOJICIIH.

Bri6op QMC-nocienosarenbuoctu. B QMC no Taburie 4 npou3BouTCst Ceayonui oTbop
mapaMeTpoB

D al| a9 as a4 as ae A(s,r,p,a)

r=4 r==6

109537 | 2 | 99712 | 28528 | 17583 | 96411 | 37901 | 3.3E-07 2.5E-11
s pukcuposannoro mnpocroro uncia p = 109537 u nabopa koaddurmenTos az = 28528, a4 =

17583, a5 = 96411, ag = 37901 (u3 Tabsuisl 4)onpeiessieTcst YeThIpe MOC/IeI0BATEIbHOCTH

) = — . _
v, ):(a7+2n) mod p, (y=1,2,3,4,n=0,1,2,...).
Bulletin of L.N. Gumilyov Eurasian National University. Mathematics, computer science, mechanics series, 2025, Vol. 152, Ne3

51



HAJIMYUE CTATUCTUYECKOW PET'YJISIPHOCTHU B ITAPAJIOKCE MOHTH XOJIJIA

Kaxxmasgs w3 9THX TOCIEeNOBATEIBLHOCTEH CIIY2KUT WMCTOYHUKOM JTUCKPETHBIX PABHOMEPHLIX
suavennii Ha Mmaoxkecrse {0,1,...,p — 1} . Daemenrapusiii nucxos dopmupyercst anasornguo LCG-
MEeTO/y, HO C 3aMeHOll X, Ha YeThbIpe HEe3aBUCHMBIX KOOPAWHATHBIX MTOCTIEI0BATENILHOCTU PEIIETKA

i(n) = (YY) mod 3) + 1, j(n) = (Y,Pmod 3) + 1.

Ecau i(n) # j(n), To BBIGOD Bemyinero ojHo3HaveH, u k(n) onpejesnsercs HPABUJIOM HIDHIL.

Ecau i(n) = j(n), To BexymemMy HeoOXOiUMO BbIGpATh OJHY M3 JBYX JIOINYCTUMBIX IIKATYJIOK, U
3TOT BBIOOP OCYIIECTBIISETCS 110 TPEXMEPHOI KOOPMHATE

k(n) = u(Y,")) mod 2).

OkoHYaTe/IbHOE PelleHne UTPOKa (DOPMUPYETCS 110 YeTBEPTON KOOpAUHATE

v(n) = u(Y,"Y mod 2),

e bynxmua u(-) orobpazkaer ocratok {0,1} B aBa smementa muozkectBa {j(1),t(n) kn)} -

Tak xe kak 1 B LCG-MeToze, Kaxast qersepka w™ aBTOMATHIECKH IPHHALICHKHAT MHOYKECTBY
JIOTIYCTUMBIX UCXO/IOB §) .

B oboux meromax m3 OFHOI WMCXOMHOW YHCIOBOW MOCTIEIOBATENHLHOCTH CTPOSATCS KOODIWHATHI
(i(n),j(n),k(n),v(n)), npuaém:

— KoopuHATHL i(n) u j(n) OIpemessiIoTCs O OCTATKY 110 MOJYJIO 3;

— BBIGOD Bexymiero k(n) BBIYUCISIETCSI CTPOrO B COOTBETCTBUM C [IPABUJIAME UIPBI ¥ UCIIOJIb3YeT
OCTaTOK IO MOJLY/IIO 2 JIUIIb TOT/a, KOTJa IMeeTcs JBa JOIMyCTUMbBIX BapuaHTa;

— OKOHYATEJIbHBII BHIOOD UrpoKa v(n) Beerja reHepupyeTcsi KAk PABHOBEPOSITHBIN BBIGOD MEXK Ly
aByMst sHaTeHUAME {7(1),5(n) k(n) ) -

B pesyabrare dopmupyercs Boibopka u3z N HOIMyCTUMBIX 3JIEMEHTAPHBIX HCXOJIOB

w(l),w(Q),...,w(N) € Q,

HOJTHOCTBIO COIVIACOBAHHASI C BEPOSITHOCTHON CTPYKTYPOIl MOJIe/IH, ocTpoenHoil B §1. Dra BHIOOpKa
JlaJiee UCIIOJIB3YEeTCsT [Tl BBIYHUCIICHUS] CTATUCTHIecKuX dacToT cobbitnit CNH; n C'NHy, a Takxe
npubJIMKEHHBIX 3HAYEHNUIT yCI0BHBIX BeposTHocTeil Bomrpeina P(CHy) n P(CHs) .

PopMupOBaHME IKCIIEPUMEHTAIBHBIX JaHHBIX. Ha ocHOBe ajropurMa, OMMCAHHOIO BBIIIE,
JUIs KAXKJI0r0 HOMepa olbiTa 1 (hOPMUPYIOTCST UCXO/IHbIE BEJINUUHBI

Aj' = i(n), Bj = j(n), V" = t(n)

r7ie i(n) — HOMep MIKATYJIKH C TPU30M, j(n) — TMepBOHAYATbHBIH BHIOOD UTPOKa, a t (1) = t(n) k(n)
— OCTaBIIAsSICS 3aKPBITON IMIKATYJIKA, OlpeierseMast 1o Tpoiike (i(n),j(n), k(n)).

OTH TpU 3HAYEHUS 3aHOCSITCS B CTPOKY ¢ HoOMepoM N Tabsuiel 7. Tabiuia 7 colepKUT UCXOIHbBIE
JIAHHBIE KasKJIOTO OIBITA U CJIYXKUT OCHOBAHHUEM JIJIsl BEIYUC/IEHUST BHIUI'PBIIIEH 110 JIBYM CTPaTErUsIM
B Tabaume 8.

Ha nomepe n skcmepumenrta 1mo jnaHHbiM A7 B;-L nu V' omnpegensitorcss pe3ysabraThl «1 —
BBIUTPBINT» U «0) — MPOUTPHIINT» JJIsl IBYX CTPATEruil MOBEIEHUsT UTPOKA.

Crpareruss H; “urpok coxpaHsieT nmepBOHA4YaJbHBIN BbIOOP”. OKoHUYATEIBHBINH BBIOOD
paser j(n). Cpasuenue npoussogurcs ¢ Al =i(n) :

—ecim j(n) =i(n), B Tabunity 3anocurcs 1;

—ecmu j(n) # i(n), sanocurcs 0.

Crpareruss Hy “urpok mMeHseT mepBOHAYAJIbHBIN BHIOOP HA OCTABUBIINUN BeLyIUM
mkaryiake’. OxkondarenbHblii BbIOOp paBen V' = 7(n):

—ecmu 7(n) =i(n), 3anocurcs 1;

—ecmu T(n) # i(n), 3anocurcs 0.

OTu JBe BEJUYUUHBI 3aIIUCHIBAIOTCSA B COOTBEeTCTBYOINE rpadbl Tabsmmpr 8.
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TAabauLA 7 — Mlcxonuble JaHHbIE SKCIIEPUMEHTA

n-HOMeD Pacripeiesienne mkaTysox
SKCIIepuMeHTa | 1 2 3 4
A7 B;‘ My v

1 2 1 3 1

2 1 1 2 3

3 1 1 3 1

4 1 3 2 3

5 3 3 1 2

99998 3 2 1

99999 1 2 1
100000 1 2 3

TabpimuiA 8 — PesynbTaThl ABYyX CTpaTeruii

n -HOMEP 1 2 3 |4 5 6
skcuepumenTa | A7 | By | V' | Beurpoim Bourpeim /mpourpsii | Bemrpbrm
/IPOUTPBIII €CJIM | ecii  UIPOK  MEHsIeT | cocTosics-1 i
UTPOK coxpaHsieT | cBoii BbIGOp Ha V(" He cocTostics-0
cBoii BBIGOD B’
1 2 1 1 0 1 0
2 1 1 3 1 0 0
3 1 1 1 1 0 1
4 1 3 310 1 0
5 3 3 2 1 0 0
99995 2 1 110 1 0
99996 1 3 1 0 1 1
99997 3 3 1 |1 0 0
99998 3 1 110 1 0
99999 1 2 2 10 1 0

[Mocme zanonnennst Tabauibl 8 BBIYUCIAIOTCS HAKONUTEIbHBIE CYMMBI BBIMTDBINEH Yo (n) u
BBIAT'PBIIIEH IIPpU ABYX CTPaTEruit

o (n) = f: I (w0 21 (n) = f: T (€™) 32 (n) = f: Tnne (w)),
m=1 m=1 m=1

1 o0Ias CyMMa,
Y(n) =31(n) + Xa(n).

Z[aﬂee BbIYHCJIAIOTCA HAKOIIUTEJIbHBIC OTHOCUTEJ/IbHBIC YaCTOThI

fotm) = 22 iy = 21

KOTOpbIE€ ITPUBEJICHBI B Ta6JII/IHe 9

(n)

TABJ'II/IL[A 9 — HakonureJsbHbIE CyYMMBI 1 OTHOCHUTEJIbHbIE€ YaCTOTbI

\ K | 8 9 10 11

Koanuecrso
9KCIEPUMEHTOB
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O6bmee kommmuectBo | Obmee kommuaectso | Obmiee YHacrora YacTora
BBIUI'DBIIIEN IIpYU | BBIATDBINIEN  IPU | KOJUIECTBO BBIUI'DBIIIA BBIUI'DBIIIIA pu
«Urpok  coxpansier | «Urpoxk MEHSET | BBIUTPBINIEH B | Ipu «Urpok | «Urpok MeHsIeT
CBO BBIOOD» B | CBOIl  BBIOOpD Ha | IPOBEIECHHOM COXPaHSIET CBOl  BBIOOp Ha
IIPOBEJIEHHOM BBIOOD  BEJYIIEro» | KOJUYECTBE CBOI1 BBIOOD» B | BBIOOD BeIyLIEro»
KOJIUIECTBE B MIPOBEJIEHHOM | 9KCIIEPUMEHTOB | MPOBEIEHHOM B MIPOBEIEHHOM
9KCIIEPUMEHTOB KOJIITYIECTBE KOJTMYIECTBE KOJTUYIECTBE
SKCIIEPUMEHTOB 9KCIIEPUMEHTOB | SKCIIEPHUMEHTOB
n | X,(n) >, (n) S+ | 28w | R
1 0 1 1 0 1
2 1 1 2 0,5 0,5
3 2 1 3 0, 666667 0, 333333
4 2 2 4 0,5 0,5
5 3 2 5 0,6 0,4
99996 | 33301 66695 99996 0, 333023 0, 666977
99997 | 33301 66696 99997 0, 33302 0, 66698
99998 | 33302 66696 99998 0, 333027 0, 666973
99999 | 33302 66697 99999 0, 333023 0, 666977
100000 | 33302 66698 100000 0, 33302 0, 66698

B mmxkecnemxyromux Pucynkax 2-5 mpuBeeHbl OTHOCHUTE/bHBIE YACTOTHI BBIUTPBIMIEH MIPHU ABYX
CTpaTEerusix B 3aBUCUMOCTH OT KOJIMYECTBA IIPOBEIEHHBIX OILITOB V.

104

e
s

OTHOCUTENBHAA YACTOTa BLIMMPbILLA
o
~

0.0

—— CrtpaTerua Hi
- CTpaTterua H:

20 40

80 100

Yucno skcnepumeHTos N
PucyHoK 2 — OTHOCuTEIbHAA JacToTa
BBINIDBIINA, pPeajIn30BaHHAsI II0 AaBTOPCKOMY

JINHEITHOMY KOHTPY®HTHOMY reHeparopy — LCG
nupu crparerusix H; m Hs.

0.8 1 |

OTHOCUTENbHAR YaCTOTa BLIUIPbilla

—— CrtpaTerva Hi
CrpaTerus Hz

PucvyHok
BBIUTPBILIA,

Hs .

20 40
Yucno aKkcnepuMenTos N

3 —

OTHOCUTebHAA

60 80 100

JqacTrorTa

peanu3oBaHHAasl 10 MeETOAy KBa3u
Monte - Kapao — QMC npu crparerusax Hi; mu

Borauciurenbuble 9KCIIEPUMEHTHI TIOKA3bIBAIOT, YTO OTHOCUTEIHLHBIE YACTOTHI IO JIBYM CTPATETI UM
C POCTOM yBEJIMYEHUs] KOJUYECTBO WCIBITAHUI CTaOUIN3UPYIOTCS B OKPECTHOCTH YCJIOBHBIX
BEPOATHOCTE! BBIUTDHIIIA.
1. B oboux skcriepumenTax HabIIOMAETCSA CXOAMMOCTD YaCTOT K TEOPETUIECKUM BEPOATHOCTSIM

2

2. Anrebpamveckuil reHepaTop JIEMOHCTPHUPYET 0oJiee PABHOMEDHOE IOKPBITHE HHTEpBaJIa
MeHbIIne (PIyKTyaIun.
3. Oba MeToia MOJATBEPXKIAIOT KJIACCHIeCKuil pe3yiabrar 3ajaun Montn XoJuta, rnpu s3Tom Alg
Haét boJiee yCTOMYINBOE IPUOIMKEHNE.

3akJo4YnTeJbHbIE 3aMedaHus.

KaHTOpOBCKaH Teopud MHOXKECTB IIOKAa3bIBaeT,

ol

n

q9TO

TPAHCIEHICHTHBIX IMUCE/T MOIIHOCTH KOHTUHYYMa HEOIPAHUYIEHO OOJIBIIE, YeM CUETHOIO KOJIUIECTBA

4TO BCe JefiCTBUTeJbHbIE 4YHCJIa JIesITCsl Ha JBa KJjacca

ajrebpandecknue YUCIA, KOTOPbIE SIBJIAIOTCS KOPHIMH aJIrebpamtdeckoro MHOTOUJIEHA C IEJIbIMU

ko3 dunmenTamu, a ocTajbHbIE — TPAHCIEHJIEHTHBIE), IPU BCEM 9TOM K KAKOMY U3 9THUX KJIACCOB
2 2

anrebpanvdeckux (HAIIOMHIM,

IIPpUHAJJIECKUT JTaHHOE ,ZLefICTBHTEJIbHOG YUCJIO, HaIllpuMep, 4YUCJIO e”

wm 7,

OTHOCHUTCHA
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10 CTparerua HL
CTparerus Hz 10 Crpaterns H1
Be3 crpaternn CTpaTerua H2
6e3 cTpaternn

[X]

°
=

Yacrora sLMrpHWA
YacToTa emurpuwa

) 20000 40000 60000 80000 100000
KONWYECTao HCNTaHMi N 0 20000 40000 60000 80000 100000
KOMMUECTBO MCNbITaNuiA N

PucvyHok 4 — OrTHocuTeJIbHAsT  YacTOTa
PucyHoK 5 — OTHOcuTeIbHAA JacToTa

BBINTPBIINA, peaJn30BaHHAsI II0 METOAYy KBa3u
Monutre - Kapao — QMC npu crparerusix Hi u
Hs wm 6e3 yuera crpareruii.

BBIMIPBIIA, PpPEAJIM30BaHHAsL II0 AaBTOPCKOMY
JMHEMHOMY KOHTDYSHTHOMY TreHepaTropy —
LCG npu crparerusix H; u Hy u 6e3 ydera
cTpareruii.

TPYAHEAINM 3a/1a9aM TEOPUHU YHUCeJI, U KaXKblil HETPUBUAJIBHBIN PE3yJIbTaT CTAHOBUTCS COOBITHEM
B MaTEMaTUIECKON KU3HU.

Tor ke addexkT MaccoBocTH, Korjga OOBEKTOB MHOI'O, HO yKa3bIBATb KOHKPETHO OIWH U3 HUX
3aTPYAHUTEJIBHO, OTHOCUTCS U K JATUYUKAM CJIYIANHBIX TUCEJI.

[Ipumenenus ciaygaiiHOCTH HEOOO3PUMBI, BKJIIOUAS UCIIOJb30BAHHYIO 371€Ch « IKCIIEPUMEHTATIBHOE
HOJITBEPKJICHIE WM OIPOBEPXKEHHE TEOPETHYECKOrO BEPOSITHOCTHOIO pesyibraTta (M He TOJIBKO)
[OJIy9aeTCs Cepreil KOMIBIOTEPHBIX peau3aliuil 00beKTa PACCMOTPEHUsI TOCPEJCTBOM aJITOPUTMA
CIyIafiHOCTH KaK rapaHTa <«ODIIero ciaydas», a He chenuajbHol momobpanHocTu». MTorosbrit
BBIBOJI, OIIPEJIEJISIETCS TI0 CTEIEHN OJIM30CTH K TEOPETHUIECKON BEPOSTHOCTU YACTOTHI IO TBEPIKIEHUS
CBOIICTBa U3y4EHUS.

Tak ObLIa MOCTpOEHA BEPOSITHOCTHAasT Mojuesb «llapamokec Montu Xo/uta» €O CTATUCTUIECKHM
moaTBepKAeHreM. OTHAKO B JAHHYIO TEMATHKY TEPMUH «CTATHCTHIECKOE TIOATBEPKICHNE» BHOCUT
HEOIIPEJIEJIEHHOCTh — BCAYECKUX CJIyUYAHOCTENH DPAa3JIMYHON MPUPOJBI HOCTPOEHO MHOTO, IIOTOMY
KaxK/IbIiI pa3 Ha/10 YKa3bIBATh, HA OCHOBAHUU KAKOHI CJIy4YalHOCTH II0JIYY€H JIaHHBII CTATUCTUYCCKUNI
BBIBOJI, IIPU BCeil CBOEHl MAaCCOBOCTU HUKOTJA HEJb3s HPUATA K HTOrOBOMY OKOHYATEIHHOMY
CTATUCTUYECKOMY O0DOCHOBAHUIO.

Uccnenopannast B gannoii crarbe mnpobsema «llapagokec Momtu Xosta» ¢ TeOpeTUIECKHM
peleHreM M MOCJEAYIONIUM CTATUCTUIECKUM IMOATBEPXKICHUEM MOTJIa, Obl HMETh OOpaTHOe
HallpaBJIEHUE: CHavaJla CTaTUCTUYICCKUI 9KCIIEPUMEHT BbLAAECT PE3YJIbTAaT B BEPOATHOCTAX % n %7
KOTOprfI IIpUHUMaETCA B BUJE TUIOTE3LI C IMOCJICAYIONIUM TECOPETUIECCKUM O6OCHOBa.HI/IeM.

Ecrtb u Takoii crienapuit TeOPEeTUUECKOTO U cTaTucTudeckoro: runore3a Kosurarmna «Bzsas oboe
IIEJIOE TI0JIOZKUTEJIBHOE YHCJIO, €CJIM OHO YETHOE, JIEJIUM €TI0 IOII0JIAM, & €CJIM HEYeTHOE — YMHOXKaeM
Ha 3 u mpubasisemM 1, um Tak majiee, — TO B KOHEYHOM HTOT'€ MbI BCErla MPUIEeM K duciay 1, u
[IOCJIe 9TOTO HATHETCsT UK 4 — 2 — 1 » Ha CeroJiHsi He UMeeT TeOPETUIECKOIO PEIeHUs, BMECTE C
tem Tepenc Tao mosyumi crarucrudeckoe nojrsepxkiaerne B 99% sroit runoress [21].

ITo-BumumomMy, HeOe3bIHTEPECHA TeMaTHhKa, OObEeIUHSIONIAas TEeOPETUUECKNe WCCJICIOBAHULA C
COOTBETCTBYIOIIUMU CTATUCTUYCCKUMU IOJITBEPXKACHUAMA B O0OUX HAIPABJICHUIX — OT TEOPUU
K CTATUCTUKE U OT IOCTABJIEHHOW MPOOJIEMBI C OTCYTCTBHEM JIaXKe TUIOTE3 K CTATUCTUICCKUM
SKCIIEpUMEHTaM, KOTOPbIE MOIYT IPOSICHUTH IIEPCIIEKTUBBLI JajibHeiinero.  BapuaHThl Takux
COYeTaHUN MOXKHO TIPOJOJ/KATH, BO BCEM 3TOM OIPEIEJIEHHO OJHO — B KAYECTBE CTATUCTUIECCKUX
METOJIOB HCCJIEJIOBAHW, Hapsily C MHOIUMHU JPYIUMH, [IPEJIAraloTCsi [MOKA3aBIIne CBOIO
sdpdekTurocts B Mogesnun «[lapamoke Morau Xosma» aBTOpCKHE JATUYUKH CAYYIARHBIX UUCETT
"JIuneitubiii KoHrpysHTHBI rerepaTop" u "Meron kBazu Monre-Kapio".
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BIKTUMAJIIBIK-TEOPUSIBIK, KOPBITHIHIBLIAPFa KOCBHLI& OTBHIPBII, CAHIBIK SKCIEPUMEHTTEPMEH Tarbl
J1a, CTATUCTUKAJIBIK TEKCEPYIAEH OTel.

ZKymbicrbiy epekiesniri kinaccukasbik Monre-Kapio (Mersenne Twister, PCG) oxicrepin, Sobel,
Halton, Faure, Niederreiter Typinmeri a3 monmi auckpenancThl KBasu MonTe-Kapiio omicrepin »kome
JIOKAJIIBI ONTUMAJIABI CBI3BIKTBIK KOHTPYIHTTI MeHepaTOpAbl KOJIAHY apKbLIbl aJbIlHFaH Oesrii
TEOPUSAIBIK-IKCIIEPUMEHTTIK KOPBITBHIHIBLIAPDMEH KaTap CAHIBIK SKCIIEPUMEHTTEDP OYPBIH COHJIBI
KOJIJAHBLIMAFaH Ke3JeCOK CaHgap TeHepaTOpJIapbiH, aTall alTKAHAA, CHI3BIKTBIK, KOHIPYIHTTI
TeHEePATOPIBIH, KAKCAPTHIIMANTHIH aBTOPJIBIK, aJTOPUTMIEpPI MeH p OesiMi «KimkeHe» OOJIATHIH
(p KyarThl TOp TYiiiHIHIH a k/p KOOpAMHATACHIHBIH, p GeJimi «a3» GOJIBIT CAHAJIY MAFbIHACHIH/IA)
AHBIKTAIYBI aca yHeMmi KopoboB Topsapbl apKbLibl Oepinren kBasu Monte-Kapso omicia kosgany
0OJIbII TaOBLIIATH.

2Kyprizisren ecenreysiep Oy eKi aJrOpuTMHIH € OWBIHINBI OAaCTAIKbI TAHJIAYLIH CaKTaraH
Karmaiia jga, JKYprisyin KaablpraH 2Ka0blK, €CIKKe AaybICKAH Karjaiiia Ja, CbIHAKTAD CaHbI
(oiibIHIAD CAaHbI) apTKAH CailblH TEOPHSJIBIK YThIC BIKTUMAJJIBIFBIHA JKYBIKTAY/Ia CTATHCTUKAJIBIK
3aH/IBUIBIKTBI PACTAWTBIHBIH KOpCeTTi (MyHBI Kepi OarblTTa Jia — aBTODPJBIK Ke3/efHCOKTHIK,
reHepaTopJap KOrapbl CallaChIHBIH JIOJIel peTiHje e Kabbligayra O6oJiajpl). MaxkaJraa
BIKTUMAJIJIBIK KOPBITBIHABLIIADAbIH CTATUCTUKAJIBIK 3aHAbIJIBIKIICH PaCTaJIybl MOHTI/I XO.H.H OMBIHBI
MBICAJIBIHIA JIa OPBIH aJIATHIH/IBIFBI KOPCETLIE].

KaroueBbie cioBa: Montu Xosm mapaloKChl, HHTYUIMS, AKbLI-Offa HETi3Je/reH TYCIHIK,
MapajoKc, JETEPMUHUCTIK 3aHJIBLIBIK, Ke3JIeHCOKTBIK, CTATUCTUKAJBIK 3aHJIbLIBIK, CbI3bIKTHIK,
KOHTDPY?HTTI reHeparop, kKBaszu Monre-Kapo omici.

Statistical Regularity in the Monty Hall Paradox Using Proprietary Random
Algorithms

A.Zh. Zhubanysheva, N.Zh. Nauryzbayev, G.E. Taugynbayeva, K.B. Nurtazina, N.
Temirgaliev
Institute of Theoretical Mathematics and Scientific Computations, L.N. Gumilyov Eurasian National
University, 2 Satpayev Street, Astana, 010008, Kazakhstan

Abstract. The article examines a classical problem in probability theory that has been widely
discussed since the mid-1970s, known as the Monty Hall Paradox. It illustrates the discrepancy
between the subjective perception of randomness and objective mathematical proofs, which are sup-
ported by appropriate computational and statistical experiments. A detailed logical analysis of the
intuitive perception of the problem’s solution is carried out and interpreted as another manifestation
of cognitive dissonance, where even scientifically justified facts fail to change an individual’s view-
point formed within their established natural-scientific worldview. The mathematical justification of
the player’s optimal prize-selection strategy is presented in two probabilistic interpretations. Each
of these interpretations aligns with well-known results of probability theory, which have once again
been subjected to statistical verification through numerical experiments.

A distinctive feature of this study is that, in addition to the established theoretical and experimen-
tal results obtained using classical Monte Carlo methods (Mersenne Twister, PCG), quasi-Monte
Carlo methods with refinements such as Sobol, Halton, Faure, and Niederreiter low-discrepancy
sequences, as well as a linear congruential generator with local optimality properties, the computa-
tional procedures were also performed using previously unused random number generators. These
include proprietary algorithms of a linear congruential generator in a non-improvable formulation
and a quasi Monte - Carlo method based on ultra-economical Korobov lattices with small denomi-
nators p. In this context, the coordinate ak/p of a lattice node of size p with denominator p is
considered “small” within admissible limits, whereas in random algorithms, there is no restriction on
the length of decimal expansions relative to p.

The computations demonstrate that both of these randomness algorithms also confirm statisti-
cal regularity in convergence to the theoretical winning probabilities, both when the player keeps
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their initial choice and when they switch to the remaining unopened door, as the number of trials
(games) increases. This result may also be interpreted inversely as confirmation of the quality of the
proprietary randomness generators employed.

The article demonstrates the existence of statistical regularity in the Monty Hall game and serves
as an illustrative example of the formation of probabilistic conclusions supported by statistical
validation.

Keywords: Monty Hall paradox, intuition, common sense, paradox, deterministic regularity,
randomness, statistical regularity, linear congruential generator, quasi Monte - Carlo method.
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Penakuus meken-xkaiter: 010008, Kazakcran Pecniybinukacel, Acrana K.,
Cormaes kereci, 2.
JLLH. I'ymunes arsingars! Eypasust yaTTsIK yHUBEpCcuTeTi

Ten.: +7(7172) 70-95-00 (imuki 31-410)

JLLH. I'ymunes arsingarsl Eypasust yaTTBIK yHEBepcuTeTiHIH H6acmachiaia 6achui bl
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