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H. Temuprasnuen

Hrnemumym meopemuneckots MamMemMamuKry U HAyYHbIT bliucAeHull,
Espasutickuti nayuonasvrotl yrusepcumem um. JI. H. Nymusesa, Acmana, Kazaxcman
(E-mail: ntmath10@mail. ru)

DJieMeHTApHOE TTOCTPOEHME JIMHENHON KOHTPY3IHTHOI ImocjeaoBareabHocTu Jlexmepa c
TOIl CTENEHBIO CJIYYAHOCTH, C KAKOM TPeOOBaHUSAM CIIyYaifHOCTU OTBEYAET
cruekTpaabHbiii TecTt KoB3ro u Makdepcona

Aunnoramusi: Wpaenm ciaydailHoro d4uciia M CIydYailHON ITOCI€I0BATEBHOCTH HE IOIJAI0TCS
abcosioTHOI dopMasim3anun. B3amMeH Yero mo TeM WM HHBIM COODPayKEHHSAM IIPEIIarafoTCst
MaccuBbl ['€HepaTOpOB CJIydallHBIX UHCEN, [0 HUM CO3JAI0TCS METOJbI MPOBEPKH (TeCTUPOBAHIS)
UX Ha ciayvaiinoctsb. [locienoBareIbHOCTH, IPOIIEIIINEe TAKONH IK3aMeH OO bABIISIIOTCA CJIy YaliHBIM,
a KarKIbIi €€ 9JIeMEHT CJIyIallHbIM YUCIOM, — B PE3YJIbTaTe Pa3/INIHbIX BUIOB CJIYIaiHOCTH CTOJIBKO,
CKOJIBKO ITPOBEPOYHBIX TECTOB.

CraTbsl MOCBSIIEHa [TOJHOMY PEIIeHUIO 3a/[a9i B ITOCTAHOBKAX, O0BEKTAX M IIPOIOIKUTEIHLHOMN
pecIieKTabe/IbHOIl  MCTOpUell HWCCAeNOBAHUSI C IOYYUTEJbHBIMUA BBIBOJAMHU, B COBOKYIIHOCTH
HAXOJAIINXCS, HAEEMCsl, B BBICIIHX smiesoHax Kommbiorepusix Hayk: leneparop Jlexmepa (1949
roji) — OAWH W3 CaMbIX MOIYJISAPHBIX, €CJAM He CAMBIH IOMYJISIPHDI JaTYNK U CIEKTPAJIbHBII
Tect KoBeto m Makdepcona 1965 roma co3manmst Kak <«Haubosee COBEPUWEHHIT U3 UMEIOWUTCA
mecmosg», oba B cBa3ke ¢ 50-JeTHell wWCTOpHEil, B Pa3BUTUM MOAPOOHO H3JIOKEHHONW BO BCEX
U3JaHusX MoHOrpadun <«Hckycemeo npozpammuposarusy Houanbma dpeuHa Kayra ¢ 1969 roma
[0 HACTOSINEe BPEeMs, CTajJ0 ObITb, OBIBIIEH B IMOCTOSHHONW pazpaborke. VIMeHHO, Majio YTO
IIPOACHAIONIAs OJHOCTOPOHHAS OICHKA CBEPXY I[VIABHONH YHCJIOBON XapaKTEPUCTUKHU CIy4alHOCTH
Vs C TECCUMHCTHYECKHM IIPOTHO30M <«OblA0 Obl 0UEHb MPYIHO BBIMUCAUMD MOYHOCMD Vs , Ko20a
s > 10 » 3aMeHeHa Ha HEOXKUIAEMYI0 aCUMIITOTHIECKYIO [P BCEX S > 2 — B UM B HJI€AJI€ COCTOSLIA
3a/1a9a U B 3TOM COCTOHUT €€ pellleHwue.

Ternepamop cayuatinur wucen Jlexmepa nmu ke JIunetinas KoH2pYsIHMHGA NOCAEO0BAMEALHOCTNDG
MAKCUMAJIbHOTI'O [IEPUOJIA €CTh, 110 OIPEIEJIEHUIO, PEKYPPEHTHAS TI0CIeI0BATETLHOCTD (X,,) TeJIbIxX
HEOTPpHUIIATECJIbHBIX YHCEeJI

Xnt+1 = (X, 4+ ¢) mod N,n >0, (0.1)
rre
N — modyav 0 < N, a — muoorcumenv 0 < a < N,
¢ — npupauwernue 0 < A < N, Xg — nauanrvroe snaverue 0 < Xo < N,
_1y7(a,N) _
nesbie yucna a > 1, N > a,7(a,N) >2 u 1< X(a,N) = % < (a—1)T@M=Y cpgzann

cpastenuavn (a — 1)@ = 0 (modN) u (a —1)"@M =1 £0 (modN).

Kak 39TO 49acTO BCTpedaercs, B 9TOM CJlIydae TOXKe, BCd HpobJeMa CBOJUTCA K HUETKO
dbopmMynupyemoii MaTeMaTHIECKOil 3aaue (BCe MOTUBUPOBKH W JIETAJIM IPUBEJIEHBI B CAMOM TEKCTe
cTaTbu): TpPU 3aJAHHBIX § > 2 um T > 2 u pacrymem N HallTH acUMTOTHKY BeJMYUHBI (BCe
apaMeTpbl — IeJIble MOJIOKUTETbHbIE THCIA)

sup {vs (a,N):2<a < N,(a—1)" = 0(modN), (a — £ 0(modN)}, (0.2)
8
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S
vs(a, N) =inf ¢ \/m2+---+m2:m=(mq,..,ms) € Zs,maéO,ijaj_l = 0(modN)

j=1

Tem caMbIM, 3a/at1a 3aK/II0YACTC B yKazaHuu ducia a = a(N) ¢ Kak MOXKHO OOJIBITIM 3HAYEHIEM
BesimanHbl Vg(a, N), Torjga Kak npu Bcex a, N W s H3BeCTHBI TOJBKO HepaBencrsa vs(a, N) <

v(s)N ¢. Kak u Beskas OIIEHKA CBEpPXY, 9TO HEPABEHCTBO MOXKET OBbITb CUJIBHO 3aBBIIIEHHBIM,
[I09TOMY 33/Ia4d HE peIlaeT.

B manmnoit pabore B 3aBHCUMOCTH OT BCEX BO3MOXKHBIX, U IHOITOMY ODECIEUUBAIOINIUX ITOJTHOE
peIlleHre UCC/IeIyeMO 3a/1a41, COOTHOIIEHUN MEXKJy MapaMeTpaMu S,7T U A IOJy9eHbl HOBBIE U
OKOHYATEeJIbHbIE PE3YJIbTAThl 110 CIeKTpajbHOMY TectupoBanuio (ST), HOCAIME ACHMITOTHIECKUI
XapakTep:

ST : vy (a,N;(a—l)zzN) =(a—1)

ST(QSS:T)ZN% (1—(b5—1)N_%>:a—bsgys(a,N;(a—l)S:N)g

cvaii=N1pant vt

ST(zgs<T,A21):(NA)%( —(bs—1)(m)—%) —(a—by) <

<ve(a,Ni(a— 1) =NAM1<A< (a—1)77°) < Va2 +1= (NN~ \/1 +2(NA) T +2(NA) ",

T 2
ST(s>722A21):0(a,N;i(a—1) =NAA>1) < (O) ’
k=0

ede (=b,,) ecmv HauboALWUL NO MOOYAO OMPUUGMENLHOLT OUHOMUANLHVLG Kosdduyuenm 6
pasaooicenuu (a — 1)™ no cmenenam a: by = 2,b3 = 3,by = 4,b5 = 10,bg = 20, b7 = 35,bg = 56,
bg = 126, blO = 252, b11 = 462, b12 = 792, b13 = 1716, 1714 = 3432, b15 = 6435, e.oum. 0.

Bce mocrpoenusi mo sroit Teme B monorpacdunm JI. Kuyra «MckyccTtBo mporpaMmupoBaHuUsi»
HOCSIT HOJIYSMIUPUYIECKUIT XapaKTep — BBIABUTAIOTCS TEOPETHIECKUE TTOJIOKEHUST HA OCHOBE KOTOPBIX
OPOBOJISATCST cTaTucTUYecKue sKcrepumenTol. K Tomy xe, JI. Kuyr Ha npummepe Kaszaioch Obl
HECOMHEHHO CJIy9aifHOro moabopa mapaMeTpoB B MeToje <«cepedun keadpamoss dbou Heiimana
MPUXOJUT K BBIBOJLY, YTO YHCTO IKCIEPUMEHTATBHBIE TIONCKY HEHAJIE’KHBI U BCET/Ia HY KHA KaKas-TO
Teopus.

Hamu mpoBeieHO YHCTO TEOPETUIECKOE UCCTIETOBAHNE.

Kax 510 ciietyer u3 oreHok cHU3Y BO Beex ST-yTBEpKIEHUSIX, BCE OHU C TOYHOCTHIO CTPEMSIITIEr0CsT
K 1 mpwm Bospacrannu N $IBHO BBIIECBIBAEMOIO (YTO MMeET PEIIaoliee 3HAYCHUE B MPAKTHIECKIX
[PUMEHEHHSIX) MHOKUTEST YN HMEIoT Bug Yy - N s < vs(a,N).

DTO O3HAYAET, YTO OJHOBPEMEHHO PeIeHbl JBe 3aJadd (C eJIMHCTBEHHBIM OIDAHUYICHHEM —
BBIUUCJIUTEIbHBIMU BO3MOXKHOCTSIMI KOMITBIOTEPHOI TE€XHUKN )

a. Koauweemso cayuatinwx wucea N doasicro u moscem 6oimd npouseossHo 6oavtuuM,

b. Ocnosnaa xapaxmepucmuka cayvwaimnocmu vs(a, N) dosstcrna u mosrcem 6uimsv cmoav y2o0no
boavwot npu ecexr s > 2.

[Tpu srom, rinaBHast gactb N ¢ BeJIMMUHDI $-MepHOii TouHOCTH reHeparopa (X,) HM3-3a MaJjoro
nokasaressi 1/s, U3BECTHOIO KakK <«NPOKAAMuUE padmeprocmus, Tpedyer or N B 00paTHOl K Heil
CTeneHn § ObITh GOJIBIIMM (ITUM MOBTOPSETCSI BEJIMYMHA CKOPOCTU HPUOJINKEHUST KBaJIPATyPHOI
opMyJIbl ¢ pAaBHOMEPHO# CETKON M PABHBIMU BECAMU B YMCJIEHHOM WHTEIPUPOBAHUN ).

Bosuukaer HoBas 3a7ada «B Kaocdom KOHKEDEMHOM CAYUGE NPUMEHEHUA | eHepamopa cayatinoLs
wucea (0.1)—(0.2) swacrumo, kaxumu Gosvwumu dossxchv, 6ums N u vs(a, N) ?». Pasymeercs,
9TO OTJIe/bHAs 3a/[a4a, ObITh MOXKET, JlaKe HEeTPUBHAJIbHASL.

9
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Acumnrornueckn Tounble oneHku csepxy Us(a,N) < Ay - N : (¥~ — 1) BbICTYHAIOT B posH
rapanTta He B3aTb N u Vg(a, N) HeonpapganHO GOJBIIUME C COINPOBOXKJIAIONIUME OOJIBITUMA
3aTpaTaMi IIPU PeaJIu3alliu.

3a uckmodenueM ciaydasd s = 2 Bce ST-yTBep:KieHHs He TOYHBLIC, a ACUMIITOTUYECKHE, 9TO
HUKAK He OrPAHUYMBAET [IPUMEHEHUH — Tpebytorcs He Tounble 3uaderus N u vg(a, N), a TOJIBKO
IpUOIM3UTE/IbHBIE B HYKHBIX 110 KOHTEKCTY CIydas FPaHUIaX.

Eciu  or Heocsizaemoli  Hampsimyio  onenku  Us(a, N)  mepeliTu K = HENOCPEJCTBEHHOM
IIPOBEPKE CJIYYafiHOCTH Hepe3 «uacmomHnocmvy (3TO CBOMCTBO TakyKe Ha3BbIBAIOT PAGHOMEPHOT
pacnpedeneHnocmyio, OT ciaydaiinocTu Tpebyercss MHOTO GoJblie), B Koropoit uncaa 0,1,... N — 1
HaJI0 IepecTaBUThb B JApyroM nopsjake X, ..., Xy_1 Kak OMeKTHBHOe oToOpaykeHue Ha cebsl TaKUM
ob6pa3oM, 4Tobbl JIs Jroboro cermenra [, 5] u3 [0,1] kosmuecTBO Unces % HONaBINX B [, (]
JIOJZKHO ObITh 6ym3k0 (8 — ), TO OOHAPY’KMBAETCsl, YTO BCsiKas IOCJEI0BATEIBHOCTD Jlexmepa
C MaKCHMaJIbHBLIM IEepUOJIOM HM3HAYaJbHO PaBHOMEPHO paclpejiesieHa ¢ HeyJIydllaeMoil OIeHKOi
OTKJIOHEHU A % , 4TO CJIe,ZLyeT OTHECTH K €€ 3aMedyaTeJIbHBIM CBOMCTBAM. TeM CaMbIM, HpO6HeMaTI/IKa

3aKJIIOYAETCs TOJIBKO B HOKazarese ciaydainocru vs(a, N)

KuaroueBbie ciooBa: [emepatop ciyuaitnbix umcen Jlexmepa, cmekTpaabHbl TecT Kosio
u Makdepcona, JuHellHAsi KOHIPYIHTHAs IOCJIEIOBATEILHOCTh, MAKCUMAJBHBI EPUOJ,
ACUMIITOTUYECKOE PABEHCTBO, MHOIOMEPHAs TOYHOCTb eHepaTopa CaydailHbIX YnCces.

§1. Bsenenme, mocTaHOBKa 3aJauM C €€ uMcCTOpUEil M OCHOBHBIE PE3yJIbTAaThl B
CTaTUCTUYECKOU MHTepIpeTanuun

B maremarmke M B KOMIBIOTEDHBIX HayKaX HET OOIIEro OIpeJlesieHUsl CJIy4YailHOCTH 4HcJa |
nocJieioBaTe/IbHOCTe ucesi (Kak, BIIPOYEM, HET ¥ OIPEJEIeHUs] ajllOPUTMA): BOIPOC <« dmo
makoe cayuatnas nocaedosamenvrocms?s B [1-2] Tak u ocraercss 6e3 orBera B Kiode «Hyowcro
NPEAOHCUMD KOAUMECTNEEHHOE ONPEIEAEHUE CAYUATHO20 NOBEIEHUAS .

UccnenoBannst B NPaKTHYECKOW  TEOPMHM — CIAYyYaffHOCTHM € BBIXOJIOM Ha  peajibHbIE
[10CJIE/IOBATEILHOCTH Pa3bUBaIOTC Ha JIBa PycJa:

1. IIpennaraiorcss mo TeM WM WHBIM CcOOOpakKeHUSAM [eHepaTopbl CIyYafHLIX —YHCeJI,
68 U3BECMMOT MEPE 3ABUCAWUT OM  MO020, OAfA KAGKUT NPUMEHENUT  CAYdICUM  IMa
n0CACI08AMENDHOCTIIL S.

2. Cosnatorcsi MeTo/Ibl TPOBEPKH (TecTrupoBanust) ['eHepaTopoB Ha CJIydailHOCTD.

[ToctetoBaTeIbLHOCTH, TTOPOKIEHHBIE TAHHBIM | €HEepaTOpoOM M BBIAEPKABIINE JaHHOE TECTOBOE
HCIIBITAHNE, OOBABISIOTCA CAyYafiHBIMU, a KayKJblii €€ 9JeMEHT CJIyYailHbIM 4YHCJIOM. B urore,
Pa3JIMYIHBIX BAJOB CJIYIafHOCTH CTOJBKO, CKOJBKO IPOBEPOYHBIX TECTOB.

Koneuno, B poOJCTBEHHOI TEOPHH BEPOATHOCTEN €CTh CAYUGTHGA GEAUNUHA, HO DTO TOJHKO
CHEIUaJIN3UPOBAHHOE HA3BaHUe 0OBIYHOM n3MepuMoii unciioBoii pyukiuu B Jleberosoit reopun Mepbi.
Takrke ormMermM, 9TO ecau ObI, HAIpPUMEpP, TPeOOBAIOCh YCTAHOBUTL HEIPEPBIBHOCTH KAKON-TN00
GyHKINN, TO HAJAO TPOBEPUTDH BBLIMTOJHEHNE WU HEBBIIOJTHEHUE I 9TOH (PYHKIIUN OJHO3HAYUHDIX,
nocite Kapma Beitepmrpacca, TpeboBanuii B onpejenennn HernpepbiBHOCTH (1 Gosibie Hidero!).
B c¢Bsi3u ¢ yeM, HO-BUAMMOMY, I€J€CO00PA3HO BCErIa Ha3bIBATh «I10cAe0d08amMeAbHOCMY CAYHATHA
no MAKOMY-MO Mecmys, T.e. B KayKJIOM CJIydae yKa3blBATb [0 KAKOMY TECTy JTaHHAs YUCIOBAS
[IOCJIETIOBATEILHOCTD CJIyJaiiHA.

B nmanHOW cTarbe HaHO IOJHOE ¥, B HU3BECTHOM CMBbICJIE, OKOHYATEJHHOE PEIIeHre IPODJIEMBI
rectupoBanusi MerogoM Kopso u Makdepcona 1965 roma cosnanusi [eneparopa Jlexmepa (1949
FOIL) — O/THOT'O U3 CaMbIX MOIIYJIAPHBIX, €CJIN HE CaMOI'O IOIIYJIAPHOTO TaTYUKa Cﬂy‘{aﬁHbIX quceJI.

PesyabraToMm MpoOBEIEHHOTNO MCCIEIOBAHUS SIBJISIETCS CBEJIEHUE 3aJ[a9dd TOCTPOEHUST JIMHEHHBIX
KOHI'DY9HTHBIX HOCJ’[G,Z[OB&TQ.HBHOCTQIU/I CﬂyqaﬁHbIX HaCTOJIBKO, HACKOJIBKO Tpe6OBaHI/IHM CﬂyqaﬁHOCTI/I
oTBeYaeT creKTpaabHbIil Tect Kosso n Makdepcona, K sjgeMeHTapHOMY TOI00PY COTJIACOBAHHOMN
MEXKJIy CODOI Tapbl — «BOAWEOHDIT-MALUMECKUL> TEJBIX TOJIOKUTEIBHBIX TUCESI, OIPEJIEIISTIONTNX
nckombiii ['eneparop Jlexmepa.
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H. Temuprasanes

Tem cambIM, B craThbe pelieHa 3agada ¢ 50-jleTHell mcTopuell B IMHAMUKE IOILITOK BO BPEMEHHI
OIPOOHO M3JIOXKEHHOM BO Beex n3nanusx MoHorpaduu «Vckycerso nporpamMmupoBanust» Jlonaibaa
Opsuna Kuayra ¢ 1969 roja mo nacrosiiiee BpeMsi, ¢TI0 ObITh, ObIBIIEN B MOCTOSHHON pa3paboTKe,
KorJa HeMHMOPMATHBHAS OJHOCTOPOHHSS OIEHKa CBepXy IVIABHOI YHCJIOBOM XapaKTepUCTHKI
CJIy9aAHOCTHU 3aMeHeHa Ha BCEOObEMIIIONLYIO ACUMIITOTHYECKYIO, UYTO HIKAK HE 0XKUIAI0CH, HO OBLIO
[IOJIY 9€HO.

[lepeiimeM K TOYHBIM OIpPEHEJEHUSAM U (POPMYJIUPOBKAM. ITockonmbKy 1O TeMe cTaTbu
TPeOYIOTCST CTATUCTHUIECKHE OOOCHOBAHHS W HHTEPIPETAIMH, a TaKKe [IPOBOIUTCI KPUTHICCKHUI
aHAJN3 YTBEPXKIACHUN U IMOJIOKEHU 10 CIEKTPAJHHOMY TECTHPOBAHUIO JIUHEHHBIX KOHIPYIHTHBIX
[IOCJIETOBATEILHOCTEN ¢ MAKCHMAJIBHBIM IIEPUOJOM, TO, IJIsi OOJIbIIEl TOYHOCTH, IMO3BOJUM cebe
obmupHoe, HajeeMcst 6e3 ssoynorpebienuit, nutuposanue [1] u [2]. Takxke moguepkuem, 4TO,
3a uckjaodenneM Xg = (0, Bce BcTpedarolmecs 371ech napameTrpol a, N,c, s, \,7 u Ap. — IeJble
HOJIOXKUTEJIbHBIE Ync/ia (HE3aBUCHMO OT TOIO, COODIIAeTCs: 00 9TOM HMJIM HET).

Haunem ¢ onpejesiennst reseparopa ciydaitabix ances ([2, crp. 29|): «B nacmosawee epems
HAUOONEE NONYAAPHBIMU 2EHEPAMOPAMU  CAYHATHVT “UCEN ABAAIOMCA 2EHEPATNOPDL, 6 KOMOPHIL
ucnoavayemes caedyrowan crema, npedsoocennas /. I. Jlexmepom (D. H. Lehmer) 6 1949 200y
[em. Proc. 2nd Symp. on Large-Scale Digital Calculating Machinary (Cambridge, Mass.: Harvard
University Press, 1951, 141-146)]. Buwbepem wemuwipe "sorwebnvir wucaa":

N, modysv 0 < N
a, wmuoocumesry 0<a< N 1
c, mnpupawerue 0<c< N (1.1)

Xo, mnavasvroe snavenue 0 < Xg < N.

3amem noAYHUM JHCEAGEMYIO NOCALIOBAMENLHOCTIL cAy alinuT wucen (Xp) , noaazasn
Xnt1 = (aX,, + ¢) mod N,n > 0. (1.2)

Ima nocaedosamensHOCL HA3BLBAENCA AUHETUHOT KOH2PYIHMHOU
n0CAE008GMENDBHOCTNIBIO.

Hoayuenue ocmamxos no modyato N omuacmu Hanomunaem npedonpeieicnnocms, x020a wapuk
nonadaem 6 AueliKy KPYMAWE20CA KOAECA PYACTIKUY.

[To camomy oOmpese/IeHUIO PEKYyPPEHTHBIX TOCIeI0BATEILHOCTE, K KOTOPBIM oTHOCHTCA U (1.2),
EPBOE MOBTOPEHWE PAaHEe BCTPEYABIIErOCHA YUCIa 00PA3yIOT IMKJ, KOTOPBIA 3aTEM IIOBTOPAETCS
HeCKOHEeUHOe YHCIIO pa3. DTO CBOHCTBO MPUCYIIE BCeM IocieloBaTeabHOCTAM Bujga X1 = f (X)),
rjge f upeobpasyer KOHEYHOe MHOXKeCTBO camo B cebs (em. |1, crp. 23] u [2, crp. 29]).
TToBTopstronuiicss MUK/ HA3BIBAETCS NEePUOJom.

B cienyromeM KpuTepuu 3aK/IOYEHbI BCe BO3MOXKHBIE CcHOcoObl BeiGopa a u ¢ B (1.1)-(1.2),
KOTODBIE JIAI0T MAaKCUMAJIbHbI 1epuos bl N (3J1eranTHOe JI0Ka3aTe bCTBO JIaHo B [16]):

Teopema A. /launa nepuoda auretlinot xonepysrmmot nocaedosamesvrnocmu (1.1)-(1.2) pasna
N moezda u moavko mozada, xo2da

i) ¢ u N - 63aummno npocmovie wucaa;

it) a —1 xpamno p das a06020 npocmozo p, asamousezocs deaumenem N ;

i11) a—1 xpamuo 4, ecau N xpammo 4.

Beroy Huzke GyJieM canTaTh, 9To nociaegpoBarebHocTh (1.1)-(1.2) yaoBieTBopsieT BceM yCI0BUsIM
TeopeMbl A U, MOTOMY, UMeeT Tepruojl JIUHbl N .

[Ipu sTOM, mEIBIE MOJOXKUTENbHBIE Ynuciaa a u N, yJIOBIETBOPSIONIE TeopeMe A, CBs3aHBI
cpaBHeHusiMH (cM. |2, crp. 43-45], [1, cTp. 36-39])

(a—1)""N) = 0 (modN) u (a —1)"@M =1 £ 0 (modN), (1.3)

rae 7 (a,N) > 2.
ITokasareab 7 (a,N), oQHO3HAYHO oupee/steMblii 0 a u N, HA3LIBAIOT NOMEHUUAAOM
nocseoBareasaoct (1.1)-(1.2).
11
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Hanee, npu 3ajaunbix a nu N |, n3aBucsmiero ot nux 7 (a, N) , cpaBrenus (1.3) Takzke 0HO3HATHO

_ (ail)‘r(a,N)
ompeiesisiior nenoe A(a, N) = —xN —— TaKxoe, 4To
(a—1)"@N) = NX(a, N)(r(a, N) > 2, 1< Aa,N)< (a—1)7@N1) (1.4)

IMomaepkueM, u 910 Tpebyercs [uIsi JajbHeiimero, ¢ mobbiMit a u N, yIOBIETBOPAIONIAMIE
Teopeme A, ofiHO3HAYHO CBsI3aHBI JBa 4uciaa — noreHrman 7(a, N) > 2 u A(a, N) > 1.

C moswuImit MpUBEIEHHBIX BBIINIE CBeJEHUi, BepHeMcs K onpesenennio (1.1)-(1.2) co cpoiicTBOM
(1.3).

JIunetinaa KonepysHmmHaa nocaedosamessHOCb ¢ MAKCUMAALHoM nepuodom N ecmv, no
onpedeseruro, PexKyYPeHMHAA NOCACIOBAMENLHOCTIL SHIMEMOE NO MOyt N

Xpt1 = (X, +¢)mod N (n=0,1,...,.N — 1), (1.5)

sasucawas om Xo,N,a u c, ydosaemeoparowuxr Teopeme A. Camy orce nocaedosamesvHOCmb
bydem 0603HAMAMB UEPES PAZHVIE IKGUBANEHIMHBLE 3ANUCY

(Xn) = (Xn (a, N, ¢, X0))35g = (X (a, N))pZg = (X (a,N). (1.6)
Eciau nepuoy nocnenosaressroctn (1.1) — (1.2) mmeer jymHy N, 9TO Ipealosiaraercs
BoInoJIHeHHBIM Jyisi (1.5), To B Heil kaxoe u3 uucen 0,1,...,N — 1 nosiBjisiercsi, HOHATHO, POBHO

omui pa3. Crajio 6bITh, B 3TOM ciydae BbIOOp X He BJUSET Ha JJIMHY IIEPUOa, HO3TOMY 3a X
MOZKHO TIPUHATH JIIOObIE U3 3TUX YHCEN, B JIAHHOM cTarhe ycjaoBuMcs mojaratb Xg = 0.

Taxxke, 1 < ¢ < N ecTb Jitoboe TOJIOKHUTETBHOE 1IEJI0€, B3AaUMHO IPOcToe ¢ N | KOTOPOE, OMATHXKE
JIJIsI OTIPEJIEJIEHHOCTH, MOYKHO TIOJIAraTh PABHBIM 1, 9TO HE MCKJIIOYAET BOZMOKHOCTHU B TIPUJIOKEHUAX
3aMeHbBI 9TUX ABYX UYHCE] Ha JII0O0e paspelieHHoe APyroe.

ITocse sTux coryalieHuii, Moc/IeI0BATEILHOCTD 3aBUCUT TOILKO 0T a U N, 2 < a < N, mosromy
u3 obosnauenuii (1.6) ocraBum mnocsennee (U, KOrja 9TO HE MPHUBEIET K HEJIOPA3YMEHHUSIM, TO U
KOPOTKOE [IepBoe 0003HAUEHHUE).

Camy koHeunyio (mepuojmdeckyio ¢ nepuogiom N ) nocsenoBaresnbHocTh (1.5) GyeM Ha3bIBATH
«l'enepamop cayuatinbex wuceny, WINA XKe, ToUHee, «Ienepamop cayuatinuxr wucen Jlexmepay, HHOTIA
KOPOTKO «[enepamops» i «nocaedosamesvrocms (X)) », a takxe <«/Iunetinas KoHepysnmmas
nocAedosamesvHOCmby U <JIUHEtHbIl KoH2PYIHMHBLT Memods.

Pasymeercsa, x mociemosarensroctu (1.1)—(1.2), paBHO Kak M KO BCEM JIDYTHM JaT9IHKAM,
[PEIbSIBIISIOTCS Pa3andHble TPeOOBaHUs Ha CJIyYaifHOCTD.

MHoOro4mcjIeHHble TEOPETHYECKHE U SMIMPUYECKHE TECThbl Ha CJIyYaiiHOCTh, IO KpaiiHel Mepe
OCHOBHBIE U3 HUX, IIOJPOOHO onucanbl B [1-2].

Bce mname BHuMaHHe OyJeT COCPEJIOTOYEHO Ha CJIEAYIONeM U3 HUX |2, cTp. 116,
Paznen 3.3.4. A. Wpeun, cayxkamme obGocHoBaHmeM Kpurepusi|: «Haubosee sasrcrvie
UCNBIMAHUA OAA NPOBEPKU, HACKOALKO CAYHATHOU bydem nocaedosamesbHocms, CEA3GHHL CO
C80UCMBAMU COBMECTVHBLL PACTPEIENEHUT, S NOCAEIOBATNENOHVIL INEMEHIMOE NOCAEIOBATNENLHOCTNU,
U CNeKmparvHull  kpumepul Kax pad U UCNOALIYEMCA OAA NpPosepru  2unomes 00 MUL
PACNPEIENCHUAL. Eecau  3adana nocaedosameavrnocms U, = % ¢ nepuodom N, mo
OASL  MOCMPOEHUA KPUMEPUA HEOOTOOUMO NPOAGHAAUSUPOSAML MHOMcecmseo ecex N mouex
{(UnsUntiy ooy Ungs—1) |0 <n < N} 6 s-meprom npocmpancmees.

Tem cambiM, MOsSBIIIETCA €IIE OAUH TApaMeTp S > 2, KOTOPBIH OTBeYaeT 33 HE3aBUCUMOCTh
[IOCJIEIOBATEILHOCTH S - MEPHBIX BEKTOPOB

(Xnv K1 e Xn+(s—1)) ’

B KOTOPOM KOJIMYECTBEHHAas XapaKTEPUCTUKa HE3aBHUCHUMOCTH BbIpaxKaeTCsd Yepe3 BeJIMYHUHY — S -
MEPHYIO MOYUYHOCTMb 2eHEPaAIMopa C./Ly"ta'a’l—t'bl,w wucen,

vs (a, N) = v (a, N; ceazv meocdya, N, s, 7, A6 6ude (a —1)" = NAus (1.3)-(1.4)), (1.7)

K MOTUBHUPOBaAHHOMY OIIpEAC/JICHUIO KOTOPOI'O II€epexXoanM (B boJtee HO,HpO6HOM MN3JIOZKECHUU CM. HU2KE

B §2).
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H. Temuprasanes

MaremarndeckuM OOOCHOBAHHEM CMEKMPANbLHOZO MECMA, COJIEPKAHIE KOTOPOI'O COCTABJIAET
HCCJIE/IOBAHIE BEeJMYNHLL, obo3HadeHnoro B (1.7), ciayxRur «koneunoe npeobpasosanue DPypves
yHKITHI, OIMICHIBAIONINX UJIEAIBHYIO U XKeJIATeJILHYIO CJIydaiiHocTn.

Nmenno, m3ydaercss CIEKTp, T. €. <«Homepa» m = (my,...,ms) <boavwur Kospduyuenmos
Dypve f(m) » (B JAHHOM CiIyuae He TOMbKO HEHYJIEBLIX, HO I CO BCEME SHAYCHUSIMHU 110 aGCOMOTHOM
BEJIMUNHE PABHBIMH 1), - OTCIONA U HA3BAHUE <«CNEKMPANLHBIT TECT.

B kawectBe Mepbl «cAyuatinocMUus JIMHEHHBIX KOHIDYSHTHBIX MOCIeqoBaTenbHOCTER (1.5) C
MHOKHTEJIEM ¢ U MaKCHMAJbHBIM IepnojgoM N [PHHEMAETCsS BeJUIHHa (CIefyeT OoOpaTuThb
ocoboe BHEMaHME HA TO OOCTOSITEBCTBO, UTO OIPEJIEJIEHNE B CBOMX MOTHBHPOBKAX JIAETCS He [T
IPOU3BOJIBHBIX TocaemoBareabrocTeii (1.1)—(1.2), a TONbKO /I MMEIONIX MaKCUMAJIbHbI ePHO/I,
9TO CYIECTBEHHO UCHOIb3yercs npu obocHoBarun ST-merona(em. [1, crp. 107-108], dopmyusr (1.6)

—(1.8))):
vs (a, N) = miny/m3 + -+ + m2, (1.8)

rJie MUHIMYM OepeTcs o BCceM § -HabopaM IesIbIX aucesa (mi, ..., mg) (my,...,ms) # (0,0,...,0),
ABJIAIONUXCS PEIICHIAMI CPABHEHMS
mi +ama + -+ a* L, = 0(modN), (1.9)
WM, 9TO TO JKe camoe, npuHajiexkamux perrerke (cm. [12], K. lepuuszon)
N 0 -+ 0
-a®> 1 ... 0 .
(M1, .cc,mg) = (U1, ooy Us) : S o (uy,ug,...,us) € Z° 5,
—a*1 0 ... 1

BestesicrBre dero (1.8) sammceiBaercs B Buje (eM. |2, crp. 120] u [1, crp. 113])

v2(a,N) = inf {(Nu1 —aug —...— a,s_lus)2 +ud 4wt (ug, . us) # (0, ...,0)} . (1.10)

s

CaM cHeKTpaJbHBI KpPUTEPHil 3aK/II0YaeTCs B 3aJade HAXOXKIEHUsS MUHHUMAJJIbLHOI'O 3HAYEHUSI

m? +...+m2 5 (1.8) uo (mq,...,ms) us (1.9) , um xe, uro T0 x)Ke camoe, Besmaunbl (1.10).

XapakTepucTuKa 9TOr0 MeToJla HUCIBITAHUIl IeHepaToOpoB CIydailHbIX uuces jgaHa B [1, crp.
105] u [2, crp. 116]: <«Baowcnwviti mecm 0as npoGepru CAyualiHoCMU noayueHnor na SJBM
YUCA08BIT nocaedosamenvrocmets chopmyauposasu 6 1965 2. P. Koeso u P. Maxgepcon. Smom
MECM 3AMEYAMENEH TNEM, HIMO 6CE U3BECTMMHVIE MAOTUE O0AMYUUKU, OCHOBAHHBIE HA AUHETHOM
KOHZPYIHMHOM Memode, bviau UM 3a6PaAKOBaHDlL, 6 MO BPEMA KAK 6CE TOPOWUE JAMUUKU NPOULAU
ydosaemesopumenvHo!

Cnexmpaavruiti kpumeputi a8AAEMcs Haubosee MOULHBIM U3BECMHBIM 00 CUL NOP
Kpumepuem u 3acayrHcusaem ocoboz20 BHUMAHUS.

Cnexmpasvnuiti xpumeputi 0baadaem ceoTUCmeamy Kakx MeopemuieckuL, makx U IMNUPUYECKUT
KPUMEPUES, PACCMOMPEHHDBLT 6 NPeduldyuur pasdeaax. O NOTONHC U HG MEOPEMUYECKUE KPUMEPUL,
NOCKOALKY NPOGEPAEM, CEOTUCMEA NOCACIOBAMEALHOCTNY HA NOAHOM Mepuode, U HG IMNUPUYECKUE
KPUMEPUU, NOCKONOKY OAS NOAYUEHUS PESYALMANA MPEOYEM BHUUCAEHUT HaA KOMNBLIOMEDES.

Ob6parenne K Besmanne Vg (a, N) BbI3BaHO TeM dakTOM, 9T0 «Feau vs — nHaumenvuiee nenyresoe
BHAMEHUE <6OAHO06020 uCAQ> +/M]+ ...+ m2 das Komopoeo f(ml,...,ms) # 0 6 aunetiHol
KOHZPYIHMHOT  NOCACIOBAMEADHOCTNY € MAKCUMAALHOLM  NEPUOJOM, O MOCAEI08AMENLHOCTIVD
Xo/N, X1 /N, X5/N,... MOHCHO cHuUMamMv NOCALIOBAMEAHOCTNDI CAYHATHLT YUCEA, DAGHOMEPHO
pacnpedeseHnvir meocdy 0 u 1 u NPedcmasAeHHBIT ¢ «MOYHOCTDIO» UAU C <OWUOKOT 0KPY2AEHUAS
1/vs , npuyem penv udem o nezasucumocmu s nocaedosamenvhois srnadenuts Xp, Xny1, o Xpi(s—1)
¢ yepednenuem no noaromy nepuodys (em. [1, crp. 108-109]).

Takum 00pa3oM, 3ajada 3aK/I0YaeTCsad B HaxoxjeHun B ycjopusix (1.3)—(1.4) uucen a, N u s
C KaK MOKHO OOJIBIIUM 3HAUYeHHeM BeJIU4IuHbl Vs (a, N). B cieayromeil Teopeme jaéresi omneHka
cepxy(cm. [1, crp. 108] u [2, crp. 133]):

Teopema B. IIpu scex a, N u s cnpagedaiuss, HepaseHcmaea

Vs (a,N) < 7sNs, (1.11)
13
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2(96 Vs NPUHUMGET, SHAYEHUA
(4/3)1/4 [91/6 91/4 93/10 (64/3)1/12 (93/7 91/2

ons s =2,3,4,5,6,7,8 coomeemecmeento.

Kaxk u Besikast olieHKa cBepxy, HepaBeHCTBO (1.11) MoxkKeT ObITh CHJIBHO 3aBBINIEHHBIM, [I09TOMY
sagaun He pemaer(em. |1, crp.  111]):  «Tax xax nukmo we 3Haem, KAKOSVL HAUAYHULLE
docmusicumovle 3HAUEHUA Vs, MPYOHO MOUHO ONPedesums, KAKUE SHAYEHUA Vs MONCHO CHUMAMD
YJOBAEMBOPUMENOHVLMUS.

JlaspHeitiee pa3BuTHe — B HapacTaHuu TpeboBaumit: «/[o cux nop Heavsa ckazamo, 6ydem Ay
JaHHBIT 2eHEPAMOP CAYUATIHOLT YUCEN HA CAMOM OEAe YIOBAEMBOPAMY CNEKMPAALHOMY KPUMEPUI.
Yenex amozo ucnoimanus 3a8ucum 0m MPUAOHCEHRUT, MAK KK O0OHU NPUNOHCEHUA NPEIBABAAIOM,
boaee svicokue mpebosarus, wem dpyaue. Ecau Mol nosyuum, 4mo vs > 230/ gpn 2 < s <6, mo
bydem v 2mozo docmamouHo 0AA BONLUWUHCINGEA CAYHAES (TOMA A6MOP JONAHCEN NPUSHAMBCA, YN0
subpas Kpumeputi omuacmu nomomy, wmo 30 deaumea wa 2, 3, 5 u 6) (em. [2, cmp. 128])».

31ech, B Teopemax 1-7 (cm. Huke §3), Oy IyT JaHBI HAMIEHBI «HAUAYHWUE DOCTRUNACUMDBLE BHAUEHUA
Vg ».

[Tepen Tem Kak mepeiiTu K pe3yjbTraTaM CTATbU, €IIE pa3 YTOYHUM IIOCTAHOBKY 3a/Ia9d B CBETE
BCET'O BBIIIIEU3JIOZKEHHOT'O.

Cpequ MHOTOYUCIEHHBIX (DOPMYJIUPOBOK IIPOOJIEMBI CIIEKTPAJIBHONO TECTUPOBAHUSI T€HEPATOPOB
CJIyYIafHBIX 9HCe/I, YKUPHBIM IMPUMTOM BBIICIUM IOCTACIHEE TPEIJIONKEHNE C MeCCUMUCTUICCKUM
IIPOIHO30M 13 cJiejtytornero ab3ana B [2, crp. 118]: «Cnexmpanvroid kpumeputi 0cHOSaH Ha 3HAMEHUL
Vs O0As Maavlr S, ckaoicem, 2 < s < 6. Pasmeprocmu 2, 8 u 4, xascemcs, adexeammvt 0
onpedeserus 8aHcHHT Hedocmamxos 6 nocaedosamensvrocmu. Ho mak xax 3decv paccmampusaemcs
YeAviti NEPuod, pasymHo 8 HEKOMOopPoTi Cmenery vy MOAHCEM, OCTNOPOHCHBLMU U Nepetmu K dpyzomy
usmeperuto (uau deym). C dpyeol cmoporw, snavenus vs npu s > 10, waosccemes, e umerom
npaxmuueckozo anauenus. (M amo xopowo, nockoavky 6viao 6v. 0ueHs mpyoHo 8blHUCAUNL
mowHocms v, ko20a s > 10 )».

[TpakTuyeckoe 3HAUEHUE FTOI TEMATUKE TaK OMUCHIBAETCS B |2, crp. 21|: « B meuenue muozuz aem
me, KOMY CAYHGTHBLE YUCAG ObLAU HEoOTOOUMDBL OAA HAYHHOT Pabombvl, GbiHYNHCIEHDBL OBLAU MACKATD
Wapvl U3 YpHsvl, NPEISAPUMEALHO LOPOULO NEPEMEWAE UL, AUOO Opocamb u2pasvHvie KOCmu, AUO0
packaadosams Kapmo..  Tabauya, codeporcausas 6oaee 40 000 e3amumxr naydavy u3 omuemos o
nepenucy caywatinux yugdp, ovwa onybaukosana ¢ 1927 e2ody JI.X.K. Tunnemmom (L.H.C. Tip-
pett).

C mex nop 6vLau NOCMPOEHbL, METAHUUECKUE 2EHEPAMOPDL CAYHAUHBL wuces. Ilepeas maxas
MawuHa 6viaa ucnoavdosana 6 1939 200y M.2K. Kendasrom (M. G. Kendall) u B. Babunemon-
Cmumom (B. Babington-Smith) das nocmpoenus mabauyvl, codeporcawets 100 000 cayuatinou
yugp. Komnwviomep Ferranti Mark I, enepswie 3anywennoi 6 1951 20dy, umen scmpoennyro
NPOPAMMY, UCTLOALSYIOWLYH PESUCTNOPHBIT 2EHEPATNOD WYMA, KOMOPAA NOCMAAALA 20 CAYHATHVIT
bumos na cymmamop. Imom memod ovin npedaosicen A.M. Toropuneom (A.M. Turing). B 1955
200y RAND Corporation onybauko8asa WUPOKO UCNOALIYEMDBLE MABAUUDL, 6 KOMOPVIL COOEPHCAACH
MUAMUOH, CAYSATHBLT UUPP, NOAYUEHHBLT C NOMOULBLIO OPYLUL CNEYUAALHOIT Yempoticms. Hssecmmvill
eenepamop cayuatinor wuces ERNIE npumeHArca HG NPOMAHCEHUU MHOZUL AeM OAS ONPedeseHUs
BUULPLIUHOLE HOMEPOS bpumanckoti aomepeu. [Cm. cmamvu Kendall and Babington-Smith J.
Royal Stat. Soc. A101 (1938), 147-166; B6 (1939), 51-61, a maxowce duckyccuro S. H. Laving-
ton’scMarkleCACM 21 (1978), 4-12; obospernuesMath. Comp. 10 (1956), 39-43; duckyccuro o6
ERNIEW. E. Thomson, J. RoyalStat. Soc. A122 (1959), 301-333.]

Kopoue 2060ps, mnocae u3o0b6pemeHuUs KOMNBIOMEPOS HAUAAUCH UCCAEI0BAHUS
appexmuero2o cnocoba MOAYUEHUS CAYUAUHBIL HUCEA, BCIMPOEHHBLIL NMPOSPAMMHO 6
KOMNDBIOMEPHLS.

Oco60 no/MepKHEM, UTO 3/1eCh U3YUalOTCsl He BCe BO3MOXKHBIE T1ocseoBarenbaocTr (1.11)—(1.12),
a TOJBKO C MAaKCHUMAJbHBIM HepuojgoM [N, 9TO He OTrpaHHYMBaeT OOIIMHOCTH, a OTCEKaeT MeHee
[EHHBIE.

Touno rakke, onpesesenue (1.8)—(1.10) umeer cMBIC JIJIsi BCEX TEIBbIX HOJOKUTENbHBIX @, N U
S, M UMEHHO JIJIsI TAKOTO 0b1iero ciaydas chpopmysmpoBana Teopema B.
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Urak, B ycroBusax Teopemsl A 3aaHbl IPOM3BOJILHBIE TIEJIbIE OJIOKHUTEIbHBIE dncaa a u N | HO
CBsI3aHHBIE MeXK/ Ty coboii ycaosusamu (1.3)—(1.4).

31ech MBI He MOMKEM YJIEPXKAThCsl OT CBOErO BOCTOPra 3TOf TeOpeMOii, MOCKOJIBbKY IIPOCTO
nepememarh (6e3 nmosropennii!) unmcaal,1,..,N — 1 B obmem-To mpocroii mporeaypoit (1.5) ¢
JIETKO IPOBepsieMbIMI yCJI0BHAME (1.3) M HOTOMY OYeHDb JOCTYIHBIME Jyist MpuMenenuii a u [N camo
o cebe ecTh 3aMedaTesbHBIT pe3ynbrar. He Menee yinBHTEILHBIM IIPEJICTABIISETCS BO3MOKHOCTD
BBIPA’KEHUs IOCPEJICTBOM KOHEYHOro Inpeobpasosanusi Pypbe wmciIoBoro mnokaszarens Us(a,N)
HE3aBUCHMOCTH S [IOC/IeIOBATE/IbHBIX 3HAUEHNIT reHepaTopa cirydaifupix duces (1.5) (mo mpuxmmmy
«Boavwue snauenua vs coomeememeyom CAY4aUHOCIU, MAABE — OMCYMEMEUIO CAYUATHOCTIULY ).

Koneuno, camu 1o cebe 9UCIOBbIE TTOKA3aTENN CIIyIaifHOCTH Vg (@, N) MOTYT OBITH TOCTATOTHO
IIPOU3BOJIBHBIMH, HO B CIIEKTPAIHHOM TECTHPOBAHUN BCE ONPE/E/ISETCSI CBSI3AHHBIMU Y€Pe3 YCI0BHS
(1.3)-(1.4) ancaamu @ u N B UX B3aUMOJICHCTBHUH C S .

Takum ob6pasom, BMecTe ¢ HpUHATBIMEA coriammeHusmu A = 1 um Xg = 0, mapamerpsl
an N OIHO3HAYHO OIPEIEIAIOT TEeHEPATOpD CIAYYAfHBIX UHCEJI.  3aTeM, IOCJIeI0BATEIbHOCTD
{X,, (a, N )}nNz_ol II0/[BEPIaeTCsl NCHBITAHNIO Ha CJIYYaiiHOCTh METO/IOM CIIEKTPAJIbHOIO TeCTUPOBAHUS
IpU BBIOPAHHOM § > 2, JIJIsl 9ero HaJIO CBSI3aTh MexKy coboii mapamerpsl N,a u s .

Yeqosust (1.3)—(1.4) onpenensiior B3ammocBsizb Mexkjaya u N uwepes 7 (a,N) um A(a,N).
[Tosromy wmccienyemasi 3ajada OTHOCHTENLHO —§  PacHagaercs Ha  CJIEJLYIONHe  [OHAPHO
HeIlePeCEeKAIOIINeCs] CIIy Iam

1°. s=71(a,N)=2, 1<X(a,N),
2°. s=71(a,N)>3, 1<A(a,N),
3°. 2<s<7(a,N), 1<X\(a,N), (1.12)
4°. 2<7(a,N)<s, 1<X(a,N).

Tenepp omnpenenmmcsa ¢ obosHadeHusimu. Kak Bcerga Z° Oymer o3HadaTh IEJI0YUCIECHHYIO
peIeTKy eBK/INI0Ba mpocTpancTsa R°, Z§ ects Z° 6e3 Touku (0, ...,0).

Yepes A|B 6ynem obosnauars npejyioxkenne « A deaum B » ¢ ee orpunianuem B Buge A fB.

st mostosKUTENbHBIX TIoceoBaTenbuocTeit Ay u By BBOmMM obosnadenve Ayxy < By, ecin
I Beex 3ajieiicrBoBanubix N (M 311€Ch, U BCIOLY B 9TOM ab3are) BobinojHeno Ay < yy By , wim,
9TO TO K€ CaMoe, ’y;,lAN < By, tyie Yy — 1, crajo ObITh, 1 7&1 — 1 mpu N — oo . Yepes
AN = By 6ymem obosnauatsh ogHoBpeMennoe BuimonHenne Ay < By u By S Ay . Takke Oyaem
HCII0JIb30BaTh 3HaK Bunorpamosa Ay < By 3anucu HepapeHcTBa Ay < ¢- By IpH HEKOTOPOM
¢>0,u Ay < By npu omnospeMmenHoM BomonHeann Ay < By u By < Ay .

Bcerogy B crarbe Oymem mosmarath, uro (6> 1)1 < p; < --- < py-mpocTblie dmcya, Ni, ..., Ny
U T1,...,T¢-LIeJble IOJIOKUTeIbHbIe unuciaa, N = pzfl . -p?t ua=dxpy'---p;'+1, rge nemoe
MTOJIOXKUATEBHOE YNCJIO d B3aWMHO IpOcTO ¢ N, T. €. B Pa3jaoyKeHuu d Ha IPOCTBIE HET P1, ..., Pt -

OrmernM, 9TO HHMXKe B (POPMYJIMPOBKAX TeOpeM OyIyT yKa3aHbl TOYHBbIE 3HAYEHUS YN , 9TO
06ecnqu/IBaeT S(bd)eKTI/IBHbIe BbIMUCJINTEJIbHbIC IIPUMEHEHM A HoﬂyquHbIX pe3yﬂbTaTOB.

B nmammoit crarbe  moJIydueH — MOJHBIE  OTBET  Ha  BOINPOC  UCTUHHOM  TOPSIKe

Vs (a, N; (a— 1)T(a’N) = N\(a, N)) (sra npobiema nocrasiera B 1969 roay B [1], B nociemyomux,

CIIYCTd OECATUJICTUA, N3JaHNAX OTBETa Ha TOT BOIIPDOC HE HaXOILI/IM).

Yenosust (1.3)—(1.4) obeyzxmatorest B Jlemme 10 B §3, onHako HuKeceyoIme TeopeMbl 1-7 GyryT
JIOKa3aHbl 6e3 yuera 3tux yeaosuii. Cefiuac xke BepHEMCsI K OCHOBHOMY OO'BEKTY MCCJIEIOBAHUST ITOM
CTaTbU — JINHENHBIM KOHI'DYSHTHBIM IIOCJI€JOBATEIBLHOCTAM C MaKCUMaJIbHBIM HE€PUOI0OM.

Wrak, nauo mesbie ynciaa a > 2, N > au s > 2, 10 KOTOPBIM OIpeeseTcs QyHKIIIs

gs (U1, ..oy us) = gs (U1, ..., us;a, N) = \/(Nul —aug — - — as_1u5)2 +ud + -+ ul.

B caeaytomux Teopemax npu pasamvHbIX CBasax uga (a — 1)7 = NAmexay aumm (Brpouem,
oxBaThIBaOIUX Bee ciaydan B (1.12)) s BesuauHbl

Vs a7N; —1)T=N)) = inf s (w ,...,us;a,N
( (a—1) ) R . SR (u1 )
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HAXOJIATCS TOYHOE 3HaUeHne npu § = 2, A\ = 1 u (B OCTAJIbHBIX CJIyYasiX) ACUMITOTUYIECKUI TTOPSIIOK
(¢ SIBHO BBINMCAHHBIMU MHOXKUTEJSIMA Yy — 1 IPU HUX).

[Tepen Tem Kak TPUCTYHUTH K (DOPMYJIUPOBKAM T€OPEM, OOPATUMCH K €I OJ[HON XapaKTEPUCTUKE
CJIy9ailHOCTH, BBIPaXKeHHOH yxke depe3 vg(a, N) .

Mepa sppexmusnocmu s (a, N) mnootcumenn a 0as 3a0annoz0 Maxcumasvrozo nepuoda N
BBOJIUTCS KaK <«OMHOCUMEAbHO He3asucumoe om N »TpaBUIO OlpeJeieHrs Ka4ecTBa NeHEPaTopa
caygaitabix yncesn N (eMm. [2, crp. 128]): «B HEKOMOPOT CAYHAAT TOPOWO Obi UMEMD NPABUAO OAA
onpedeserus, YyooBAEMBOPAEM, AU OGMYUK KPUMEPUIO, OMHOCUMENLHO He3asucumoe om N  4mobovi
MOHCHO OBLAO CKA3AMDb, YMO HEKOTNODHLTL MHOHCUMEADL TOPOUL AUDO NAOL MO OMHOWERUIO K OPY2UM
MHOHCUMEAAM OAf 3adanno20 N | nenposepas ocmasvhoix. Pagymmot mepot, sacayscusarowet
ObiMDb NOKA3AMEAEM ONA ONPEJENEHUS, HACKOALKO TOPOUL 3G0aHHbIT 2eHEPATOD, MO2 Obl 6uiMmb 065eM
2AAUNCOUIE 8 S - MEPHOM NPOCMPAHCINGE, ONPEIEACHHBLT COOMHOULEHUEM

12
(miN —msa — -+ —mea® ') +m3+ - +m2 <2,

max KaK 2mom o06sem CMPeMUmCca K 6EPOAMHOCIIU M020, YIMO MOYKG C HEHYAEEBLMU UCAbLMIU
Koopduramamu (mi, ...,ms) , Komopaa coomsemcmeyem pewenuto (1. 9), naxodumcs 6 saruncoude.
IToomomy npedaazaem evivucaums smom 006em, 4 UMEHHO — NOKA3AMD, MO 0HPAGEH

7TS/2V§
Hs = s)2IN"

U pacemampusams €20 kakx mepy sfdexmusnocmu muoocumens 0 das 3adanwnozo N . B amot

Ppopmy.se
(g)| = <g> (; - 1) (;) VT Ons Hewemmnux s.

Taxum 06pazom, OAf PA3MEPHOCTNEL, MEHLUUL UMY PAGHBLT WECTNU, IMA MEPE UMEET, CACOYIOULUE
3HAYEHUA:

_ 2 _4_.3 _1_2 4 _ 825 _1_26
po = vy /[N, puz = 3mv3 /N, py = 570 /N, pus = 1z7°v5 [N, pp = gmvg [N ».
CdopmympyeM TeopeMbl, B COBOKYIHOCTH OOECIEUUBAIONINX DAEMEHMAPHOE NOCMPOEHUE
AUNETHOT KOHZPYIHMHOT NOCAE006AMENBHOCTIU HACTNOALKO CAYHATHOT, HACKOALKO MPebOSAHUAM
caywatinocmu,  omeevaem  cnexkmpanvrod meem  Koeato u  Makgepcona ¢ xapaxmepucmurol

«Cnenmpanbnbm npumepuil asasemcs Haubosnee MOUWHDBIM U3BECTNHBIM do cux nop
rpumepuem u 3aCAYHCUBAET 0c06020 BHUMAHUS>.

Teopema 1 (ST-2). ITycmo damo yeaoe wucio a >5 u nyemo (a —1)* = N. Toeda

V2<a,N;N:(a—1)2): 1+ (a—2)7%=(a—1) x
(1.13)
=N -2V/N+2=VN x

22> a1Vt (1.14)

,u2<a;N;N:(a—1)2):7r(1—2(§__1) ~

B reopemax 2-6 (—by,) ecmv nauboavwuli no mooyao ompuyamesvHoill GUHOMUAALHBLT
koappuyuernm 6 pasaooicenuu (a — 1)™ no cmenenam a : bg = 2,bg = 3,by = 4,b5 = 10,bg =

20, b7 = 35,bg = 56,bg = 126, b19 = 252,b11 = 462,b10 = 792,b13 = 1716,b14 = 3432,b15 = 6435, ...
u m. 0.

Teopema 2. IIycmv wucaa s > 3, a > bs+1 u N > a ceasanv pacencmeom (a —1)° = N .
Tozda svinoamnens, cAedYIoUue COOMHOWEHUA

N3 (1—(bs—1)N—%) —a—bs <vs(a,N;N = (a—1)%) < \/1+a2:N%\/1+2N—%+2N—%
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u
s Ly owE fa—b\° oo (14a?)?
o (=00 ) = 5 () e = = 5 G -
:(7;;-(1+2Ni+2]\7s>2,
5.

Teopema 3 (s =7 =2, A > 2). Iycmo napamempo, a u N ceazanv, paserncmeom (a—1)2 = N,
2de yenoe N > 2. Toeda

N VNX /14 (a—2)° ) A(a=1) /2 \/5
— 1-— = < N;(a—1)"=N > < —(a—1)=4/=-VN
1/ 3 xA\[1—-2 7 3 _ug(a, i(a—1) )\7)\_2) < 5 (a—1) 3 VN,

-1
7T.<1_2.\/JW1>_

_9)2 M(a—1)
: M SHQ(aaN:(a_l)QZNAa)‘ZQ) < 217
(a—1) A

ede 6 ouenke ceepry mpebyemca ycaosue N (a —1) < (a—1)|N .

>0

A N

Teopema 4 (7 > s = 2,(a —1)" = N). IIycmv danve wucaa 7> s =2, a>br+1 u N > a
maxue, wmo N = (a — 1) . Tozda

N%(1—(b7—1)N—%):a—ngw(a,N(a—l < Vit =N 14ont fon-,
2 4 _1 2_ (a_b) . T _
TN~ (1*(177*1)]\7 T) _WW_M( ,Ni(a—=1)"=N) <
(1+a2)_ 2 1 _2
<t =N <1+2N P poN )

Teopema 5 (7 =5>2 (a—1)° =N\, A >1). ITycmv wucaa a > bs+1,N >a,s >2u \ > 2
maxoev, wmo (a —1)° = NX. Tozda

N et _ 2 _ s—1 B 2 \|(a—1)
2 ) 5 ) e
* \ k=0 k=0

> = S (1= - (V) F),
u(r=s8>2(a—1)°=N\ A>1

Nle

w1 (2 /75— 1\ ? 1 (a—b)® M@
(3)! a7t <,;0(< k ))) G N @ony 2 MleNilemDT=Ny 2

1 a—bs\’ T3 1 _1\s
Zw<_1> = Gy e (-G D)

2de 6 ouenke ceepry npednosazaemcs evnoanenue yerosus A (a —1) & (a —1)7HN.

Teopema 6 (2 < s < 7,(a—1)" = N\,1 < X < (a—1)"7°). Ecau a,N,s,7 u \ ceasanv.
pasercmeom (a —1)" = N\ u nepasencmeamu a > bs+1,2<s<7,1<A<(a—1)"%, mo

(N))* (1 ~(bs— 1) (NA)*%) —a—by<vs(a,N;(a—1)" =N\ <+v1+a2=

Q=

™

(5

_ %\/1+2 (NA)"7 +2(NX) 7,
(v (1*(‘%*1)(”)7 ) _m @b XA N a— 1) = ) <

! N O
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S

; ; ((Nx)i Vita(vn 2 (NA)—3>
3! @17 () N

S

()

vs(@.Ni(a—1)7 = NAA = (a— 17, (a—1)72) <

u
71‘% Gl S 1 2§ 1
o I — _qy-2 . - -
o Nia =) =M ==y -0 s e (S ((3) ) w

Teopema 7 (2 <7 <s,(a—1)" = N\ X > 1). IIyemv danve wucaa a, N > a,s,7u A maxue,
wmo (a—1)" =NN2<7<s,A>1. Tozda

vs(a,N;(a—1)" = N)) < ZT:<< f ))2

k=0

- T2 ~ T 2\ 2 1
pts (a, N3 (@ — 1) ZNA)S(é),- Z((k» N
2/ k=0

Kaxk sr0 cieayer u3z cpopMyInpOBaHHBIX TeOpeM, JIuHelinas KOHIPYIHTHA [I0CIeN0BaATEIbHOCTD
Jlexmepa ¢ mosiHBIM epuogoM "eoswebra" npn Becex 2 < s < T U TepsieT 3TO CBOMCTBO IpH T < §,
Jla, ellle PAaBHOMEPHO PAaCIIpPeIesIeHa.

[Tonydennsle 31eCh pe3yJIbTaThl MEHSIOT IIpeacTaBaeHue o « CnexmpasbHom mecmes» Kak 0 MeTOIe
«onpedeseHus 6aNHCHLLT HEJOCMamKxo6» B JAHHON MocjenoBaTeIbHOCTH. Hamporus, maior moJIHbLIT
«CNEXMPANLHBIT GHAANU3» BCEX BO3BMOXKHBIX JIMHEHHBIX KOHIPYSHTHBIX IIOCJIEI0BATEIbHOCTENH ¢
MaKCHMAaJIbHBIM [IEPUOIOM U CPEIM HUX BBLIEISIOT HAWIYYIINe MeHepaTOPhl CJIYUaHbIX THCET KaK
«apermueHbill Cnocob NOAYUEHUA CAYIATHBLT HUCEA, BCTMPOEHHBIL NPOZPAMMHO 6 KOMNLIOMEPDLS.

B kaxxmom msmannn «lVckyccrBo nmporpammvupoBanugs . Kayra «I'masa 3. Coywaitnbre uncias
3akaH4IHBaeTcst BopocoM B nyHkre 3.6 BIBO/IbI:

«B 5TOH I'/TABE 6bi10 paccmompeno 0060AbHO MHO20 TEM: 2EHEPUPOSAHUE CAYUATHVIE YUCEN,
UL MPOGEPKA, UL BUIOUSMEHEHUE NPU UCNOALZOBAHUY U MEMOObl MOAYHEHUSL TMEOPEMUIECKUL
Ppaxmos. Boamoocho, 2nasHuiM OAf MHORUL wumamenret ovia eonpoc “Umo nosyuero 8 peaysvmame
gcetl aMOot MeoPUY U 4Mo Mmakroe npocmoti doOPOMHIT 2EHEPAMOP, KOMOPVIT MONHCHO UCTLONBI0EAIL
8 NPOZPAMMAL 6 KAUeCmBe HAEHCHO20 UCTNOUHUKA CAYIATHLT wuces?”. »

U, najee, Ha TTOCTAB/IEHHBIN OT UMEHHU YUTATEJIEH BOIIPOC JIAETCs CACIYIONINN OTBET:

«llodpobrvie uccnedosarus 6 2amotl 24G6€ HABOOAM HA TMBICAL, MO CACIYOULAA NPOUEIYPQ
NO36OAAEM  NOAYHUMD NPOCMelwul 2eHEPAMOP CAYHUGUHDIT YUCEN OAA  MAWUHHOZ0 A3BIKA
b60ALUWUHCTNBA KOMNBIOMEPOS. B navase npozpammov, npuceotime ueaot nepemerntotit X HEKOMOPoeE
snavenue Xo. Ima seauduna X UCNOALIYEMCA MONGKO OAA 2EHEPUPOBAHUSA CAYUGTHO20 YUCAG.
Kax moavko 6 npoepamme nompedbyemcs Ho80e CAYHATHOE HUCAO, NOAOHCUINE

X+ (aX +c)modm (1)

U ucnoavdyime nosoe 3navenue X 6 Kavecmee cayywatnolt sesuvwunv.. Heobxrodumo musamenvro
evopams  Xo,a,¢ U M U PAZYMHO UCNOAB30BAMD CAYUGUHDIE YUCAL COZAACHO  CAECOYIOULUM
NPUHUUNAM.

i) "Hauwanavroe" wucao Xog mootcem Ovimb  66l0paHO  NPOU3EONLHO. Ecau  npoepamma
UCTLONDBIYEMCA HECKOADKO PA3 U KAAHCOLT Pa3 MPebyomes pasisusHble UCTNOYHUKY CAYHATHOIT
wuces, mo HyHcHo npucsoumsv Xg nocaednee noayvwennoe anavenue X Ha npedudyuiem
npo2oHe UAU, ecAu Imo boaee ydobro, npuceoumsv Xg mekyuwue damy u epems. dmobvl
CHOBA 3ANYCTUMb NPOZPAMMY € MAKUMU HCE CAYUATHBLMU YUCAGMY  (HANPUMED, NPU
omaadke npoepammot), nystcro nanevamams Xg, €CAU UHAYE €20 HEBOZMONCHO NOAYHUND.
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ii)

iii)

iv)

vi)

vii)

viii)

Jucao m doasicno 6oimsb Goavwum, ckasicem, no kpatnet mepe 220 . Bozmoorcro, ydobro
63AMb €20 PAGHBIM DPAZMEPY KOMMBIOMEPHO20 CA0BA, MAK KAK IMO 0CAAEM GBUUCIEHUE
(aX + ¢) mod m enoane apexmusnum. B pazdeae 3.2.1.1 ewibop m obcyosicdaemes boaee
demanvho. Buwucaenue (aX + ¢) modm doastcno 6oimov mounsm 6€3 0KpYeaenUus OUUOKU.
Ecau m - cmenenv 2 (m. e. ecau ucnosvdyemcsa 060usHuil KOMNbIOMeEP), euibupaem a
maxum, wmobs, a mod 8 = 5. Ecau m - cmenenv 10 (m. e. ucnoavdyemca decamuunolil
Komnwvromep), evbupaem a makum, wmobs. a mod 200 = 21. Odnospemernviii 6vi60p a
U € 0acm 2aPAHMUI0, MO 2EHEPATOP CAYHAUHBLE wuces 6ydem ewpabambvieams éce m
PABAUNHBLT BOZMONCHBIT 3Hadenut X npestcde, wem OHU HAUHYM NOSMOPAMBCA (CM. padden
3.2.1.2), u eapanmupyem evicokud "nomenyuan” (cm. paszdea 3.2.1.3).

Mmnootcumens a npednoumumervro evbupams mexcdy .0lm u .99m , u ezo dsournwvie
UAU decaAmUNHBIE YUPPDL He JOAHCHDL UMEMD NPOCMYIO PELYAAPHYI cmPykmypy. Bubupas
HECKOALKO CAYHAtHOT Konemanm, nodobrur a = 3141592621 (komopue ydosaemeopsiom
oboum ycaosusm 6 (iii)), nowmu ecezda noaywaem 0OCMAMOYHO TOPOWULT MHOHCUMEND.
onoanumenvhas nposepra, KOMEUWHO, HYHCHA, ECAU 2EHEPAMOP CAYHATUHDIL —HUCEA
UCNOALZYEMCSA  PELYAAPHO. Hanpumep, uacmuunvie ommowenus He 00axHcHb,  Obimd
boavwumu, Ko2da das maxostcdenus gsda u m ucnoavdyemcs aszopumm Eerxaiuda (cm.
pazden 3.3.3). Muootcumenv dosotcen npotimu cnexkmpasvhvili kpumeputi (pazdes 3.5.4) u
HECKOALKO KPUMEPUes, ONUCaGHHuT 6 paddese 3.5.2, npescde wem 01 NOAYHUM cepmuduram
Kauecmaea.

3nauernue ¢ He cyulecmeento, K02da a - TOPOWUT MHOHCUMEND, 34 UCKAIOUEHUEM MO20,
YMo ¢ He JOANCHO UMEMDB 00WE20 MHONCUMENS C M , K0204 M -PAZMED KOMNBLIOMEPHO20
cno6a.  Taxum obpazom, mooicno evbpams ¢ = 1 uau ¢ = a. Mnozue ucnoavdyrom c =
0 emecme ¢ m = 2°, o onu orcepmayrom ISYMA IBOUNHVLMY PA3PAIAMU TMOYHOCTNY U
NOAOBUHOT HAUANDHBLL 3HAYEHUT, UMOObL COKOHOMUMS BCE20 HECKOALKO HAHOCEKYHO CUEmMa
(em. ynp. 3.2.1. 2-9).

Maadwue snavawue wyugpo (cnpasa) X ne ouenv cayuwalino, MaK MO PEWEHUA,
ocnosartbie Ha wucae X , 6ce2da JoAHCHDL ONUPGMBCA, 2AGEHBIM 00PA3OM, HA CTMAPULUE
snavawue yudpo. O6vuno aywwe cuumamsv X cayuatnot dpobvio X/m wmeorcdy 0 u
1, m. e. npedcmasaams cebe X c decamuunoti moukot caesa, a He OMHOCUMBCA k¥ X KaK
K CAYHATUHOMY Uesomy wucay mescdy 0 u m — 1. Ymobv nodcuumamsd cayuatinoe yeioe
wucao meancdy 0 u k — 1, nyoterno ymmoorcumo e2o na k (no ne deaumv na k; em. ynp.
3.4. 1-3) u oxpyesumv pesysomam.

Basicnoe  ozpanuvenue caywatinocmu nocaedosamenvrocmu (1) obeyoicdanrocy 6 paszdene
3.8.4, 6 xomopom mnokazarno, umo "mounocmv” npu pazmeprocmu t bydem moavro
nopsadka /m . Ipumenss memod Mowme-Kapao, neobxodumo ucnoib3osams cayuatinoe
NOCACIOBAMEALPHOCTNY,  BbICOKOT,  HADEAHCHOCTNU. Hx moocno moaywums ¢ nomouybio
METHUMECKUL NPUEMOS, ONUCAHHLIT 6 pasddese 3. 2. 2.

Mootcro eenepuposamov ne 6oavwe m/1000 wuces, unaue nocaedyrougue 6ydym eecmu
cebs nodobro npedudywum. Ecau m = 232 snavum, mosas cwema (manpumep, Hoewit
MHOACUMEND @) Q0ANCHA UCTIONBIOBAMBCA NOCAE 2EHEPUPOSAHUA NECKONDKUL MUAAUOHOSE
CAYHATHBLT HUCEN. »

Pazymeercst, Bce chopMmymupoBaHHBIE BOCEMBb <«IIPABUI» OTHOCATCS, TJIAaBHBIM o00pa3oM, K

MAIlIUHHOMY $I3bIKy HporpaMmupoBaHusi. Ho 3T0 yke oTnesbHast SKCILUIyaTAIlMOHHAS TeMa.
Baech Jyisi HAC IJIABHOE, YTO CPEJIU BCEr0 M3BECTHOIO B TeOpuu ciaydaiiHoctun (IOHSTO, Ha
MOMEHT HAIKMCAHWs KHUIH) B KAYeCTBE <«J00pPOMH020» U <«HAJEHCHO205 JIJISL «MAUWUHHOL0 A3BIKG
OOABUUHCTNGA KOMNDLIOMEPOE» BLIOPAH JIMHEHHDI KOHIPYIHTHBIH MeTos (1).

He uckiroueno, 4to 910 uMeeT Takoe 0ObsiICHEHUE: JIETKO 3aMeTuTh, uTo ['eneparop Jlexmepa (1.2)

[TOJIyYaeTCcs OT YpaBHEHHsI IpsSIMOil Yy = ax + ¢ obpa3oBaHMEeM PEKyPPEHTHON MIOCIeI0BaTeIbHOCTH
zamenamMu = X, u Yy = X, 41 .

Meuorue apyrue reseparopbl, kak nampumep (cMm. |1, crp. 41]), xeadpamuunodi xonepyswmmvld
memod Xpi1 = (dX,% +aX, + c) mod N |, TOPOXKTAIOTCST TAKAMHE K€ aJre0pandecKuMu KPUBBIMU,
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cpeJ KOTOPBIX JInHEHHas (DYHKIINS camas IPOCTas, a MOPOXKICHHBIN €10 T'eHepaTop, COIJIACHO
M3BECTHOMY IPUHIIAITY, CAaMbI HaJeYKHDLIN.

Ha upornurupoBaHHBIN BbIIIe BOIPOC YUTATEN U KaXKJiblii pa3 obHoBJsieMblit orBer JI. Knyra
B KOJIMYECTBEHHO PACTYIINX «IIPABUJIaX», B JaHHOH cTaTbhe MaéTcs CBOU OTBET C JIEMEHTApPHBIM B
HECKOJIBKO apudMeTHIecKuX JIeficTBAN 0J00POM OCHOBHBIX ITapaMerpoB a u N depe3 7 u A mpm
3aJaHHOM S .

NmeHHO, HCKOMBIM «NPOCTIbIM U KGHECTNEEHHBIM 0GMYUKOM>OYIET BBIITUCHIBAEMBINB SBHOM BHUJIE
O TEJIBIM [IOJIOKUTEJIbHBIM ducjaaM 7 > 2, a > by +1u 1 <\ < (a — 1)7_1 lenepaTop cirydaitHbIx
quceJt

T T
Xp+1 = (aX, +0) mod(a)\l) (n =0,..., (a)\l) — 1) ,
e Xog=0,a 1<c<(a—1)"|\ — moboe aucyo, B3auMHO pocToe ¢ a — 1.

[Tpu 5TOM, ¥ B 9TOM 3aKJIIOYAIOTCS HOBBIE PE3YJILTATHI 110 CIEeKTpajbHOMy TectupoBanuio (ST),

BBIOOD TTAPAMETPOB CJIELYIONTHIA:

9. 4,2 g —1)2 — _ _1)\2 9 _a—2 _ _ 9VN-1
ST-2: 12 (a,N, (a—1) N) (a 1)2<1 2(a_1)2> N(1 pRAESS )
ST (2<s=7): N* (1—(bs—1)N—%) —(a—b)2<1?(a,N;(a—1)°=N)<a?+1=

= N3 (1 LONTE 4 2N—§) .

2 1\ 2
ST (2<s<mA>1): (N/\)?( —(bs—l)(N)\)_?> —(a—b) <

<V (a,Ni(a—1) = NATSA< (@=1)7) Sa+1= (VA7 (1+2(NA) 7 +2(NN) 7 ),

2
ST (s>7>2A>1): v?(a,N;(a—DT:NMZ1>§ZZ:0<< k )) ’

2de (=by) ecmv HauboAbLWUL NO MOOYAO OMPUUAMENLHHIT OUHOMUAALHOG KoapPuyuenm e
pasaooicenuu (a —1)™ no cmenenam a : by = 2,bg = 3,by = 4,b5 = 10,bg = 20,b7; = 35,bg =
56,b9 = 126, b19 = 252,b11 = 462,b10 = 792,b13 = 1716, b14 = 3432, b15 = 6435,... u m. 0.

3neck Bo Bcex ST-yTBepKIEHHUSIX BCE OINEHKH CHHM3Y C TOYHOCTBIO CTpeMsIIerocss K 1 mpu
BO3pacCTaHUN N ABHO BBIIIUCBIBAEMOI'O (LITO nmMeeT peniarIlnee 3HavYeHHe B IIPAKTUYECKUX

IPUMEHEHUsIX ) MHOKUTeNs Yy < 1 umeror Bug yn N H <wvs(a,N).

Tem cambIM peITieHbl 1Be OCHOBHBIE 3a1a41

a. KomuuaecTBo cirygaitubix auces N JOJKHO U MOXKET ObITh ITPOU3BOJILHO OOJIBIIIIM,

b. OcHoBHasi xapakrepuctuka ciaydaiinocru vs(a, N) 1upu Bcex § > 2 JI0JDKHA M MOXKeT ObITh
CTOJIb YIOIHO OOJIBITION uepe3 HaJjjiex)almii Beioop N .

[Tpu sTOM, BesmvIMHA §-MepHON ToYHOCTH reHeparopa (X,) u3-3a Beauwaudbl N 5 ¢ «MATBIMY

moKa3aTejieM % Tpebyer or N B obOpaTHOil eil crermenn S OBITH OOJIBIMUM. DTO MEPEKJIMKACTCS

¢ sesmammoii N~ s nuckpenanca (cm. Hampumep, [10]) — Mepbl pacipeie/IeHHOCTH Ha € IHHUTHOM
S -MepHOM Kybe paBHOMEpHO# ceTku ¢ N y3IaMu.

Hanee, zamaan «C. Bweod swviuucaumeavnozo memoda ([1, cmp. 113]): Ilpusedenmwie
NPUMEPHL  UAAOCTIPUPYIOM  CNOCOOB, MPUMEHEHUA CNEKMParvHo20 mecma.  Odnaxo 6 HawWuT
PACCYHCOCHUAT OCMAEMCA, KOHEUHO, CYULECMBEHHBLT NPOOE: CYWECTMBYEM AU TOMb KAKAA-HUOYID
BO3MONCHOCTL ONPEIEAUMS SHAUEHUE V , 3AMPANUBAL HE CAUWKOM MHO20 MAGUUHHO20 8pemert?
Kax, nanpumep, MoocHo 8bACHUMD, YMO UMEHHO 3HavweHruam S1 = 227, so = 983 u s3 = 130
COOMBEMCMBYEM MUHUMYM CYMMDL s% + 5% + sg npu cobmodenuu ycaosus s; + 3141592621s9 +
3141592621253 = 0 (molelO) 7 Ouesudrno, wmo o npocmom nepebope He moocem 6vims U peul. »
U «... NOCMPOUMDd aA20pumM, Komopwill sfdexmuero nodcuumueaem vs [2, cmp. 119> perensr ¢
MIPEBBINEHNEM — JAaHbI (POPMYJIBI Ha YPOBHE 9JIEMEHTAPHOTO MOJICUETA.

[TockoabKy ¢ Kaxkaoit mapoit mapamMetrpoB ¢ U N,a < N , yIOBIETBOPSIONINX YCIOBUSIM TEOPEMBI
A, enmuacTBenHBIM OOpasoM cBszanbl unciaa T (a,N) > 2 (cm. (1.3), a takxe Jlemmy 10), To,
BO3BpAINAsiCh K ycJoBusM (a — 1)T(a’N) = NX(a,N) u3 (1.3)-(1.4), nonarasis dhopMyIMpPOBKax
reopeM 1-7 7 = 7(a, N) u A = A(a,N), 6ysem 1mojydarb COOTBETCTBYIOIIUE PE3YJIbTATHI JIJIsi
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rereparopa ciaydaiineix quces (1.5) ¢ MakcnmaibHbIM 11epruooMm N | KOTOpbIE 3aHOBO II€PEIUCHIBATE
He GyjieM U BIIpeIb Oy1eM HOJIb30BaThCsl KaK JOKA3aHHBIME TEOPEMaMU, ¢ COXPAHEHHEM X HOMEpOB.

B reopemax 3 u 5 B OleHKAxX CBepXy MpPEJIIOJIAraeTcs BbIoJaHeHune yciaosust Al (a — 1), orkya
cienyer N f(a — 1)T(a’N)_1 , T. e. Bropoe ycyosue B (1.3). Cupase/jiuBble B 9TUX yCJIOBUSAX OIEHKU
CBEpXy MOKa3bIBAIOT, YTO COOTBETCTBYIOIIUE OIEHKH CHU3Y, BOOOIIE TOBOPs, HEYIyIIaeMbl B CMBICJIC
ACHUMITOTHYIECKOIO MOPAJIKA, II03TOMY TaKyKe MOTYT CJIy?KHTh OCHOBAHMEM JJIsi HPHUHIMIUAILHBIX
BBIBOJIOB.

B wurore, ycraHOBIEHHBIE IS §-MepHON TOYHOCTH Vg(a, N) reHepaTopa CilydailHbIX YHCET
ST-yTBepKIeHNsI, CHUMAIOT <«CYW,ECMEEHHbIT NPobes: — CYWLeCTMEYEm AU TOMb  KaKaA-HUOYOL
603MOIHCHOCTND ONPEICAUND ZHAMEHUE UV, 3AMPANUCALA HE CAUULKOM MHO20 MAUWUHHO20 SPEMENU?».

Ecmr  s-TounocThio reHeparopa CaydalHBIX ducen Vg ~ IV gy mpu 2 < s < 7(a,N)
6oJtee-MeHee 6JIArOIOJIyIHO, TO, KAK 3TO MOKA3BIBAIOT ACUMIITOTHYIECKH TOUHble ST-paBeHcTBa, mpu
dukcupoBanubix 0 u N, tiae N ecTb MakCUMAJbHBIH [EpUOJ| MeHepaTopa CJIydYailHbIX YHuCe,
BOODIIE TOBOPsI, ObecIiedeHne OJHOBPEMEHHO BBICOKUX s (a, N) masa tex ke 2 < s < 7(a,N), B
paMKax BO3MOXKHOTO TPeOYyIOT OTAEIbHBIX BBIYUCACHUIT B KOHTeKcTe Teopemsr 6 (em. 1. 3 u3 8°).

CaenaeM mpeBapuTeIbHBIC BBIBOJLI U3 IMOJIYUIEHHBIX 3/€Ch Pe3yIbTaroB (cM. Takxke §4-85)
B KOHTEKCTE KOHIENIUH <« T0AbKO UCMUHHOE 3HAYEHUE Vs ONPEdesem CMmeneHd CAYUaiHOCTIUS,
B COOTBETCTBUM C 4eM B [1-2|upoBesieHO GOJIbIIOE KOJIMYECTBO TEOPETHYECKUX pa3pabOTOK U
KOMIIBIOTEPHBIX MOUCKOB, B KOTOPBIX T€HEPATOP CJIyJailHbIX YNCeJI, T. €. MHOKHATEIb G W MOLYIb N
dbukcupyrorest u o HuM npu § = 2, ...,6 Beraucienst vs (a, N),lgvs (a, N) n pg(a,N).

1°. B Teopeme 1 upu s = 2 B pasencrsax (1.13) u (1.14) npu yeaosuu N = (a — 1)% nomydens:
TOYHbBIC 3HAYCHUS Vo W Lo cooTBeTcTBeHHO. [lockosbky npu dpukcupoBanubix ¢ u N, a < N
Besmaubbl Vo (a, N) > wv3(a,N) > ... o6pasyloT HEBO3DACTAMIIYIO IOC/IEI0BATEJBHOCTL (CM.
Jemmy 3), 10 vo (a, N) - HauGoJibIias U3 HUX.

ITpu s = 2 Teopema 1 (¢ JAONOJHUTETHLHBIME OJATBEPXKICHUSIMA B MOCJIEYIONUX TEOpeMaxX 3 U
4) 1mOKa3bIBAET, YTO 110 OTHOIIEHUIO K MEeHEPATOPaM CJIYyUalHBIX YUCE ¢ MAKCUMAJBHBIM [EPUOJIOM,

1 1
onenka B [1, crp. 109] u [2, crp. 133] w5 (a,N) < Nz (3)* upn Bcex N saBbillleHa U 4TO Ha
caMOM JleJie HaMMeHbIIasl BepxHsis rpannna vp (a, N) (Hanbosblmast HIKHSIS TOXkKe!) B TOYHOCTH

1
ectb N24/1— 2@_1 u it K03 pUIMeHTa MPU HEM BBITOJHEHbI HepaBeHcTBa 4/ 1 — 2% <

1
1< (3)*=1.07...

Hastee, obpaTuMcst K pe3ysbrataM KOMIbIOTepHOro noucka u3 |2, crp. 130|: B cmpoxazr 16 u 23
pacnososcenv, zenepamopu Jlaso (Lavauz) u Hencena (Janssens); napamempuv, SmMuT 2eHepamopos
OvLAY HATIEHDL HA KOMNBIOMEPE, YIMODBL NOAYHUMD TOPOWULT MHONCUMEAD 6 CMBICAE CEKMPAALHOO0
KpUMePUA, 0Ad KOMopozo [y NPUHUMAEM 0%eHDb DOADULOE ZHAYEHUE:

TABIUIIA 1 — BpiGopo4dHbIe pe3yJIbTaThl IIPUMEHEHUS CIEKTPAJIbHOI'0 KPUTEPUsI

Crpoxa a N Vs L2
16 1664525 | 2%2 | 4938916874 | 3.61
23 31167285 | 248 | 3.2 x 10'* | 3.60

CpasunMm s1u januabie ¢ Bo3moxkaocTsimu Teopemst 1. Corutacuo (1.13) st 9Tux MHOXKHUTEIEH @
nmMeeM:

Crpoxka 16: a = 1664525, N = (a — 1)? = 2770640146576 u v3 = (a — 2)?> + 1 = 2770636817530
nportus 4938916874 B Tabsure 1.

Crpoka 23: a = 31167285, N = (a — 1) = 971399591936656 u v3 = (a — 2)> +1 =
971399529602090 = 10287397 nporus 3.2 x 10 B Ta6une 1.

ITo dopmyse (1.4) o (a,N = (a — 1)2> MOKET IPUHUMATH CKOJIb YTOJHO OJIM3KHE K CBOEMY,

T — 42 (a,N:(a—l)Q)‘ =

corsiacHo ST-cooTHOITEHUSIM, TTPEIEJIBHOMY 3HAYEHWIO — JHCILY T :

(a—1)2 a—=2"
B wactaocTn, ajs muoxkurens a = 1664525 u3 16-oit cTpoku numeem
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I (a = 1664525, N = (a — 1)% = 2770640146576) = (1 —0,000001201543984) , mporus 3.61

Ta6mune 1, u, cooTBeTcTBeHHO, i a = 31167285 u3 23 crpokm: pz(a = 31167285, N = (a —1)? =
971399591936656) = m(1—2g-ramorzed ) = 7 (1 — 0,000000064169850) nporus 3. 60 B Tabiuue 1.
2°. OrBer Ha pemamI@il B CHEKTPAJTHLHOM TECTHUPOBAHUU BOIpOC: <« Tak kax HUKmMo He
3naem, Kaxoev, nausywwue docmudtcumvie dnauenus Vs » |1, crp. 111] momyuen B Teopeme 2:
vs(a,N;(a—1)° = N) ~N: u fts (a, N (a — 1)° = N) 23/ (5)!.
Bousee Toro, kak u B ciaydae s = 2, Teopema 2 npu Bcex s > 3 MO3BOJISIET YTOYHUTH KOHCTAHTHI
S
v~ u3 Teopemst B (|1, crp. 109] u [2, crp. 133]): ecom N > (ﬁ) , T0 YN (s) =

\/1+2-N7§ +2N s <7 (s), orkyma

1
s=3, N>3645= 7y (3) < 25, s=6, N >47206 = 7y (6) < (%),
1
s=4, N >8697 = 7y (4) < 21, s=17, N >70730 =7y (7) < 27,
3
s=5, N >28071 =7y (5) < 210, s=8, N > 75628488 = 7y (8) < 22.

1 2
To »ke camoe MPOUCXOIUT MpPHU BCeX § > 9, Korma «koadduyuerms \/ 1+2N"5 +2N7s npu

N BO BCex 3THX cJIydasix, B OTJIMIHE OT Caydasi § = 2, CBepXy HEOTPAHUUIEHHO IPUO/IMKaeTcs K 1
npu Heorpannuenuom ypenudenun N = (a — 1)°

B pamkax Teopempr B mocie teopem 1 m 2 coOCTBEHHO MOXKHO OBLIO OBl M 3aKOHYUTH
[IOUCK «BOAMUEOHBLL-MARUNECKUL> TACE ¢ MAKCUMAJILHLIM IIEPUOIOM, IOCKOJILKY OHH (DaKTUIECKHI
[IOJIyYeHbl B pOpMe
vs(a, N;N = (a —1)%) ~Ni=a-1n ps (a, N) =~ 72 (3)!.

B cBere Teopem 1-2, BoOmpoc O CyIIECTBOBAHUM B OCTaBIIMXCA ciaydasx 2°—4° uz (1.12)
KOHKYPeHTOB K ciydaio N = (a — 1)® ¢ mpakTH4IecKoii U TeOpETHIeCKOil TOUEK 3PEHUs BBITJISIIAT
3aHATHEM MAJIOLIEPCIEKTHBHLIM, [IOCKOIbKY HaJ0 OyJeT HafiTh Takue Yy U Y{ , 9T0

—(bs—1)N—%:§N<73’V§1§75V<WN:\/1+2N—%+2N—%.

TeMm He MeHee, ¢ HENIBIO MOy IeHNsT OJIHOI KADTHHBI IIOBEJIEHUS S ~TOTHOCTH
Vs (a, N;(a—1)"@N) = N\(a, N))

9TH PACCMOTPEHHUsI(B UX YHUCJIE U C HOCIE/YIONMMI HETPUBUAJIbHBIME BBIBOJAMU [0 SMIIMPUIECKIM
JAHHBIM B |1-2|) mpogoskeHsl B Teopemax 3-7.

3°. Teopembr 3 u 4 B ciaydae s = 2 nocssimienbl Biaustauio A B (a — 1) = NA u 3amene s Ha
T, 7>sB (a—1)*=N (upn s =2 cay4aii 7 < s HeBOo3MOKeH!).

IIpu s = 2 u3 Teopem 3 u 4 cieiayer, 9YT0 HU yBeaudeHue (a — 1)2 [IOCPEJICTBOM A > 2 B
(a—1)> = NX, uu ysemmuerme 7 > s = 2 B (a—1)7 = N He TOIBKO He JAJIyT yBeIHUCHIsI

Vo (a,N ; (a—l)2 :N) ~ VN, maxe, HaobOpOT, NPUBEAYT K YXYAIIEHWIO HA MHOKUTEIN

\/g()\ >2)u N2~ (T > 2) COOTBETCTBEHHO.

Taxum 0O6pazoM, B OCHOBHOM, ITO-BUAUMOMY, Caydae s = 2, KOT/a obecrieunBaeTcs HanOOJIbIee
KOJIMYECTBO MOTPEOHOCTEl, Jla  ele JIONOJIHEHHOW He3aBUCHMOCTBIO BeKTOpoB (X, X,i1),
HauIydmmM  siByisiercst reeparop (X, (a, N)), nocrpoenubiii 1mo a,N,a < N, CBs3aHHBIX
pasenctsoM (@ —1)% = N .

[Tocsemyrone TeOpeMbl MOCBSINEHBI O0IIEMy CIydan § > 2.

4°. Acumnrorudecku Tounasi upu A|(a — 1) Teopema 5 1aér TOUHYIO YUCIOBYIO HH(MOPMAIUIO

vs(a,N; (a—1) =N\ 1<A< (a—1)"1)~

U, OJIHOBPEMEHHO, B TOYHBIX YHUCJIOBBIX JAHHBIX TIOKA3BIBAET POJib A B coorHomernu (a—1)% = N,

a UMEHHO yXy/InaeT pocT Vg(a, N) Ha TOYHBI MHOXKUTEJb IS
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5°. Teopema 6 npn A = 1 jaeT acCHMITOTHYECKH TOTHOE PENIEHIE 33,181 TOCTPOEHNUS TeHepaTOpa
< Xp(a,N) > c omuospemenno Gosbmumu va(a, N),...,v-(a, N) s npomssBojasHOro 7 > 2.
Wwmenno, mpu 3agaaubix 7 > 2 u M > 0 Hajo Beibpath ¢ 1 N,a < N u3 TeopeMbl A TaKUMU, ITO
(a—1)"=N nu N%(l—(bT—l)-N_%) > M , u rorja ust Beex §,2 < s < 7 umeeM vg(a, N) > M,
YTO CJIe/[yeT M3HEPABEHCTB

N+(1—(by—1)-N"7) < vy(a,N;(a—1)" = N) < N%\/1 +ON"T 42N 7 (2<s<7). (L15)

BakmounTenpHass Teopema 7, B COYETAHHH C IPEJIBLIYIIAMH, I[IPUBOAUT K CJIEILYIOMINM
PEKOMEH/IAIIUSIM.

6°. BbIBOJIBI 110§ -MEPHOIl TOYHOCTH TeHEPATOPA CJIYYalHBIX YUCE ¢ MAKCUMAIBHBIM TI€PHOJIOM.
Cornacno rteopemam 1-7 mpu A = 1 u 3amanaom 7(a, N) s Becex s, 2 < s < 7(a,N) Oyuer
BBIIIOJIHEHO ACHMIITOTHYECKOE PABCHCTBO

ve(a, N; (a — 1)7@N) = N) = N7@m, (1.16)

KoTOpoe 1pu § > 7(a, N) obpbIBaeTCs NAJEHUEM J10

7(a,N)

ve(a,Ni(a— 17N =Ny < | S ((T@I’CN)))Q. (1.17)

k=0
IMoarsepzkenuem coornommenuit (1.15)—(1.17) ciayxur

Tasiuna 2 — BBIBOPOYHBIE PE3VJIBTATHI IITPMMEHEHU A CIIEKTPAJIBHOT'O KPUTEPU A

Crpoka a N v3 v3 vi Ve vé
1 23 10° +1 530 530 530 530 | 447
2 27T+ 1 235 16642 16642 | 16642 | 15602 | 252
3 218 41| 2% ] 34359738368 | 6 4 4 4
3necs Bo 2-o0it crpoke a — 1 = 27, N = 23 nostromy 7(a,N) = 5. B coorsercrsuu c

(1.15)-(1.16) onunakoBble 3HaueHUs Vo = v3 = vy = 16642 c nukoBbiM v2 = 15602 cpasy xe,
B coorsercTsun ¢ (1.17), 3akanumBaloTcs majieHueM jo v = 252.

st cpaBHEHUsT TPUBEJIEM 3HAYEHUS Vg (a =274+ 1,N =2%, (a — 1)5 =N ) , BBIYHCJICHHBIE 110

TeopeMaM 1 u 3:

a N | <vi | <2 [ <2 | < [1f<
274+ 1]2%5 16384 | 15876 | 15625 | 14161 | 252

Ormerum, uTo U l-ast cTpoka Tabsmie! 2, xots a — 1 = 22 = 105342 7 = 5,961 ~ 6 ne noaHOCTHIO
coorsercTByioT Tpebosammio N = 10 +1 = (a—1)", no mpu s = 2,3,4,5 Bce v2 pasuwr 530 c
HEOOJIBIIINM UCKaXKeHneM Ipu s = 6 & 7.

Toxke orHOCKHTCHAM K 3-€lf CTPOKe, KOTJa T = :13—2 ~ 2 u noromy vo = 34359738368, onaTh Ke B
cornacuu ¢ (1.17) mocneyrorue 1/3 PE3KO MaJaroT: 1/% =0, 1/} = V52 = 1/62 =4.

7°. Teopembl 5 u 6 BBIABIISIOT HHTEPECHYO posib A > 1 B vy (a, N;(a —1)" = N)): ecau nput =

1 _1
s mapamerp A > 1 mpuBomuT K yMmembmenmio N7 mHa muOKHTeds 1/A 75| 1o mpm T > s,

1 <A< (0-1)"7"° K yBesmuenuio B AT pas.

B wurore — obmasi pekomenjamysi mo A > 1: ecom vg(a, N), ps (a, N) Hago jyist ogaoro s > 2
BBIGPATh HAMOOIBIHM, TO @ U N, a < N J0oJIKHBI OBITH CBsA3aHbl paBeHcTBaMu A = 1 u (a — 1)° =
N, eciiu Toxke Tpebyercs s s, 8+ 1,...8+ 1, To BeIGOp T U A B (a —1)" = N\ nosxken ObiTh B
coorHomennsix 7> s+1n 1 <A< (a—1)7" 6

O6beuHIM BCe MIPEJIJIOKEHHBIE YACTHbIE PEKOMEHIAIUH 110 IOCTPOEHUIO HAUJTY UIlle BO3MOYKHBIX
FeHEePaTOPOB B OJHOM OOIIIEM.

8°. IlpaBuio nocrpoeHusi reHeparopos ciaydaiineix uncesn (X, (a,N)) ¢ MakCHMaJbHBIM

[IePUOJOM I10 TeopeMaM 1-7.
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1. Ecmm npu pamsom $,s > 2 Tpebyercss MOCTPOUTH rereparTop ¢ Hamboabmum Vs(a, N) u
ps(a,N), 0 a u N, a < N J0/KHBI ObITh CBs3anbl paBeHcTBoM (a — 1)* = N | u Torja

a—?2

VQ(CL,N;N:(CL—l)Q): 14+ (a—22%=(a—1)x 1—2m:

N —1
NN 42— VN x1-2YV =1 oUW

Lo (a;N;N:(a—l)z) :7r<1—2(5__12)2> :W<1_2\/T\][V_l)’

u, jgajee, Ipu BceX S,S > 3

N%(1—(bs—1)N*§):a—bsgus(a,N;N (a—1°) <V1+a2=N> \/1+2N yoN—E,

O R e (HSY5“8(“’N;N:(a_”s)§

a—1

_1 _2\2
-(1+2N T LON )

< T
> : 5 —

) -1 ()
Ormernm, uto npu duxcuposanHoM s ycaosne (a —1)° = N muoxuremo a =d X pj'...pyt+1

1 MakcuMaJabHOMy 1tepuogy N = d* xpi™t ... pi"

[IPEIOCTABJISIIOT BO3SMOXKHOCTH OBITH CKOJIb YTOTHO
OOJILIITMMU.

2. Eciu npn ganaoM 7 > 3 TpebyeTcs MOCTPOUTH MEHEPATOD «C G0AbWUMU (2aPAHMUpPYemca e
1
menvwe (NN =~ a — bryy )»va (a,N),...,vr (a,N), 10 BolOupas a,N,I > 1,1 <A< (a—1)! =
l
(NX)7 Taxumu, ato (a — 1)7H = NX, nomyqnm npu Beex 2 < s < 7

(NN % (1= (brs = NN 7T =a = by < v, (@, N3 (a— 1) = N2) <

< Va1 1= (NNF 1+ 2NN £ 2(VA)

3. Ecan npu ,Z[aHHOM T > 2 Tpebyercsi MOCTPOUTH TEHEPATOD «C OOABWUMY (2aPAHMUPYEMCA He

MeHDUE ~ (FS—Z)' A” )» pa(a, N), ..., ur(a, N), To BoiGupas a, N, u \ takumu, aro (a—1)"1 =
"N

V]

NA1<A<(a-— 1) = (N/\)T+l , TTostyanM 1pu Bcex 2 < s <7

(7;),(NAN)H (1= (b =N 7)< g (0, N3 (0= )7 = NA) =
i vsladila- )TH NA 72 (N)\)riz _ 1 _ 2 \32
B (3)! . ( N ) ~(3)! TN (1 +2(NA)” 1 +2(N)) r+z)

S
Pasynmeercs, 31ech pacer Ha MEOKHTETb A7+, 1 < X < (a — 1)
Kak sro caexyer u3 Jlemmbr 9, jnasbHeifiee yBenmuenue A, BOOOIIE TOBODs, K YBEJIHYCHHIO
Ibs (a, Ni(a—1)" = NA) HEe TIPUBEJIET.

9°. Takum obpasoM, acuMmnTorudeckas (opmysia ST TeoOpeTHIeCKUH MPAKTUIECKU B SIBHBIX
ACUMIITOTUIECKUX OIEHKaX 00ecrednBaeT MOJHYIO cBOOOmay BbiOOpa N,s u a C HOpereabHO
OIITUMAJIBHBIMU  ITOKa3aTEJISIMU. HOSTOl\Iy, B(b(beKTI/IBHOCTb IIPpUMEHEHHsA IIE€PEHOCUTCA Ha
TEXHUIECKUE BO3MOXKHOCTH ITOCTOSHHO yCOBEPIEHCTBYeMbIX DBM.

31ech HAJO He YIYCKaThb W3 BUJIY, YTO, B OTJIUYHE OT HEOTPAHUYEHHBIX TEOPETUIECKUX
U BBIYUC/JUTEJBHBIX BO3MOXKHOCTe#l cooTHomeHuii ST, TyT NIpOU3BOJ HE COBCEM OOJIBINO.
HeiicTBuresibHO, KaK 3TO OTMeYeHO B |3, cTp. 34], «FEcau yuecmv, wmo 6pema HCUSHU
Beenennot  npubrusumenvno pasno 10 mapd. =100  sem < 108 cexynd, mo acwo,

wmo Huwkaxue camovle &aumacmu%ecnue cropocmu,  8blYUCNEHUA HE obecnevam mpe6yeMoz’Z
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mounocmu», B HameMm ciaydae N = 10 x k, rme k- xosmdecTBO JeiiCTBHII KOMIBIOTEpA
B OJHY CEKYHJY: Summit , cynepkomnbiorep IBM, paboraromumit B HaruonamabHoi
naboparopun Oak Ridge (DOHL) Munucrepcrsa suepreruku (DOE), sanssn mepsoe wmecto
Cc TmpoumsBoAuTe bHOCTBIO 122, 3 metadonca Ha BBICOKOIpoW3BoauTebHOM Linpack

(HPL) (https://www.top500.org/lists /2018 /06/).

10°. B cBs3u ¢ TeM, uro npu BesskoM s > 2 BeawdnHbl N u vg(a, N) MOryT ObITH BHIOPAHBI
CKOJIb YT'OJIHO OOJIBIITUMU, BOBHUKAET HOBas 3ajada «B Kaocoom KOHKPEMHOM CAYGE NPUMEHEHUA
Tenepamopa cAYy4aUHbLT “uUCes BVLACHUMD, KaKUMU Ooavwumu dossrcnve 6vims N u vs(a, N) 9».
Pazymeercst, aro or/enbHas 3a/a4a, ObITH MOYXKET, JayKe HETPUBUAJILHAS.

OJIHOBpEMEHHO, ACUMITOTHYECKU TOYHbIE OIEHKH CBepxy Vg (a, N) depes N ¢ nossomsoT
u36exkarhb HeonpasIaHHo Gobiux N u vg(a, N) ¢ COIPOBOXKIAIONMMU OOJILITMMU 3aTPATAME HA
peain3aIuo.

3a uckiodeHneM ciaydas § = 2 Bce ST-yTBepKieHWST He TOUYHBIE, 8 ACHMITOTUYECKHUE, UTO
HUKAK He OrpaHMYMBAET HPUMEHEHUN — Tpebyorcs He Tounble 3Hadenus N u vg(a, N), a TOJbBKO
IpUOTU3UTEIbHBIE B HY2KHBIX 110 KOHTEKCTY CJIy4as IPAHUIAX.

§2. HeoOxoaumblie cBeJieHUS MO CIIEKTPAJIbHOMY TE€CTUPOBAHUIO

Coekrpasnbubiii  Tecr P. Komsto u P. Makdepcona [4] mus mposepru —cirydaiinocTu
nocsiesioparesbHoctn { X, } ¢ MakcuMmasbHbIM mepuogomM N IIOCTPOEH Ha CJIYIOuX ujesx [1 u 2,
Paznen 3.3.4].

s BCSIKOT'O 1IEJIOTO [TOJIOYKUTEJIHLHOTO s Ha MHOXKECTBE A =
{t=(t1,...,ts): t; =0,..,.N—1(j=1,..,5)} mupemnaraercs cjeayiolas  XapaKTePHCTHKA
CJIy4YaiHOCTH

N—-1
1
ftr,.nts) = N E 5x, (t1)- "5Xk+<571> (ts), (2.1)
k=0

rae 3mech u gasnee Opr (x) pasHo 1 mwim 0 cMOTps TO TOMY, KpPaTHO WM HE KPATHO UHCIO X
qucay M . Dta dyHKIWMSA paBHa cpeHeMy apudMeTHIecKoMy (IIOTHOCTH) TOSIBJICHIH KOHKPETHOM
koMmOuHarmu (ti,...,t5) B BUJE S CIAELYOMUX APYT 3a JPYTOM WIECHOB IOCIem0oBaTeabHoCT (X,)
(t1, s ts) = (Xny ooy Xy (s-1) -

B wuaeanbHo ciyvaiinoil nocienoBareabHocTn (Yy,) € PaBHOMEDHBIM DPACIpEIEIEHUEM JIHO0bIe

KOMOMHAIIIHI (tl,...,ts) JOJIZKHBI  IIOABJIATHBCA C ONHOM M TOW 2Ke YacTOTOW, I[O3TOMY
coorBercrBytomas eii cortacio (2. 1) dywxuus y (t1,...,t5) = const, rue const pasHa %
HeiicTBuresibHo, Kaxiasg KomMOuHamnust t = (t1,...,ts) B As POBHO O/HA, TAKUX K€ KOMOMHAIMI

Bcero IN° | MO3TOMY YacTOTa, O KOTOPOH MJIET PeUb, KAK OTHOIICHWE YUCJIA TOsIBJICHUS KAaXKJIOro t
K UUCJIy BCEX MMEIOIMIMXCs BO3MOXKHOCTer N ecTb % .
Jasee, npsimble KOHeYHBIE TTpeobpa3oBanusd Pypbe

f(ml,...,ms) = Z exp (_]2\;” (m1t1+...+m8ts)>f(tl,...,ts),

0<t1,...,ts<N

€ BO3MOYXKHOCTBIO ITOJTHOI'O OJIHO3HAYHOIO BOCCTaHOBJIeHHA (yHKImU f 10 dopmysaaMm oOpaTHOTO
KoHeuHOTO 1peobpazoBanus Oypbe

1 27 a
[ty ets) = — g exp | — (maty + -+ -+ msts) | f(mq,...,ms),
N$ N
m=(m1,...,ms):
0<m;<N(j=1,...,s)
[IO3BOJIAIOT aJIeKBATHO ITepeHectu uccieqoBanns Ha Dypbe-00paspl GyHKIMY f € BO3MOXKHOCTHIO
[IPUMEHEHHUs STOTO MOIITHOTO AHAJUTUYIECKOrO alllapara.

WNmenno, mnoeenenne KodpdunmentoB Pypbe byHKIUN [, ONUCHIBAONMIEH pacipeaeaeHne
3HAUYEHN! M3ydaeMoll II0CIeI0BaTeIbHOCTH < X, >, CPABHUBAETCS C IIOBeJleHIeM K03 DUIueHToB
Dypoe byuxmu y (t) = % , OIIMCBHIBAIONIEH MJIeaJIbHO CIIyYailHYIO IIOC/IEI0BATEILHOCTD.

Berancienust mokaseiBaror (eMm. |1, Pasmen 3.3.4A]), uro Jjyuis JmHEHHO# KOHIPYSHTHOMN
[IOCJIE/IOBATEILHOCTH

Xnt+1 = (aX,+¢)mod N (n=0,1,2,...)
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¢ MakCUMaJIbHBIM 1iepuojioM N ko3 dunmentsr Pypoe byHKIMu f paBHbBI

F(ma, oy ms) = exp (—27”'6 - <s(a,m> —s(1,m)

N >> X 6N (ml + ams + -+ aSilmS) y (22)

a—1

e s (a,m) =my + ama... +a* tmy.
Cormacuo onpenenennio Oy (x) u3 (2.2) caenyer, aro f (mq,...,ms) # 0 TOrma u TOJBKO TOLJA,
Korza

my +amg + -+ a* tmg = 0 (modN) , (2.3)

IPUYEM BO BCEX TAKMX CJIydasix ‘ I (m)‘ =1.

B 1o xe Bpewmsi, koaduimentsr Pypbey (m) = §(mq,...,ms) dysxmun y (t), orsevaromeii
HJeallbHO CJIyIaifHOil [OCIe[0BaTeIbHOCTH, B ciydae mj = 0 (modN) nias Bcex j = 1, ..., s paBHbI 1
1 paBHBI 0 JJId BCeX OCTaJIbHDBIX 1M .

B urore, npu m # 0 Besmaunet f (m) u g (m) OTAMYAIOTCS IPYT OT JIPYTa TOJbKO [P 3HAYEHUSIX
f(m)#0, 1. e. BOBCeX TOYKAX MHOXKECTBA

{mEZs:m;«éO,Ogmj<N(j:1,...s),f(m)7é0}z (2.4)
E{mGZS:m#O, 0<m; <N(j=1,..5 ,m1+am2—|—---+as_1m5EO(modN)}. '

[Tpennoxenne P. Kosso u P. Makdepcona, cocrapidoliee «CIEKTPAJbHBII TECT», COCTOSIO
B TOM, 4YTOObI B KadeCTBE Mepbl OTKJIOHEHUS CJIYYalHOCTU JAHHOH II0CJIe0BATE]bHOCTA OT
CJIy9altHOCTH HJIea/IbHOI IPUHATH HANMEHbIIee €BKJINI0BO PACCTOAHHE \/ M3 + - - - + M2 3JeMeHTOB
muO)KecTBa (2.4) or mynesoro (0,...,0).

B cBsA3m ¢ yem 3aMeTHM, YTO €CJIM B CIEKTPAJbHOM TECTHPOBAHUU Yepe3 OIIPEJIeJIEHHbIE 110 a
u N cpaBrenus (2. 3) HaJ0 Kak MOXKHO JIaJIbllle OTOJBUHYTH OT HYJIsl «HOMEpay 1M HEHYJIEBbIX
koabbunmentor Pypoe, uro uamepsiercs B (1.8)—(1.9), TO B UnUCIEHHOM MHTEIPUPOBAHUY CUTYAIHSI
CXOKasl.

Nmenno, a u N 102KHBI OBITH TAKUMHI, YTOOBI IMEJIO MECTO HepaBeHcTBO (T17; = max {1;|m;|})

N—-1 -1
on (m1+amg+---4+a*"m In® N
3y (s + ams ) (8>0), (2.5)
ml DY ms N
mi,...,ms=—(N—-1)
970 OyJIET BBIIOJHEHO, €CJIN JJisi BCeX HEeTPUBHAJIbHBIX pereHuit m = (myq, ..., ms) cpasHenus (2.3)

CIIpaBe/INBO HEPABEHCTB My ... Mg > N (cM. |5, crp. 126-127]).

Takum 00pa3oM, €Cjau B CIEKTPaJbHOM TECTHDOBAHUN HETPUBHAJIBHBIC DEIIeHHs M =
(m1,...,ms) cpasuenns (2.3) JO/GKHBI MMETb JOCTATOMHO OoJsibliue +/m? + -+ +m2, uro
cocraBisier omnpejesieane Vg (a, N), TO B UHCIEHHOM HHTEIPHPOBAHME TO Ke Tpedyercst Jist
BEJIMYUHBI 77 « - - Tg B BUJIE BbIOJHeHUs (2.5).

IIpn sroM OymyT JIOCTHIaTbcsi CBOM IIEJIM: B CIEKTPAIBHOM TECTHPOBAHHU — IIOCTPOCHUE
XOPOIIUX TeHepaTopoB ciydvaiineix wuces (X, (a, N)), B YHCIEHHOM WMHTEIPUPOBAHMU 10

u N OupenensiioTcss y3JIbI ({%} , {%} s s {“S]_Vlk }) (k=1,...,N)xoporeii KBaJapaTypHOIi

dbopmysel ¢ paBEBIME Becamu (31ech Hasuo «oboiitn Gosbinne Koadbduimenter Pypbe» KraccoB
byHKIUNE ¢ IOMUHUPYIONEH CMENTaHHON ITPOU3BOIHON, <«HOMEpa» 1M KOTOPBIX O0OpasyioT T. H.
«rurepbosInIecKe KpecTbl», MOAPOOHOCTH CM. B [5] u, coBpemenHoe cocrosinue, B [6]), rue {x}
ecThb JIpobHas JacTb UUCa T .

B paGorax |7-12] Te e 3a/1aun YMCIEHHOIO NHTEIPUPOBAHNSI PEIIAJIUCh Y€Pe3 TEOPUIO JIMBIU30POB,
WJIM, 9TO 110 CyTH TO Ke CaMoe, Yepe3 PelieTKy (4To JIesaeTcsl U B JaHHOl craThe).

B jaHHOM wWCCiIeOBaHUM OCHOBHBIM siBjsiercsi Tipejcrasienue (1.10), koropoe mupu a; =
a1 (j =2,...,5) HENOCPEJCTBEHHO ClEyeT W3 CCIYIOMmeill TEeOpeMbl, YTO SABJIFCTCS eIé OIHIM
CBHJIETEJILCTBOM, Kak ToBopsaT |13, crp. 429|, ucropuveckoit HaJEKHOCTH MaTEMATUIECKON
HOMEHKJIATYPHI.
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Teopema C (K. IMlepuusizoB, [12]).Ilycmv danve uesoe nosorcumesvHoe wucio § u Yeavle
yucaa N > 2, a; =1, ag,...,as, u nycmy

—a9 1 ... 0
VN,ag,...,aS = . . .
—as 0 ... 1

Toz0a cnpasedausvl caedyrowjue ymeepocoerus.:

1. [as scaxozo sexkmopa m = (mi,ma,...ms) € Z° , ydo6.Aemeopaouse20 coOMmHOUEHUIO
my + agma + -+ ad mg = 0 (mod N) (2.6)

natidemesa eexmop u = (u1,us,...us) € Z° maxot, wmom = uVn g, a, , "WPUYEM OAA KGHCO020
mu3 Z*® , ydosaemesoparowezo (2.6), maxot éexmop u eduncmeenen.

1. Obpammno, Odas mobozo w = (ui,ug,..us) € Z° eexkmop m = uVNg, a5 ACAAETCA
pewenuem cpasrenus (2.6).

Takum 00pa3soM, BCIO [IOKA3aTeJbHYI0 YacTh 3TOW CTATbU MOYKHO CUYHTATH 3aMKHYTOR I10
ornorrernio Kk ITMuHB (pasymeercsi, kak roBopar, «mo Mozystio Merona Kosso-Makdepconas ).
§3. llokasarTenbCcTBa TeOpeM

Jlemma 1. Cnpasedausvo, mooswcdecmea ((a —1)" = NX)

a—1=(N)7 (1 (-1 (NA)*%) ,

(@a—1)2=(NN? (1 —2(1— 1) (NA) "7 + (I —1)° (NA)—%)

2
pu

a2 +1=(N) (1 F2(NA) 7 42 (NA)—%) .
okazaTeabcTBo. MmeeMm
a—l=(a—1)—(—1)= (N7 —(—1) = (NA)* (1—(5—1)(NA)*%),
BO3BeJIsl B KBaJIPAT KOTOPOE MOJIyYaeM PaBeHCTBO Jyist (a — l)2 ,
(a—0?=(a—1+1-012*=(a—-1*4+20-0)(a—1)+ (1 -1)>.
Hagee
?+1=(a-1+1)°+1=(a—1242(a-1)+2,

orkysa upu (a —1)" = NX,
(a =12 = (NX)7 =2(L= 1) (NA)7 + (= 1)" = (NA)7 (1=2(= 1) (NA) 7 + (1= 1)*(NA) )

n
2 1

a2+ 1=(NA)7+2(NA)7+2=(NA)? (HQ(NA)% +2(NA)7%>,

Teopema 1 (ST-2). ITycmo dano yeaoe wucio a >5 u nyemo (a —1)* = N . Tozda

V2<a,N;N:(a—1)2): 1+(a—2)2:(a—1)xm:
= N2W+QZWXWZGZW

s (a;N;N:(a—1)2> _w<1—2(;__12)2> _w<1—2‘/NN_1>.
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Hokasarenbcrso Teopems 1. Hanomuum, uto N = (a — 1) u
92 (uy, up) = g2 (u1,u9; 0, N) = (Nuy — aug)? 4 ud.
Ecmm w = (u1, ug) # (0,0) comepKuT OJUH Hy/Ib, TO

up # 0, uQ:O:gg(ul,O):(Nul—a-O)Q—&—OQ:NQu% 2N2:g%(1,0)

up =0, ug £ 0: g3 (0,ug) = (N-0—a-up)* +ul = (a*+1)u3 > (a*+1) =g3(0,1).
Hanee, 0 <a < N umnoromy a+ 1< N, orkyna
B0, 1)=d>+1<a®+1+2a=(a+1)><N?=g3(1,0).
[epeitmem k cayaaro uy - uo # 0. Ecimm ug -us <0, Tompu u; > 1 u ug < —1:
(Nuj — aup)® = (Nuy + a (—ug))? > N?u? > N2,
0cKOJIbKY a (—ug) > 0. To ke B ciaygae u; < —1,ug > 1:
(Nuj — aup)® = (=N (—u1) — aug)® = (N (—uy) + aug)® > (N (—u1))? = N?u? > N2,

1o aus >0 m—ug > 1.

Taxum o6paszom, B caydae uy - uz < 0 umeeM g3 (ug,uz) > N2 > g3 (0,1).

IIycrs Tenepn uq - ug > 0. Torma wy > 1,us > 1 wim uy < —1,uy < —1. 31ech BTopoii cirydaii
CBOJIUTCS K IIEPBOMY:

(Nup — auz)? = ((—1) (Nuy — aug))* = (N (—u1) — a (—ug))?,

e —up > 1 u —ug>1.
B ocuoBnom, monydaercs, ciydae u; > 1, ug > 1 moaoRuM

% (x,y) = (Noz—ay)* +y*, 0 > Ly > 1.
Ecmm x>1w y>a, 10 y>a+1,n noromy
By >y >@+1)P =a’>+14+2a>a®>+1=g¢%(0,1).
Ecmm x>2,1<y<awua>5,T10
Ne—ay>2N—a®>=2(a—1)—a®>=2a%> —4a+2—a® =
=a(a—4)+2>a(b-4)+2=a+2,

TOITOMY
2 (z,y) > (a+2)°=d>+2a+4>a>+1=g3(0,1).
Crenytomuit, mocnemuuit, caydat © = 1, 1 < y < a CcBOAUTCA K HAXOXKJICHUIO MIHUMYMa
dyHKIINNT
Y (y) =9¢* (Ly) = (N —ay)* + 4
upu y =1,...,a. YpaBHeHUe

Y (y) = —2a (N —ay) +2y =0

1 SKBUBAJIEHTHHIE €ii
—aN +a*y+y=0

(1+a2)y:aN,
nMeeT KOpeHb Y,
aN  a(a—1)? a(a®—2a+1) a*+a—-2a> a(a®+1)—-2(a?+1)+2

y:1+a2: a2 +1 - a?+1 - a?+1 - a?+1 -

N S 02 2_1
¢ a2+ 1 2+1 26 13)°

5b=342<ae1<3<a-2=[<a-1<a.
28
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[TosTomy, MCKOMBII MUHUMYM KBaJparudHoii dyukmuu ¢ (y) npu y = 1,...,a ecTb MeHbIlee U3
qncen Y (a—2) n ¢ (a—1). Nmeem
2 2 2 2 2 2 2 2
w(a—2):<(a—1) —a(a—2)> +(a=2)"=(a"—-2a+1-a’+2a)" 4+ (a—2)" =1+ (a—2)
. 2
vla—1)= (> ~2a+1—-a*+a) +(a—1)>=2(a—1)>,
OTKY/Ia
Y@—2)=(a—2%41=a®>—4a+5<2a®>—4a+2=2(a—1)> =1 (a—1).

Bce nmpeapinymue 3navenns g% (u1,u2) OBLIN HE MEHBIIE g% (0,1) = 14+a? , HOSTOMY HAMEHBIIIM
3HavYeHneM OymeT

14+ (a-22=v@-2) =g (a—2) =g (1,\/N—1).

Orcrona u u3 jieMMbl 1 ipu [ = 2 cjieayer HCKOMOe PaBEHCTBO

VQ(Q,N;N:(G—1)2)292 (1,\/N—1> :\/1+(a—2)2:\/(a—1)2—2(a—1)+2:

:\/N—2\/N+2:\/N~\/1—2-\/NNl.

o (a,N;N:(a—1)2> :ﬂyg (a,N;NNz (a—l)z) :WN—2]\\¢N+2 )

B VN-1\  1+(a—2)7 o, a—2
_7r<1—2N>—7r(a_1)2—7T<1 2(a—1)2>.

1, naxowner,

Teopema 1 mokaszaHa.

Teopema 2. [Tyems wucaa s > 3,a > bs+1 u N > a ceazanv pasencmeom (a — 1)8 = N. Toeda
BBIMOAHEHDL CACOYIOULUE COOMMHOULCHUS

1

N3 (1—(b5—1)N*;) by S v (@ NN = (a—1)°) < Vit a® = N1+ 2Nt 1 on—?

u

ﬂg. (1—(b3—1)N‘?>s: W;. <a_bs>s < ps(a,NsN = (a=1)7) <

a—1

< T3 (1 —|—a2)% T3
=~ : S -

(5)t -1 (3)!
2de (—bs) ecmv nauboavwul, no MoOOYAIO OMPUUAMENLHHIT OUHOMUAALHOT  Koapduyuenm 6

pasaooicenun (a — 1)° no cmenenam a: by = 2,bg = 3,by = 4,b5 = 10,bs = 20,b; = 35,bg =
56, bg = 126, b10 = 252, b11 = 462, 1)12 = 792, 1)13 = 1716, b14 = 3432, 1)15 = 6435, oo um. 0.

1 _2\3
~<1+2N T 4ON ) ,

Jloka3aTeIbCTBO TEOPEMBI 2 HaYHEM C OIEHKHU CBEPXY JJISIPOU3BOJILHBIX S > 3 (CM. Takxke
Jgemmy 1):

V2 (a,N;N = (a—1)*) < ¢2(0,1,0,...,0) =1 +a® = N3 <1+2N—%+2N—§).

JloKazaTeabLCTBO ONEHKN CHA3Y IMPOBEIEM I ABYX 3HAYCHMH S, PABHBIX YeTHOMY 6 U HEYECTHOMY
3, OTKyza OyJeT CeH clydail IPOM3BOJIBLHBIX S .
Onenka cHuzy npu s = 3, (a — 1)3 =N,
2 _ 2 _ _ 2 2 2
93 (u1,u2,u3) = g3 (u1,u2,u3;a, N) = (Nu1 —aus —a U3) + us + u3.
[Mycre cnagama u; # 0. Ilomoxkum |ug| < a — I3, |ue| < a —la. B s1ux ycioBusx nmeem
(Isgnu| = 1)

|Nu1 — aug — a2u3‘ = |sgnuy| - ’Nul — aug — a2u3} = ‘N|u1\ —a? - ug - sgnui — a - us - sgnuy| >
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> Njuy| — a? |us| — alug| > (a — 1) —a® (a —13) —a(a—1o) =
=a’-3a>+3a—-1-a*+a®lz3—a’+alb=a*(—3+Il3—1)+a(3+1y) —1=
= Hl3:4,l2:0H :3a—122
npu a > 1.
Tlostomy B yciosusx a > 4, |ug| < a,|uz| < a — 4 momyaaem g3 (uy,ug,uz) > (3a —1)% > 4,
OTKy/Ia
g3 (Ul,UQ,’LLg) Z 3a — 1.
Ecmu |ug| > a < |ug| > a+ 1, To upn joboM u3 mmeem
g3 (ur,ug,uz) > u > (a+1)° =a® +1+2a>a” +1=g3 (0,1,0).
Ecmm a >4n |ug| >a—4 < |us| >a—3>4—-3=1, o npu sobom us
g3 (u1,u2,u3) > |usg| > a—3 > 1.
JaJee, Hepaserncrso 1+ a? > (a — 3)2 = a® + 9 — 6a S5KBUBAJIEHTHO HepaBeHCTBY 6a > 8, KOTOpoe

BEpHO IIpHU @ > 4, IO3TOMY CAMO TOKe BBITIOJTHEHO.
Takum obpaszom, nupu a > 4,u1 # 0, ug, ug - IPOUBBOJIHLHBIX
y ) ) s U3

V1+a?>a-3,93(ui,us,uz) >a—3 (u1 # 0, (ug,us) € Z2) ) (3.1)
Tenepn obparumces K ciydato u; = 0. Haunewm ¢ nogcaygasia > 1> 0,u; = 0,uz # 0, |ug| < a—1,
Torma
‘au2+a2u3‘ >a?luz| —alug| >a® —a(a—1)=a-l,
CTaJjo OBITH,
g (0,u2,u3) > |aug + aus| > a - L.
Caenyronwmit caygaii, a > 1, u; = 0,usz ?moboe, |ug] >a—1>0< & |lugl >a—-14+1> 1L,nu
OTOMY
93 (0, u2,u3) > ug| > a—1+1.
U, makonen, u; = 0,u3 = 0,u2 # 0
93 (0,u2,0) > V14 a? =g3(0,1,0).

Takum o6pasoM, npu u; = 0 1 IPOU3BONBHBIX Uz, Uz (Juz| + |ug| > 1) BemmoHEHO

g (0,ug,us) > min{al;a—l—i— 1;v1 —|—a2} )
SaiimeMmcst HaxoxkIeHneM 3Toro min upu [ = 4. Torma
da>a—1l4+1=a-3,

9YTO BMECTE C [epBOii 4acThio (3.1) IPUBOAUT K BBIBOJLY:
eciu a > 4, o npu u; = (0 ¥ IpU TPOU3BOJIBHLIX Ug U U3

93 (0, u2,u3) > a — 3.

Orcioza, BMecTe co BTOpoit gactTbio (3.1), s mo6bx (u1, u2,us) € Z§ MOTyUaeM HePaBEeHCTBO

g3 (uy,ug, uz) > min{a—S, \/ﬁ} —q—-3=N3 -2,
CTAJIO OBITD,
v3(a,N;(a—1)3=N)>a—-3=(a—1)—2=N3 —2=N3(1 —2N"3). (3.2)
ITepeiinem x cayvao s =6, (a — 1)6 =N,

2
Pug)” +uj + -+ ug.

Haumewm co cnyaast uy # 0, ug, us, Uy, Us, Ug - JTIOOBIE, KOTOPBIE UMEIOT MOJICTYIAH U TTO/IITOICTY da.
[TycTh

gf25 = gg (’U/I, ...,’U/G) = g% (UI, "'7u6;a7N> - (NUI - auQ - G/2’LL3 — = aQa

luj| <a—1;(j=2,..,6), (3.3)
rje nesble duciaa lj nombepeM mosxe.
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Kak u B ciyuae s = 3, BuucbiBast |sgnui| = 1Bo BHYTpb MOyJIst }Nul —auy — - — a’ug

OyaeM UMeThb

)

’Nul — adug — atus — aduy — aus — (lUQ’ > N |uy| — a® |ug| — a* |us| — a® |ug| — a® |uz| — a |ug| =
= (a —1)%|u1| — a® |ug| — a* |us| — a® |us| — a® Jus| — a|ug| > a® — 6a° 4 15a* — 204> + 15a% — 60+ 1—
—ad®(a—1lg)—a*(a—1I5)—a’(a—1ly) —a®(a—13) —a(a—1Iy) =
=a—aS+a® (=641 —1)+a* (15415 —1)+a® (=204 1y — 1) +a® (15413 — 1)+ a (=6 + Io) + 1.
Teneps nembie lg, ..., lg BeIOEpEeM TakuMu, ITOOBI TOCIETHSS cyMMa Oblia paBHa a + 1, Torma

lo =T 05 =—14,1; = 21,13 = 14,1y = 7. (3.4)
Orcrona, B ycnosusx (3.3)—(3.4) nosyuaem
98 = g6 (u1,u2, u3, ug, us, ug) > (a+1)°, (3.5)
[OCJIE 9ero OCTAIOTCS 5 CIIydaeB
ur 20, |uj| >a—1j+1(=2,...6), (3.6)
KayKJI0€ U3 KOTOPBIX COOTBETCTBEHHO BJIEYET BBLINOJHEHNE HEPABEHCTBA
g6 = g6(u1,u2, u3, us, us, ug) > |uj| >a—1; + 1. (3.7)
Ipuj =2,3,4,5,6, cormacuo (3.4), nepasencrsa (3.6)—(3.7) COOTBETCTBEHHO CJIeLyTOIITIE
96 = |uz| = a —6,
96 = |us| = a+ 15,
g6 > |ua| > a — 20,
96 = |us| > a+ 15,
96 > |ug| > a — 6.
Ocrabiisis 3/1eCh HAUMEHBIIYIO0 B IPaBoil YacTu BeauduHy, a uMeHHo (a — 20) u moromy mosiarast

a > 21, orciona, n3 HepaseHcTB V14 a? > a > a — 20 u (3.5) BBIBOAMM, UTO NpM BCeX uj #
0, usg, us, ug, us, Ug CIIPABEJIMBO HEPABEHCTBO

a 2 21796 (ula ug, 'U,37’U,47’U,5,'U,6) 2 a—20 (ul 3& 07 ('LLQ, ...,'LLG) S Z5) . (38>
B cnygae u; = 0 1pu npousBOIBHBIX U2, U3, Ug, Us, Ug UMEEM
2
98 (0,u2, us, us, us, ug) = (a®ug + a*us + aPus + a’uz + aug)” + uf +ud +ui +uj +u3.  (3.9)
Onsith 2Ke, moJiarast
a>lj,us #0,|uj| <a—-1;(j =2,..,5)
u BHOCsI sgnug 7 01101 KOpeHb KBaJ[PATHBIN U3 mepsoro ciaaraemoro B (3.9), 6yjaeM umersb
4 2
g6 (0, ug, u3, ug, us, ug) > a’ lug| — a* |us| — a® |us| — a® |ug| — afuy| >
>a% —a'(a—15)—a’(a—1y) —a®(a—13) —
—a(la—ly)=a’—a®—a*(=ls+1)—a® (=4 +1) —a® (=I5 + 1) + aly = a,
KOTOPOE BBITIOJIHAETCA TOTJA U TOJBKO TOra, Koraa 5 =y = I3 =1y = 1.
Ecin ke xorst 6p1 mpu ogsoM j = 2,3,4,5 Bbinosneno |u;| > a — 1, orkyga |u;| > a, o u3 (3.9)
BBIBOJIMM
g6 (07 U2, U3, U4, Us, UG) Z a.
Takum obpaszom, npu a > 1,ug # 0 uBcex (ug,us, Uq, Us) BHIIOJTHEHO HEPABEHCTBO
a > 1, g6 (0,u2, us, us, us, ug) > a (ug # 0, (u2, us, us, uz) € Z*). (3.10)

Crenyromuii ciydail 3aK/JII09aeTCsl B TOM, 9TO ecin ug = 0 W Us, Ug, U3, U2 7 TPOU3BOJIBHBIE
IeJible 9IMCJIa He paBHBbIEe HYJI0 OJHOBPEMEHHO, TO TpeOyeTcs OIEeHUTb CHU3Y HUXKHIOI TI'DAHb

byHKIMN

2
96 (0, u2, uz, us, us, 0) = (a’us + a®uq + a®ug + aug)” + uj + uj +uj + ui.
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ITycTs wuj ecThb He paBHOE HYJIIO IIEPBOE U3 UUCEN Us, Ud, U3, U2 (B CHILY YCJIOBUS |us|+ |ua|+|us| +
|ug| > 1 Takoe k,5 >k > 2 cymecrsyer).
Torna

2
gg (07u27u37u47u5>0) = gg (O,Ug, vy U, 0, 70) = (ak_luk +oot GUQ) + u% +ot U% (311)

Ecmu |up—1] < a—1,...,|ug] <a— 1,10 (ug #0)

g6 (0, ug, ...y g, 0, ..., 0) > a* 1 ug| — aF 2 jup—y| — - — a® |us| — a|ug| >
>af 1 —afF2(a-1) - —a?(a—1)—ala—1)=ad" 1 —ad" 14" 2 - —d¥ 4+’ -’ +a=a.
Eciin ke x0Ts1 6b1 0JIHO U3 "mcesn |ug_1|, ..., |uz| Goabme a — 1, crano 6bITh, GOJIbIIE UK PABHO

a, to u3 (3.11) caenyer, aro

96(0, ua, ..., ug, 0, ...,O) > \/uz_l 4+t u% > a.

[Tostomy, B ciydae ug = 0 mpu IPOM3BOILHBIX OJHOBPEMEHHO HE PABHDLIX HYJIIO U2, ..., Us AMEET
MECTO HEPABEHCTBO

4
a>1,g6(0,ug,...,u50,..,0) >a (u6 =0, (ug,...,us) € ZO) :
Orcroga n u3 (3.10) ciexyer, 4to npu a > 1u Beex ug, ..., ug (|ua| + - -+ + |ug| > 1)
5
a > 1796 (07u27 "'7u6) > a. (ul = Oa (u27 ...,U(j) € ZO) :
D10 Ke cooTHOIIEHNE BMecTe € (3.8) IPUBOJANUT K yTBEPXKAEHNIO: IpH a > 21 u Beex (uq, ..., ug) €
Z
1 1 1
g6 (w1, u, uz, g, uz,ug) > a—20= (a—1) — 19 = N§ — 19 = Ns (1 - 19N‘6) :
BameTnM, YTO IPU JOKA3aTEIbCTBE Ciydas 41 = 0 IOIyTHO YCTAHOBJIEHO, YTO ecan k > 2, To npu
Beex (g, ..., uz) € Z¥ 1 Bpmonneno nepasencTso

2
(ak_luk+--~+a2u3+auQ> +us+ - +up > a. (1)

Tem campbiM, npu s = 3 (em. (3.2)))

N3 (1—2N—%> —(a—-1)-2=a—3<us (a,N;N:(a—1)3) < N1 42N 4on

nunpu s =206

1 1 6 1 1 2
N3 (1—19N 6):(a—l)—19:a—20§1/6<a,N;N:(a—l))§N6 1+ 2N"5 +2N"%.

Kak 5710 BUJIHO U3 JIOKA3aHHBIX CJIydaeB, B OleHKax cHusdy koaddurments (-2) u (-19) mnpwu

N_% €CThb HaI/I6OJII)H_II/I€‘ IO MOJYJIIO C OTpUIATEJIbHBIM 3HAaKOM KOSCI)(bI/IIlI/IeHTbI B PA3JIO2KEHUAX
(a—1°=1-3d>+3a—1u(a—1)°=1—-6a+ 15a% — 20a® + 15a% — 6a + 1

COOTBETCTBEHHO, K KOTOPBIM IIpubanjeH +1.
Bcé sT0 nmeeT MecTo B cydae MPOU3BOJLHBIX S > 3

vs(a, N;N = (a—1)°) > a — bs,
rie bg 03HAaTaeT abCOMIOTHYIO BEJMIUHY HAUOOJIBIIErO M0 MOJYJIIO OTPUMATEILHOIO KoddduimenTa
pH CTeneHn a B pasyoxkennn (a — 1)° 1o crenensm a.

IleiicTBuTeIbHO, B ODIIEM Cllydae § IEpPeMeHHBIX IOBTOPSisl PAcCyxKJeHus upu s = 3u S = 6
HOJIy4aeM, YTO U3 BCEX HePABEHCTB BHIA |uj| > a —[; + 1, HauMeHbIIast OlleHKa CHU3Y JOCTUTrAeTCst
upu a—1Il;+1=a—bs, 1 e upnu lj =bs+1, mosromy npu ycinosun a > bs+1 a1 Becex He paBHBIX
OJTHOBPEMEHHO HYJIIO U], ..., Us OY/IET BLIOJHATHCS HEPABEHCTBO

. _ S S
gs (Ui, ..,us;a, N = (a—1)°) > a—bs > 1((u1,...,us) € Z3) , (3.13)

2
s

ve(a,Ni(a—1° =N)>a—by=(a—1)— (bs—1) = Ns — (bs — 1) = N (1—(bs—1)N—%).
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TeopeMa 2 MOJIHOCTBIO JOKa3aHa.
s JOKa3aTeJIbCTBa TeOpeMI)I 2 BbIJICJIMM CJICIYIOIIUE JIEMMbI, HMMEIOIINE CaMOCTOATEIIbHOE
3Ha4YCHHE.

JIemma 2. (em. (3.13)). IIpu sadamnvix s > 2 u a > bg+ 1 daa ecaxoeo (V1,...,0) us Z§
UMEEm MeCmo Hepasercmeo

(a=1)°0 —ady — ... —a* 0)  + 03+ 02+ ...+ 92> (a—by)?.
JIemma 3. IIpu durcuposannvir (a —1)" = NX das vs = vs(a,N;(a—1)" = NA) umeem mecmo
CACOYIOULAA YENOYUKA NHEPABEHCTNE
v (a,N) >wv3(a,N) > - >vs(a,N) > vgy1 (a,N) > -+

JlokazaTeabCTBO CJEyeT U3 BO3MOXKHOCTU <«HAPAIIUBAHUS» KOJUIECTBA MEPEMEHHBIX OT § JIO
T, 2<s<T:!

v2(a,N;(a—1)" =N\ = inf (Nul—a-u2—~~—as_1u5)2-|-u§+---+u2:

s (u1,...,us)€EZS s

:( : (inf : (Nu1—a'uQ—'--—aS_lus—asusH—--~—a7_1u7)—|—u%—|—---+ui2
ULy Ur )=(U15..05Us,0,...,0) EZ]
. _ 2
> inf (Nup —a-up— - —a" tuy) +ud 4+ +ul=v2(a,Ni(a—1)" = N)).

(u1,...,ur)EZS
Orciona, v2 (a,N;(a—1)" = NX) > v3(a,N;(a—1)" = N)) >
JlemMma 3 mokazama.

JIemma 4. Ecau M(a—1), mo dan i1 = (—1)(5*1)%(8;1) (k =

—_

s ey §$—1) 6WNOAHEHO PAGEHCTNEO

s—1 2
9, a—1 a—1l . (a—1 2 Z s—1
gs(]-u )\ l27'°'7 )\ ls) — ( )\ > pr

Sameuanmne. [IpumMensiemasi TeXHUKA:
— _ a—1 . .
1. Snavennsa GyHKIEAK gs(U1, ..., Us) BBITHCIAIOTCA B TOUKAX U; = =1 (j = 2,...,8).
2. Onenka cuusy gs(uq, ..., us) npoussogurcs npu |uj| < a —1l;, rae l; moboro 3naka.
HoxkazarenbctBo. llpu s =3 dyukiusg gs ecrob

x>

2 2, \2 2 2
g5 (w1, uz, uz) = (Nul —auz —a us) + uj + u3.
—1)3 ’ ’ _ , _
Ipu N = % Wy =1, uh = %5, uly = %Ls maeen

a—1)>3 a—1 a—1 a—1
( /\) —a— ly —a? 3 l3:( 3 )((a—1)2—al2—a213>:

a—1 a—1 a—1
— O (@2t 1 —ab -ty = (@) a2 1) +1) = 4
apu o = =2, I3 =1.
Orcrona, nojarast Uy = 1,us = 2“771 usz = Tl, nonyqaeM
a—1)\2 a—l a—1)\2
g5 (w) = +4 (P+2°+1%) =
A A
_a—126 a—1 22+22+22
U A U 0 1 2) |’
Takum obpazom, jjeMMa Ipu s = 3 JI0Ka3aHA.
[Iyctb Teiepp s = 6. Oudrb ke, Jis
’ a—1 ’ a—1 ’ a—1 ’ a—1 ’ a—1
uy =1, uy = \ —a, uz = 3 —I3, uy = \ —4, us 3 ls5, “62756
OyaeM nMeThb
—1)° -1 —1 1
(a b\ ) —aa)\ lg—aza l3—...—a5a l6—
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= a/\ ! ((a—1)5—al2—a213—---—a5l6>.
Haree,
1
1 1
1 2 1
1 3 3 1
1 4 6 4 1

1 ) 10 10 ) 1
+ - + - + -

5 5 5 5 5
o G G @ G
(a—1)5—al2—a213—---—a516:a5—5a4+10a3—10a2+5a—1—al2—
—a213 — a3l4 — a4l5 — a5l6 =a° (1 - l@) +at (—5 - l5) +a3 (10 — l4) +
+a?2(-10—-13) +a(5—1) —1=—1
npu ly =5, I3 =—10, Iy =10, Is =5, lg =1, T e. upn sy = (—1)°7* () (k=1,..,5).
Orcroza, moJiarast
a—1 a—1 a—1 _ a—1
)\ )

’121:1,?12:5 ’17/3:_107717/4:107 U/5:—57,'EL6:1

A

Oy/ileM UMeThb
2

g5 (w) = <a;1>2 (1+52+(—10)2+102+(—5)2+1) = (“;1> (2 + 50 + 200) =
() e (R B
nocxomeiy () =1. kzo

WNrak, yrBepxKaeHne JeMMbl JoKa3aHo upu s = 3 u § = 6. OOmuii cirydail mpoBOIUTCsI 11O TOM
Ke cXeMe.
Nmenno,

<(“;1)3_“(a;1)lz—-~—as(aA_UZS) _ (a;1> ((a—l)s*—alg—-.-—asflzs) _
= (a;1> CZ;(—U(“)’“ <S;1>ak —:Ziakzkﬂ) - (“;1> x

x ((—1)8—1 v k_ (o (L) - zkﬂ)) - () e

rae lpyq = (—1) Dk (*2") (k=1,..,s—1). Orciona, npu

a—1 a—1 s—1)—k [s—1
U1:1,Uk+1:< \ )lk+1:< \ >(_1)( b k( k ) (k:17'”78_1)7

e = (S5 (0 S () ] () B ()

YTO JIOKA3bIBAET JIEMMY B OOIIEM CJIydae .

Jlemma 5. Ecau k> 2 u (ug,...,ui) € Zg_l , Mo
(a* Yug + -+ aug)? +ud + -+ ul > a

HokazaresbeTBo 6b1I0 JJaHO 1IpH joKasarenbeTse Teopemsr 2 (em. (1)).
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JIemma 6. Ecau a > bs+1,u1 #0u |uj| <a—1; das ecex j,j=2,..,s, mo
(a—1)%ur| —alug| — -+ — 8_1]u8|2a+(—1)32a—1(a22),
ede ly =14 (=1)s u lj11 = (=1)"7~ 1()—i—l npu j=2,..

—-1.
HoxkaszarenbcTBo. Bpemenno nomaras a > 1, |uj| <a—1;(j =2

(a —1)" lu1]—a |ug|—

), Oymem mMeTs:
s s s—1
0 ] > (a— 1) Zaa CRUE Nl (5= a4 ety -
J j=2 =1
s—1
Y s ol + (= s
: J 1
j= 2
s—1

s—1 s—1
>CL+(_1)S - CLS+Zaj —i—Zajle—}—alQ =
=2 =2

s ) iy ) (0 () +1) o oy
€CJII TOJIBKO JIJISI BCeX J = 2,.
o= (1 (0 4

(1) ( ) tlh=lel=1-(-1)°" G) 1+ (=)' (=1)*7! G) =1+ (-1)%s.
2de yeaoe X > 2. Toedd

Jlemma 6 nokazana
Teopema 3 (s =7 =2, A > 2). I[Iycmv napamempo. a u N ceazanv pasencmeom (a—1)

=a+(=1)%,

—1)2 =N,
1+(a—2)2< Ni(a—1)2=Naas2) e
N\ - 2 _V2<a7 7(a_ ) - ) > >
N(a-1) /2 5
< Y2-1)=4/2. VN
2de 6 ouenke ceepry mpebyemcesa ycaosue A (a — 1)

< (a—1)|N.
Hoka3zarenbcTBo Teopembl 3. Onenka csepxy. Ilo ycioBuio s
Mosromy (up = 1)

= “T_l €CTh YHCJIO IIeJI0e

— _ —_f2 -2 (a—1)2
92 (U17u2) = (Nu1 auz) +uy =

2 2
_a(a—1) n a—1\"
A A A N
2 2 2
:<“A1> (a—l—a)g—i-(a)\l) :2<“A1> .
Crajio O6bITh,

vy <a,N;(a—1)2:

1
-1 N2 2
NMzz) ggg(ul,ug)zx/iGA > VG A) = X-JN.
C npyroit croponsr, npumensist Teopemy 1 pu N = (a — 1)? | 111 BCSIKOTO HEHYJIEBOTO BEKTOPA
(u1,u2) u3 Z% Gynem mmersb
(a—1)? ? 1 2
g2 (u1,ug) = (Nuy — aup)* + u2 = < o aw) +ud = ()\2) [((a —1)%u; — a)\uQ> +
1 2 114 (a—2)°
+(A\ug)?| > = inf (a—1219 —a19>+192]—
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OTKYJIa B CUJIy OIIpeJleJICHUS 1/22 u Jlemmor 1

u2<a,N;(a—1)2:N)\,)\22) > (@=2°+1 (a-1)°-2@@-1)+2 (a—1) <1_2(a—1)—1> _

A2 22 22 (a _»1)2
_NA [ VALY N VN
Y N ) N '

Teopema 3 mokaszaHa.

Teopema 4 (7 > s=2,(a—1)" = N ). ITycmov danovs wucaa 7> s =2, a > br+1 u N > a makue,
uymo N = (a—1)". Tozda

_1

N7 (1—(b7—1)N ) —a—b < (@ Ni(a—1) = N) < Vita = N1 428t 4 on—2,

2
mém(a,N;(a—l)TzN)S

24 _1 _2
— N> (1+2N t4oN )

1

24 2
ANTT (1= (b - )NTT) =7
_ (4
=Ta-1y
JokazareabcTBo TeopeMbl 4. B cuiy nemmbr 3 u Teopembl 2 numeem
ve(a,N;(a—1)"=N)>v;(a,N;(a—1)"=N)>a—b;, = (a—l)—(bT—l):N% —(by—1) =
1 1
— N7 (1 (b, — 1)N*?> .
C Jpyroii CTOPOHBI, B CUJTy JIEMMBI 1 MMeeM
@2(0,1)=1+a>=N? (1 LoNT +2N—%) > 12 (a,N;(a—1)" = N).
Teopema 4 noxaszaHa.

Teopema 5 (T =35>2, (a—1)° =N\, A\ >1). IIycmv wucaa a > bs+1,N >a,s >2u \ > 2
maxoswl, wmo (a —1)* = NX. Tozda

s—1 s—1

e E () =S ()8 oo

k=0 k=0

a—b, N o
> = — (bs — :
TS (1= G =1 (VN7

2de 6 ouenke ceepry npednoaazaemcsa evmoanenue yeaosus Al (a —1) < (a — 1)L N.

o =

JokazarenbcTBo TeopeMsbl 5. J[0Ka3aTe/bCTBO OLEHKH CHU3Y: Jyist BCeX (Up,...,Us) € Z§ B
cuiy Jlemmbr 2 n yenosust (a — 1)° = N umeem
-1)*=Nx ((a —1)° 2
gg(ul,...,us)(a = <( 3 ) ulau2~-as_1us> +ud 44wl =
= 5 [((@ = 1% = o) =+ = 0™ Q) + () -+ ()] >
= 2 1 alAug a Ug + (Au2)” + + (Aug =
1 2 Jlemma 2 1
> b [(a= )W —ady =0T 2] TS a2
T A2 (01,..,05)€28 (( )" 2 5) 2 s - )\2( s)

Orcroma B cuty onpegienennss vs u pasencrsa (a — 1)° = N\ umeem

vl Ni(a—1)y =Ny > 2=l ez =02 (NN = (b, 1) _

T. €. OlleHKa CHHU3Y JOKa3aHa.
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Onenka cBepxy ciemyer u3 Jlemmbr 4 B yeaousix (a —1)° = NA A | (a —1)

a1 f s=1)) LA Y S e Ny (a— 1) = N
= Js 5 PREES) s | =2 VslQ, yla— — y
X\ &= k g A2 )

1
s

rie

a—1_ (NX)

Nl
) X L
Teopema 5 mokazaHa.

Teopema 6 (2 < s < 7,(a—1)" = N\1 < X < (a—1)""7"). Ecau a,N,s,7 u X ceasano
pasencmeom (a —1)" = N\ u nepasencmeamu a > bs+ 1,2 <s<7,1 <A< (a—1)

T—S8
, Mo

(NA)* (1 —(bs— 1) (NA)—%) —a—by<vs(a,N;(a—1)" =NA\) < v1+a2=

= (V)F VT2V F L2V
2 (7 (1= =) )) s gy
(S)v( ( N >) N (S)l( (ab—)l)i()\ < ps(a, N;(a=1)7 = NA) <
3) 2)°

@i ((N)\)T\/1+2(NA)T+2(N)\)T>

BC) N

Hoxka3zareabcTBo Teopemst 6. Ilycrs cnavana uy # 0. Torma mist Beex (uq,

- (%)‘ (a—1)"

vy Ug) VIMEEM
a — 1 T 2
gg (ul’ ...,US) = <()\)’LL1 —aug — - — as—lus> + u% + 4+ U?
_— / (3.14)
()\ jur| — aug sgnuy — -+ —a®tug sgnm) + |us| 4 full
BosmorkHb 1Ba cirydas

a) up #0 u |uj] <a+(—1)%7 (5

]) (j=2,...,5)

n
B) [uje| > a+ (=1)*7 (7

jo) 711 HEKOTOPOTO jJo U3 YIucemn 2, ..., S
(a_l)Tfs
B ciyuae a) uz yciosusi 3

> 1, pasencrsa (3.14) u Jlemmbl 6 nmeem

-1
(a/\) |U1| —auzsgnuy — - — as_lus sgnuy >
71773
(a)\) ((Z — 1)8 |’U,1| — a|U2‘ . — asfl |u8| Z (315)
s 1 Jlemma 6
>(a—1)°"u| —alug| = —a*u| > a-—-1

B ciyuae B) u3 onpejnesnenusi gs ciejyer (naxe 6e3 ycaosust up 7 0)

s (U1, -y us) > |ujo| > a— (—1)57° <;)> +1>a—bs. (3.16)

B ciayuae u; =0 s sBeex (ug, ..., us) € Zg_l o Jlemme 8 moxyuaem

95 (0,ug, ..., us) > a. (3.17)
s (3.15)—(3.17) caexyer uro mist Bcex (Ui, ..., Us) € Z; BBIIOJHEHO

gs (u1,...,us;a, (a—1)" = NX) > a — bs.
Orcrona, u u3 Jlemmbr 1 ipy NX = (a — 1)7 nosyuaem

vs(a,Ni(a—1)" = NA1<A< (a— 1)) 2a— b = (NA)7 (1 — (bs— 1) (NA)—%) ,
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Onenka cepxy ciegyer u3 pasencts NA = (a—1)", ¢,(0,1,0,...,0;a, N) = V1 + a® u Jlemmbr
1. Teopema 6 noxasama.

Teopema 7 (2 <7 <s,(a—1)" = N\ X > 1). IIyemv danve wucaa a, N > a,s,7u A maxue,
wmo (a—1)" =N\, 2<7<s,A>1. Toeda

vs (a, N (a— 1) = NA) < Z ((;))2

k=0
JlokazaTenabcTBO TeopeMbl 7. jeio jokazarenbcTBa MOACHUM Ha IpuMepe 7 =2 u s = 3.
IIpu @ = A\, us = —2,u3 = 1 uMeeT MeCcTO paBEHCTBO
(a—1)?
A

U — atiz — a*u3 = (a— 1) +2a — a® =1,
U TIOTOMY

2
2
a—1
93 (w1, 3, 43) = <(A)u1—au2—a2u3> +u 4+ Uz =1+44+1=6,
crasio 6u1th, v3(a, N;(a—1)2 = NX) < 6.
B ofmmem ciryudae, mob3ysich ycioBueM T < §, mojaraeM Ujp = A\, & U2, ..., Ur4] BbIOHpaeM H3
YCJIOBHSI

T T
_ T _1_ _ _
Z (-1)" K (k>ak =a"lUrp + a0 Yy -+ atip = ZUk+1ak,
k=1

k=1
T. €. paBHbIMU
Tpyr = (—1)77F (;) (k=1,..,7),
OCTaBIIINECH XK€ Uj U3 UL, ..., Us TPUPABHUBAEM K HYJIIO. Torma
T P T 2 T P 2

() B (0) -3 (@) 2w r=m

Bamerum, uto B yeaobusx (a — 1)7 = N senmauna A mensiercs B npejesax 1 < A < (a — 1)
nockosibky N > a > a — 1, crano 6bith, (a—1)" = NA > (a—1) - \.
B stux ycmoBusx cupaseyimBa

T—1

Jlemma 7. IMycmw danv, wucaa a, Nya < N, 2 < s < tu(a—1)" = NX. Toeda das N\ =
(a—1)' (T—s+1<t<7—2) unoaneno

e -ws (£ = (L)

k=0

Hokasarenscrso. s A\ = (a —1)" (1 —s+1<t <7 —2) umeem
(a—1)"
At

rme —7T+s—1>—-t>-—-74+2&s—-12>27—-1t>2.
B 9THX yc/I0BUSIX TIPUMEHEHUE TeOpeMbl 7 IPUBOJIUT K HEPABEHCTBAM

N = =(a-1)""",

T—1 2
v (a,N;(a—1)" = NX) =v, (a,N;(a— )T'=N) < (<T;t>> ,
k=0
13 KOTOPBIX CJIEIYET yTBEPIKJIEHUE JIEMMBI.
Tem cambiv, Teopema 6 nokazaHa MOJTHOCTHIO.
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JIemma 8. Jlna aoboix yeavix wucea N u a, N > a > 2 6 ycaosusar meopemovs A cyuecmeyem,
npuuem eduncmeennoe T =T (a, N) maxoe, wmo

(a—1)" =0 (modN) u (a—1)""" 2 0 (modN) (3.18)

JokazareabcTBo. Cpasy ke MOKaxkeM, 4To u3 ycjoBust N > a > 2 cienyer 7 > 2, u6o 1 <
a—1 < N unoromy (a — 1) nemurb N He Moxer, cTajio 6b1Th, caydait 7 =1,(a —1)" = 0 (modN)
HEBO3MOYKEH.

Cuauasia ybeaumcst B ToM, 9ro BeauunHa 7 = 7 (a, N) co coiicrBamu (3.18) equHCTBEHHA.

[TycTh umeercst emme 7p # T ¢ TeMU e CBOHCTBaMU:

Nl(a—=1)™ uN f(a—1)""". (3.19)

Torma 7 > 7 wmn ke T < T.

Ecmn 7y > 7,10 71—1 > 7 nnoromy u3 N|(a —1)" creayer N|(a—1)""", uro mporupopeunt
BTOpOMY ycsoBuio u3 (3.19).

Ecom 71 < 7, 10 1 < 7 —1 n noromy uz N { (a—1
[POTUBOPEYUT [IepBOMY ycsoBuio u3 (3.19).

Tem cambiM, norenrman 7 (a, N) n3 (3.18) exuncrsene.

Urak, eciu 7 > 2 co cBoiicrBoM (3.18) cyriecTByer, TO TAKOe T €JMHCTBEHHOE.

Tenepsb jokaxkeM 4To, 7 co cBoiicrBamu u3 (3.18) cymecrsyer.

JTOKa3aTeIbCTBO JIEMMbI OCHOBAHO HA TOM, UTO CTEIeHb p® JEIUT CTENeHb p° TOrga M TOJIBKO
Torma, Korjga [ > « M 9TO JeJeHNe Pa3JIOKEeHHBIX Ha MPOCTbIE MHOXKUTEH IEJIbIX THCEN CBOIUTCS
K JICJICHUIO CTeleHel KaskJ0ro MPOCTOro YNC/Ia U3 9TUX PA3JIOKEHUIA.

Ecin mogysne N = 4N0p§1 o 'pﬁt (membre R; > 1upu j=1,...,tuRg > 0), To, cCOracHo Teopeme
A, muoxurens a Oymer Buma a = d4™pt..pi* +1 e r; > 1(j=1,...,t) u 19 > 0. Ecau nemoe
qucsio T > 2 joctarodno Gosbmoe, aro 7r; > N;uus Beex j = 0,1,...,t, o N|(a—1)". Tem
caMbIM, OJIHO T, Il KOTOPOrO IepBoe cBoiicTBo u3 (3.18) Beimosneno, nHaiigeno. lasee, eciu B
9TOM OyeT HeOOXOAMMOCTD, TO YMEHbIIAsA A0 T > 2, yOe:KIaeMCsa B CYIIeCTBOBAHUN HAMMEHBIIOTO
T > 2 co BTOpbIM cBOjicTBOM (3.18).

JlemMma 8 mokazama.

B zaksouenune ycioBumcs 06 3anucax N U @ B IPUMEHEHUSIX.

BBong, B ciayuae meoOXxomumMocTu, MHOXKHUTEIL p = 2MoxkHo N wu a3zamucarb B Bujge N =
p?l'”p?tﬂ a=1+dxpi.p'.

ITpu sTOM, 0OCBOGOK 1831, B C/IydIae HATHINA, d OT IPOCTBIX MHOXKUTENEH Dy, ..., P; MOKHO CINTATD,
aro d m N B3aUMHO IPOCTHIE.

)" cnenyer Nt (a—1)™, uro

TOI‘,ILa NCKOMBIH IIOTEHIIAJI 3allUChIBaCTCAd B BUJAEC T — Imax { "%—‘ PP [

N
Tt

-‘ } , Tae [z] obosnauaer
EJIYIO YaCTh MOJOXKUTEIBHOIO YNCIa & KaK He IPEBOCXOJAINee T HAMOOJIbINee IeI0e THCI0 (CM.
06 srom [1, crp. 40, Yup. 5| u [2, cTp. 45, Yup. 5]).

§4. KoMmMmeHTapuu u BBIBOJILI

B sTom maparpade yTOUYHHM HEKOTOpBIE IIOJIOXKEHUsI, B OOIINEM BHIE 3aTPOHYTHIX B §1 u
obpaTuMcst K psijly JIPYIUX B CBETe IOJIYIEHHBIX 371eCh pe3ysibTaroB. Cpasy ke OTMEeTHM, 9TO HeT
2KECTKOI TPHUBSI3KU K IapaMeTpaM TeHepaTopoB ciaydaiiubix amncena, N, 1 < a < N, KOTOpbIM
B JIOIYCTUMBIX JIJIsl KaxKJIOTO CJIydasi IPUMEHEHUsI TIpeJesiaX Pa3peIieHo MEeHsITbCs (B TOM CMBICIE,
4TO ec/m HamedeHHas TounocTh B 1/107 okaszasmach HeOCTATOUHOI, TO HUKTO He Gy/IeT CJIeIyIONTyTo
nasnadarh B 1/ (10% + 07022011) wm 1/ (107 + 22072013) ).

Orcrofma OpUXOIUM K  CJIEAYIONUM pEeKOMeHJAIusM (HyMepaln KOTOPBIX —IIPOJOJIZKAIOT
HyMeparuio B §1).

11°. B Teopemax 1-7 mpu (PUKCHPOBAHHOM S, S > 2 OIPEIE/IJIOCH ACUMIITOTHIECKOE TTOBEIEHIE
Vs (a, N) B 3aBHCHMOCTH OT COOTHOIIEHHH T = § > 2,7 > s u 2 <7 < §, TJiec T €CTh OTEHINAI
rereparopa (X, (a, N)), cBs3blBafoImuii MHOXKUTEIb G U MaKCUMAaJbHbI nepuos; N B paBeHCTBE
(a—1)"=NA.

OpniHako, B MIPUMEHEHHSX, 10 pe3ysbraraM TeopeM 1-7, Kak 3T0 ObLIO MOKa3aHo B §1, posm 7 u
S MEHSIIOTCsI — PeHepaTop ciydaiinbix yucen (X, (a, N )>7]1V:—01 3aJIaéTcst Yepes T, a e€ CIeKTPabHOe
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TECTUPOBAHUE MPOBOJUTCS 10 3HadeHusiM Beandudbl Vg(a, N;(a — 1) = NA) upu nepemeHHOMR
§ > 2, aCUMIOTOTUYECKHN TOYHBIE IMOPAIKNA KOTOPBIX 3apaHee HallJIeHbI B TeX »Ke TeopeMax 1-7.

12°. Teopembl 1-7 npuBogsaT K 00IEeMy BBIBOJY: MHOXKHUTENb a,d ~ Vs (a,N) oTBedaeT 3a §-
TOYHOCTb, & TIOTEHINAJ T - 3a BeJMYNHY MakcuMasabHoro nepuoga N = (a—1)7 u 3a adbdexTuBHbIC
mpesessl s, 2 < s < 7.

[} — 71 Tt
13°. B OTKPBHITBIX IPUMEHEHUAX IIPH 33 JaHHbIX MHOXKUTese a — 1 = d X pi' - --p;

1 IIOTeHIInaJIe

T > 2 MOXKHO OrpaHuduThCst caydaeM N = (a—1)7 = p;™* ---p["" , B TO BpeMst KaK s obecredeHust

MIPAKTUYIECKN HEOT'PAHMYEHHON KOHMUIEHIINAILHOCTH MaKCUMAJIbHBIN 1mepuoy N = pkfl p? tB
R _

coderarn ¢ A =d x p; 't opt Nt gasuteskuT BeIGUpPaTh B ST-IIPE/esax ¢ OleHKAME

14°. B mpuMmeneHmax HajJo He YIIyCKaTb U3 BHUJY Pa3HHUILy MEKIYy aCHMITOTHYCCKH TOTHBIMH
dopmMynaMu 1 KOHKPETHBIMH BBIYACICHUSMA 110 HUM.

B Teopemax 1-7 onmemku wumeror suy N %ﬁN < vs(a,N) < N %7N7 KOTOpBLIE HOCHAT
ACUMIITOTHIECKHI XapaKkTep C sIBHON 3allChI0 BEJINUUH 7y U 7y -

AGcoI0THO TOYHBIE NIPH HEOIDAHMYEHHOM Bo3pacTaHuM [N, B KOHKDETHBIX BBIYHCJICHUSX C
00BIYHO HEOOJIBITIMY 3HAYeHUAME [N , IOTPEITHOCTH MOTYT OBITH OIIYTUMBIMU.

— 1
B cBssu ¢ gem zamernm, uto B ST-MeTose MHOXKHUTENN 7y = (1 — (br — 1)N_?) uyy =

\/ 142N - + 2N -2 mpu N T ABJISIOTCA JTHIID TapaHTUPYIONUMHA OJU30CTh K HAWIYUIIEMY
3HaYeHHto s-tounHocru vs = vg(a,N;(a — 1) = N) cayvaifHOll TOC/IEI0BATETHLHOCTI
(Xn(a,N = (a— 1)T>7]1V:_01 , TIO9TOMY B IPUMEHEHUSIX XOTsl U IHIIETCH ... < Vg, JeHCTBUTEIBLHOCTD
7K€ MOYKET HAMHOI'O IIPEBOCXOUTH 9TU FapaHTUH.

15°. Bribop makcumasbHoro nepuoga N = (a — 1)7 = pzfl ---p?t [POU3BOJIEH B CHUILY
IPOM3BOJIBHOCTH BbIOOpPa HpocThiX 1 < p1 < p2 < ... < p; U ITOJOXKNUTEJBHBIX Ni, ..., Ng,
IIPOU3BOJILHOCTU BBIGOpa MHOXKUTENsE @ = d X pi' -+ p;* + 1 ¢ IPOU3BOJILHBIME IIOJIOXKUTE/IbHBIMU
T1,...,7¢ 1 IPOU3BOJILHOCTH BBIOOPa IIOTEHIHAIA T > 2, HO CBSI3aHHBIX HepaBeHCTBaMu N; < 7T
aist Beex j = 1,...,s u (T —1)rj, < Y, /s HEKOTOPOrO jo, 9YTO BIIOJHE COOTBETCTBYET
TpeboBanusiM B (2, ctp. 118]:  «... Ko0eda Oas npuaodtcenull myotcen 2enepamop CAYHATHHLL
wuces, 06eCnevuUBaIOUUT NOAYIEHUE NOCACIOBATNEALHOCTNU, 04eHb DAUSKOT K CAYYATHOT, NPOCbLe
KOHZPYIHIMHBIE 2EHEPAMOPbL  OAA 9M020 HE N0OTOOAM.  BMECMO HUT HYICHO UCTNOAB30SANY
2eHePamop ¢ OAUHHBM NEPUOIOM, QGIHCE ECAU HA CAMOM 0ene HeodToOUMO 2eHEPUPOBAML TONDKO
MAAYI0 HACTD NEPUOIA».

Nmenno, npu ¢ukcupoBanHoM MHOXKUTENe a = d X pi*---p;* + 1 yBejnueHueM moreHiyaga T
MOKHO JIOOUTBCSI CKOJIb YIOJHO GOJIBIIOrO 3HAaYEeHNs] MakKCHMasbHOro mepuoga N = py't---p/™.
U He TOIBKO «OOJIBIIOrO», HO W C OJHOBPEMEHHBIM OOECIIeYeHUEeM KOHTPOJUPYEMOTO KadecTBa
cayudaiinoit mocsenosarenbroct  (Xp(a,(a —1)" = N )\)1]1\7:_01 B BHUJIE HE3aBUCUMOCTU S-MEPHBIX
BekTopoB (X, Xpy1, .., Xpy(s—1)) Tpm BCex 2 < s < 7 ¢ JBYCTODOHHEMH OICHKAMH
acumnrorndeckoro tuna vs(a, N;(a — 1) = NA) = NT@™ i ps(a, N;(a — 1) = NA) =

7(a,N)
@) (7(a,N)

™ T)' . HpI/I 9TOM 3€Ch II0OKa3aTe/In IIPeaeJIbHO TOYHDI.

16 ° . Beibop MHOXKHTEJISI a € yueToMm ocoberHocTeit 9BM, Ha KOTOPOM IIPOBOISATCST BBIMHCJIEHNS,
obeyxkaerces B [2, 3.2.1.3. Ilorennman, crp. 43]: «B npedvidywem pasdeae 6via0 nokasano, 4mo
MAKCUMAALHOT nepuod moodicem buimb docmuenym, ko2da a — 1 Kpammo KaHcdomy npocmomy
deaumemo N, u a — 1 doastcrno 6wms maxoce kKpamno 4, ecau N xpamno 4. Fcaub — ocnosanue
cucmemvt cuucaerus mawuns, (b = 2 daa 6unaprozo komnwvromepa u b = 10 das decamuunozo
komnwvtomepa), N — dauna crosa 6 xomnviomepe b, mommoocumesva = b¥ + 1,2 < k <
t ydosaemeopsaem asmum ycaoguam. Ilo meopeme A moocno bpamv ¢ = 1. Pexypenmmoe
CoOmHoOWeEHUE MENEPD UMEEM, GUJD

Xpp1 = ((bk n 1) X+ 1) mod bt

U IMO  YPABHEHUE O3HAUGEM, MO MONCHO U3OEAHCAMD YMHONCEHUA, NPOCTO  JOCMATNOYHO
NEPEMEULLHUA U CYMMUPOBAHUAS.
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Torma, cormacuo coorromtenusam ST, mpu N = b* momyuaem (a — 1)7 = b*7 = b* = N s Beex
T, KOTOPBIE JEJAT t, C JIBYCTOPOHHEH OIEHKOM

a—br <vs(a,N;(a—1)"=N) < V1+a?

st Bcex 2 < s < T.
Hanee, B [2, crp. 43-44] coobmaercs «Hanpumep, nycmov a = B2 + 1, 2de B — paszmep 6atima
xomnoromepa MIX. Ilpozpamma

LDAX; SLA 2; ADDX; INCA 1

MOMHCEM  UCTLOAB3OBAMBCA  BMECTNO  NPOPaAMMbL,  npusedennoli 6 paddene 3.2.1.1, u epems
BHINOAHEHUA TPOZPAMMDL YMeHrvuLaemcs om 16w do Tu.

ITo amoti npusume, mroscumenu, umerouue sud a = b¥+1 wupoko obeyorcdanucy 6 sumepamype.
Onu deticmeumenvro pexomendosanv, MmHo2umy agmopamu.  OOnarxo nepevie HeCKOAbKO JAem
IKCNEPUMERTNUPOBAHUA C IMUM MEMOJOM YOeIUMENDHO NOKA3AAU, HIMO MHONHCUMENET, UMEIOULUT
npocmoti 6ud a = b¥ + 1, caedyem uszbezamo. CeeHepuposaHHbIE YUCAGL TPOCTNO HEQOCTNATNONHO
CAYUATHDLY.

Mo2KHO TPEIIOI0KUATh, 9TO TOYHBIE, B3AMEH SKCIIEPUMEHTAJIBHBIX, S T-COOTHOIIEHNS B KaXKJIOM
KOHKDETHOM CJIydae MPUBEILYT K MPABHJIBHBIM (a/I€KBATHBIM) BBIBOJIAM.

17°. IlpousBoybHBIN BBIOOP MOTEHIMATA T, IOIJACPKUBAIONIET0 MIPH Bcex S, 2 < s< T
HE3aBUCUMOCTDL S -II0CJICIOBATE/IbHLIX 3HAYCHUN JIMHEHHONW KOHI'DYIHTHON MHOC/Ie0BaTE/ILHOCTHA
{X,} obecnieunBaercst 1ByCTOPOHHEIl ACHMIITOTHYECKH TOYHOI OleHKOH ~ N T 1o ST -bopmyitam,
KOTODBIE CHUMAIOT BCE OIPaHUYeHHUs], CBsI3aHHbBIE C «docmynmvimu no [1-2[> ciayaasvmu s = 2,3,4,5,6
(em. [1 m 2, Pazzgen 3.3.4]).

18 °. Ilpuparmienue c¢, corjacHo Teopeme A, JIOKHO OBITH MEHBIE 3HAUEHUS MaKCUMAJIbHOI'O
nepuona N U B3aUMHO IPOCTBIM C HUM. BO3MOXKHOCTDH UCIIOJIb30BAHUSA C B OUPEIETeHUN X,4] =
(Xna+c) mod N npu 3asanbbix ¢ u N ¢ HeJbl0 B3aUMHOIO YHUYTOXKEHUs 10 dopmye (2.2)
k03 dunuenror Pypbe ¢ OTPUNATETBLHBIM BBIBOIOM 00Cyk1anachk B |1, crp. 123, Yupaxuenue 11].

19°. ITposepka BbimosHenusi yciaoBuit (1.3)—(1.4) mua samanubix a u N sBisiercst
HerpuBnasibHoil 3azadeit. Tax, B [1, crp. 33-40] u [2, crp. 40-45| BBOAMITCH ClIEIMAIbHBIE
OlPEJIeJIeHNsI, B KOTOPBIX HaumMeHblllee pemieHue 7 cpaBHenus a” = 1(modN) wuasbiBaioT

NOPAIKOM MHOHCUMEAS & N0 MOJYato N | a J1Ioboe TaKoe 3HAYEHHIE ¢ , KOTOPOE UMEET MAKCUMAAbHDIL
BO3MOKHBII HOPSIAOK IO MOLYJIIO N -nepeoobpasHbim dAeMEHMoM 1I0 MOAYIIo N .

[To-Bumumomy, Teopembl 1-7, Kak 3TO mokas3aHo B 5°—16°, cHUMAOT HEOOXOAUMOCTH B TaKUX
HCCJIeIOBAaHUSX, Pa3Be JINIIb B CIyYasx, IPOAUKTOBAHHBIX APYIUMH COOOParKeHUSIMU.

20°. He uCKIOYEHO, YTO METOLBI CO3LAHUS HOBBIX I'€HEPATOPOB KOMOMHAIMEH H3BECTHBIX
(em. [1, crp. 46] u [2, crp. 132-133]|) ¢ umCHOAB30BAHHEM HOCTPOCHHBIX 371€Ch, MOIYT OBITH
[IEPCIEKTUBHBIMHU.

OTenpHO M3yYnM IPOU3BOAHYIO XapaKTEPUCTUKY cirydaiinoct s (a, N) .

s s N
21°. Mepa sfpexmusrnocmu s (a, N) = (7;2)' . % MHONCUMENA @  OAA 360AHHO20

MAKCUMAALYHO20 nepuoda N Kak «omHocumesvHo Hedagucumoe om N » TPABUIO OMpEIeIeHUs
KavuecTBa TeHEPATOpa CIYUIANHBIX JUCe N USMEHAEMCA 68 CACOYIOWUL NPEJENQL:

ST-1 (32722,@—1)2:]\7):

-2 N -1
a2>: 1_2L 7

12 (a;N;N:(a—1)2> :71'(1—2

ST-2 (s>3,a>bs+1,(a—1)*=N):
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02}

T-3 (s=7=2,(a—1)2=NA\A>2):

. \/W—1> :; <1—(|_a(i1)3)2> < s (a,N:(a—1)2 = NA > 2) A(QS_I)QI,
(r>s=2,(a—1)"=N)
2 _1\2 (a—b,)? ) T (1+a%) _
N7 1(17(1)771)]\7 r> ngug(a,N,(afl) —N)SWW—
— aN3! (1 FONTT 4 2N’%> ,
=s5>2,(a—1)°=NX A>1):
T3 s — 5|(a )
B (B () v
=0
T3 1 (a—by)* 72 1 _1\$
z(afAsl'mns:(afAslﬁ‘”“_l”N” )
ST-6 2<s<7,(a—1)"=NA1<A<(a—1)""):
i ()7 (-0 D N )) 25 by e
3! N O
o (Lt e <N)\ VI+2(V0)7F +2(N) )

< ps(a, N3 (a—1)" = NA) <

@ @0 ) N |

ST-7 (2<s<7.(a—1)7 = NAA=(a— )7 (a—1)72):

ST-8 2<

ede (=b,,)

ps(a. Ny (a—1)7 = NAA= (a— 17+, (a—1)772) <

SECE)) e B

<s, (a=1)T=N\A>1):

ey = G (E(0)) &

ecmov  HAUOOALWAUT N0 MOOYAIO OMPUUAMENLHBIT OUHOMUGALHBIT KodPPuyuenm 6

pasaooicenuu (a —1)™ no cmenenam a: by = 2,bg = 3,by = 4,b5 = 10,bg = 20,by = 35,bg =
56, by = 126, big = 252, byy = 462, by = 792, byg = 1716, byy = 3432, bys = 6435, ... u m. 0.

OTMmernM, 9TO 37eCh

T2 . —
7o — 0 (s — 00): cormacuo dopmyste Crupimura Ipu 4eTHBIX § =

Es
3)

2mumeem (6 (m) — 0)

T3 ' e 1 (7re>m_>0( s o)
— - = (= s — 00),
() ml V2rmemm - efm) \2rm - ef(m) \m

TO Ke P! HeYETHBIX S = 2m + 1

amts L g2mtl . gm . (mt) _ =«

1
T mty

(5

™

~

- <2m+1> (250 (257) o (228m=2) (3) ()

v (M)

(2m + 1)! T 2mem L) Cm+ 1) e 2 m

c23mAL Somm ™ . g2l r7-e [2me\"™
~ — ] —0(s— 00).
m

B npunsATHIX ompejiesieHusXx U 0003HaYeHusAX cpaBHUM ST-pesyibrarsl ¢ usBecTHbiME [1-2| (11pu

A=1).
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1
B mosiHOM corsacun ¢ Vg (a,N;N =(a— 1)T(a’N)> ~ N7@N) mepa sapdexkrusnoctu 0 u N

BO3pacraeT npu Bospactanuun s or 2 jgo 7 (a,N):

733 (o, N; N = (a— 1)7V)

~

s (0, N3 N = (a = 17 =

S (3)'NV (4.1)
2 1
zéy.Nk(m”2§s§ﬂmN»,
2 . T(a,
7(a,N)

zaN)
IpUYeM BO3pacTaeT g0 MaKCHMaJbHOT'O W, 3areM, Tpu mepexoge S uepe3 T (a,N)
)

i <Zzo ((T(“,;N)))Q); .

Hs (CL,N) < (§)| 'N(S>T(G7N))' (4'2)
5)

CTaHOBUTCA <«YHCACHO MAABIM»>

DT BBIBOJIBI TAKZKE MOTBEPIKIAIOTCS KCIIEPUMEHTAJIbHBIME JIAHHBIMU U3 |2, cTp. 131]

Crpoka | a | N [pg | ps | pa | ps [ e |e=15

2 27+ 1125125 [3¢2[0. 04 | 4. 66 | 2¢3

HeiictBurensho, B cormacuu ¢ (4.1)—(4.2) mpu 7 = 5 TPOUCXOIUT POCT fig = % < ug = % <

Ha = % C IINKOBBIM 45 = 4.66 ¥ pe3KuM IaJieHuEeM He = % .

YHucsioBble JaHHBIE, IOy Y€HHBIE TI0 OIIEHKAM (4.1)*(4.2) IIOATBEP2K AT OIIPOBEPTra0T (TOF,Ha,
HO-BUANMOMY, HAJIO IIPOBECTU HepeCtIeT) 3TU I1I0KA3aTeJN:
a=2"+1 ‘ N = 2%

1.47471e% < s
< 1.52161€°

3.506387856¢> < 14 e < 2.40685602¢°

< 3.977690029¢?

2.4386551eT < s
< 2.6172608¢e*

3.65580844757 < i3
< 5.47346593181

To ke npoucxomut ¢ fis(a, N) unpu A > 1
T3 1

(T

ps(a,N; (a—1)*=NX\A(a—1)) =

S
B KOTOPOM aCUMIITOTUYIECKHA TOYHOE PU A = 1 paBeHCTBO ~ T2 / (%)' yXyalaeTcss Ha MHOXKHUTEJIb
1/as7h,

1
Kaxk s10 nokassiBaror Teopembl 1-7, onenka cBepxy uepes Yy - N5 juist Vg (a, N) B Teopeme

vs(a,N)
N

B socrukuMa, m03TOMy €CTeCTBEHHO ObLIO Obl ONpenenTh fis (a, N) Kak OTHOIIeHue , 6e3

MHOXKHITENS T2/ (%)'

OTO mpeJJIOKEHNEe OCHOBBIBAETCSI Ha TOM OOCTOSITEJILCTBE, UTO JIAHHAS BEJIMUMHA, O YeM
COODIIAJIOCH BBIIIE TPU IIUTUPOBAHUU MPUYIUH BBEJEHUS B TEOPUIO CIEKTPAJHHOTO TECTUPOBAHUS
Mepbl addexkrusHocTH i (a, N), TOSIBUIACH M3 BEPOSITHOCTHBIX COODpasKeHWi B Buje oObéMa
9JUINIICOUJIa, B S-MEPHOM IIPOCTPAHCTBE, HO, KOTOPOEe, KaK IIOKA3bIBAET ITPOBEJIEHHOE 37eCh
HCCJIe/IOBaHUE, TIPIMOI0 OTHOIIEHUS K 00CY2K/IaeMOil TeMaTUKe He UMeeT.

s(a.N ERL
B onpenenennn a,N) = @) @ a, N) (0e3 3aBUCHINETO TOJHKO OT S MHOXKHUTEIS
S ) N 5 S 9
K
S
2
ﬁ , ICKazKaloIeM coOTHoIeHus: MexK 1y Vs(a, N) u N ) Mepbl 9¢bdeKTUBHOCTH MHOKUTEIST @ JIJIsT
O

MaKCUMAJILHOIO 11epuojia N Pe3ysibTaThl 10 CIeKTpaabHoMy TecTupoBanuto (ST) mepenncbiBarorcst
B BUJE

ST-1 (s=r=2\=1): 1 a,N;N_(a—l)Q):l

ST-2 (1=s>3,N=(a—1)°,A=1): Gs(a, N;yN=(a—1)") =1

ST-3 (s=7=2A>2): I3 (e, N:(a—1)2=NAA>2) <}

ST-4 (1>s=2X=1): ma(a,N;(a—1)" =N)~ -5

ST-5 (1=5>2,(a—1)°=NX\ A>1,Al(a—1): Ts(a,N;(a—1)°=NA) < 7+

1
ST-6 (2<s<7,(a—1)"=NAN1<A<(a—1)""): I(a,N;(a—1)" =N\ = Nﬁj%
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ST-7 2<s<7,(a—1)"=NA\A=(a—1)"" . (a—1)"?): @(a,N;(a—1)" = N\ =
(a—1)t L (a-1)") < &
ST-8 2<7<s,(a—1)"=NA\A>1): I (a,N;(a—1)" =N\ < +.

B cBeTe BBINUCAHHBIX ACUMIITOTHYECKHUX U TOPSIIKOBBIX PABEHCTB st fis(a, N) u fi5(a, N) BHOBB
obpaTuMCsi K MOTHUBAM UX HA3HAUYEHUs «B HeKomopulr CAYHGAT TOpowio Obi UMemb Npasund Oas
onpedesenus, YooeAeMBOPAEC AU OUMUUK KPUMEPUIO, OMHOCUMENHO He3asucumoe om N wmobb
MOHCHO DBLAO CKAZAMD, YN0 NEKOTMOPDITL MHONCUMEND G TOPOUL AUOO NAOT NO OMHOWENUIO K OPY2UM
MHOMHCUMEAAM Ons 3adannozo N , ne nposepas ocmanrvuoir (M. [2, crp. 128])».

Bo Beex cayuasx npu 2 < s < 7 BesmumHa fiz(a,N;(a—1)" = AN) acumunroruueckn
WM TOPSIZIKOBO 3aBUCUT TOJILKO N, \ M T NpHU CBI3aHHOM ¢ HUMHU paBeHCTBOM (a —1)7 = AN
MHOKHTENIE @, obpamatoreM ['eneparop Jlexmepa B ONTHMAJIBbHBIN, TO9TOMY BOIIPOC «HeKOMOPbIl
MHONCUNEND A TOPOUL AUOO NAOT MO OMHOWENUIO K OPY2UM MHOACUMENIM Oas 3adannozo N, e
NPOGEPAS OCTNAADHHIT > OTIIAJIALT.

EAN
U, maxonen, us(a,N) = (;—%) - fis (@, N), 7. e. BHOCHTCS eI 3aBUCHMOCTH OT S, HHKAK He
cBg3aHHasg C BbIOOpOM a npu dukcupopaHHoM N, 4TO BKyIle C JPYTUMHU BBIIICU3JI0XKEHHBIMIE
apryMeHTaMH BbI3bIBAET COMHEHHE B €€ MH(POPMATUBHOCTU KaK MEPDL IPPHERMUSHOCTIU MHONCUTIEAA

a

22°. OT HeocsizaeMOW HANPSIMYIO aCUMIITOTHYECKO# oneHku vg(a, N) obparumcsi K
reOMeTPUYECKH HAIVISJHON COCTABJIAONIENl CIYYailHOCTH B BHJE <«4ACTMOMHOCTU», B KOTOPOM
quciaa 0,1,... N — 1 HaIJIe)KUT IepecTaBuUTh B JApyroM mopsiake Xo,..., Xy_1 Kak OHEKTHBHOE

orobpazkenue Ha cebst TaKUM 00pas3oM, 4TOObI jIst Jiioboro cermenta |o, 3] u3 [0,1] kosmaecTBO
qncen 2 momaBmX B |, 8] gomkmo 6uITh 6msko (B — @) .

Koneuno, 3mech NpHUBEJEHO TOJBKO HMHTYHTHBHOE OIMCAHHE YACTOTHOCTH B H3yYaeMOM
KOHKpPeTHOM ciry4dae. IIpencraBienue o dyHaMeHTaIbHOM 3HAYEHIH YaCTOTHOCTH MOXKHO IIOJIy YU Th
no cienyromemy BbickasbiBannio A. H. Kosmoroposa B crarbe «O Tabrmiax cirydailHBIX dHCE»
(em.  [17]): «Ochno60tl NPUMEHUMOCTIU MATMEMAMUYECKOT MEOPUL BEPOATNVHOCTEND K CAYHATHDLM
ABNEHUAM PEANLHOL0 MUPQ ABAAENCA HACTNOMHBIT NOO0TO0 K 6ePOAMHOCTU 6 MOt UAU UHOT dopme,
Heuszbescrnocmy obpawenua K xomopomy 20pavo omemausan gon Musecs.

Bo Bcex 3ajadax, B KOTODBIX TpeOyercsi IOCTPOUTH PABHOMEPHO pactpejeiennyo Ha [0, 1]
II0CJIE/I0BATE/ILHOCTD

Xn
¢ obecriedeHHEM §-CJIYIAHOCTH B CMBIC/I€ HE3aBUCAMOCTH § CJAEAYIOIMNAX JIpyr 3a JPYroM
HabOPOB  |HCesT (Un,Un+1, Uy, +(371)) Ha TOJHOM Tepuoje m3 N UJCHOB M €CJAU MOXKHO
1

OTPAHUYUTHCI TOYHOCTBHIO j7y »  KOrJa nepsbie lg v (a,N = (a — l)s) pas3ps/ioB B

vs(a,N=(a—1
JIBOMTHOM HPEJICTABJICHUN YUCET MOYKHO CUUTATD CJIy9aiiHbIMU, TO B KadecTBe (X, ), cormacHo S—T-
N-1
pesynbraraM, HaJgo npuaarh (X, (@, N = (a—1)",c=1,Xy=0)), -, .
[IpoBejieM BBIYUCIUTEBHBIN IKCIEPUMEHT HA «9ACTOTHOCTb» ¢ ' €HEepaTOpOM CJIyYalHBIX UUCES
Jlexmepa, moctpoennoro mo a = 26,7 =2 u N = 625:
Xp+1 = (X5, 26+ 1) mod 625 (n = 0,...,624; Xg = 0).

[Tosryuennast mocJie1OBaTEILHOCTD (Un>fl\7;01 CJIy9YaliHBIX 4Yuce/l BblHeceHa B Tabsmiy 3:

TasaunaA 3 — CiyyaiiHble Yucja.

0,0016; 0,0432; 0,1248; 0,2464; 0,408; 0,6096; 0,8512; 0,1328; 0,4544; 0,816; 0,2176;
0,6592; 0,1408; 0,6624; 0,224; 0,8256; 0,4672; 0,1488; 0,8704; 0,632; 0,4336; 0,2752;
0,1568; 0,0784; 0,04; 0,0416; 0,0832; 0,1648; 0,2864; 0,448; 0,6496; 0,8912; 0,1728;
0,4944; 0,856; 0,2576; 0,6992; 0,1808; 0,7024; 0,264; 0,8656; 0,5072; 0,1888; 0,9104;
0,672; 0,4736; 0,3152; 0,1968; 0,1184; 0,08; 0,0816; 0,1232; 0,2048; 0,3264; 0,438;
0,6896; 0,9312; 0,2128; 0,5344; 0,896; 0,2976: 0,7392; 0,2208; 0,7424; 0,304; 0,9056;
0,5472; 0,2288; 0,9504; 0,712; 0,5136; 0,3552; 0,2368; 0,1584; 0,12; 0,1216; 0,1632;
0,2448; 0,3664; 0,528; 0,7296; 0,9712; 0,2528: 0,5744; 0,936; 0,3376; 0,7792; 0,2608;
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0,7824; 0,344; 0,9456; 0,5872; 0,2688; 0,9904; 0,752; 0,5536; 0,3952; 0,2768; 0,1984;
0,16; 0,1616; 0,2032; 0,2848; 0,4064; 0,568; 0,7696; 0,0112; 0,2928; 0,6144; 0,976;
0,3776; 0,8192; 0,3008; 0,8224; 0,384; 0,9856; 0,6272; 0,3088; 0,0304; 0,792; 0,5936;
0,4352; 0,3168; 0,2384; 0,2; 0,2016; 0,2432; 0,3248; 0,4464; 0,608; 0,8096; 0,0512;
0,3328; 0,6544; 0,016; 0,4176; 0,8592; 0,3408; 0,8624; 0,424; 0,0256; 0,6672; 0,3488;
0,0704; 0,832; 0,6336; 0,4752; 0,3568; 0,2784; 0,24; 0,2416; 0,2832; 0,3648; 0,4864;
0,648; 0,8496; 0,0912; 0,3728; 0,6944; 0,056; 0,4576; 0,8992; 0,3808; 0,9024; 0,464;
0,0656; 0,7072; 0,3888; 0,1104; 0,872; 0,6736; 0,5152; 0,3968; 0,3184; 0,28; 0,2816;
0,3232; 0,4048; 0,5264; 0,688; 0,8896; 0,1312; 0,4128; 0,7344; 0,096; 0,4976; 0,9392;
0,4208; 0,9424; 0,504; 0,1056; 0,7472; 0,4288; 0,1504; 0,912; 0,7136; 0,5552; 0,4368;
0,3584; 0,32; 0,3216; 0,3632; 0,4448: 0,5664; 0,728; 0,9296; 0,1712; 0,4528; 0,7744;
0,136; 0,5376; 0,9792; 0,4608; 0,9824; 0,544; 0,1456; 0,7872; 0,4688; 0,1904; 0,952;
0,7536; 0,5952; 0,4768: 0,3984; 0,36; 0,3616; 0,4032; 0,4848; 0,6064; 0,768; 0,9696;
0,2112; 0,4928; 0,8144; 0,176; 0,5776; 0,0192; 0,5008; 0,0224; 0,584; 0,1856; 0,8272;
0,5088; 0,2304; 0,992; 0,7936; 0,6352; 0,5168; 0,4384: 0,4; 0,4016; 0,4432; 0,5248;
0,6464; 0,808; 0,0096; 0,2512; 0,5328; 0,8544; 0,216; 0,6176; 0,0592; 0,5408; 0,0624;
0,624; 0,2256; 0,8672; 0,5488; 0,2704; 0,032; 0,8336; 0,6752; 0,5568; 0,4784; 0,44;
0,4416; 0,4832; 0,5648; 0,6864; 0,848; 0,0496; 0,2912; 0,5728; 0,8944; 0,256; 0,6576;
0,0992; 0,5808; 0,1024; 0,664; 0,2656; 0,9072; 0,5888; 0,3104; 0,072; 0,8736; 0,7152;
0,5968; 0,5184; 0,48; 0,4816; 0,5232; 0,6048; 0,7264; 0,888; 0,0896; 0,3312; 0,6128;
0,9344; 0,296; 0,6976; 0,1392; 0,6208; 0,1424; 0,704; 0,3056; 0,9472; 0,6288; 0,3504;
0,112; 0,9136; 0,7552; 0,6368; 0,5584; 0,52; 0,5216; 0,5632; 0,6448; 0,7664; 0,928;
0,1296; 0,3712; 0,6528; 0,9744; 0,336; 0,7376; 0,1792; 0,6608; 0,1824; 0,744; 0,3456;
0,9872; 0,6688; 0,3904; 0,152; 0,9536; 0,7952; 0,6768; 0,5984; 0,56; 0,5616; 0,6032;
0,6848; 0,8064; 0,968; 0,1696; 0,4112; 0,6928; 0,0144; 0,376; 0,7776; 0,2192; 0,7008;
0,2224; 0,784; 0,3856; 0,0272; 0,7088; 0,4304; 0,192; 0,9936; 0,8352; 0,7168; 0,6384;
0,6; 0,6016; 0,6432; 0,7248; 0,8464; 0,008; 0,2096; 0,4512; 0,7328; 0,0544; 0,416;
0,8176; 0,2592; 0,7408; 0,2624; 0,824; 0,4256; 0,0672; 0,7488; 0,4704; 0,232; 0,0336;
0,8752; 0,7568; 0,6784; 0,64; 0,6416; 0,6832; 0,7648; 0,8864; 0,048; 0,2496; 0,4912;
0,7728; 0,0944; 0,456; 0,8576; 0,2992; 0,7808; 0,3024; 0,864; 0,4656; 0,1072; 0,7888;
0,5104; 0,272; 0,0736; 0,9152; 0,7968; 0,7184; 0,68; 0,6816; 0,7232; 0,8048; 0,9264;
0,088; 0,2896; 0,5312; 0,8128; 0,1344; 0,496; 0,8976; 0,3392; 0,8208; 0,3424; 0,904;
0,5056; 0,1472; 0,8288; 0,5504; 0,312; 0,1136; 0,9552; 0,8368; 0,7584; 0,72; 0,7216;
0,7632; 0,8448; 0,9664; 0,128; 0,3296; 0,5712; 0,8528; 0,1744; 0,536; 0,9376; 0,3792;
0,8608; 0,3824; 0,944; 0,5456; 0,1872; 0,8688; 0,5904; 0,352; 0,1536; 0,9952; 0,8768;
0,7984; 0,76; 0,7616; 0,8032; 0,8848; 0,0064; 0,168; 0,3696; 0,6112; 0,8928; 0,2144;
0,576; 0,9776; 0,4192; 0,9008; 0,4224; 0,984; 0,5856; 0,2272; 0,9088; 0,6304; 0,392;
0,1936; 0,0352; 0,9168; 0,8384; 0,8; 0,8016; 0,8432; 0,9248; 0,0464; 0,208; 0,4096;
0,6512; 0,9328; 0,2544; 0,616; 0,0176; 0,4592; 0,9408; 0,4624; 0,024; 0,6256; 0,2672;
0,9488; 0,6704; 0,432; 0,2336; 0,0752; 0,9568; 0,8784; 0,84; 0,8416; 0,8832; 0,9648;
0,0864; 0,248; 0,4496; 0,6912; 0,9728; 0,2944; 0,656; 0,0576; 0,4992; 0,9808; 0,5024;
0,064; 0,6656; 0,3072; 0,9888; 0,7104; 0,472; 0,2736; 0,1152; 0,9968; 0,9184; 0,88;
0,8816; 0,9232; 0,0048; 0,1264; 0,288; 0,4896; 0,7312; 0,0128; 0,3344; 0,696; 0,0976;
0,5392; 0,0208; 0,5424; 0,104; 0,7056; 0,3472; 0,0288; 0,7504; 0,512; 0,3136; 0,1552;
0,0368; 0,9584; 0,92; 0,9216; 0,9632; 0,0448; 0,1664; 0,328 0,5296; 0,7712; 0,0528;
0,3744; 0,736; 0,1376; 0,5792; 0,0608; 0,5824; 0,144; 0,7456; 0,3872; 0,0688; 0,7904;
0,552; 0,3536; 0,1952; 0,0768; 0,9984; 0,96; 0,9616; 0,0032; 0,0848; 0,2064; 0,368;
0,5696; 0,8112; 0,0928; 0,4144; 0,776; 0,1776; 0,6192; 0,1008; 0,6224; 0,184; 0,7856;
0,4272; 0,1088; 0,8304; 0,592; 0,3936; 0,2352; 0,1168; 0,0384; 0

Hnst nansoro orpeska [, 5] (0 < a < < 1) obosnaunm depes m = m(qa,[3) KOJIUIECTBO
cayuaiinpix umcen U, , NOHABIIMX B OTPE30K [, 3] M, COOTBETCTBEHHO, YACTOTY

m(a,3)

N II0IIa JaHM A
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[IPUHUMAETCS 38 MepPy PaBHOMEDHOW pacIpeleSeHHOCTH — dYeM MeEHBINe, TeM JIydIle.
PYKOBOJICTBOBAaThCS CJEAYIONIUMH IIPUMEPaMH BBIOOpa OTPE3KOB:
mamepu; 200, mecay, denv posrcdenus cmydenmal, [ L1-

w20

1

€

Bynem

[200, wmecauy, denv poorcderus
] , C KOHIIAMH U3 YIEHOB IIOJIYIYEHHOM
[TOCJIeIOBATEJILHOCTH U €Ie HECKOJIBKO "ciIydaiiHbIX" cerMeHTOB.

TABIULIA 4 — Pe3ynabTaThl IPOBEPKH CJIyYaiiHbIX yuceJ u3 Tabauipl 3 Ha paBHOMEPHYIO PACIIPEJeJIEHHOCTb.

e B m | m/N | -« A
0.580815 0.850411 | 168 0.2688 | 0.2696 | 0.000796
Con - 1/7? 1—1/e [332]0.5312]0.530799 | 0.0004
,<,X’L(34_0226’N_625)>”:° 0.15 0.32 107 | 0.17 | 0.1712 | 0.0012
2 e 0.1 0.9 500 | 0.8 0.8 0
0 0.9872 616 | 0.9872 | 0.9856 | 0.0016
0.2 0.9 437 1 0.6992 0.7 0.0008
0.100922291 | 0.620622291 | 324 | 0.5184 | 0.5197 | 0.0013

Tem cambiM, KOHKperHBIt reHeparop X,i; = (X, 26+ 1) mod 625(n=0,...,624; Xy =0)
BBIJIeprKaJl BBIOOPOYHYIO IIPOBEPKY HA PABHOMEDPHYIO PAIlpPeJIeIEHHOCTh: A ¢ JIByMs HYJISIMH IHIOCJIE
3aIsToii IpH OTHOCHTEIbHO HebosbioM N = 625 ¢ 12(26,625) = /577

Kak okazasoch, CBOHCTBOM paBHOMEDHOI pacIpeesIeHHOCTH 00J1aaioT Bee [enepaTopbl
cirydaifHbIX unces Jlexmepa ¢ MakCHMaJIbHBIM IEPHOAOM (3a yKa3aHHe Ha 9TO aBTOp OJarojapeH

H.2K. Haypsi3baeBy):  10CJI€10BATEIBHOCTD %, )]i} ey X]Xfl €CTh 3allMCaHHasd B IOPSIKE
Xo,X1,...,XN_1 paBHOMEpHas CETKa %,%,...,Nﬁl, nessimasi orpe3ok [0,1] mHa N paBHBIX
wacteit, u mosromy npu Bcex 0 < a < f < 1 1 HEKOTOPBIX LEJBIX ko U kg BBIIOIHEHbI HEDABEHCTBA

k ko +1 Kk kg +1

N oy Batl Mg BT

N~ - N —~ N~ N
OTKyJIa CJIEJyeT

1
Aa,ﬁ < Na

B qactHocTH, npu N = 625, A, g < & =0,0016.

B wrore, mpuxommm K BBIBOLY: BCs IpobjeMa ciydailHOCTH IocjeaoBaTeabHocTH Jlexmepa
B CMBICJIEe CIeKTpaiabHoro rtecra Komsto m Makdepcona sakiodena B Besmuube vg(a,N), a
paBHOMEpHAas PaclpeleeHHOCTL ecTh IpsiMoe ciencrsue Teopembl A — Kpurepus MakcuMaJIbLHOIO
MIEPUOIA.

OTHOCUTENIPHO WCHBITAHWI HA HE3ABUCUMOCTH 3apaHee MOXKHO CYUTaThb, d9TO Jiobon S” -
reHepaTop CAYYalHBIX YUCEJI, BKJOYas, KOHEYHO, W PACCMATPUBAEMBIH, y2Ke IPOIIEJ MPOBEPKY
kpurtepuem cepuii [2, crp. 133, *F. Cssasb ¢ kpurepuem cepuii|: <«B psade snauumensvHoir
pabom, onybaukosannvixr 6 T0-¢ 200w, Ilaparvd Hudeppetimep (Harald Niederreiter) noxasan,
kax nposodumv uccaedosanus s-meproir 6exmopos {(Up,...,Uptis—1) : 0 <n < N} ¢ nomowwro
IKCNOHEHUUAALHOIL CYMM. OOHUM U3 OCHOBHBIL PEZYALMAMOE €20 MEOPUY OVIA0 CACIYIOWEe: OH
NOKA3AN, UYMO 2EHEPATNOP CAYUAUHBLT YUCEA NPOTOOUM NPOBEPKY C NLOMOUDLIO KPUMEPUS,
cepull 0t HECKOABKUL U3MeEPEeHUTl, eCAu IMOMm 2eHePamop uvi.lepiHcusaem npoeepry
CNEKMPAADBHBIM KPUMEPUEM, 0adHCe K0200 BMECO NOAHO20 NEPUOIL PACCMAMPUBLEMCA
60ALWAA €20 YACTND ».

3ameuanue. [lepcreKTUBBI KOJIUIECTBEHHOTO U3YUYEHUsT «IACTOTHOCTU» Bhipaxkenbl K. PoroMm B
[18]: «I'pybo 2060ps, nayka 06 «UPPE2YAAPHOCTNAL PACTIPEOCAEHUSS USYHAEM 8 KAKUT NPedendr
KonewHolli Habop moueunuxr macc 6 K -mepnom Kybe moorcem (8 pasAuMHbLL 2e0MEMPUNECKUT
CMBICAAT) NOCAYAHCUND NPUOAUNCEHUEM K PASHOMEPHOMY PACTPEICAEHUIO MACCHL NO BCEMY KYOY. ...
4 oorcudaro, umo 6 bydyuLem 8CA IMA MEMATNUKA 8 UEAOM OYJem Pacuupamsbes, ee 3HaueHue 6ydem
PACTNU U OOHAPYAHCAMCA UHMEPECHBLE B3AUMOCEA3U MEHCIY €€ PASAUMHBLMU YACTILAMUY .

B cBsa3u ¢ weMm ormernM, 9TO crarbi |7-12| HOCBSIIEHBI 9TON HPOGIEMATUKE.

23°. B cBs3uco MHOIMME BBIYHCINTEbHBIME 9KCIEpUMeHTaMU B [1-2|, cpenn KoTophix «Memod
cpedun Keadpamos ¢pon Hetimana, Kax Ovti0 nokazamo, Gakmuyuecku AGAAEMCA CPABHUMEALHO
OEOHBIM UCTNOUYHUKOM CAYHATHLLT Yuces. OnacHocmd cocmoum 6 mom, 4mo nocAedo8amesbHOCb
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CMPEMUMCA 80TMU 68 NPUBHINHYIO KOAEI, M. €. KOPOMKUL UYUKA NOSMOPAINUULCA INEMEHMOG.
Hanpumep, xaotcdoe noasaerue Hyia KAk 4UCAA NOCAEIOSAMEALHOCTIU NPUBELIEM K TMOMY, “IMO BCE
nocAedyowue YUCAa maxotce oyoym HYAAMU.

Hexomopuie yuenvie sxenepumenmuposait, ¢ mMemodom cpedun xeadpamos 6 navase 1950-x 200os.
Pabomasn ¢ wemulper3aHaunumy wucaamu emecmo decamusnaunox, [owc. 3. Dopcatim (G. E.
Forsythe) ucnviman 16 pasausamvir Ha4aibHoiT 3navenut u o6napyscu, wmo 12 uz nux npueodam x
UUKAULECKUM NOCAECIOBAMEAOHOCTNAM, 3AKAHUUBAOUUMCA yuksom 6100, 2100, 4100, 8100, 6100,...,
8 MO 6pems Kax 08e U3 HUL NPUBOIAM K MOCAEA08AMENLHOCTAM, 6bipodicdarowumcsa 6 (. Boaee
UHMEHCUBHBLE UCCAED0BAHUA, 2AA6HLIM 00pa3om 6 deouunoli cucmeme cuucierus, nposes H. K.
Memponoauc (N. C. Metropolis). Own nokaszan, wmo ecau ucnoavzosams 20-pa3padnoe wucao, mo
NOCALIOBAMENBHOCTIL CAYHMATHDLL HUCEA, NOAYIEHHAA MEMOJOM CPEIUH KEaIPAMOS, SbIPOHCIAEMCA
6 13 pasAuMHbLT YUKAOE, NPUMEM OAUHG CAMO20 OONDUL020 Nepuoda pasHa 142.

Henoavsys 38-paspadnvie wucaa, Memponoiuc noaywus HesvuporcIEeHHY0 nocaedosamesvHoCmb,
codeporcawyro okono 750 000 wucea (npestcde wem npousownno swviposicderue), u noayswernnvie 750
000 x 38 6um ydossemeopumMeAbHO NPOULAY CINATNUCTIUNECKUT, MECM Ha CAYHatHOCY. [Symp. on
Monte Carlo Methods (Wiley, 1956), 29-36.] Omu onvimo, nokasasu, 4mo memod cpedur K6adpamos
Moorcem dasamsv YJoeaemeoPUMENLHBLE PDESYALTNAMDL, HO eEMY ONACHO JOBEPAMDL, NOKA HE GbINOAHEHDL
MUWAMENDHBLE BLMUCAEHUAS, C BBRIBOJOM: «Mopaas amoti ucmopuu 8 mom, 4imo CAYHGUHbBLE
wucaa He caedyem 2eHepuposamsd MEMoIom, 6uboparnvim Haydawy. Hyowcna xaxas-
HUbYdsv meopus. B caedyrowur pazdeaar 6yoym paccmMompervt 2EHEPATOPbL CAYUGUHDIT HUCEN
bonee 8vLCOK020 YPoBHA, uem memod cpedun keadpamoss |1, crp. 18; 2, cTp. 25|.

OTy CHTyalMio ¢ TIeHTPaJbHBIM isi KOMIBIOTEPHBIX HayK BbBogoM 2Kumib 3emop B
[15, Ilyukr 3.2| omucbiBaeT B CJEAYIONUX CJIOBAX: «Bosnukxaem uckywenue 3anAMbHCA
COCTMABAEHUEM  CYNEPHENPEICKAZYEMBIL NCEEAOCAYUATHLLL 2eHEPAMOPOS, 6vbupas Gynruuto f |
Komopas delicmsyem Hecmoabko npoudsosvho. Knym yumupyem dorn Hetimana, npedrosrcusuiezo
dynrxyuro f:]0,10™] — [0,10™], npedcmasaarowyro coboti eodsedenue yeaozo wucaa X 6 xeadpam,
30 KOMOPHIM CAEOYEm U3BACHEHUE U3 CePeQUHD, JECATNUYHOT 3anuUct wucaa X2 HEKOMOpuT M
yugp. A 3amem oM PaccKasbLIEaem, KaAK080 xHce buiao yousaerue, Ko20a, 3anPOPAMMUPOSAS IMOM
2eHepamop, OH OOHAPYINCUA OUEHbL OLICMPYIO CLOOUMOCTG K HENOJSUNCHOT MOUKE, MO ECMb K
maxomy X , das komopozo f(X) = X . Mopaav 9mozo onvima 6 mom, wmo, Kax nu napadokcasbHo,
HO NCEBIOCAYUATIHBIT 2eHEPAMOP, BLLOPAHHBLT CAYUATIHBIM 00DAZOM, NAOL. DMY KAHCYULYIOCA 36200KY
MOMHCHO 00BACHUMD, eCAU USYUUMD NEPUOd 2eHepamopos. 3amemum, 4mo 10601 ncesdocayuatiHvill
eenepamop f muna f : E — E nepuoduuen, nomomy wmo N pasnoe mownocmu E xonewno,
u Mo weusbeotcrno noaywum f (Xy) = f(Xg) daa xaxozo-mo k < n. U mozda mo ysudum, wmo
pynryus 6ydem beckonewno eocnpouzeodumsv yuka (X, Xpi1,..., Xp). Ouesudno, xouemca,
Ymobbl Nce8IOCAYUATHBLT 2eHEPAOP UMES OAUHHDLT NEPUOD, TOMSA OH, KoHeuHOo, bydem oeparuven,
yucaom N ».

B cBsizu ¢ wem oTMeTrMM, UTO HaiiJleHHBbIE YHCTO METOJAMHU MaTeMaTHIeCcKOro aHajgmsa ST1-
YTBEPXKJIEHNSI, B TEOPETUIECKOM ILTaHe (PAKTHIECKN 3aKPbIBAIOIIE TEMY, B IIPAKTUIECKOM aCIeKTe
MOTI'YT CYIIIECTBEHHO COKPATUTH KOMIIBIOTEPHBIE [TOUCKH.

24°. TIlo-Bumumomy, mepexoj; or upsiMmoro wuccienosanust (1.10) xk Gosiee obriemy ciydaro
kBagipaTuydeckux dhopm (em. [1, crp. 113] u [2, crp. 121] «Mw dokaszaau, wmo

v = min {u%—{—---—kuﬂul—|—au2—|—---—|—at_1ut50(no modymoN)} =
(41 1)(0,...,0)
= min {(Nx%—axz—a?x?)—...—atflxt)2+m§+x§+...+$?}_ (16)
(z1,.-,2¢)#(0,...,0)

C. ObocHosarue sviuucaumenrvruirmemodos. (Ceedem cnexmpanvhoil xKpumeputs ¥ 3a0aue
HATONCOCHUA MUHUMANLHO20 3Haverusn (16). Ho kak MOHCHO HATMU MUHUMAADHOE 3HAUEHUE 30
pasymmvilic ompesox epemenu? I'pyboe cunrosoe uccaedosarnue He GLOOUM 6 HAWU NAGHDL, MAK KUK
N - ouenv 60avwoe 8 CAYUAAT, NPEICMABAAOUWUT NPAKMUNECKUT, UHMEDPEC.

Bydem uwmepecto u, 603M02CHO, bOAEE NOAE3HO DPA3PAbOMAMDB  GHMUCAUMENLHDIE MEMODbL
pewenutl dasice boaee 06wt npPobaemvl: HATMU MUHUMAAOHOE SHAMEHUE BEAUHUHDL

f (1‘1, ...,l‘t) = (U11£L'1 +--+ UﬂfL‘t)2 +---+ (ultl‘l + -+ Uttil?t)2 (17)
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N0 6CEM HEHYAEEBIM UEABM GEKMOPOM (X1, ...,XTy) O 410000 HEBHPOHCOCHHOT MAMPUYDL C
koappuyuernmamu U = (uij).  Bupaoicenue (17) nazosem mnoaosicumenvro onpedenennot
keadpamuunol Bopmot om t nepemenHviT. », COCTABUI METOJIOJOrnIecKuil mpocuer (o Kpaiineii
Mepe JI0 U3aHus |2, rae pe3yabTaToB IaHHO CTAThU HET).

25 ° . OCHOBHOII pe3yJibTaT JaHHOH CTATHU COCTABJISIOT JIBYCTOPOHHME IIPEIEILHO TOUHbIE OLIEHKH
$-MEPHOH TOYHOCTH IEHEPATOpa CJydYailHbIX Yuces] — Mepbl 3PMEKTUBHOCTH MHOMKUTENST a JJIs
3asanHoro Makcnmasbaoro mepuoga N, NA = (a — 1)7 Bo Beex cayvasx u3z (1.12).

Tem cambIM, B yCIOBHSAX HAJAYNAS SBHBIX ST-GopMys, OBITb MOMXKET 3a HEKOTOPBIMUI
HUCKJIIOUEHUSIMUA, KAKHe-TO ajJrOPUTMHUYECKHE BBIUHMCJIEHUS] Ug TEPSIOT CMBICI, B CBS3H C YeM
npuseseM «[2, crp. 121] D. Kak ewvinoasnums cnekmpaavhuti kpumeput. B amom pasdese
bydem npusedera dPHERMUBHAA BOIMUCAUMENLHAA NPOUEIYPA.

Anzopumm S (Cnexmpasvroid kpumeputi). Imom anrzopumm onpedessem 3HaveHue

Vg :min{\/$%+...—|—a:§]:n1+ax2+...+a5_13:s =0 (no ModymoN)}

ona 2 < s < T, sadannvir a, N uw T, 2de 0 < a < N uw a u N - 63aUMHO NPOCMbLE
wucaa.  (Munumym 63am no 6Cem HEHYACEBIM UEAOYUCAEHHDM BEKMOPam (X1, ..., Ts), G HUCAO
Vs ABAACMNCA S ~MEPHOT MOYHOCTIBIO 2EHEPATNOPA CAYUATHBLET YUcen, KaK 00cyscdarocy eviwe.) Bes
apupmemura 6 npedesar ar2opummae 0aHa 6 UEAbIT YUCAGT, PA3MEPDL KOMOPHL PEIKo AUO0 HuK020a
ne npesvauarom N2 | uckmouas waz S7. K momy orce nowmu ece ueavie nepemeriiie 6yoym menvie
N no abcoarommnoti 6esunune Ha NPOMAHCECHUY BBUUCAEHUTLS.

§5. IIpumMepsbl reHepaTOpPOB CJyYalHBIX YHCEJT C MaKCUMAJIbHBIM II€PUOJIOM B
KOHTEKCTE M3BECTHBIX U MOMYJISIPHBIX

Boinecennyto B HasBanue naparpada remy, Koropoil nocssmena Tabmuna 1 B [2, crp.  129-
135], rae B 29-Tu npuMepax ¢ HOAPOOHBIMU KOMMEHTAPUSIMU COOPAHbBI Pe3YJIbTaThl TEOPETUIECKUX
WCCIETOBAHNN W KOMITBIOTEPHBIX ITOMCKOB B PA3HbIE TOJBI PA3IUIHBIX ABTOPOB, HAYHEM CO
CJIEIYIONIEro TpuMepa B Kaode «ST-gopmyant 410601 mrosicumens deaatom shherxmuehvims.

26°. «lenepamop cmporu 15 npedaoocen [owc.  Mapcarvs (G. Marsaglia)s xauecmse
«Kandudama Ha HAUAYHWUT MHOHCUMENDS, NOCAE KOMNBIOMEPHOIL UCCAeI08AHUT, OAA NOYWMAU
KYOUHeCKUT pewemor pazmeprocmsio om 2 do 5. Imo npedrooicenue 6vuio coeaano, 8 4acmmocmu,
NOMOMY, “MO MHONCUMEND MONCHO AL2KO 3aNOMHUMY (CM. Khuzy nod pedakyuet C. K. 3apembol
[Applications of Number Theory to Numerical Analysis, edited by S. K. Zaremba (New York: Aca-
demic Press, 1972), 275]>».

Hanmbrit reneparop (X, (a = 69069, N = 232)> 10 KPUTEPUIO A mMeeT MaKCUMAaJIbHBIM IIePHOIOM
uncio N = 232 | HOCKOJIBKY €/IMHCTBEHHBIH IIPOCTONH MHOMKUTENb B HEM COJNEPKUTCH U B a4 — 1 =
d-22 = 17267 x 22, npudem d u N B3aEMHO IIPOCTBI, U IIOTOMY HOTEHIINAJ PABEH T = % =16 (cm.
[2, cTp. 45, Yup. 5]).

st opueHTanmu B 00CYZKIA€MOM BOITPOCE, Cpaly »Ke OIMPEeeTUMCs, ITO COTJIACHO TeopeMe 2

V2 (a, N) < a® + 1 = 4770526762, (5.1)

s

a7 Bcex s > 2. Bmecre ¢ Tem, gannbie crpoku 15 Tabsmmer 1, Hatunnas ¢ s = 3, HAMHOTO MEHbIITE
vs = 2072544, v7 = 52804, v2 = 6990, 3 = 242. (5.2)

[Ipumenenust ST-popmyn Kk muOKRUTEMO K. Mapcaasn a = 69069 TpUBOIAT K CJIEILYFOIIAM
pe3yJIbTaTaM.
I[Tpu s =2 Teopema 1 jmaer ciiemyroliee TOYHOE PABEHCTBO

V2 (a = 69069, N = (69068) = 4770388624) = (a—2)* +1 = (69067) + 1 = 4770250489,

aTo Ha Besmauny 527040633 Gosbime sHavenns va = 4243209856 w3 Tabmumer 1 [2, ctp. 130-131],
BoIuncennoro gt N = 232 = 4294967296 .
ITpm Bcex s,s > 2 nmeiictByeT Teopema 7
2 2\ \ 2
V2 <a — 69069, N = (69068) = 4770388624) <y ((k» — 6.
=0

k
48



H. Temuprasanes

Taknm o6pa30M JJIgd MHOXKHTEJIA MapC&JH)I/I IIOJIy9a€eM HaWuJIy4dIlle BO3MOXKHOE 3Ha4Y€HUE 1/22(3

MakcuMaJabHBIM nepuonoM N = 4770388624 .
Hnst cpaBaenusi Bosmoxkuocreit ST-bopmys ¢ panabivu (5.2), ayist 7 = 6 IPUMEHUM TeOPeMbl
5—6, KoTOpBIe PN BcexX S,2 < s < 6 mpUBOIAT K CIEIYIONIUM OIEHKAM CHU3Y

4767626304 < v2(69069; N = (69068)°). (5.3)

(69068)° —1
n=0

TeMm caMbIM, TOCTPOEH TeHEPATOP CIydaiiHbIX [ncen (X, (69069;N = (69068)6)>
MHOKHTEJIEM Mapcasibs, B KOTOPOM ¢ OOJIBIINM MAKCUMAJBHBIM repuogoM N = (69068)6 ~ 2192
nporus N = 232 u omHOBpeMeHHO GOJIBINIE, IIE-TO C HPEIETHHO GOJIBIIIM (5.1), u§ mpu s =
3,4,5,6 B (5.3) mporus (5.2), mosrydaercsi, Kak roBopsT, «CIIONIHOf Tpa3 HuK!».

Pazymeercst, 3mech He ObLIM HCIIOIB30BAHbI KAKME-TO WHIWBUIYAJbHBIE CBOHCTBA MHOXKHUTE IS
Mapcanbu, —ST-hopMyabl K TaKUM pPe3ysibTaTaM IPUBOISIT JII00Oe HEI0€e MOJIOKUTEIHHOE UHUCIIO
a.
27°. «loxoscut, no He menee sudarowyutica mrosxcumens 16807 = T° e cmpoke 19 cman Goaee
YACMO UCTOABI0BAMBCA OASL IM020 MOOYAA, NOCAE MO20 Kak e2o npedroxcuau Jlesuc, T'yomar u
Muanep (em. pabomy Lewis, Goodman, and Millers IBM SystemsdJ. 8 (1969), 136-146). TI'enepamop
C IMUM MHOHCUMENEM ABAAEMCA 0CHOBHUM ¢ 1971 200a 6 nonyasapHot bubauOMmeEre NPopaMM
IMSL. Ocnosnan npuquna npodosdrcumerbnozo ucnosviosanus a = 16807 cocmoum 6 mom, umo
a’? menvwe modyss N, nosmomy onepayus ax mod N mooicem Goimb 6bNOAHENA C 6HICOKOT
aphexmusHocmsbro HAG A3BIKAT 6BICOK020 YPOBHA, UCNOALIYWUWUT MmeTHuUKYy u3 ynp. 3.2.1.1-9.
O0dnako makue Masvle MHONCUMEAU UMeOM ussecmuvie degexmui. »|2, crp. 131-133)].

[Tpumenenue reopem 1-7, npu jobom m > 2 (B 9aCTHOCTH, IPU M = 2 KaK PacCMaTPUBAEMOM
npivepe) a—1=pi' - pit u (a—1)™ < (a —1)™" = N (t > 1), maupumep, npn a —1=7", N =
7 (> 1), obecnieyar BoinosHenne a™ < N, IpuueM ¢ IPOU3BOJILHO GOJIBIINM @ .

28°. Bce 29 wmuoxkwureseii uz Tabmuunbt 1 ([2, crp.  130-131]), kax <«swdarowjuecas,
«APPEeKMUCHO NPUMEHAEMBIES U TIPOCTO «TOPOWUE», TAK U «YMPAMUSWUE NONYAADPHOCTILS T
«docmamoumuie 0a8 M020, 4MOOVL BHI3EAMB UCNY2 6 2AA3AT U CNA3MDBL 8 HCEAYIKE Y MHOZUL YHUEHBIT,
CNEYUAAUSUPYIOULUECA HA KOMNBLIOMEPAT >, Bce 63 NCKIIToYeHUs 110 ST-popMyIaM MOTYT HOPOXKIATH
(X, (a, N))N_| renepaTopbl ¢ IIpejie/ibHO BHICOKUMHU Vs ~KATECTBAMHE.

IIpu sTom, cam Bu

Xpi1i=Xpla—1)+X,+c)mod (a—1)" (n=1,....,(a—1)" — 1)

HOAAAET IOJ, IPOMUTHPOBAHHOE BBIMIE CBOMCTBO «U36ENCAMb YMHONCEHUA, NPOCTO JOCTMAMOYHO
NEPEMEWEHUA U CYMMUPOSAHUAS .

29°. Ilockonbky B [2, ctp. 130] paccmarpusasuch npumepbl 0 u N | He yIOBJIETBOPSIIONIHUX
teopeMe A, 310 l-as crpoka Tabmunpr ¢ ¢ — 1 = 22 = 2 .11, B TOo Bpemd Kak N =
108 + 1 = 100000001 = 2 - (5-107+3) = 11 x 909, 181818182, crano 6biTh, Takoe N e
SIBJISIETCST MAKCHMAJIBHBIM [IEPUOIOM [T mocsiefoBaTenbaoct (X, (a, N)) , TeM He MeHee, JJIst HUX
BLIMHCIIEHBl V3 = V3 = V3 = v2 =530 u v§ = 447.

B cBasm ¢ dYeM, BO3HUKAET BOIPOC, HACKOJBKO KOPPEKTHO IIOJIb30BATHCA IIOKA3ATEIEM
vs(a,N;(a—1)" = N)\) kauecrBa cayuaitnoctn reneparopa {X, (a,N,c¢,Xo)} npu 0 u N, me
YJIOBJIETBOPSIONIUM Teopeme A.

Baecy mpobsiema B ToM, uro dopmyia (8) B [1, crp. 107-109], Ha ocHoBe KOTOpPOii JaHO
oupeseserne (12), BoiBeieHa npu ycaoBun «Movw npednoiostcunu, wmo nociedosamesvHoCmy uMeem
MAKCUMANDHDUT NEPUOD».

IIputuem, TOJBKO 3TO MPEMIOJOXKEHNE BLIBOIUT HA CpaBHEHHE M1 + amao + ... + a
0 (modNN), cocrapisirorero oupejesnenne Vg (a, N) (cM. 06 srom Takxke §2).

BMeCTe C TeM, HO—BI/I,ZLI/IMOMY, BCe TaKue reHepaTopbl CﬂyqaﬁHbIX quceJl BbIIBUTAJINCH 110 KAaKUM-TO,
B KaKJOM CJIydae [0 CBOMM, IIPUYIMHAM.

s=lmy =

Pasymeercsi, Teopembl 1-7 orgensHo gusi a = pit---pyt, HO co cBoum N = (a—1)" =
pyt-oplt m oormesbHO g N o= p?l -t co couM a = d X pit-o-pit + 1 conorennmanom

T = max { ﬁf—ll—‘ yeees h—:—‘ } (B ycioBusix Yup. 5 u3 [2, crp. 45]), mopoxaaoT XopoIue reHepaTopshl,
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HO 3JIeCh PeYb O HAYAJbHOM COBMECTHOM COOTHOINEHUH MeXKJy a u [N, He YJAOBJIETBOPSIONINX
yesosusiMm Teopembr A.

30°. Kak 310 0TMEUYAJOCh U UCHOJIB30BAJIOCH B 21 ° | MPOXOXK/IEHNE T€HEPATOPOM CJIydallHbIX
qucesT CIEKTPAJIbHOTO TECTUPOBAHUS 00ECIIEYNBAET BBIIOJHEHUE [JIsi HEIO KPpUTepus cepuii. BbITh
MOXKeT OyeT HeOe3bIHTEPECHO M3YyUYeHUEe TAKUX B3AUMOOTHOIIEHUN C JIPYTUMU TEOPETUYECKUMU U
sMmupuaeckuMu Tectamn (e. |1, crp. 52-105| u |2, cTp. 62-116]).

31°. B |2, crp. 19-20] upuBesien psiji IpUMEHEHUH CIyYaliHbIX YHCel:

«Yucaa, Komopwvie BLLOUPAIOMCA  CAYHATHBIM  00PA30M,  HATOOAM MHOHCECTNEO NOAEIHVIT
NPUMEHEHU.

1. Modeauposarue. IIpu ucnosv306aHul KOMNLIOMEPE OAA MOOCAUPOSAHUA E€CTNECTNEEHHDIL
ABAEHUTL CAYUATUHBLE YUCAA HYHCHDL OAA M020, 4MObvL COEAaMB MU MOJEAU NOTOHCUMU
HG peasvhvle asaerus. Modeauposarue NPUMEHACMCA 60 MHORUL 0DAACTNAT, HAYUHAL OM
uccaedosaruti 6 Adephoti usure (20e 4aCMUYLL UCTIHIMBLEAIOM CAYHATIHBIE CTNONKHOBENUA) U
3aKaHUUBAA UCCAeD08aHUEM onepayul (2de A100u NPubbLLEaOm, HANPUMED, 6 GIPONOPM. Hepe3
CAYHATHBIE NPOMEHCYMKU BPEMEHU,).

2. Buwibopournviti memod.  Hacmo Hee03M0oHCHO UCCAedosams 6CE SaAPUAHMbL, HO CAYUATHAA
8B00PKA 00ECTLEUUBAEM NOHUMAHUE TO20, YN0 MOHCHO HA38AMD “MUnUYHLLM’ nosederuem.

3. Hucaennoili anasud. Jas peuwerus CAOHCHBIL 36044 YUCAEHH020 GHAAUA OVIAG PA3PAOOMAHG
OCPOYMHAA METHUKG, UCTONBIYOULAA CAYUGTHBIE Yucaa. (OO0 3MmomM HENUCAHO HECKOALKO
KHU2.

4. Komnvromeproe npozpammuposaHue. Cayuatinoie  SEAUMUHDL  ABAANOMCA  TOPOUUM
UCTNOYHUKOM JAHHOIT OAA MECTNUPOSIHUA IPPHEKMUBHOCTNY KOMNDIOMEPHBIL GA2OPUNMOG.
bonee sasicno  mo,  umo  OHU  ULPAOM  PEWAWYN  POAL  NPU  UCTLOALIOSBGHUU
DPAHIOMUSUPOBAHHDIT — AA2OPUMMOS,  KOMOPHLE  UACTMO  HAMHO20 NPEBOCTO0AM  CEOUT
deMeEPMUHUPOBAHHLIL J60THUK0S. B amot cepuu xhue Hac, 8 nepeyro o4epedv, uHmMepecyem
UMEHHO MAKOE NPUMEHEHUE CAYUATHDIT YUCEA. IMUM 00BACHACMCA MO, YIMO CAYUATIHbBLE
YUCAL PACCMAMPUBAIOMCA Yoice 3dech, 6 aaase 3, mpescde “wem moAGUMCH 6OALWUHCTNGO
dpy2ux KOMNBLIOMEPHHIL AA20PUIMMOS.

5. Ilpunamue pewenuti. losopam, wmo mHoz2ue AOMUHUCTIPAMOPY, NPUHUMAIOM PEUWEHUS,
bpocas MOHEMY, ULPAABHYIO KOCML AUDO KAKUM-HUOYOL Ipyeum nodobHbLM CNOCOOOM.
Cnaemnudaiom, “4mo HexKomopvie npodeccopa 6 KoANeIHCAT CMABAM OUEHKU, UCTNOALIYA
mom owce memod. Hwnozda easicno npumnams noanocmvio “becnpucmpacmmuoe” pewerue.
Cayuatinocms ABAAEMCA MAKAHCE BAHCHOT YACMDIO ONTMUMGAOHYE cmpamezutl 6 Meopul
MAMPUYHBLT U2p.

6. Dcmemura. Heboavwan 00066Ka CAYHATHOCTIU OAHCUBASET, MY3VKY U KOMNDIOMEPHYIO
epaguxy. Hanpumep, pucyHox 6 onpedeseHHOM CMBICAE SbL2AAOUM NPUBAEKAMEADHEE YeM
[Cm. D. E. Knuth, Bull. Amer. Math. Soc. 1 (1979), 369. |

7. Passaevenusn. Mnozue cuumaiom, “mo OHU 3AMEYAMEALHO NPOGOOAM 6pems, 0pocas
ULPAABHYIO KOCTL, MACYA Koa0dy Kapm, epawas koaeco pysemku u m. n. Taxue
MPaAdUYUUOHHBLE CNOCOOBL UCTLOALIOBAHUA CAYUATHLT YUCEA MOAYHUAU HA36AHUE MEMOJ
Monme-Kapao. 9mo obuiee Ha38aHUE BCET GAZOPUMMOS, UCTLOALYIOUUL CAYUGTHBIE HUCAAS.

He wuckiodeno, 4To MOCTpOEHHBIE B 9TOH CTATHE MEHEPATOPDHI CJIYYafHBIX YHUCEN CYIIECTBEHHO
pacCIIupsIT IPAHUIIBI TPUMEHEHUIA.

32°. B crarbe Ilmamcrena [14] (em. Takxe [15, §3. 10|) mpemiozkeH MeTOZ peIIeHUs 3a/1a9u
noJiHoro BoccraHoBsienusi eneparopa Jlexmepa X,41 = (aX, + ¢) mod N upu oupejeneHHOM
KOJIMYIECTBE MMOC/IEI0BATE/IbHBIX U3BECTHBIX WJICHOB, HO HE €r0 MOJLYJIs.

B konrekcre nosmrukn kypaasia [19] «Ilogroroska Kasaxcrana k YerBepToii npoMBbIIIIeHHOI
peBosironiun u uctoyiHeHne nporpammbl «ludpopoit Kazaxcram»» JgaHHasi cTaThsl BBIOJIHEHA,
HaJleeMcsl, B Kilode «Pewenue noiroe U 0KOHUGMEAbHOE USBECTVHBLL PECTLEKMGOEALHVIT NPOOAEMS .

B mocnemyiomux HOMepax JIAaHHOTO 2KypHAJa IIPEIIIOJAraeTcs IIPOJIOJIXKEHUE TaKOro Ke
HAIIOJIHEHUsT OObSABJIECHHONW ITOJUTUKUA CTAThAMH 10 JimHUSM <«llocmanosku woswr 3adaw ¢
UANOCTPAMUBHBMY PeWeHuAMU >, «Hosvie memodv, uccaedosanusy, «Hosvie dopmysve npamozo
npumenenuas, «Hosvie momenmor 6 paspabomannmxr memodars W IO JAPYTUM, IO KpaitHeit

50
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Mepe, BblHeCeHHBIM B [19] B Buge dyHIAMEHTATBHBIX M 3HAYUMBIX DPE3YJIBTATOB (pasyMeercs,
[IOCTAHOBKU 3aJ1a4, PE3YJIbTATHI, METOJbl U (OPMYJIbI OTTYJIa 3aKPEIUISIOTCS 33 aBTOPAMU U B
KaKUX-TO JIONIOJIHUTEIbHBIX Pa3bACHEHUAX He HYKJAI0TCS, Pedb UJIEeT O ['OCY/IapCTBEHHBIX NHTEpECcax
Kazaxcrana B HayKe U 0O0pa30BaHUM).
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H. Temipranues
Teopusasbl, MAMEMAMUKE HCOHE 2DLALIMU ECENTEYNED UHCTIUMYMDL
JI.H. lymunes amvndazv. Eypasus yammuk ynusepcumemis, Acmana, Kasaxeman
KoBsro meH MakdepCoOHHBIH, CHEKTPAJIAbl TECTI Ke3AeHCOKThIK TAJIANTAPbIH KAaHAAN MeJiiuep/ie
KaHaraTTaHAbIPCA, COHAall mopeXkejie Ke3aeicoK GosaTreia JlexMepaiH, ChI3bIKThI KOHIPYIHTTI Ti3GeriHiy
3JI€eMEHTaPJIbl KYPbLIYbI

AnsoTauusi: Bip kaparania e3-e3iHeH TYCIHIKTI GOJIBII KOPIHETIH Ke3JeHCOK, CAH MEH Ke3JefCOK Ti30eK YFbIMIAPbIHBIH —
HE KUBIHIBIFBI 6ap, 6ipi OipiHeH KeiiiH oiffra KeJreH caHapbl Tisin ka3a 6epce GoMail Ma — J9J1 €CelTeIHETIH aHbIKTaMaJlapbl
Gepinmeit kesreni. Ochbl Karjaiiga ic-XKy3iHIe opTypJii Ke3AeilCoK caHgap/ibl KAaTbIH epexkejep — [eHeparopJiap YCBIHBLIAIbL
J1a, COJIap/bl KE3EHCOKThIKKA TeKcepeTiH (TecTineiTin) aaicrep »kacanaabl. MyHaail «eMTUXaHHAH» OTKEH TiZ6eKkTep Ke3detlicok
mi3bex e, ajl OHbIH opbip Mylieci ke30eticok, car JeN KapusiJIaHaIbl, HOTHXKECIH/Ie KaHIIIaMa TeKCcepy TecTi 6ap 6oJica, COHIIIaMa
Ke3JIeMCOKTBIK, TYPi 6ap GOJIBbII MIbIFa/IbI.

MakaJjiaa KOWBLIBIMBI >K9HE OHBIH 3€epTTey Tapuxbl KOMIBIOTEPJIIK FBHLIIBIM/IAPBIHBIH YKOFapbl CAThLIADBIHAH TaOBLIATHIH
nece Jie 60JIaTBIH MaCesIe 3€PTTEJII, FhIIBIMUA TaKbIPBIIT PDETIH/E TOIBIFBIMEH YKa0ObLIFaH. ByJl KOWBLIBIM/Ia KAPAaCThIPBHLIIATHIH €H,
TaHBIMAJIBLIAPBIHBIH Oipi, TINTI eH TaHbIMAaJIAChl Aa GOJybl MYMKIH - 1949 Kbutrbl Jlexmep 2enepamopvl KoHE «K0AJAHBICTNARDL
mecminepdiy, er, Homuotceaicts Gousbin TabbutaThiH 1965 KbLabl Gepinren Koseto men Makgepcornoiy cnexmpandvk mecmi.
Ocrbinapapiy ©3apa 6aianbicra 1969 xKbliaan 6acramn OYyriHri KyHre J1eiiiH TOJIBIKTHIPBLIBII OTBIPBLIFAH 3€pPTTeY YKOJIbl JJoHAb T
Opeun Kuyrreiy «IIpozpammanay enepi» aTThbl MOHOI'DAhUSACHIHBIH, OAPJIbIK, OACHIIBIMIAPbIHIA KeHiHeH ambluiraH. Jlemek, 6yt
TaKBIPBII 9PAaiibIM i31eHiC yCTiHAEe GOBIN Keei.

Mine, 50 KbUIABIK TapuxXbl O0ap yakKbIT OJIIIEMiH/E YHEMI »KeTily >KOJIbIHJa OOJIBIII KeJICe KOHE Jle OChl yaKbITKa JeHiHri
GeJsIriJii »KeTicTiK, Vs Ke3JeHCOTBIKTBIH HEri3ri CaH/IbIK CUIIATTAMAChIHA YKACAJFaH alTapJbIKTai MajiiMeT 6epMeiTiH 6ip:KaKThl
JKOFapblJaH Oarajaybl FaHa. Makajaajga neccuMucTik « s > 10 6oazanda vs doadiein ecenmey eme Kubih» JIereH OOJIKaAMFa
KapaMacTaH KYTiJIMEreH aCHMIITOTUKAJBIK TEeHJIK aJbIHFaH. DyJ MocesleHiH qyphIC KOMBIIBIMBI MEH OHBIH 9pi Kapail 3epTTreyii
KaXKeT eTIeHTiH menriMia Kypaiabl.

MaxkcuMasapl mepuoaTsl Jlermepodit, ke3deticok, candapvirbit, 2€HEPAMOPLL HEMECE CHI3BIKMBLK, KOH2PYIHMMI midbex nen OyTiH
Tepic emec (Xp) canmapabiy

Xn+1 = (aXn +¢) mod N,n >0, (0.1)
pekyppeHTTi Ti3beri arajaabl. MyHgars:
N — Mmodyav 0 < N,a — xebetimriuw 0 < a < N,

c— ocimwe 0 < A< N, Xg — 6acmankvu mon 0 < Xg < N.

2Kone ge (0.1) pekyppeHTTi Tiz6erine oHbI MaKCUMAAODL NEPUOIMDL €TETIH Kesleci mapTrap KOUbLIa b
a>1, N>a,7(a,N)>2 xone 1< A(a,N)= w < (a—1)7T@N =1 Gyrin cangapsr (a — 1)7(@N) = 0 (mod N)
xome (a— 1)@ 71 =0 (modN) camsicrepytapbiven e3apa 6ailaHbICKAL.

Operrerineii, Oyn »karmaiiia Ja, Moceje TOJIBIFBIMEH A9 KOWBLIFAH MAaTEeMATHKAJBIK €CelKe KeaTiplaeni (6apibik
TyciHAipMeaep MeH TaJKpllayJap MakaJja MOTiHiHIe Kesripinaren): Gepiaren s > 2 koHe T > 2 caHjgapbl MeH ecuemi N
yin (6apJblk mapameTrpsep — og GyTiH caHzap)

S
vs (@, N) =infQ 4/m2 + ...+ m2:m=(my,...,ms) € Z°,m #0, ijaj—l =0(modN)

=0
OoJIFaHIaFbI
sup {vs (a,N):2<a<N,(a—1)" =0(modN), (a — 1)7"* # 0(modN)} (0.2)
IaMacCbIHbIH ACHMTOTUKACHIH Taly.

ConbimeH, Macesie 6apiblk, a, N skone s ymin vg(a, N) < 'y(s)N% TeHcizairi-ak Gesrini Gosranna, vs(a, N) mamMacblHBIH
MOHI HEFYDJIBIM YJIKeH Gosarbiaaail @ = a(N) caublH TaOy GOJIBIN TaObLIAAbl. OpUHE, Ke3 KEeJINeH YKOFApPFbI 6ara CUSIKTHI Oyl
Ia aca KeTepiHKi OOIybl MYMKiH, coJl cebenTi MacesieH] memmeii.

Ochl 2)KyMbICTa GAPJIBIK, MYMKIHIEP/I KAMTBII, COHABIKTAH /13 3€PTTE/LYIeri MoCeseHIH TOJIBIK, EeNiMiMEH KaMTaMacChl3 eTeTiH
$,T JKOHE A IapaMeTpJIepiHiH KAThIHACTAPBIHA TOYEJIi ACUMIITOTHKAJIBIK, CAIIATTArbI crieKTpasii Tectiney (ST) GolibiHina xKaHa
2KOHE OHBI TOJIBIFBIMEH KabaTHIH HOTHUYKEJIED aJIbIHIbL:

ST : vy (a,N;(afl)QzN) =(a—1)

ST(2<s=r1): N (17(b371)N7%>:afbsgus(a,N;(afl)S:N)g

<Va+ =N%\/1+2N*% +oN—2,

ST2<s<mA>1): (NA)T (1—(bs—1)(N)\ *%): (a—by) <

gus<a,N;(a71)T:N)\,1§)\§(0*1 )S\/iz (NA)~T \/1+2(N)‘)_?+2(N)\)
ST (s> 7> 20> 1) s (0, Ni (0 — 1)7 = NAA> 1) < Z(())

myndaev, (—b,. ) o Gymin canv. a -woiry dopesicenepi Golwimwa owcikmenzern (a—1) ™ kenmyweniziniy, mepic mondi
bUHOMUHANODIEK KOIPHUUUEHMMEPTHIH, AOCOAOMMIE WAMAAAPBIHBLY, eH, Yakeni: by = 2,b3 = 3,bs = 4,bs = 10,bg = 20,b7 = 35,
bg = 56,bg = 126,b19 = 252,b11 = 462,b12 = 792,b13 = 1716, b14 = 3432,b15 = 6435 otcore m.c.c.
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. Kuyrreig «IIporpammasiay eHepi» aTTbl MOHOI'DaMUSACHIHAAFBI OChI TaKbIPbIII OOibIHIIA OGepiareH GapJiblK, KypPbLIbIMIAD
KapThIIail SMINPUKAJIBIK CHUIATTa — OHJA TEOPUSJIBIK KaFuJajap YChIHBLIAALI [a, COHBIH HEri3iHAEe CTATHCTUKAJIBIK,
srcnepuMenTTep XKyprisineni. Coubimen karap, J.Kuyr kesgeiicok Tizbek kypyapi, don Helimanubiy «opma xeadpammaps
oziciHzieri mapaMeTpJieplli Ke3IeMCOK TypJe TaHJayJblH KYMOH TYJbIDATBIH KOpiHiCiHe cyileHin, KyJli SKCIIEpUMEHTTIK
i3meynepain ceHiMIl eMec eKeHJIIriH »KoHe KaH/ail j1a O0JICHIH Teopusi dpJailbiM KaKeT eKEH/IIr TypaJibl KOPBITBIH/IbIFa KeJITeH.

Bi3 Tasa Teopusiyiblk 3epTTEysIEp JKYPri3miK.

Bapuibik ST-Ty2KbIpbIMapbiaga ToMenri 6aranaynapbl N ©cKeH caifbld 1 caHbIHA YMTBUIATHIH afKbIH TYpAe (IPaKTUKAJIBIK,
KOJIZIAHBICTA MIENIYIi MaFrblHAFa We) YKa3bUIaThlH 7y KebedTkimi ymin Jx - N H < wvs(a, N) Typinzae Gomampl.

By KarapbIMeH eKi MoceseH] memesni (sKaJIFbI3 FaHa KeZEpri - KOMIBIOTEPJIK TEXHUKAHBIH, €CeNTey MYMKIHAIKTED])

a) Ke3JeHCoK caHmapzbly canbl N TaHgaybIMbI3INa YJIKeH GOJIybl MIHAETTI *KOHe MYyMKIH JI€;
b) Ke3mefCOKTHIKTBIH Herisri cunarramachl Vs (a, N) 6Gapiblk s > 2 yIIiH KaJaybIMBI3INA YJIKEH GOIybl MIHAETTI YKoHe
MYMKIiH.

(X7n) reHepaTOpBIHBIH S OJIIEMIl Vs ARJIIITIHIH <oawem Kapevcowy peringe Genrim N H Herisri Geutiri 1/s kepcerkinminiy,
Kiminirine OGaiimanbicTel N -HeH oraH Kepi § -Ke cait N® gpperkeci yiakeH GosyblH Tasan ereni (OCHIMEH CaHJBIK
MHTEerpaJsiayJarbl 6ipKaJIBIITHL TOPJIBI 2K9He 6ipeil caJiMakThl KBaAPATyPaJbIK (DOPMYJIaIapbIMEeH »KYBIKTay KbLIIAM IbIFBIHBIH
amMachl KaiTa aHbLIabl).

Byubig Gopinen »xana mocese Tybagaias: (0.1)-(0.2) ke3meiicok canIap reHepaTopbl KOJJAHBUIATBIH op Kargai yurin « N
otcone vs(a, N) KaHwWasvkmo: yaKer 60aybL Kepekmizin anvikmay Kaotcems. OpHHe, OyJI TinTi TpuBHAI bl GOIMay bl 18 MYMKIH,
©3 aJIJbIHA XKEKe MceJIe.

vs(a,N) < 35 - N g (N — 1) Typingeri acumnroTuKanbK, e xoraprsl 6ara N men vs(a,N) mamanapeiH xKysere
acbIpy Ke3iHJle opacaH apThIK YKYMBICTapPAbl KOCa aJIbII XKYPETIH KUCHIHCHI3 YJIKEH €TIll aJMayra Kemija 60iabl.

s = 2 xarpafisiHan 6acka 6apibik ST- Ty>KbIpbIMIap [oJI €MeC, aCHMITOTUKAJIBIK KaHa. Bipak Oy »KoUT KOJIJAHBICTHI €Il
mekremeiial - N Men vs(a, N)-TiH mgoi MoHAEP] eMec, KaXKeTTi ieKapaaH MIBIKIARTHIH KYbIK MOHEPI KaxKeT eTiiei.

Erep ke3nelcokThIK ocepi Tikesneit cesimmeilTin vg(a, N)-TiH GarachblHaH Ke3JEHCOKTBIKTBI «XKUITIK» ApKBLIbI TEKCEpyTe

Kelcek (6ys1 Kacuer Gipkasvinmo. Mmapasvim el aTajaalbl, Ke3AeHCOKTHIKTAH dJIJe Kol maprrap tajgan eritexi), 0,1,...,N —1
capzapbia [0,1] cerMeHTiHEH aJbIHFAH Ke3 KeJreH |, 3] cermMeHTi yIIiH OHJA »KATATBIH X—A}’ caHJapbIHbIY canbl (8 — «) -ra
KYBIK OoJsiaThIHIall eTim, e3-e3iHe GuekTHBTI Geiinesey apKbLIbl 6acka Xo,..., Xny_1 peTiMeH Gepityl Kaxker Gosianbl, sIFHU

Ke3 KeJIreH MaKCHMaJl IepUOATHI JlexMep Tisberinin oyes GachbIHAH-aK % 2KaKCapPTHLIMANTHIH aybITKy pPeTiMeH OipKaJIbIIThI
TapaJlaThbIHABIFBl aHrapbLIaJbl. DBy KacueTTi ochbl TiZ0EKTiH, Tamallla KacueTTepiHiH OipiHe »KkarTkpizyra Gosaubl. Ceifrim,
MocesieHis, Tek vs(a, N) Ke3IelCOKTBIK KOPCETKIMmiHAe G0IaThIH/BIFbI TYPAJIbl KOPBITHIHIBIFA KEJIeMi3.

Tyitin cezaep: Keszeiicok cangap reneparopbl, Kopsio »koHe MakdepcoH CHEKTpaJiibl TeCTi, MaKCUMaJIbl EPHUO/I,
CBI3BIKTBI KOHIPYJHTT] Ti30eK, aCUMITOTHKAJIBIK, TEH K, Ke3/IeiCOK CaHIap MeHEePATOPBIHBIH, KOIOJIIIEM I JIJIIr.

N. Temirgaliyev

Institute of Theoretical Mathematics and Scientific Computations
L.N. Gumilyov Eurasian National University, Astana, Kazakhstan

Elementary construction of the linear congruent Lehmer sequence with the degree of randomness that is
required by the spectral test of Coveyou and MacPherson

Abstract: The ideas of a random number and a random sequence can not be completely formalized. Instead, for whatever
reason, arrays of random number generators are proposed, they are used to create methods for testing them for randomness.
Sequences that pass such an examination are declared random, and each of its elements is a random number, as a result there
are various types of randomness, as many many tests.

The article is devoted to the complete solution of the posed problems, objects and a long, respectable history of research with
instructive conclusions, in the aggregate, we hope, in the higher echelons of Computer Sciences: Lehmer’s Generator (1949) is
one of the most popular if not the most popular sensor and the spectral test of 1965 by Coveyou and MacPherson as "the most
perfect test available”, both in conjunction with the 50-year history, in the development detailed in all editions of the monograph
"The Art of Programming” by Donald Erwin Knuth from 1969 to the present, has become being in constant development.
Namely, a little that clarifies the one-sided estimate from above of the main numerical characteristic of randomness vs with
a pessimistic forecast "it would be very difficult to calculate the accuracy vs, when s > 10 " is replaced by an unexpected
asymptotic for all s > 2 - what the problem consisted in ideally, and this is its solution.

The generator of random numbers of Lehmer or the Linear congruential sequence of the maximal period is, by definition,
the recurrence sequence (X,) of nonnegative integers

Xn+1 = (aXpn +¢) mod N,n >0, (0.1)
where
N — module0 < N,a — multiplier0 < a < N,
c— increment 0 < A < N, Xo — initialvalue 0 < Xg < N,

_1)7(a,N)
= % < (a—1)7@M=1 are related by comparisons

whole numbers a > 1,N > a,7(a,N) > 2 and 1 < A(a,N)
(a—1)7@N) =0(modN) and (a—1)"*M~1£0 (modN).

As it often occurs, in this case too, the whole problem is reduced to a clearly formulated mathematical problem (all motivations
and details are given in the text of the article): for givens > 2 and 7 > 2 and increasing N find the asymptotic value (all

parameters are positive integers)

sup {vs (a,N):2<a < N,(a—1)" =0(modN), (a — )Tl 0(modN)}, (0.2)
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where

S
vs (a, N) = inf m24--+m2:m=(my,..,ms) € Z°,m # O,X:mjaj_1 = 0(modN)
j=1
Thus, the problem consists in indicating the number a = a(N) with as large a value as possible vg(a, N), while for all the

a, N and s only ones we know only the inequalities vg(a, N) < 'y(s)N% . As with any upper bound, this inequality can be
greatly overestimated, so the problem has no solution.

In this paper, new and final results are obtained on spectral testing (ST), which are asymptotic in nature, depending on all
possibilities and, therefore, providing a complete solution of the problem under study, the relations between the parameters s, 7
and A:

a—2 VN -1
ST : Ni(a—1)2=N)=(a—1),/1—2——— =Nyl —2"—|
VQ(CZ (a ) ) (a ) (a—1)2 N
ST(2§s:T):N%(1f(bsfl)N’%):afbsgys(a,N;(afl)S:N)g

<Va+ =N%\/1+2N*%+2N*%,

ST2<s<mA>1): (NN)T (1_ (bs — 1) (NA)*%) —(a—br) <
<

Sus(a7N;(a—1)T:N/\,1§/\§(a—l)T75> Vva2+1=

2
-

(NX)7 \/1+2(N,\) 4 2(NA)T

ﬂ

ST(s>7>2A>1):vs(a,N;(a—1)T = N\, A > 1) < ;
k=0
where (—b,,) is the largest modulo negative binomial coefficient in the expansion of (a —1)™ in powers of a:by =2,b3 =3,

by = 4,b5 = 10,bg = 20,b7 = 35,bg = 56,bg = 126,b19 = 252,b11 = 462,b12 = 792,b13 = 1716, bi1g = 3432,b15 = 6435, ... etc.

All the constructions on this subject in D. Knuth’s monograph "The Art of Programming" are semi-empirical in nature -
theoretical positions are put forward on the basis of which statistical experiments are conducted. In addition, D. Knuth, using
the example of seemingly undoubtedly random selection of parameters in the "mid-squares” method, von Neumann, comes to
the conclusion that purely experimental searches are unreliable and that some kind of theory is always needed.

We conducted a purely theoretical study.

As follows from the lower bounds in all ST-statements, all of them with an accuracy tending to 1 with increasing N explicitly
written out (which is crucial in practical applications) of the factor 75 have the form ~x - NE <wvs(a,N).

This means that simultaneously solved two problems (with a single limitation - the computing capabilities of computer
technology)

a) The number of random numbers N must and can be arbitrarily large,
b) The basic characteristic of the randomness of vs(a, N) must and can be so large as ever for all s > 2.

In this case, the main part N% of the s-dimensional accuracy of the generator (X,) due to the small exponent 1/s,
known as the "curse of dimension”, requires N in its inverse to s to be large (this repeats the velocity from a uniform grid in
numerical integration).

A new problem arises: "In each concrete case of using the random number generator (0.1)—(0.2) find out how big N and
vs(a, N) should be?". Of course, this is a separate problem, perhaps even non-trivial.

The asymptotically exact upper bounds vs (a, N) < Fn - NE (N — 1) act as guarantors not to take N and vs(a, N)
unjustifiably large with accompanying high implementation costs.

With the exception of the case s = 2, all the ST-statements are not exact, but asymptotic, which does not restrict applications
in any way-it does not require exact values of N and vs(a, N) but only approximate boundaries in the contexts required by
the context.

If we pass from the intangible estimate of vs(a, N) directly to the randomness check through the "frequency” (this property
is also called the uniform distribution, from randomness it takes a lot more), where the difficulty, even the extra difficulty of the
posed problem, in which the numbers 0,1, ..., N —1 must be rearranged in another order Xo,...,Xxny_1 as a bijective map onto
itself in such a way that for any segment [o, 8] of [0,1] the number of % numbers [a, 8] should be close (8 — ), then it
is appeared that any Lehmer sequence with maximal period initially uniformly distributed with unimprovable rate of deviation
% , which can be attributed for remarkable property. Thereby, the problem is connected whith indicator of randomness of
vs(a,N) .

Keywords: Lechmer random number generator, spectral test of Coveyou and MacPherson, linear congruent sequence,
maximal period, asymptotic equality, multidimensional accuracy of random number generator.
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dyHagaMeHTAJIbHBIE U 00O0OIEHHbIE PEIlleHns YPABHEHUI HEeCTAIIMOHAPHOUN JMHAMUKUT
TEpMOYIIPYTHUX CTepKHeil

Annoramusi: PaccmarpuBaiorcst ypaBHEHUI HECBSI3aHHON TEPMOYIIPYTOCTHA B IIPOCTPAHCTBEHHO-
OJTHOMEPHOM CJIydae, OIHMCHIBAIOIINE JIMHAMUKY CTEePXKHEH C yJeTOM WX TEePMOYIPYTUX CBONCTB
IIPU  IIPOJIOJIBHBIX KOJIEOAHUSIX. [TocTtpoeno o06061IeHHOE TIpeoOpazopanue Dypbe MaATPHUIIBI
dyHIaMEHTAJIBHBIX PEIIeHNII ¥ IIPOBEJEHA €0 PeryJspu3alnsd Jjis BOCCTAHOBJIEHUS OPUIHHAJIA
Tenzopa ['puna. ITocrpoen Tenzop I'puHa ypaBHeHUi HECBSI3aHHON TEPMOYIIPYTOCTH, OIUCHIBAIOIITNIA
TEPMOJIMHAMUKY Cp€JIbl TPH JEWCTBUM MIHOBEHHBIX COCPEJIOTOYEHHBIX CHUJIOBBIX U TEIJIOBBIX
UCTOYHUKOB. llosydeHbl 0600IIEeHHbIE PeIlleHns ypaBHEHN HeCBA3aHHON TEPMOYIPYTOCTH U JIAHbI
UX peryJsipHble HHTErpaJIbHbIEC ITPEICTABICHUS.

KuaroueBbie cJjioBa: TepMOYIIPYTHil CTEPXKEHb, HECBSI3aHHAs TEPMOYIPYTOCTh, MEPEMEIeHusT
CpeJIbl, TeMIIEPaTypa, HAPsKEHUsI, (PYHIAMEHTAJIbHDIE PeleHusi, 000001menabie OYHKIINN.

PasBuTtne Teopun u METOIOB pEIIeHns 38][a1 TEPMOYIIPYTOCTH CBII3aHO € MOTPEOHOCTIMU MHOTUX
oTpacyiell TEXHUKH U MIPUKJIAJHBIX HayK. Takue 3aauu BO3HUKAIOT IpU pPas3spabOTKe HOBBIX
KOHCTPYKIIMIA TAPOBBIX U MAa30BbIX TYPOUH, PEAKTUBHBIX U PAKETHBIX JIBUTATEJIENl BBICOCKOPOCTHBIX
CaMOJIETOB, SIJIEPHBIX PEAKTOPOB, MECTOPOXKJEHMI II0JIE3HBIX HMCKOIAEMbIX B T'OPHOM Jlejie U
Jp. DJIEMEHTBHI TaKUX KOHCTPYKIN paboTaloT B YCJIOBHSAX HEPABHOMEDHOI'O U HECTAIIMOHAPHOTO
HarpeBa, IpU KOTOPOM M3MEHSIOTCS MeXaHUYeCKHe CBOMCTBA MATEPUAJIOB U BO3HUKAIOT I'DAJIUEHTHI
TeMIIEPaTyPhl, COIIPOBOXKJIAIONIMECH HEOJIMHAKOBBIM TEIJIOBBIM PaCHIUPEHUEM OT/IeJIbHBIX YacTeil
koHCcTpyKiumii. Hekoropbie marepuasbl npu OBICTPOM IOsIBJIEHUM HAIPSKEHUNR WU3-3a JI€HCTBUS
PE3KOro IpajeHTa HECTAIIMOHAPHOI'O TEMIIEPATypPHOIO IIOJid, CTAHOBATCA XPYIKUMUA U He
BBIJIEPKUBAIOT TEILUIOBOTO yAapa. lIoBTopHOe elicTBHe TENIOBBIX HANPSKEHUN MOXKeT IPUBECTH
K Pa3pyLIeHNIO 3JIEMEHTOB KOHCTPYKIIUY, [I09TOMY U3y4eHUe BO3/IeICTBUA TeMIlepaTyPHOI'O 110JId Ha
HaIPAXKEHHO-1ePOPMUPOBAHHOE COCTOSHHE COOPYKEHNUN U KOHCTPYKIUI BEChbMa aKTyaJbHO.

B cambix pazimumdHbIX 00JACTSAX TEXHUKU OYEHDb IIMPOKO HCIOJIb3YIOTCH CTEPKHEBBIE SJIEMEHTHI.
Mozkmo rnpuBecTu GOJIBINIOE YUCTIO TIPUMEDPOB HAIDYKEHHBIX CTEPXKHEBBIX JIEMEHTOB KOHCTPYKIIHIA.
Hampumep, omnopbl pasjiMdHbIX COOPYXKEHUH, 3/aHUil, MOCTOB W T.II. B peayibHbIX YCJIOBUIX
Ha CTep:KHU MOIYT JAefcTBOBaTb U JUHAMHYECKHME HAarpy3KH, INPHUBOJMAIINE K BO3ZHUKHOBEHUIO
KOJIeOAaHU, KOTOPbIE MOTYT CYIIECTBEHHO BJIMSTH HA HAJ€KHOCTH CTEPYKHEBBLIX /IEMEHTOB M TEM
CaMBbIM Ha HaJIe?KHOCTH KOHCTPYKITHHU B 1iejioM. HeycramoBusiiieecs TeMIiepaTypHOe 0JI€ BbI3bIBAET
B CTEP2KHEBBIX KOHCTPYKIIUAX HU3MEHSIONINECsT CO BpeMeHeM I1oJjie 1edOpMAIiu, BIUSIONNE HA UX
MIPOYHOCTH W HAJEYKHOCTD PN IKCILIyaATAIIAHN.

OrmpejiesieHne  TEPMOHAIPSIXKEHHOIO  COCTOSIHUSI  CTEPXKHEBBIX KOHCTPYKIUI € y9YeToM UX
MEXaHMYEeCKUX CBOMCTB (B YACTHOCTH, YUPYTNOCTH) OTHOCHTCSI K UHCIY AKTYaJbHBIX HAyIHO-
TexauvIeckux npodsem. [IpuMenenne MeToI0B MaTEMATUIECKOTO MOJIC/IUPOBAHUS TACT BOZMOXKHOCTD
MPOBOIUTH UCCJICIOBAHUSA (PUIMIECKUX MIPOIECCOB, MPOTEKAIONINX B KOHCTPYKIUSIX U UX JIEMEHTAX,
U ONpEeNesdaTh Ha dTale TPOEKTUPOBAHMUS WX JUHAMHYECKHE XapaKTEPUCTUKU, KOTOPBIE, B CBOIO
ouepelb, SBJISAIOTCS OCHOBOU JIJIs ITPOTHO3WPOBAHUSI TOBEACHUS WM3JEIUS B 3a/IAHHBIX YCJIOBUIX
skciuryatanuu. llpw 3ToM BakHa He TOJIBKO pa3paboTKa pacueTHLIX Mojeseil, HO U pa3paboTKa
3 DEKTUBHBIX AJITOPUTMOB UCCJIEIOBAHIS MOJIEJIEH.
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JnnaMudecKne 3a7laqWl TEOPUU TEMIEPATYPHBIX HAIPSKEHUN CBA3aHBI C DPeEIIeHreM KpPaeBbIX
3aJiad JIJIsi CHCTEM YPAaBHEHHUI CMENIaHHOrO TrunepboJio-rapaboJiMIecKoro THIlA, MaTeMaTHIecKas
TEOpHUsl KOTOPBIX B HACTOMAIIEE BpeMs IOKa ele He JocTaTodHo paspaborana. Ilosnas cucrema
YPaBHEHUI TEPMOYIIPYTOCTH CBA3LIBAET YPABHEHNUS NBUKEHNS CPEMIBI B IEPEMEIEHUSX U YPaBHEHNE
TENJIOMPOBOIHOCTU. Peltenns Takoil cucTeMbl YpaBHEHUI C NCIIOIb30BaHIEM TeH30pa I 'puHa ymaercs
HOCTPOUTH TOJILKO B IMPOCTPAHCTBaX mpeobpaszosanmii Jlamraca nim @ypwe [1-5]. Boccranosienne
OpPUTMHAJIa B HCXOTHOM IIPOCTPAHCTBE BPEMEHU NPUXOINTCSI MPOBOAUTH HA OCHOBE YHCIIEHHBIX
METOJIOB, UTO HE BCerJa BO3MOXKHO. Kcim B ypaBHEHUH [JIsi TEMIIEPATYPHOIO IOJIs IpeHedpedb
YJIEHOM, CBS3aHHBIM CO CKOPOCTBIO yIPYTOil 00beMHO JedopMaluy Teja, TO yJIaeTcs HOCTPOUTH
ren3op ['puna Takux ypaBHEHUIl U MX PelleHus Ui 1JIOCTATOYHO MPOU3BOJILHBIX MACCOBBIX CHJI U
TEIUIOBBIX MCTOYHUKOB. [Ipum MejieHHBIX 1edOpMAaIMOHHBIX MPOIEccaX TaKas CUCTEMa ypaBHEHU
JIOCTATOYHO XOPOIIO OIKCHIBAET TEPMOHAIPS2KEHHOE COCTOsiHnMe cTepxkHdA. llocTpoenuio Takmx
pellennii MOCBAIIEeHa HACTOSIAasT paboTa.

1. OcHoOBHBIE COOTHOIIIEHUS JTUHAMUKU TEPMOYNPYrux crepxKHeii. PaccmarpuBaercsa
TEPMOYIIPYTU#l CTepKeHb, KOTOPBIA XapaKTepusyercd JIMHEHHON IJIOTHOCTBIO p, CKOPOCTBLIO
pacupoCTpaHeHUsA YIPYTruxX BOJIH B CTEPXKHE ¢ U TEPMOYIIPYI'MMU KOHCTaHTaMW: KU 7Y . MCCﬂeﬂyel\I
TEePMOHAIIPA2KECHHOE COCTOAHNE CTECP2KH I10O/] ﬂeﬁCTBI/IeM BHEITHNX CUJIOBBIX U TEIIJIOBBIX NUCTOYHUKOB.

YpaBHeHUsl JMHAMUKE TEPMOYIIPYIOTro CTepXKHs UMeroT Buj [1]:

P gy — pugy — V0 + pF1 (z,1) = 0 (1)
Q,M — k?_lat + FQ (LE,t) =0

Bnech u(z,t) - TPOMOJBbHBIE MEPEMEIEHNsT CEIeHUl CTEepKHS B CEY€HMM T B MOMEHT BDEMEHH f,
O(x,t)- orHocurenpuas temueparypa ( 6 = T(x,t) — T(x,0), T - abcosorHas Temiieparypa),

Fy(x,t), Fy(r,t) - MJIOTHOCTH CHJIOBBIX U TEIJIOBBIX UCTOUYHUKU BO3MYIIEHHH, COOTBETCTBEHHO.
3Jiech 1 Jajiee UCIOJIb3yeM CJIeIyIoIe 0003HATEHNUSI:

5 > Uit = (45,
ox’ " ot
TeMHepaTyprH/I qJIEH 7Y Q,x B IIEPBOM yPaBHEHUN JJIsI YIPYTUX IIEPEMENIEHNN ITI03BOJIAET YIECTh

BJIMSIHUE TEMIIEPATYDBbl Ha HAIPSKEHHOE COCTOSIHUE CTepXKHS, KOTOPOe OIMCBIBAETCS 3aKOHOM
Hioamessi-Heiimana [1]:

up =u,up = 0,u;, = ,i=1,2.

o(z,t) = pPuy —~0 (2)

[Mocrpoum pemenust ypasuenuii (1) npu jgeficTBUM Pa3IMIHBIX CUJIOBBIX U TEIIOBBIX MCTOYHUKOB
BO3MYIIICHUNA.

2. ®yHJIaMeHTAJbHBIE PEIeHUsI YyPaBHEHU HECBSI3aHHONM TepMoOynpyroctu. TeH30p
I'pura u ero csoiicTBa. [Tocrpoenue pemiennii cucrembl (1) Oymem paccmarpuBaTh Ha
IIPOCTPAHCTBE OOOOIEHHBIX BEKTOP- (DYHKIINM, KOMIIOHEHTHI KOTOPBIX IPUHAJJIEIKAT KJIACCY
0600mennbIx yHKIuii Megennoro pocra S’ (RZ) [6].

Buauasie paccmorpum dbyHjaMeHTaIbHbIE periennst cucrembl (1) 1pu jieficTBUM MIHOBEHHBIX
COCPEIOTOYEHHBIX UCTOYHUKOB BO3MYIIEHUH BU 1A

Fy =6(x)0(t)6], Fy=68(x)d()d), j=1,2 (3)

Bnecn &) - cumsos Kponekepa, §(...) - cunrymnsipaas obobuennast § -ynkius Jupaxa [6].
[TockonbKy neiictBue ncrounnkoB F'=(Fq, F9 ) cocpenorodeHo B Hadanae KoopauHaT mnpu t=0,
CTPOUM TaKOe peIleHre, KOTOPOE YIOBJIETBOPSET CJIEAYIONINM YCAOBUASIM W3JIy ICHUS:

Ul(z,t)=0, t<0, VzeR.
Ul(x,t) =0, |z| =00, V>0

(4)

Taxoe (ﬁyuﬁaMeHma./LbHoe peweHuUe Ha3vbteaemcecsa meH30pPom FpUHCL ypaeHeHuz‘Z mepmoynpyz2ocmu.
CoOTBETCTBYIOILYIO MATPUILy (dPYyHIAMEHTAJIbHBIX PEIIeHri 0003HaYNM Yepes3 Uij (:U, t) .
KommnonenTsr TEH30pa FpI/IHa NMEIOT CJ‘Ie,Z[yIOHLI/Iﬁ (:l)I/ISI/ILIeCKI/IIZ' CMBICJI:
Ull (m, t) - IIPOJOJIbHBIE IIEPpEMEIICHUE B CTEP2KHE IIPU JeiicTBUI I/IMHyJIbCHOfI COCpe,ZLOTO‘{eHHOﬁ CHJIBIL:
F1 = 5(1’)5(t) s F2 = 0;
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U12 (z,t)- TPOIOIBHBIE MEpEMEIEeHIe B CTEPKHE MPU JEHCTBHU COCPEJIOTOUYEHHOIO UMITYJILCHOIO
TeMIIEPaTyPHOI'O UCTOYHUKA!

F1 = O,FQ = (5(1‘)(5(15)

)
U21 (x, t) - TeMIlepaTypa CTePzKH IIPU AefiCTBUU UMITYJILCHOM COCPEAOTOYECHHON CUJIbL:

F1 = 5($)5(t>,FQ =0

Ug(x,t) - TeMIepaTypa CTepXKHs MPU AeHCTBUHU COCPEJIOTOUEHHOTO MMITYJIbCHOI'O TEMIIEPATYPHOTO
MCTOYHUKA:

FL =0, F = 6(2)0(t)

Buast Tenzop 'puHA, MOXKHO IIOCTPOUTH pereHune cucreMbl (1) mpu JIF0ObIX UCTOYHUKAX B BHJIE
TEH30PHO-(DYHKIIMOHAJLHOW CBEPTKU:

wj(x,t) = U (z,t) % Fy(x,t), j,k=1,2 (5)

(31€Ch IO OJTHOMMEHHBIM MHJEKCAM CyMMUpOBaHue or 1 110 2).
s peryJisipHbIX UCTOYHUKOB, KOTOPBIE OMUCHIBAIOTCS JIOKAJTbHO-UHTETPUPYEMBIMU (DYHKITUSIMU,
3Ty GOPMYJIy MOXKHO 3aIlCATh B HHTEIPAJTHLHOM BHUJE U UCIOJIB30BATD JIJIsi BHIYUCICHUI:

uj(z,t) j » Uk —y,t—7)F.(y,7)dydr, j, k=12 (6)

JlJis CUHTYJSPHBIX WMCTOYHUKOB CJIEJyeT WUCIIOJb30BAThH OIPEE/IEHIEe CBEPTKU B ITPOCTPAHCTBE
060611eHHbIX DyHKIWI [6].

3. Tpaucdhopmanta Pypre marpur; PyHIaMeHTAJIbHBIX perneHuil. Jlna mocrpoeHust
Tenzopa ['puna ucnonab3yem npsimoe u odbpatnoe nmpeobpazoanne Oypbe 1o x u t . [ peryisipHbIx
0000ITeHHBIX (DYHKITUIT OHO UMEeT BUJI;:

pil€rtwt) g dt, t) f f —i(€z+wt) geq
J\j X («T 27'(' R2 57 g w (7)
[Tpu mocTpoennu ucnosb3yeM cBoiicrBa npeobpasoBanusi Pypbe mpousBogHbIX [6]:
gu o —igu, U —jwa, @®
N2 = 2 _
U o (—i6)’a, Do (—iw)
JlemMma 1. Tparcpopmarma Dypve mampuy, GYHOAMERMAALHUT peweHutl YpasHenul

MEPMOYNPY20CTU UMEET, BUOD:
71 _ ik w 1 1
Ul (f,W) — 20a—X2) { N 52*)\2}
772 _ Al 1 1
Ul (5,&1) - c2(/\1 22) {52_>\1 - 52_>\2} (9)
U2 (ga ) =0
U3(6:0) = &6, 25 e — e
2 W) = 02()\1—/\2) {2—/\1 52—)\2
ede A\ =w?c 2, Xy =iwk™ L.
HoxkaszareasctBo. C yuerom (8) B mpocrpamncTBe mnpeobpasosanuii Pypbe, TpancdopmanTa
Dypre U J (&, w) ymoBIIETBOPSIET CIIEYIONIElH cucTeMe aaredbpaniecKux ypaBHEeHMI:

— 2207 + W] + i3T5 + 61 = 0
—&U) + ik~ 'wlUy + 6, =0
e 7 =/p. Pemaem cucremy (10) mo dopmynam Kpamepa,
&1 (€2 —iwk™b) + i35
A (& w) ’
(e — )
Aw)
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rie onpeenurens A (§,w) cucremst (10) pasen:
A w) = —w (w+ k') € +ik'w® = (€ = A1) (£ — X))
ITpu HpUKCHPOBAHHOM W KOPHH OIPEIEJIUTENsI IMEIOT BHL:
w(w + k™) £ wy/(w + c2ik—1)2 — 4c2ik~ 1w
2¢2 ’

A2 =

OTKY/Ia

w2

w .92, -1 . 271
A1 :@{w—l—zc kKT 4+ w—ic’k }20—2,
w
Ao =55 {wt ik —w ik} = dwk
c
[TpeacraBum coornomenus (9) B Gosee ymobHOM Jyisi OOpaIeHusT BUJE, UCHOIb3Yysl PA3/IOKEeHUe Ha
6oJtee TIpocThIe APOOH:

1 1 1 { 1 1 }
Afw) (@ -M)(E—X) AM—A) E&-M E-X)
B pesyabrare mosyanm hOPMYyIIbI JIEMMBI.

JlemMa. JI0Ka3aHa.

4. Perynspusanus tpancdopmanTel @ypbe Marpui] QyHIAMEHTAJIbHBIX PEIIeHUN.
Tpauchopmant @Pypbe tenszopa I'puna. Ilpeobpasosanme Pypne (9) onpesensior mesbit
ksacc byHIaMEeHTAJIbHBIX PEelleHuil crucTeMbl ypaBHeHuit (1), KoTopble OIPeesSIOTCs ¢ TOUHOCTBIO
JIO PpelleHusi OJHOPOJHON CHCTeMbl B OTCYTCTBHU BHEINIHUX BoO3MyIeHuit. [lyst BblIemeHust
tpanchopmanT Pypbe Tenzopa ['pura u ux obpareHnst Hy?KHO ITPOBECTH PEryasapu3aruio hopMyJ
(9), ¢ yuerom ycaoBuit usiydenust (4).

Jlemma 2. Tparcpopmarma Dypve mampuy, GYHOAMERMANOHOIT pEwenuts  YpasheHul
MEPMOYNPY20CTNU NPEICNAGUMA 6 GUIE:
_ €2 — ik lw - -
Ul(¢,w) = w) — w
1(57 ) (W+ZO) (w—ic2k—1) {f1(£7 ) f2(£7 )}a

2 .
Y —qwk!
C

[712(€7w): 2( i7€ ) {f1(§7w)_.f2(€7w)}7

U3 (¢ w) =0, (11)
(—iw)® — ¢ (=i)*

U3 (&) = 2(w +10) (w — ic2k1) A6 w) = f&w)}
20e )
ﬁ@wzgg_;+mw (12)
fale,w) = ! (13)

&2 — (iw+i0) k=1
HokazarenbcrBo. PasHocts B durypabix ckobkax dopmys (11) comepkut TpancdopMaHTbI
@ypbe yHIAMEHTAJILHBIX pemnrenuit ypaBHenus Jlajambepa u ypaBHEHUsI TEILIOIPOBOIHOCTH.

JeiicrBuTebHO, DYHKIUS BUIA:
- 1
filgw) = ——+

2
<§2_O:2> f_lzlv

KOTOPOMY B IPOCTPAHCTBE OPUTHMHAJIOB COOTBETCTBYET BOJHOBOe ypaBHenume amambepa st
GYHIAMEHTAILHOTO PEITEHUS:

VJOBJIETBOPSAET YPABHEHUIO:

10%f1  0*f
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DynaMeHTaIbHOE PEIIeHne 9TOr0 YPABHEHUsI XOPOIIO U3BeCcTHO [6]:
C
fi(z,t) = §H(Ct — |xl), (14)

siech H(t) — dynkuus Xesucaiiza. Ero npeobpasosanne @ypoe siisieTcst peryssipusanueil mpaBoit
qacTu PYHKIUU BUIA:

C2

2¢2 2| = SN2

€ _W} c2&? — (w+10)

KOTOpas ornpejiessieT opurunal (12) ¢ HocuTeseM Ha MOJIOKUTENBLHOM OCH BpeMeHH t.
Amnanornuno, Bropas pyHKIUS:

62

Fi(€,w) = Reg [

. 1

W) = o577
f2 (§ ) 52 _ Z(/Jk_ 1
YAOBJIETBOPAECT YPAaBHECHUIO!

(€% —iwk™") fo(&,w) = 1,

KOTOPOMY B MCXOJIHOM IIPOCTPAHCTBE COOTBETCTBYET 11apabOINYecKoe ypaBHEHNE TEIIOIPOBOIHOCTH
I PYyHIAMEHTAJILHOTO PEIeHUs :

4 0fs  f
17 _—— =
k 5 " Ga2 o(t)o(x).
Ero dynamenranbHoe pererne uMeer BuJ [6]:
12
fole,ty = TOF (15)

k
£2 — iwkl] T ke - i(w + 10)

fa(g.w) = e |
O06e GpyHKINUN YIOBIETBOPSIOT YCJIOBUSIM:
fi(z,t) =0, t<0, fj(z,t)—=0,Vt |z]—=>00, j=1,2

Jlemma, mokazama.

5. Tenzop I'puna ypaBHeHuii TepMoylpyroctu. [l mOCTpoeHusI OpUTHHAA TEH30Pa
'puna wucmosb3yem cBoiicTtBa upeobOpaszoBanns Pypbe MPOM3BOIHLIX U CBEPTOK OOOOIIEHHDBIX
dbyuxiwmii [6].

Teopema 1. Komnonenmov, menszopa I'puna ypasrernut mepmoynpyzocmu (1) umerom sud:

: oy 23 ) Oy
J j1.—1 1 j 1 _ 57 1 J jzY 2.2
Ul (z,t) = 61k~ Tl 5123:(t)+52’y P (16)
a2
U]a:t —(5 Qth +5‘7 28822:2 (5%88%2, j=12

2de
k k c _ ‘$|
_r _ _ ei(zl=ct) _
Yi(x,t) = CH(ct \:1:|){62 (1 ek )+t }

C

2 2 2

k,2H 2 t%T—% t_éﬁci-r
S BHO [ g et E e ]

5 22V k o VT 0o VT

S 1) = — S H@) (e - ),

3
0>, _ Kk < (| —ct)
Sl — 2 H (ct — [a]) [ek _1],
D < (|a|—ct)
S = —c—zH(ct — |z|) sgnx [ K + 1} ,
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€T €T
0>, AH (t) _<y te® T akr g e ik T
8.’1}' k; 0 \/F 2T 0 \/’7’ 2T ’
2 2 2 2
P>y _ ot e T T Ak N R
Tt = AR ey ST - e ey
2 2 2 e
2, Sy = 2 5 = Hx2
_ —=tek 4kt 2 x“ xr* e 4kt
AH (1) {e T ( 4t2> Tz }
C2 12 IZ
AH () ) _2, | [ferT am [ a? D) 4 te~akr [ 22 N4
=< {e S — Tl = z _ -
2k‘ 0 Tﬁ 2]@7’ 0 T\/; 2k7’ ’
TokazaTesIbCTBO. 1t BOCCTAHOBJIEHMSI OPUTHMHAJJA 3aMETHM, YTO BBIPAYKEHUSIM,

crosAmuM B gucauTenax ¢opmyn (11) B mpocTpaHCTBe OPUIHHAJIOB COOTBETCTBYIOT CJIC/LYTOIIHE

muddepeHnnaIbHbIE OIlepPaTOPHI:
61 (€% — iwk ™) + 30 < 6 (k10 — 0,02) — 7630, an
& (0252 — wz) &6 (6t - czaz(?m) .

Paccmorpum
1 1 1

— o = — X 5
ww—icck™Y)  w  (w—ick™1)
JIjist IepBOr0 COMHOZKUTEJIs UCIIONIB3YeM PEryJIspU3aIIIo:

Reg [—,1] _ —Z,(l o H (1) 6(x).

iw w + 7o)

Perynsipuzanun BTOporo COMHOXKHTEJISI, COIVIACHO CBOIICTBY IIpeobpasoBaHust Pypbe, COOTBETCTBYET
byHKIHSA

1
t)d
[(w +1i0) — ich_l} @0 (1)o)
2
rae gi(t) = e_TtH(t) .
Ternepsb UCIOJIB3YEM CBOHCTBO CBEPTKU 0600IIEeHHBIX (DyHKIWMI [6]:
h=fxg <+ h=Ffxg(l8)

st perynsipabix (OYHKIUN CBEPTKA MPEICTABIMA B MHTETPAILHOM BU/IE:

frg= /RN fx—y)g(y)dy:...dyn,

31ech N=2.
CrenoBarenbHo, ucnob3ys (18) u coiicTBo cBepTKHU ¢ § -DyHKIMEH, 1Oy IHM:

file,t) « HOd(x) = s H(t) > L&)

fola,t) s HW3(@) = fraH(t) > L&

(37eCh CUMBOJT © TI0JT 3HAKOM CBEPTKHU O3HAYAET CBEPTKY TOJIBKO 10 t). CiiemoBaTeabHO

1 1 _ 1 1
Reg |:E X (w—iczk—l)} = —w X (iw+c2k—1) A

& H(t)d(x) * 1(t)o(x) = H(t) ¥ g1 (t)0(x)

Broraucisig stu CBEPTKH, ITOJIyYIHUM:
2 2

H(t)xH(t)ye ®' = [X H(t—7)H(1)e ¥'dr =

2
-t

=H(t) Jse " dr=-5H() (e—it - 1) = ¥5(t)
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—% {ffoooH(t -7) 6_%“_7)[’[(67' — |z|) dr — fOOOOH(t —7)H (¢ — |w])d7} =
= —|z|) {f;Vc ~< (- dT—ﬁgl/CldT}:

1-— ek(m Ct))+t—|i|}221(l‘,t)

2
2 tekT 41167' te_élzkir

AWM e [ g [ s
o \ﬁ 0 \ﬁ

Orciona, ¢ yiaerom (17), cremyer:

I
rome A = e

] 10 0?2 0 . )
Ui (z,t) = [(k 1(%—8:62) 8 — 75]8 ]21(1: t) — (5{2@)—1—(5%782;2
3

0? 0?
Ul(x,t) = &) Qth )+ e <8—5§8t2>22(x,t)

I[Ipu auddepenrmpoBaHnn  BBEAEHHBIX  PA3PLIBHBIX  (QYHKIHUH, ¢  yIeTOM
muddepeHnnpoBannsa TaKnX (PYHKIUN B MIPOCTPAHCTBE 00OOIEHHBIX (DYHKIHH, Oy InM:

TPaBUJT

=0
0>, _k k < (| —et) |lz[]] [k < (Ja|—et) _
= —cé(ct—\x|)H02 (1—ek )+t 2| |+ H (et — Ja]) [—ek +1}_
k .
_ ke £ (Jol—ct) _
= —ZH (ct — [a]) [ek 1] ,
igl
00 _k k € (|a|—ct) |z
= —6[5(x+ct)—5(m—ct)]~[02(1—6k )+t- |+

c sgnw] B

k: k c
ZH i (lz[—=ct)
—I—C (ct — |x|) [ chk ksgnac c

k 1 e
=——H (ct — |x|) [ek(|m|0t)3gnx + W] ,
C C &

3/ech cyMMa [EpPBBIX JBYX ClaraeMblX DaBHA HYJIO, T.K. Ha HOCHTEJIE IIPOCTOrO CJIosi ct= |x|umeem

[k; (1 — e%(lx\fcﬂ) +t— x'] = % (1-€e")+0=0

¢ |z|=ct ¢

AmnaJjiormyno,

=0

b 1.
621221 = —E [(5 (.’L’ + Ct) -0 (.’E — ct)] . |:cek(|x—ct)sgnx + Sg:x] _

(E 21—t sgn2a 4 e (2= og (33)) * %5 (:E)} -

?T‘

SLICRNIE

k 1 c 2
- _ - i (zl=ct) g 2 i (Jz|—ct) l
. H (ct — |x|) {C ( sgn“x + ek 2(5(37))4-65(35)},
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ok
c &2 ek T ks 2,ek VT akt e 4kt
—AH (¢ e_kt/ dr —e ®! + ,

2
t

2
822 2, teTT_zﬁTr x e_flT‘r T
T2 Ay (U [ S Ny (U B
e~ AWM eE /0 NG ( 21@7)‘” Y- ( 2/<T) 7

2 2 2
2 eCTT_fk‘r x t e_4zk‘r x
=—AH(t){e ®t | ——— —dr — = dry,
( ) € 0 \/’F 2kt g /0 \/F 2kt g

2 2 2 2
o2 9 2 t eCTT* pyes T T 2 t eCTT* pyes 1
2o appyet [ (—5) grdr — AH (e 50 | -
( )e * A \/’7’ 2]{:7’ 2]{77' T ( )e 0 \/’7’ 2k7' T

2
t

e_fh( x) d /te_ﬁwld—

o VT 2kt /) 2kt T 0o T 2kt =

— AH (e F " (eFTam ) — FTmaE || —
0 [ gz (F7F) - [z (7))

2

t 1'2 22 t 1 x d
—AH (t _ Y eidr— | — e mdr| =
( ) |:/0 4]@27'2\/;6 ear /0 2]@7’\/’7’6 e T:|

2 2 2
t T 2 t — = 2
_AH@) ) 2, /ek R A _/6 A _q)arl,
2k 0o TVT 2kt 0o TVT \2kT

_AH (1)

2 2 2 2
c x c x
ct 2, N T 2 2, ek kT

=AH (t) —5€ Ck’ 7(17_ — —€ k T
2

2 2
2 e%tfﬁ x2 22 efﬁ
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BakiroueHue. ITocrpoennniii  Tenzop [I'puHa MOMKHO HCIIOJIB30BATH JJIsi  PEIIEHHS
HECTAI[OHAPHBIX KPAEBBIX 3aJad JIMHAMUKH TEPMOYIPYTHX CTEPKHEIL. C mocraHoOBKOIf
HECTAIIMOHAPHBIX KPAEBbIX 3a/1a4 C yYeTOM YJAPHBIX TEPMOYIPYIHX BOJH MOYKHO O3HAKOMUTHCS B
pabote [7].

[TocTpoennble  anaguTndeckue GOPMyJIbl JUIsi  ONpeJeeHnii nepemernenuit, Jedopmanun,
TEPMOYNPYTUX HANPSIKEHUIT M TeMIepaTypbl CTEPKHs MO3BOJISIIOT PACCUMTHIBATH CTEPIKHEBbIC
KOHCTPYKI[MU U3 PA3JINIHBIX MATEPHAIOB C yYeTOM UX TePMOYIPYIUX HapaMeTpOB.
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Annoranus: Boinbik Tepbesicrepre apHaIraH TEPMOCEPIIMII KACUETTEPIH €CKEPe OTHIPBII, MBIOBIKTAPIABIH JUHAMIKACHIH
cUIaTTafiTBIH KeHicTiKTeri 6ip eJsimeMl »Kafmaiijlarbl TepMOCEPIIMIUIIKTIH, TeHaeyaepi KapacTbipbuiaabl. DyHIaMeHTasI bl
HremivMJaep MaTPHUIACBIHBIH KaJblianran Pypbe TypJieHAipyl KypbLIbIL, OHBIH ['pUH TEH30pBI TYIIHYCKACBIH KypyFa
KaXXeTTi persapu3anusicbl »kKacajgraH. lllorbIpiaHapIpblIFal JIE3AIK KyaT IIeH KbUIy KO3/epiHiH opekeTi Ke3iHje OpTaHBbIH
TEPMOJUHAMUKACHIH CUIIATTAUTBIH OallylaHbICIIaFaH TepTeprocepiM/i TeHaeyiepaiy I'puH TeH30pbl KypbLIbl. Baitianbiciaran
TEPMOCEPIIM/II TeHAEYJIEP/IiH *KaJlIblJIAHFAH IIEeNMIepi aJbIHbII, OJIAP/AbIH TYPaKThl MHTErpaJIIbIK, Kopinicrepi 6epiiesi.
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Abstract: The equations of unbound thermoelasticity in the spatially one-dimensional case are considered that describe the
dynamics of rods with allowance for their thermoelastic properties for longitudinal vibrations. A generalized Fourier transform of
the matrix of fundamental solutions is constructed and its regularization is carried out to reconstruct the original of the Green’s
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Jpobubie moaudnnupoBaHHbie onepaTopbl Xapau u Xapau-JIuttaByna B
npoctpancTBax I'epiia u Moppu-T'epiia

Awnsoramms: st MogudumpoBaHHbIX APOOHBIX OlepaTopoB Xapau u Xapau-JIuTriasyna u ux
KOMMYTaTOPOB C CUMBOJIOM U3 IPOCTPAHCTBA (DYHKIINI OTPAHMIEHHON TEHTPAJIBLHON OCIIUIISIIUNA MbI
U3yvaeM yCJIOBUS UX OPraHUYEHHOCTH IPU AEHCTBUU U3 OIHOTO MOAUMUIIMPOBAHHOIO IIPOCTPAHCTBA
I'epria B gpyroe. YcraHaBIMBAETCS TOYHOCTH PE3Y/IbTATa, CBA3AHHOIO C KOMMYyTaTOpaMU JIPOOHOTO
onepaTopa Xapmau-JIurTiBya.

KitioueBbie ciioBa: MOAuMUIMPOBAHHBIE OIEPATOPHI Xap/u u Xapau-JIuTTiBy1a, KOMMyTaTOop,
MoaudUIIpoBanHoe pocTpancTBo 'epra, npocrpancreo CMO? .

Beenenne. Ilycte P = {p,}7°, — mocseroBaTebHOCTD HATYPAJIBHBIX YHCEJ, TAKAX UTO

2 <p, <N, ne€N. Iomoxum 1o onpeaesennio mg =1, my, =pi1...pp, apu n € N 1 p_,, = p,,
1

m_n, =m,  1upu n € N. Torna kaxkgoe aucio = € Ry 3anucelBaeTcs B BUIE
o0 o0
.fc:z:v,nmn,l—l—an/mn, xn €ZN[0,p;), ne€Z\{0}. (1)
n=1 n=1

3/ech mepBas cymMMa KoHedHa u g © = [/my, | € Zy, k € Z, Mbl BeIOUpaeM pas3jioKeHue ¢
KOHEUHBIM YUCIOM X, # 0. s x € [my—1,my), n € Z, nonoxum |z|lp =m,,a [0lp =0, Torga
N7Yzlp <z < |z|p ana seex x € Ry . Jna z,y, sammcannbix B Buje (1), o onpeesnennio

o oo
DY =2z:= E ZepMp—1 + g Zn /M,
n=1 n=1

e T, € ZN[0,pn), n € Z\{0} u z, =z, + yn (mod p,). B cayuae, korna z, = p, — 1 upn
n > ng (9T0 BO3MOXKHO J|JIsi CYETHOTO YHCIa Y TPU (DUKCUPOBAHHOM X ), CIMUTAEM, 4TO X Dy He
onpesieneno. Jist byHKIUN M3 UCMOMB3YEMBIX HHUXKE KJIACCOB 9TO HE CYIIECTBEHHO. AHAJOTMYHO
ompegensiercss © © y . Iloapobueit cm. |1, §1.5].

Kitaccuaeckue oneparopsr Xapau u Xapau-Jlurtisyaa qis dyuxknuit f, onpenenenubix qHa Ry |
3a7a10TCs (hopMyTaMu

(@) = [

oo x

t f)ydt w B(f)(x) = m1/ f(t)dt
x 0
coorBercTBeHHO. U3BecTHO, uTO TMEpBHI onepaTop orpanuder B LP(Ry), 1 < p < oo, a BrOpOii
— B LP(Ry) mpu 1 < p < 0o (em. [2, Teopembr 327 u 328|). B psje pabor usydanuch gpoGHbIE
oneparopbl Xapau u Xapau-JIurrisyaa (cM., Hanpumep, [4] u [5]).

Mozkno pacemorpers oneparopst B(P, f)(z) = |z|p! f| f(t)dt m compsikeHHBIII K HeMmy

tlp<|zlp
HP, fz) = flt\p>|xlp \t\f,l f(t)dt, naspiBaeMble MOAMMUIMPOBAHHBIMEI OINEPATOPAMHI  Xap/Iu-
JIuttnByna m Xapam COOTBETCTBEHHO. B ciydae p; = 2 Takume omnepaTopbl BBeT BTOPOHl u3

aBTopoB |6, 6|, KOTOpBIi JOKazas TOXKJecTBa THIAa TuTUYMapiia Jyis THX oreparopo u P -

uaHOro npeobpasoanus Pypwe, a rtakxke orpanudenHocTb B(P, f) B 1BOMYHBIX HPOCTpaHCTBAX

BMO wu VMO wua noaynpsimoii u orpanuuennocts H(P, f) B asomuynom mpocrpancTse Xapin

na Ry . Ha cayyait mpou3BoJbHON OrpaHUYEHHON IoceoBaTe bHoCTH P 9Tu pe3yiabrarsl ObLin

nepeHeceHbl mepBbiM aBTopoM [7]. Psit coiicTs MoquduimpoBanHbix onepaTopos Xapau-JIurrisya
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u Xapyan B npocrpancrsax [ebnepa-Becosa, sokanbubix npocrpancTsax bmo, vmo u Xapan Obl1
ycranosjeH B pabore [8]. Tam ke OBLIO yCTAHOBIIEHO, UTO yJOOHO M3yYaTh JEHCTBHE yKa3aHHbBIX
MOIuGbUIMPOBAHHBIX oepaTopos B P -munbix mpocrpancrsax lepna, B 9acTHOCTH, OIEPaTOp
B(P, f) orpannuen 8 K;"(P,R;) npu a < 1—1/r u sr0 cBoiicrso napymaercs npu o = 1 —1/r,
aHasjoruguoe cpoiicrso Bepuo st H(P, f).

IIycts x = (x1,...,2,) € R} . Torna no onpenenennio |X|p :=
max(|:1:1\p, ey |xn|P) s Bk(a) = {X S ]RTJ‘F : ’X— a|p < mk} n Sk(a) = {X € R?r : |X - a|p = mk},
k € Z. Yepes By u Sy obosnauaem Bj(0) u Si(0),rme 0 — nyas R"™. fcno, uro |By(a)| = m}
u |Sp(a)l =m} —mj_,,rne |-| — mepa Jlebera B R™ .

Bynem paccmarpusarh apobHbie onepaTtopbl Tunia Xapau-JIurriasyna u Xapau (pu 0 < 8 < n)

Bo(P. ) = x| f)dt Hy(PLf)x) - /| i

[tlp<|x|p

1
loc

u, st be L (R_,’]\_[ ) , ©X KOMMYTaTOPbI

Bgp(P, f)(x) = b(x)Bg(P, f)(x) — Bg(P, bf)(x),

Hyp(P, f)(x)) = b(x)Hp(P, f)(x) — Hg(P, bf)(x).
Iycrs pna f € L'(Bi(a)) no onpepenenmo fp, n) = |Bi(a)|™* ka(a) f(t)dt. Dymkmmsa f €
Lq

loc

(R%), 1< ¢q < oo, npunayiexknt xkiaaccy CMOY(P,RY) , ecim

1/q
I fllcaroq = sup (Bk(O)\l/ |f(t) — fbk(o)\th) < o0.
kEZ By,(0)

Kiaccuaeckoe poctpancrso CMO?(R™) 6wuto Beaeno omnospemenno 1. Yenom u K.JTay [9] n X.
lapcua-Kyspea [10], ojauMu 3 1epBbIX IPeJJIOKUIN UCIIOIB30BATh €ro B 3ajadaX, CBA3aHHBIX C
kommyTaropamu, C. Jlonr u 2K.Banr [11].

Hasee iyers Xp o6o3Hauaer uHaukarop MHOX)ectBa E . na a € R, ¢,r € (0,00) dyukims
f e L}, (RY) npunajexkur npocrpancrsy epra K> ’q(P,Ri) , €cJin

loc
1/q
1f | rega o= (ngqlleskH?> < 00.

kEZ

1/r
Baech, kak obwrano, |fl|lr = ( S [FE)] dt) — HOpMa WM KBa3WHOPMa B IPOCTPANCTBE
+

L"(R}) = K "(P,R%) . Ipocrpancrso Tepra 6bu10 Beeseno K.Teprem [12], a ero mopudukanust

Jutst Tpymn BusleHKuHA, cooTBeTCTBYOIAs HaleMy onpesesaenuio upu n = 1 — K.OuneBupowm [13].
IIyctb ¢ € R, 0 < q,r < oo A > 0. Torma npocrparncreo Moppu-I'epia

MEKSNP, R") cocrour u3 dyukmuit f € Lf (R7 \ {0}), aist koTopbix

loc

s

1/q
1l argce :—sggmx( > mzqquskw) < .
’ s

k=—oc0

dcro, uro MKy (P,R?) = K%(P,R%). TIpocrpancrso Moppu 66110 BBeeno I.Moppu [14],
onpeesnenue ke Moaudurposantoro npocrpanctsa Moppu-Tepra MKy, ;A(P,Rﬁ) aHAJIOTUIHO
p-agmaeckomy onpegesnennio H.M.Uyonra u /I.B./Iyonra [15].

Paccmorpum BecoByto dymkimio w(x), usMepuMmyio u IL.B. nojoxkurenbuyio na R’ . Torma
L{(R%), 1< ¢ < oo, cocrout u3 dhyHKIuit ¢ KoHEUHO HOPMOiL || f|lg.w =

1/q
(o [FE) 0 (t) dt)

[esbio Hareit paboThl SIBJISIETCS MOJIYYEHUE JOCTATOYHBIX YCJIOBUN OrPAHUYEHHOCTHU OIIEPATOPOB
Bs(P,f) u Hg(P,f) (reopema 3) m HX KOMMYyTaToOpoB (Teopema 1), IeHCTBYIOIIUX U3 OIHOIO
MoauGUIMPOBAaHHOTO TpocTpaHcTBa lepra B apyroe. Teopema 3 obomiaercd TakxKe Ha Ciydait
Moy unupoBanabix npocrpancts Moppu-T'epiia (Teopema 4).  JlokasbiBaeTcsi HEyJlydIIaeMOCTh
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ycioBust u3 Teopembl 1 mias kommyrtaropa Bgy(P, f) (rveopema 2). B p-amudeckoMm ciydae
HEKOTOPBIe OJIM3KMe K JaHHOU paboTe pe3ysbTaThbl MOXKHO HaiiTh B crarhe [.1'a0 u 1.2Konra [16].

PesyabTaTshl.

Teopema 1. Ilycmv >0, 0<q <qg2 <00, 1<r <oo, 1/ri—=1/ro=0/n, 1/ri+1/r] =
1, y=max(r},rs) u be CMOY(P,R%}). Tozda

1) ecnn o < n/r}, mo | Bsp(P, )l < Clbllcaron | fll o

2) ecaw o> —nfry, mo |[Hpp(P, f)l gesee < Cllbllonron || fll oo -

[TockosbKy Kg “9(P,R") = LY(R") , upuBeJeM CJEACTBHE U3 T€OPEMBbI 1 JIjIsl 9TOr0 CJLydasi.
CnencrBue 1. Ilyemv 0 < f<n, 1 <q < g <oo, /g1 —1/q2=F/n, 1/g;i+1/¢, =1,
i=1,2, vy=max(q},q2). Tozda dns b € CMOY(P,R}) cnpasedauev, nepasercmea

1Bs.6(Ps Pllgz < Cllbllerron|fllars  [1Hp (P, llgy < Clibllearon | £llg-

Tak kax Ky / PUP,RY) = L, (RT), tie wa(x) = [x|$ , To mst cobittosenns yc/oBuii Teopemsl 1
TpebyeTcst paBeHCTBO a/q1 = a/qa, T.e. q1 = g2 = q u B 3ToM caydae = 0. Ilosromy us reopembl
1 BbITEKaET

Caencreue 2. I[Tyemv 1 < g< oo, 1/g+1/¢ =1, v =max(q,q) . Tozda dan cnpasediusw
HEPaGeHCmea

1) [Bos(P. Dllaws < Clbllorion | Flawn - @ <nlg—1);

2) [ Hop(P, fllguwa < Clblloror [ fllgwe » > —n.

Crenyromast Teopema Ioka3siBaet, uro yciaosue b € CMOY(P,R") B m. 1) Teopemsr 1 Hemb3st
OCTTabUTh.

Teopema 2. ITycmv o > 0 u 1 < r] <r < re (me v = re 6 0603HAUENHUAT MEOPEMDL
1) u evmoansomces dpyeue ycaosus meopemor 1. Tozda cywecmeyrom b € CMO"(P,RY) \
CMO™(P,R%) u fe K" (P,R%), maxue wmo Bgp(P, f) ¢ Kr® .

Cuiestyrormasi TeopeMa JOKa3bIBAETCS TEM K€ METOJOM, UTO U TeopeMa 1.

Teopema 3. IIycmv 3>0, 0<q1 < g <oo, 1/m—1/ro=p/n, 1<r; <oo, 1/ri+1/ri=1,
1=1,2. Toeda cnpasediusv, HepaseHcmaea:

1) HB,B(Paf)”Kﬁ;’qZ < C||f||K;11’q1 ;< n/ry;

2) [ Hs(P, f)llem < Cllfll e , o> —n/ra.

Teopema 4 0b6o01ia€eT TEOPEMY 3.

Teopema 4. ITycmv 0 < g1 < qgu <00, 1 <r; <rp<oo, 0<B<n, 1/ry—1/rs =/n,
1/ri+1/rf=1 u X >0. Tozda
1) ecau a < n/ri + X, mo ||Bg(P, )HMKDEA2 <O fllyygeenr s

41,71

2) ecau o > —njra + X, mo |Hp(P, )||MKO(A <C‘|f||MKa>\
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AnvHoTanus: Xapau koHe Xapau-JIuTTiaByITHIH Oesiliek MOAUMUIMSIAHFAH OIePATOPJapbl MEH OJIAPJbIH IIEHEJIIeH
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Hardy and Hardy-Littlewood fractional modified operators in the Hertz and Morrey-Hertz spaces

Abstract: We consider the conditions for boundedness of the modified fractional Hardy and Hardy-Littlewood operators
and their commutators acting from one function space of bounded central oscillation to an other. The sharpness of the result
associated to commutators of the fractional Hardy-Littlewood operators is established.
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() Ha‘laJ’IbHO-I‘paHI/I‘-IHOI';i 3aJavde [dJid HeYIeTKOI'O ypaBHEHHs TEIlJIOIIPOBOJHOCTUN

Awnnoramusa: B pabore paccmarpuBaercsi HeueTkoe MU epeHIuaIbHOe YPABHEHNE B IaCTHBIX
[IPOU3BOJHLIX BMECTE€ C HAYAJbHBIMA W TIPAHUYHBIMU yCaoBUAMU.  HedeTkme wHTerpajbl u
[IPOUBBOJHBIE SIBJISIOTCS MIPEIMETOM BCECTOPOHHEr0 aHAJIN3a B MAaTEMATUIECKUX PaboTaxX MOCIeIHIX
JIET. DTHU UCCIIEIOBAHUSI UMEIOT BayKHOE MMPAKTUIECKOe 3HAUEHUE, ITPEK/Ie BCEro B MOPUCTHIX CPeax
U B YCJIOBUSIX HEOIPEJICJICHHOCTH.

KiroueBbie ciioBa: mpeobpaszoBanue Jlamraca, HeueTkne MHOXKECTBa, HedeTkKue (OYHKITUH,
ypaBHEHHNE TEIIOMPOBOIHOCTH.

Beenenue. Teopust Hederkux auddepeHnaIbHbIX U HHTErPOandPepeHInAIbHBIX YPABHEHUI
U €€ TMPUIOKEHNN MOJYIWIN 3HATUTEIbHOE PA3BUTHE 3a mocyaefanue roabl. OcHoBHasg wuaes u
HOHSITHIHbIE KOHCTPYKI[MU HEYeTKUX MHOXKECTB U3JI0XKeHbI B Kiaccuieckoii pabore L.A.Zadeh [1]
BhIeAnIet B ceer B 19651,  KoHIenmy HeYEeTKUX WHTETPAJOB M MPOU3BOAHBIX W PA3JIMUIHBIE
ux 06oOIeHnsT IpeIozkeHbl B [2].  AHajn3 HavaJIbHO-KPAEBBIX 334 C HO3UIMU KOPPEKTHOCTU
MTOCTAHOBKU U CIIOCOOOB PEIIEHUS JIJIsT TPOCTEHIINX KIACCOB HEUETKUX YPABHEHUI PACCMATPUBAINCD
B crarbsax [3,4]. Hacrosimasi pabora HoCBsillieHa HIPUMEHEHHIO JBYXMEPHOIO Ipeobpa3oBaHmsi
Jlamnjaca K pemtenuio HadaabHoil 3amaun na R2 = R, X Ry (R, - mOJOXKATeIbHAS TI0JIYOCH) /IS
HEYIETKOTO T dEePEHITHATLHOTO YPABHEHIS TEILIOMPOBOIHOCTH.

1. Heuerkne mHO>xkecTBa. (OcHOBHBIE ompejiejeHuss U yTBepxKiaeuus. llycrs X
— merycroe MHOXKecTBO. Ilom mederkmm mommuoKecTBoM A MHOKecTBa X  OyAeM MOHMMATD
COBOKYIHOCTD nap (x,u(z)), cocraBieHHbx u3 Bcex = € A u dynkunum ua(zr) : X — [0,1], B
KOTOPOM 3Ha4YeHne U4 (x) yKasblBaeT, B Kakoii crerneHu (Mepe) 3JIeMEeHT & IPUHAJJICZKAT HEIETKOMY
muOkecTBY A . B ciyuae, koryma ug(z) ecrb xapakrepucruieckas GyHkiust X 4(x) mHOX)KecTBa A |
TO HEYETKOE MHOKECTBO A WIeHTUMUIUPYETCsT KaK OOBIYHOE KJIACCHYECKOe MHOYKECTRO.

Onpenenenune 1. Yepesz Rp 0603Ha%uM KAGCC HEYEMKUL NOOMHOHCECTNE HUCA080U ocu R, m.e.
Kax omobpascenut u: R — [0,1] co caedyrowumu ceoticmseamu:

1) woboti uw € Rp mnopmasvroe omobpasicenue, m.e. — cywecmsyem T, € R makxod, wmo
u(xy) =1;

2) woboli u € Rp swnykaoe nevemxoe mmoorcecmeo, m.e. u(tz + (1 —t)y) > min{u(x),u(y)}
das mobozo x,y € R,t € [0,1] ;

3) w0bolt u € Rp asasemca noaynenpepvishom ceepry na R ;

4) {z € R,u(x) > 0} - xomnaxmmoe mroxcecmeso, 2de M osznanaem samvikarue M .

Cosepienno odeBujHo, 4ro R C Rp, Tak Kak Jjoboe JeidcrBuTeIbHOEe dnciao ro C R Moxer
ObITh  MACHTHMUIMPOBAHO ¢ QYHKIMENl  X{z,}, KOTOpas YJOBJIETBODPsET TPeOOBaAHUSIM 1)-4)
omnpejiesieHus 1.

s 0<r<1 u uCRp obo3HAUMM  uepe3 [u]" ={z € R:u(z) >r} u
[ul]={zx € R:u(x) > 0} muHOXKecTBa ypoBHs st u. Torja us cBoiicTs 1)-4) HEMEJIEHHO CIIEyeT,
qro [u]” mpejcraisier coboil OrpaHMYEHHBI 3aMKHYTHIA (T.e. KOMIAKTHBINA) 110 uHTepBa ocu R
oboznavaemblit Kak [u]” = [u_(r),us(r)], rae u_(r) < wuy(r) mms seex r € [0,1].
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Onpepesienne 2. Crooicenue u  ymmooicenue wa ckarap 6 Rp  onpedensemca wepes
@®:Rp X Rp — Rr (u®v)(x) = sup min{u(y),u(z)} u
y+z=x

2 A
@:RXRF%RF(AQU)Z E()‘) ec 7&0
0, ecm A =0

2de 0: R — [0,1] asasemcs 0= T} -

Moxkuo rakxke samucarb [u @ v]" = [u]” + [v]", [N ©v]" = Nu|", mus seex r € [0,1], [u]” + [v]"
O3HAUaeT OOBIYHYIO CYMMy JIBYX MHTEPBAJIOB (Kak mojMHOXKeCTBO R) m A|u]” osnauaer obGbraHOE
YMHOKEHHE JIefiCTBUTEJILHOIO CKaJIsipa Ha MOJAMHOKeCTBa R .

Eciu Mot onpenenmnm p @ Rp X Rp — Ry |J{0} uepes

p(u,v) = sup maz{lu_(r) —v_(r)], [us(r) — v (r)]},
rel0,1]
rae [ul, = [u—(r), us(r)], [v] = [v=(r) — v4-()] , TO HOIYUNM ciieyTOIIEe yTBEPK ICHUE

Teopema A. (cm.uHaup.[2]) (Rp,p) AGAAEMCA NOANIM MEMPUECKUM NMPOCTMPAHCIEOM CO
CAEOYIOULUMU DONONHUMENDHBMU CEOTUCTNEAMU:

1) plu®w,v®w) = p(u,v), das ecex u,v,w € Rp ;

2) plu®w,kov)=|klp(u,v) daa ecex u,v,w € Rp,k € R;

3) pludw,wde) < p(u,v)+ p(u,e) das 6cex u,v,w,e € Ry .

Baxuo 3amerursb, uro (Rp,®,®) He sBISAIOTCA JIMHEHHBIM IPOCTPAHCTBOM HaJ mojeM R u
coorBercTBeHHO (Rp, ||u||F) He MOXKET OLITH HOPMHPOBAHHBIM IIPOCTPAHCTBOM.

Ha Rp MOXHO OIpeJe/NTh BbIYUTAHHE © , Ha3biBaeMoe H -PasHOCTBIO CJIE/YIOMIUM [IyTeM:

u©v maspBaercs H -pasnocTbio, ecn cymectByer w € Rp Taxoif, uTo u=u@w. uOwv
cylecTByer He jisi Beex u,v € Rp (manpumep 0 — v He cymecrsyer. ecan v # 0 ).

Yepes C{[a,b], Rr} 0603HaYIMM IPOCTPAHCTBO HEIPEPBIBHBIX HA [a,b] (DYHKIWIA IPUHIMAIOIIAX
sHavennst B Rp . Takoe mpocTpaHCTBO OCHAIIEHO METPHKOIL

p*(f,9) = sup{p(f(2),9()) : x & [a, b]}.

IMockonbky (Rp, p)- momnoe merpmdeckoe npocrpancrso, 1o (C([a,b], Rr),p*) Toxe mommoe
MeTpudeckoe mpocrpaHcTBo. Jlerko mokasarb, uro ecom f,g € C([a,b],Rr), 10 F :[a,b] = R
omnpeesientast depe3 F(z) = p(f(z), g(x)) siBasiercss HenpepbiBHO# Ha [a,b].

Onpepenienne 3. Ilyemo f:[a,b) = R u xo € (a,b). ITosopam, wmo newemrosHauwHas
pynxyua f H-dugpdepenyupyema 6 xq , ecau cywecmeyem hg > 0 maxoe, wmo das scex 0 < h < hg
onpedenenvi f(zo+ h) S f(xo), f(xo) © f(xzog —h) u f'(x0) € Rp co ceoticmeamu

fmpl s 0 (F(an + W) & 5o, 0] =0
fmpl L © (F(an) © #(ao — 1), £ (@) = 0

2. Heuerkoe nByxmepnoe mnpeobpasoBanme Jlammaca. Ilycrs f(f,s): Ry X Ry - E -
HeYeTKO3HauHasd (DYHKIUS JIBYX IHEPEMEHHBIX, P = p1 + iP2,q = q1 + 1q2 - KOMILJIEKCHBIE YHUCJIA.
Ecmu e P95 f(t,s) meuerkas unTerpupyemas no Pumany dbynxnus na Ry x Ry, To

Z1f(t,9))(p a) = pq /0 h /0 e f (1, )deds, Re(p) > 0, Re(q) > 0

Ha3bIBAETCSl HEUETKUM JIBYXMEPHBIM IpeobpasoBanueM Jlamnaca Gyuknuu f(t,s) .
Hanee uepes L(g(t, ))(p7 q) 06o3HAUMM KJacCH4ecKoe JBYXMepHoe npeobpasosanue Jlamiaca
gyerkoit pyukuun (i, s)

Tak xax
/ / e P f(t, 5)dtds = / / e PIISYF_(t, s, 7)dtds

[ e s .r < o)
0 0
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TO
Z[f(t,8)(p,q) = (L(f-(t,8) (P, 0); L(f+(t, 5) (P 0)))-
OrMmeruMm cireyromye (popMyJIbl JIJIs JIBYXMEPHOI'O HEYEeTKOro mmpeodbpasoBanust Jlamraca g H-
nuddepennupyemoii byuknuu f (¢, s) :
1) Z[752)(p.q) = pZIf (¢, 9))(p. @) © P J5° e~ f(0,n)dn

2) 2218 (p, q) = @2 Z[f (1, 5))(p. @) © pa® [ e PEF(€,0)dEE

Sqp [y e PEALED, o de.

CupaseiuBo CJIe;Lonmee yTBEpP:KICHUE

Teopema 1. ITycmo f(t,s) u g(t,s) nenpepwvieHbie HeuemrosHaumovie GYHKUUU NEPEMEHHBT T, S
a Cc1,C2 066 GewecmGGHH'ble NOoCmoAHHDLE. Toeaa UMEETN, MECITO pCLGeHCmGO

Zlerf(t,s) + cag(t, s)](p, q) = a1 Z[f (¢, 5)](p, q) + c2Z[q(t, 5)](p, q)-

3. HauanbHo-rpannunasi 3agada Komm Ha R sl HeveTKoro ypaBHEHHs
remsionpoBogHoctu. Ilycrs meverkasi dyukius u(t,x) umeer HempepbiBHYIO H-mponspojHyto
l-oro mopsijika 1o t, ¥ HenpepbiBHYIO H -IIPOU3BOJHYIO 2-0r0 IOpsKa 110 & u , 1ycTh u(t,x)
VIIOBJIETBOPSIET HEYETKOE yPABHEHUE TEILIONPOBOIHOCTI

Dyii(t,z) = D2u(t, z) + f(t,x),t > 0,2 > 0. (1)
HyCTb 3alaHbl TaK2Ke Ha4daJIbHbIEe 1 I'PAHUYIHbIC YCJIOBUA BUIA
u(0,z) = up(z),z > 0,
u(t,0) =ur(t),t >0, (2)

D,u(t,0) = us(t),t > 0.

[Monb3ysich npeblIy MU pesyabraTaMu, nepexoaum oT (1)—(2) K AByM CJeyomuM HadabHO-
I'PAHUYHBIM 3a/la4aM THUIIA

Du_(t,xz,r) = D2u_(t,z,r) + f_(t,z,7),t > 0,2 > 0,7 € [0,1]

C yCJIOBUSIMHU
u_(t,0,7) = Up—_(z,7),x > 0,7 € [0,1],

u_(0,z,7) =Uy_(t,r),t > 0,r € [0,1],
Dyut,0,7) = Uz (t,7),t > 0,7 € [0,1].

Dyuy (t,z,r) = D2uy (t,z,7) 4+ fr(t,z,7),t > 0,2 > 0,7 € [0,1]

C YCIOBHAMHA
uy(0,z,7) = ugs(z,7),2 > 0,7 € [0,1],

uy(t,0,7) =ui4(t,r),t > 0,r € [0,1],
Dyuy (t,0,7) = ugy (t,7),t > 0,7 € [0,1].
[ycrs Z[u(t, x)](p,q) n Z []?(t, x)](p, q) sBIISIFOTCS IBYXMEPHBIME HEYETKIMU IPEOOPA30BAHUSIMI
Jlamiaca weverkux dysximit u(t, z) u (¢, ) COOTBETCTBEHHO.

Or HeueTKOTO JBYXMEpHOro IpeobpaszoBanusi Jlamraca 1mepexoauM K — KJIACCHIECKUM
npeobpazoBanuaM Jlarmraca mo dopmysram

Zu(t, z)|(p,q) = (L(u—(t, 2, 7)) (p,7), L(u+ H, x, 2)(p, q)) (3)

Z[f(t,2)](p, q) = (L(f-(t,z,7))(p, ), L(f1(t, 2,7))(p, q)) (4)

Hanee, ¢ yaerom dopmys (3) u (4) mosrydum ciejyonye ypaBHeHusl JJist H306pazkeHuit

PP[L(u—(t,2,7))(p,q) = L(ur—(t,7))(@)] = pL(ua—(t,7))(q)]
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—q[L(u_(t,z,7))(p,q) — L(uo—(t,))(p) = L(f-(t,2))(p,q)

PPIL(us (t,2,7))(p, @) — Lury (t,7))(q)] — pL(uas(t,7))(q)]
—q[L(ug(t,z,7))(p, q) — L(uo(t,7))(p) = L(f+(t,2))(p, q)-
Ocrona
L(u*(tv x, ’r’))(p, C]) =
_ L= (t.z,1))(p, ) — qL(uo—(z,7))(p) + pL(ua—(t,7))(q) + P*L(w1(t,7))(q)
P’ —q

L(U+(t, T, ’I”))(p, Q) =
L(f+(t,%,7)(p, @) — ¢L(uo+(%,7))(p) + pL(ua+(t, 1)) (q) + p*L(ur+(t,7))(q)
P*—q
OmnepaloHHbBIIl aHAJIN3 IPUBOJAUT K CJIEAYIOMUM IpejacTaBieHusm st u_(t,x,r) u ui(t, z,7).
Teopema 2. Pewenusa u_(t,z,r) u uy(t,z,r) 3adawu (1)-(2) npedcmasumos 6 sude

t—s)2 7(t+s)2

(t €, T 2\/@/ {6%41 e }'LL() (‘;'f'>d8—

SC 5)2

v 4(z—T) / /
- —— Ty (m)%dt — = ds e4<z T)+6 (@=1) } X
/o \/7r($—7) 1) Vr(x—1) { J

X f_(s,T)dr,r € [0,1]

—(t— 5)2 (t+s

A da }u0+(.]a )dS—

ug(t,z,r) = 2\/ﬁ/ {e

t2

—(t—s) 7(t+s)

R ) / /
— — U9 (T dtff ds e A== T>+e (z=7) 1 x
/o Vr(xr—1) 2+(n) Vi x—T{ J

X fi(s,7)dr,r € [0,1].
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Tootcixicman Pecnybaukacvl 2vlavim aKa0eMUACHIHOIY, 2DlABIM MEH METHOAOLUANAPODL UHHOBAUUANDIK, 0AMBIMY OPTNAAGEYL,
Lywanbe, Tootcixicman

AUKBIH eMecC >KBULYOTKI3rimTik Tegaeyi yuIiH 6acThINKBI-IIEKTIK ecen TypaJibl

AnsHOTAaUMA: Makanaja 6acTrankbl »KoHE IIEKTIK IIapTTapbiMeH OeplireH afkblH eMec Jepbec  TYBIHIBLIbI
muddepeHnnanIbK TEeHIEYIep KAPACThIPbLIaAbl. ANKBIH €MeC MHTErpajgap MEH TYBIHILLIIAD COHFBI XKbIIAAPI YKyprizijgeTin
3epTTeyJIep/ie KaH-’KaKThl aHAJINU3re WHe. Byn 3eprreynepain nmpakTHKaJIbIK MaHBI3BI 30p, ocipece KybIC OpTa MEH

AKpIHIAJIMAFAH/IBIK, Kar JaiIapbIHIA.
Tyitin cesaep: Jlannac TypieHaipyi, alKbIH eMeC *KUbIHIAaP, aliKbIH eMec (DYHKIUsIIap, KbLIYOTKI3rIITIK TeHaeyi.
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M. Ilolov, J.Sh. Rahmatov

Center for Innovative Development of Science and New Technologies of the Academy of Sciences of the Republic of Tajikistan,
Dushanbe, Tajikistan

On initial-boundary problem for fuzzy heat equation

Abstract: In this paper we consider a fuzzy partial differential equation together with the initial and boundary conditions.
Fuzzy integrals and derivatives are the subject of a comprehensive analysis in the mathematical work of recent years. These
studies are of great practical importance, especially in porous media and in conditions of uncertainty.

Keywords: Laplace transformation, fuzzy sets, fuzzy functions, heat equation.
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Nudopmaruka. MexaHuKa cepusicbl» >KypHAaJIbIHA >KibepieTiH >KyMbIcTapFa KOMBLIATHIH TaJIarTap
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6. 2KyMbICTa KOJIJIAHBLIFAH 971e0ueTTep TEK KYMBICTa ClITeMe »KacaJFaH TYIHYCKAJIBIK, KOPCeTKimKe cail (ciareme
Gepy TopTibiHZe HeMece aFbUIIIBIH SJInoui TopTi6i HerisiHme TONTBHIPBLIAALI) GOMYbI KepeK. DBacmazaH IbIKnaran
KYMBICTAPFA ClITEME XKacayFa TUBIM CAJIBIHAIBI.

Cinremeni Gepyne aBTop KoJimanraH ojebuerrtin, GeriniH HOMIpiH KepceTieil, Kejiecli HycKara Cy#eHiHI3 Iypbic:
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