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UNIFORMLY CONVEX SUBSPACES OF MEASURES WITH THE
KANTOROVICH NORM

Abstract: In this paper, we consider signed Borel measures on a compact metric space.
We study the uniform convexity of the Kantorovich norm on subspaces of the whole space of
signed measures. We construct an example of an infinite-dimensional subspace of measures on
which the Kantorovich norm is uniformly convex. We also obtain an example of an infinite
compact set (X, p) such that all uniformly convex subspaces of the space of measures on X are
finite-dimensional.

Keywords: Kantorovich norm, uniformly convex space, subspace of measures, borel signed
measures.

DOTI: https://doi.org/10.32523/2616-7182 /bulmathenu.2023 /2.1

2000 Mathematics Subject Classification: 28A33

1. INTRODUCTION

The main object of this paper is the Kantorovich norm, so we start with its definition. Let
(X, p) be a metric space. Consider the linear space M(X) of all signed Borel measures o on
X such that ¢(X) = 0 and the function =z — p(z,z¢) is integrable with respect to the total
variation |o| of o for all zp € X .

Definition 1. The Kantorovich norm is the norm || - ||k on the space My(X) defined by

||u||K=sup{ /. fdu:feupl(X)}, i€ Mo(X),

where

Lip(X) = {f: X 5 R, |f(2) = f()] < pla.y) Yo,y € X .

In this paper we consider the uniform convexity of the Kantorovich norm on subspaces of the
space Mo(X). First, we show that in general the Kantorovich norm on all of M(X) is not
uniformly convex. Next, we prove that in case of measures on an interval the Kantorovich norm
is uniformly convex on some infinite-dimensional subspace of the space of measures. Finally,
we give an example of an infinite compact set for which the Kantorovich norm is not uniformly
convex on any infinite-dimensional subspace of measures.

Let us mention an important result on isometric embeddings (see Corollary 1 on p. 311 in [2]),
which we will use below.

Theorem 1. If 1 <p < g <2, then the space L[0,1] is isometric to a subspace in LP[0,1].

Let us also state two classical results on uniform convexity.
6



I.A. Kukharchuk

Theorem 2. If 1 < p < oo, then the space LP[0,1] is uniformly conver.

Theorem 3 (Milman—Pettis). Every uniformly convexr Banach space is reflexive.

2. MAIN RESULTS

We note that Mo(X) with the Kantorovich norm is not, in general, a uniformly convex space.
This follows obviously from the lemma below. This lemma also gives a necessary condition for the
strict convexity of a subspace of measures. Intuitively, this condition means that the subspace
should not contain measures with supports that are "far" from each other.

Lemma 1. Let two measures p,v € My(X) be given. Suppose that there are two balls By, (a)
and By, (b) in X such that supp(n) C By, (a),supp(v) C By, (b) and p(a,b) > 3(r1 + r2).
Then

il + vl = [l + vl
Proof Take f; € Lip'(B, (a)) and gy € Lip*(B,,(b)) such that

/ Judpt HuuK\ e
By (a)

1
/T gkdy — ||I/||K’ < E

2 (b

| =

and

We can assume that miny fr = 0, since f; can be replaced by fr — ¢ and the integral

/X Jedu

does not change. Then, due to the Lipschitz property, we have ‘max x | fr] — 0} < 2rq.
Similarly, |maXX |gk|’ < 2ry. Then for for all x € B,,(a) and all y € B,,(b) we have

|fr(@) = geW)| < | fe(@)] + |ge(y)| < 271 + 22 < p(a,b) — p(a, ) — p(b,y) < p(a,y).

Next we use the Tietze extension theorem and construct a function hy € Lip'(X) such that for
all © € By, (a) we have hi(z) = fr(z) and for all y € B,,(b) we have hi(y) = gr(y) .
Hence

o

‘ [ ) = il - ||v||z<\ <

Therefore, we have

2
ot vz swp | hdGer) > [ et ) = i+ Il - 3
heLip! (X) J X X

If we let £ — oo, then we get

i+ vl = llullx + lIvlx

which completes the proof.

We now consider our question for an interval and show that for measures on it there exists
an infinite-dimensional uniformly convex subspace. However, first we make a remark about the
calculation of the Kantorovich norm in case of measures on an interval.

Remark 1. The Kantorovich norm for measures p € Myla,b] can be calculated as the L!-
norm for their distribution functions.
Indeed, we use the formula (see [2])

di (P, Py) = /OO |®p, (t) — Pp,(t)]dt,

Bulletin of L.N. Gumilyov ENU. Mathematics. Computer science. Mechanics series, 2023, Vol. 143, Ne2
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Uniformly Convex Subspaces of Measures with the Kantorovich Norm

which is valid for probability distributions P;, P» and their distribution functions ®p, , ®p, .
We have the Jordan decomposition of pu € Myla,b] into positive and negative parts. Using it
and, if necessary, normalizing its components, we obtain

Imllx = Iy — m_|lx = /

a,

imla,t] — m_[a,t]|dt = / im[a, t]|dt.
[a.b]

Theorem 4. There exists an infinite-dimensional subspace in the space Myl0,1] that is uni-
formly convex in the Kantorovich norm.

Proof By Theorem 1 there exists a space Y C L1[0, 1] isometric to LP[0,1] if 1 <p < 2.
By Theorem 2 the space Y is uniformly convex. It follows from Remark 1 that it suffices to
take any linear subspace spanned by vectors from Y regarded as distribution functions for the
required space of measures.

So, we have an example of a compact set for which there exists a uniformly convex infinite-
dimensional subspace of the space of measures. Of course, not all compacts have this property.
For example, for finite compact sets, the space of measures is finite-dimensional and, therefore,
cannot contain any infinite-dimensional subspaces. However, there is a stronger counterexample.
But before constructing it, we make one more useful remark about the Kantorovich norm.

Remark 2. Let Y € X . Then M(Y) is isometrically embedded into Mo(X).
Indeed, by definition, we have

lullrx = sup{/X fdp: f € Lipl(X)}

Consider an arbitrary function f € Lip'(X). Since pu € My(Y), we have

/X fp = /Y fdu.

Using the fact that f| v € Lip*(Y) we get

HMHK,Y:sup{ / fdu:fGLipl(Y)} zsup{ / f\ydﬂrfGLipl(X)} 1)
Y Y
and
sup{ [ 1], dus £ € Lip' () | = .
Y

In fact, in expression (1), the equality holds. This is true, since by the Tietze theorem any
Lipschitz function on Y can be extended to a Lipschitz function on X .

Theorem 5. There is a compact space (X, p) with an infinite-dimensional space Mo(X) such
that every infinite-dimensional closed subspace Y C My(X) is not uniformly convex.

Proof For X we take the following subset of the real line:

{—;, n e N} U {0}.

Then any measure p € Mo(X) has the form

where k,, are constant coefficients such that the first moment is finite, i.e.,

oo

k;
E — < 00,
c— g
=1
and the measure is well-defined by the series

o0
Z k; < oo.
=1

JI.LH. 'ymunes arsiagarsl EYY Xabapmeicsl. MaTtemaruka. Komnbiorepiik reiabiMaap. Mexanuka, 2023, Tom 143, Ne2
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I.A. Kukharchuk

The Kantorovich norm is calculated using Remarks 1 and 2, because

(1 1
e =3 (5 = 251

n=1

n

> kil

i=1

Consider the mapping F': Mo(X) — I; defined as follows:

F(p) = (a1,a2...a,...),

o= (i) (S0

By definition, the mapping F' is an isometric embedding of the metric space My(X) into I; .
Thus, it suffices to show that there are no infinite-dimensional closed uniformly convex subspaces
in ll .

Let Y C I; be a uniformly convex closed subspace. Then, by the Milman—Pettis theorem, Y
is reflexive. This means that the closed unit ball By is weakly compact, and hence sequentially
weakly compact. Since weak convergence in ' implies convergence in norm, our ball By is
compact in the norm of I', and hence Y is finite-dimensional.

Now let us construct an example of a strictly convex infinite-dimensional subspace “by bear
hands”. For this purpose, we are going to prove an auxiliary lemma.

where

Lemma 2. There are two measures p,v € Mola,b] on the interval [a,b] whose linear span is
a strictly convex space with the Kantorovich norm.

Proof Without loss of generality, we can assume that we are solving the problem for the
interval [—3,3] (to obtain the general case, it is enough to shift and scale the interval). Consider
the measures p1 and ps given by their distribution functions as follows:

z+3 if z € [-3,-2]

[
Fi(x) = —x—1 ifxe[-20]
z—1 if z € [0, 2]
—rz+3 ifzxel23]
(0 if 2 € [-3,-2]
z+2 ifxel-2-1]
Fy(z) =4 —= if x € [-1,1]
z—2 ifzell,?
0 if 2 € [2,3]

We will prove that the span of these two measures is strictly convex. It suffices to check the
strict triangle inequality for two non-proportional linear combinations p; and po. In other
words, it follows from Remark 1 that for linear combinations kiju + kov and lLijp + lov it is
necessary to verify the following inequality:

/ |k1 By 4 ko Fo| 4+ | By + Lo Fy| — (k1 + 1) By + (k2 + o) Faldx > 0.
[_313}

This inequality holds if the following is true on a set of nonzero measure:
|k1F1 + kng’ + |l1F1 + ZQFQ‘ — ’(kl -+ ll)F1 + (kz + l2)F2|d.’E > 0. (2)

The last inequality turns into the equality only if the signs of the expressions ki F; + koF> and
[1F1 + loF5 coincide.
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Uniformly Convex Subspaces of Measures with the Kantorovich Norm

Let us find the zeros of k1F; + koFs . We have

[for x € [-3,-2]: ki(z+3)=0 = r=-3;
k
for € [-2,—-1]: ki(—z—1)+ky(z+2)=0 <= z=-1-——2_;
ko — kq
k1
f e |—1,0]: ki(—x—1) —kox =0 <— =—
orx €] ] 1(—z —1) — kox .
k
for z € [0,1]: kEi(x —1) —kox =0 = = L.
ki — ko
ks
f € [1,2]: ki(x —1)+ ko(z—2)=0 = =1+ ;
w2 Rl D)4k e=te e
| for z € [2,3]: kEi(3—xz)=0 = =

It is clear from these expressions that for non-proportional pairs (ki,ks) and (l1,l2) there is
an interval on which the signs of ki Fy 4+ koFs and [1Fy + [sF5 are different. So, we obtain that
(2) is satisfied on this interval, which proves our claim.

Lemma 3. Let p, be a sequence of measures such that p, € Mo(R) and
tnl o) = 0
for some interval (a,b) .

If the sequence of measures p, converges to the measure p € My(R) in the Kantorovich norm,
then “'(a,b) =0.

P roof. The restrictions of the distribution functions of measures p, to the interval (a,b)
are equal to constants.The sequence of constants converges to a constant in the L; -norm. Thus,
the lemma follows from Remark 1.

Theorem 6. There exists a countable family of measures p, on the interval [0,1] such that
their closed linear span is a strictly convex space with the Kantorovich norm.

Proof. Consider the family of intervals

1 1 1 n 1

4k 104k 4k 104k |

Using Lemma 2, we construct measures oy and i such that supp(ay) C Ak, supp(Bx) C Ag

and the linear span of these measures is a strictly convex space with the Kantorovich norm.
We now construct the desired family of measures u,. To this end, we take a bijection s

between unordered pairs (n,l) of different indices of measures u, and even indices 2k of the
intervals Ao . Then we set

A = [ag, by =

n—1 )
Hn = Yn + Z s(ny) T Z 5s(n,i)a
i=1

i=n+1
where 7, is defined as
Yn = Oazp—1 — Oy _y-
Consider any measure g lying in the closed linear span of pu, . We prove that the measure
w1 has the form

p=>cipi, (3)
=1

where the series converges to p in the Kantorovich norm.
Since the measure g lies in the closed linear span of u,, for every & there is a linear
combination ciuq + ---+ cjpu; such that:
I = (crpn + -+ cjpy)ll <€
Lemma 3 implies the equality
M‘(bk—lzak) =0 (4)
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I.A. Kukharchuk

for each k.

Using (4), we successively apply Lemma 1 to restrict the measure p to the intervals [0, bo]
and [a,b1], then to the intervals [0,bs3] and [ag,b2], ..., [0,bk11] and [ag,bx] etc. Thus, we
have:

lall =D llmyl, (5)
j=1

where mj; is the restriction of p to [a;,b;].

Consider the interval Aggiq. On it, the restrictions of our measures form a one-dimensional
space, which enables us to determine the coefficient ¢ in representation (3).

Let us prove that for any v and p lying in the closed linear span of u, and v # cu the
inequality ||v|| + ||p|l > ||v+ || is true. Consider a pair of indices ¢ < j for which the measures
p; and p; enter the expansion (see (3)) of the measures v and g with non-proportional pairs
of coefficients (a,b) and (c,d), respectively. Then from (5) we have

]| = |lv — acg@ijy — bBsqij |l + llacg( iy + 0Bl
and
il = Nl — cagi gy — dBs )l + llcas gy + dBsgjl-
Using the strict convexity of the linear span of the measures ay(; ;) and By(; ;) we have

lacs(i iy + bBs(igll + lleasi gy + dBsq |l > (@ + e)agi i) + (b4 d) By -

So, applying the triangle inequality, we obtain what is required.

3. CONCLUSION

In this work, we study the existence of infinite-dimensional uniformly convex subspaces of
the space of measures with the Kantorovich norm on a compact set. We show that in case
of an interval there are such subspaces. However, an example of a compact set is given for
which there are no such subspaces. A restriction necessary for the existence of such subspaces is
also established: they must not contain measures with supports that are “far” from each other.
Furthermore, a constructive example is given of an infinite-dimensional space of measures that
is strictly convex.

References

1 Bogachev V. I. Weak convergence of measures. Amer. Math. Soc., Rhode Island, Providence, 2018.

N.A. Kyxapuyk

M.B. Jlomorocos Mackey memaekemmir YHUBEPCUMEMIHIH, METAHUKA-Mamemamuka darysvmemi, Bopobveswv, [opot,
1 vy, Moackey, 119991, Pecet

KanTropoBuu HoOpMaJibl 6ipKaabIIThI JOHEC oJlieMaep imki keHicrikrepi

AnHoTanusi: Makaiamga KOMIIAKTTBI METPUKAJBIK KeHICTIKTeri GOpesiIiK ejmeMaep KapacThIPbLIaJbl. Bapibik
OJIIIEMJIED > KUBIHBIHBIH, JKUBIHIIAJIAPbIHAA2 KaHTOPOBHY HOPMACBIHBIH OIpKAJIBIITHl JOHECTIN KapacThIPbLIA/bI.
KanTopoBrnd HOpMach! GipKaJbINTHI JOHEC OOJIATBIHAAN IIEKCI3 eJIeM/ Il eJIeMIAepAiH IKi KeHICTIirl Kypbluiabl. Bapibik
GIpKAJIBIITHL JOHEC eJIeMIep KeHicTirinig imki xenicrikrepi X -Ta akplpibl esmeMml Gosmarsiamail (X, p) akpIpebi3
KOMITAKTHIHBIH MbICAJIBI AJTBIH/IBI.
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PaBHOMEPHO BBIIIyKJIble MOAIPOCTPAaHCTBA Mep ¢ HopMmoii KanroposBuua

Awnnoranus: B pa6ore paccmaTpuBaioTcs 60pesieBCKre Mephl Ha KOMIIAKTHOM METPHUYECKOM IIpocTpancrse. M3yuaercs
paBHOMEpPHAsI BBIILYKJIOCTh HOPMBI KaHTOpOBHYA Ha IMOAIPOCTPAHCTBAX BCErO IIPOCTPAHCTBAa Mep. llocTpoeH mnpumep
GECKOHEYHOMEPHOTO TOANPOCTPAHCTBA Mep Ha KOTOpOM HopMma KaHTopoBHYa paBHOMEPHO BBINYKJA. TakiKe MOJIydYeH
npuMep GeCKOHEYHOro KommakTa (X, p) Takoro, 4To BCE PABHOMEPHO BBIIYKJbIE MOJIIPOCTPAHCTBA IPOCTPAHCTBA MEp
Ha X KOHEYHOMEPHBI.
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Pamnri ekire TteH epkin ayasnapl JleiitbHUI ajiredopasiapblHBIH, KOJAbI
aBTOMOpPdU3IMIAEPIi

Aunoramusa: Makanaga ajaredpaJsiapiblH — © -KONOefHeciHiH aHBIKTaMachl KeJITipiareH
JKoHe mayasabl Jleiibumiy ajredpajiapblHBIH, KolOeiiHeci o -kembeliHe OOJIaTBIHBI JI9JIEIIEHIEH.
[Asmmmbaes A.A., Haypas6ekosa A.C., Koseibaes [I.X. Panri ekire Ten epkin ajrebpasap/Ibiy
aBTOMOPMU3M/IEPIHIH CHI3BIKTHIIAHY I MeH jnddepenimaliay biHbH TpuaHry spiaanysr/ /Cibip
9JIEKTPOH/IBI MaTeMaTHKABIK, KaHaiblkTapbl. 2019. T. 16. B. 1133-1146| »xymbicbiHma o -
KenbelHeCIHIH, paHTi eKire TeH epKiH ajredpasiapblHbIH aBTOMOPQMU3IMIEPIHIH ChI3BIKTHLIAHYbIHA
KoHe  auddepeHImalIaybIHbIH — TPUAHTYIApJIaHybIHa  KATBICTBI  OipKaTap  HOTHXKeIEepD
asibiarad.  CoJl 2KYMBICTBIH, HOTHXKEJIEDIHIH cajiapiapbl perinje 06i3 Kejeci HoTHXKeep/ii
aJaMbI3: €Ki affHbIMaJbIIaH ToOyesai epKiH mayasaabl JlefiOHwui aJyireOpachiHbIH,  KOJIIbI
aBroMOpdu3MIEep TpYyIIIachl  aMajblaMUpPJeHTeH  epKiH  KOOEHTIHMIHIH  KyPbLIBIMBIH
KaObLIIalIbl, CHIIATTAMACHI HOJIMe TEeH ©OpiCcTe TYPFLI3bIIFaH €Ki afHbIMAJIbIIaH TOyes Il
epKiH mayasabl JIeHOHUIT aaredpachbIHbIH KOJIIbI aBTOMOPGMU3MIEPIHIH, Ke3 KeJIreH PeIyKTHBTI
TPYIIAachl  CHI3BIKTBHIIAHAIBI YKOHE OChI aJre0paHblH, Ke3 KEJTeH JIOKaJIbIi-HUJIbBIIOTEHTTI
muddepeHnnaIaybl TPUAHTYIISIPIAHAIBI.

Tyitin ce3zep: ayasnmer Jleitbuurr asredbpackl, aBTOMOP(MU3M, aMaJbIAMUPJIEHI'CH €PKiH
KOOEHTIH/II, ChI3BIKThLIAHY, TPUAHTYJISIPJIAHY.

DOT: https://doi.org/10.32523 /2616-7182 /bulmathenu.2023/2.2

2000 Mathematics Subject Classification: 17A506 17D99, 17A32
1. KIPICIIE

klx,y| xemmytenep anrebpachiHbiH aBToMopdu3Maepi Kosbl ekeni 6enriii [1,2]. Conbimen
karap ocbl ajsrebpanbi, Aut(k[x,y]) aBromopdusmiep rpymnmachl amMaabraMUPJIEHIeH epKiH
KOOEHTIH/II KYPbUIBIMBIH KabbLiaaiiabl |2, 3|, sruu

Aut(k[z,y]) = A*xc B,

myHjarel A — addurmi aBroMopduaMuepsiH imKi rpymnmackl, B < — yIIOYPBIIITH
aBroMopdusaMiep/is, imki rpymmacel »keHe C' = A N B. Ocbl HOTHMXKEHIH aHAJIOIBl €pPKiH
acconuaTuBTi anrebpasap [4, 5], on cummerpusibl anrebpasnap [6] koHe cunaTTaAMAachl HOJIIE
TeH epicTe TYPrBI3bIIFaH epkil Ilyaccon anrebpasapsr |7] yiuin je anbmasl. Oran Koca, epKiH
acconmaTuBTi ajrebpasiap meH epkin Ilyaccon ajirebpajiapblHbIH aBTOMOPGMU3MIED TPYIIIACHI
KOIMYIIEeJEp aareOpachblHbIH, aBTOMOPMU3MIED I'PYIIIIAChIHA, T30MOPMTHI.

1979  xpumet  T.  Kambasmu  [8]  Aut(k[z,y]) aBromopdusmiep rpyLIachIHBIH
aMaJIblTaMUPJICHI'eH  epKiH  KOOeHTIHMICIHIH  KYpPBUIBIMBIH  [AiAJIAHbIII, Aut(k[z,y])
aBTOMOPGMU3MIED TI'PYIIACBIHBIH Ke3 KeJINeH ajreOpaJiblk iIKi TPYIIachkl ChI3BIKTHI HEMece
YIIOYPBIMITHL aBTOMOPMU3MJIEP/IiH 1IKi IpyImackliHa TYHiHIeC eKeHiH Jpienneni. byjan kes
KEJITeH PEJlyKTUBTI Ipymmanbis, k™ -re, MyHIAFbl 1 = 2, OPEKeTi ChI3bIKTHLIAHATHIHBI IITBIFAIbI.
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Panri ekire TeH epkiH gyamnael Jleribuur ajarebpasiapbIHbIH, KOJIAbI aBTOMOp@du3Maepi

T. Kambasmm Oyn mHoTm:Ke OapiplK 7 > 2 VINH e OpBIHIAJaIbl JereH OoJKaM afTTHI.
By GomkaM penyKTuUBTI TIpymnmajgap OpeKeTi VIMiH ChI3BIKTHLIAHY THIOTE3AChl JEreH aTay
ajaapl. n > 4 6ogran ke3qae Oyir rumore3a Jaypbic Oomail mblKThl. Mbicasbr, 1989 xkbiibr T
Isapi (9] k*-ke Oy OpPTOrOHAJIBI TPYIIACHIHEIH KoHe k' -re Sly TPYIIACBIHBIH OpeKeTi
CBI3BIKTBIIAHOANTBIH KaPChl MbICAJ KypacThipbl. [10,11] xKyMbIicTap/a aKbIpJIbl TPYIIIAIADIBIH,
OpEKeTTEPI CHI3BIKTHLIAHOANTHIH AJIFAIKBI MBICAIAD KYPACTBIPHLIILI.

1968 xbLabl P. Penusep [12]| cunarramacsl HeJire TeH opicTe TYPFBI3bUIFAH €Ki aflHbIMAJIbIIAH
TOYeJIi KOIIMYIIIeJiep aareOpachIHbIH,  JIOKAJIB/Ii-HUIBIIOTEHTTI nuddepennuaay bl
TPHAHTYJ/IPJIAHATBIHBIH Jpieiei. X. Bace 13| cunarramackr Hesire TeH epicTe TYPFbI3bLIFAH
VI aflHBIMAJIBIIAH TOYeJi KOIMYIIEIeD aJireOPACHIHbIH, TPUAHTYIIPIAHOANTHIH JIOKAJIBITi-
HUJIBIIOTEHTT] nuddepeHinaiaybiHbIH, MbICAJIBIH KeJITipIi.

-y OUCBI3BIKTHI AMAJIBI AHBIKTAJFAH k epiciHie Typroi3bLIFad A ChI3BIKTHI KEHICTIT dya.advt
Jletibnuy, anzebpacv, nen aranaibl, erep Ke3 Kearen x,y,z € A yimH Kejeci Teme-TeHJIIK
OpBIHIAJICA:

(zy)z = z(y2) + 2(2y).

Hyamnaer JleiiGuui, anrebpacbia meres ik ojebuerrepye keiige Zinbiel (Leibniz jeren ces
KepiciHie pernen kasbliraH) ajrebpacel jen e araiigbl.  2K.-JI. Jlogeit myasapr JleitGruir
aszrebpa TyciHirin anpikrajabl [14]. Oran Koca, a ob = ab+ ba cUMMETpHSICHIHA KATBICTHI K3
keiared A jryasnpl JIeilbaul agrebpachl acCOUATHBTI XKoHe KOMMYTaTHBTI ajarebpa 6ostast [14].

2K.-J1. Jloneit [14] »kaxmanapbl OH KaKKa HOPMAJIAHBII OPHAJIACKAH OapJIbIK acCOIUATUBTI
eMec €e31ep epKiH ayasnasbl JleiOHum aarebpachblHbIH 6a3UCIiH KYyPalThIHBIH JI9JIe/edl. EpKin
Jgyasiabl Jleitbuun, asrebpasapbl go madi kebeiiTinmgici 6ap aarebpa 6oJiaTBIHBI KOPCETIII
[15]. A. Haypas6ekosa [16] cumarramacel HeJIre TeH OpicTe TYPFbI3bLIFAH €PKIH JIyasijibl
Jleiitbaun aarebpajapbl CHUMMETPHSIbI KOOEHTIHIIre KaTBICTBI ACCOIUATHBTI-KOMMYTATHBTI
anrebpa  (6ipsiik 9/eMeHTI KOK) OOJIATBIHBIH JRJICJIE/l YKOHE OHBIH, TYbIHJIAYIIBLIAPBIH
TaIThl; COHJAM-aK OJI €Ki TYLIHJAyIIbIJIaH TYpaTbhlH €pKiH ayajabl JIefOHUI[ aJreOpachiHbIH,
imki ajarebpachl paHri CaHAJIBIMIbI €PKiH ayayabl JIefOHuIr aaredbpachl OOJIATBIH MBICAJIIAD
kypacteipabl. A, Jxymamunbnaes nen K. Tynenbaes [17| myamasr Jleiibuur anrebpasapbt
yiin Harara-Xurman Teopemachinbiy, [18] anamorsu mosesnaesni (opbip myasasr JIeiGHun Hub-
anrebpacol Huiabnorentri).  Confaii-ak onap airedpaJsblK TYHBIK ©picTe TYPFBI3BLIFAH Op
AKBIPJIbI OJIIeM/Il ayasiabl JIefiouul aaredbpachbl KOMILIEKC CAHIAP OPICiHIe IIEeNiIeTiHIH KoHe
HWILIIOTEHTTI ekeHin mosesiaeni. A. Haypas6ekosa xxone Y. YMupbaes [19] epicriy cunarramMacst
HeJjire TeH OoJraH Karmaiiaa ayasael JIefiOHul agredbpasapblHbIH, KONOSHHECIHIH op MEHIIKTI
imki KembeitHeci HUJIBIIOTEHTTI »KoHE, caJjigap peTiHmae, ayayasbl Jleibnur ajredpaapbIHBIH,
kemnbelineci mmexTTi, an 6asucTik panri Gipre TeH ekenin gpiaengeni. JI.A. Tayspc [20] ke3
KeJITeH OPiCTe TYPFBI3bLIFAH O aKbIPJIbl OJIMeM/Il ayaJiabl JIeiOnur aaredpachl IIeImiaeTiHiH
KOPCETKeH 0acKa aBTOPJIAPIBIH HOTHKeJIePIH KeHEHTIII, O/Tap/IblH, HUJIBIIOTEHTTI eKeHIH KOPCETTI.
CoHfbI XKbULIAPHL JIyasibl JIeiOHuI ajaredpaiapblH 3epTTeyre JereH KbI3BIFYIIbLIBIK YKOFAphI
(MbIcastbl, [21-25] 2KyMbIcTap/BI KAPAHBI3).

[6] »kymbIcTa asrebpasapiblH o -KembeiiHesepiHiH KJachl aHBIKTAJIFAH JKOHe epicre
TYPFBI3BLIFAH ajredpasapiblH, op © -kKembeiiHecinin, paHri ekire TeH epKiH aJredpaapbIHbIH,
KOJIIBI  aBTOMOP(QU3MIEDP TPYINAChl aMajJblaMUPJICHI'CH €pKiH KeOeHTiHdl KYPbLIBIMbIH
KaObLLIaiTBIHGL fgajesaenred. OraH Koca, OpICTiH CHIIATTaMaChl HOJIPe TeH OOJFaH »Kariaiiaa
oCBbI ajredpaJjapblH KOJIIbI aBTOMOPMU3M/IEPiHiH, PEJIYKTUBTI IPYNIACHl CHI3BIKTHLIAHATHIHBI
JKOHE JIOKAJIbTI-HUJIBIIOTEHTTI aud depeHnnaigaybl TPUAHTYISIpIaHaThIHBI J19/IeJIeHTeH.

Ocbl  KyMBIC €pKiH Jayajubl JIedOHui ajredpaiapblHbIH  KOJIJABI  aBTOMOPQU3MIEPI
MeH nuddepeHnuaIayapblH 3epTTeyre apuajran.  Exinmi Genimme myannsr JleitOnwmiy
ajrebpaapblHblH, Kelbeiineci o -KenOeiiHe ©O0JaTBIHBL JoJejaeHeai.  YIIHI OeJiM 1oLy
cunaTblHa ue. DBy Oesimie >Korapbllla KOPCETIIreH HOTUXKEJIEPIiH caagapapbl PeTiHJe
ekl alHBIMAJIBIAAH TOVesIl epKiH ayaJyanl Jleibnui ajredpachbIlHbIH, KOJIbI aBTOMOPMU3MIED
IPyIIAachl aMaJIblaMUPJIEHIeH €PKiH KOOEHTIH/IHIH KypPbLIBIMBIH KaObLIIANTHIHBI KOPCETIIe .
CoHbIMEH KaTap CHIATTaMachl HOJINe TEH epicTe TYPFLI3bLIFaH €Ki alHBIMAJIBIIAH TOYe Il
epKiH ayasabl JIeHOHUIT aaredpachbiHbIH KOJIABI aBTOMOPQMU3MIEPIHIH, Ke3 KeJIreH pPeIyKTHBTI
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IPYHIACH] CHI3BIKTHIIAHATHIHBI KOHE OChl aJIreOpaHbIH, Ke3 KeJreH JIOKAJIbIi-HUJIbIOTEHTT]
muddepeHnraIaybl TPUAHTYISPIAHATHIHBI KOPCETiIe .

2. AJITEBPAJIAPJIbIH o -KOIIBEMHECI

Ajirtanbik k Ke3 Kejred epic xkone 9 k epiciHje Typrbi3bLIral ajaredpaJiapibll Ke3 KeJIreH

GiprekTi kemGeiineci GosicbiH. M (1, T9,...,Tn) APKBUIBL OCbl KONOEHHEHIH 1,T,..., Ty
affHbIMAJIbIIADbIHAH TOYeJI epKiH ajreOpachin Genrineiiik. deg apkwuibl 9 (r1, T2, ..., Ty)
epKin aaredbpachlHarbl CTAHIAPTTHI IopeKe (PYHKIUICHIH OesrijieliK, sFHM Ke3 KeJIreH ¢ YITiH
deg(z;) =1.

M kenbeiiHeciH o -konbetine men araiijpl, erep Ke3 KejreH HoJIiK emec h € M (1, o)
JKoHE Ke3 KeJireH HoJK eMec [ € 9 (x) yimiH Keseci mapT OpbIHAICA:

deg(f(h)) = deg(f) - deg(h).

Autrebpanapipiy, o -KenbeiiHeciHiy, ailkKbIiH MbICAIIAPbL:

1. AcconumaTuBTi-KOMMYyTAaTUBTI ajrebpaJiap KenbeitHec,
2. Acconmarusti ajnrebpasnap kenbeiineci [26],
3. Ilyaccon anrebpasapbiabiy, Kenbeiineci [7].

A A. Aimmbaes, A.C. Haypas6ekosa, JI.X. Kosbibaes [6] on cummerpusiibl anrebpasap/ibiH,
aCCOIMaTUBTI eMec ajrebpaJjapiblH, KOMMYyTATABTI aJredpaJjapbll Kenbeiineaepi o -kenbeiine
OOJIATBIHBIH T9JICIIIEI].

Byna 6enimae 6i3 ayasabr JleiOuuir ajaredbpasiapblHblH KelbeiiHeci o -kenbeliHe 60IaThIHBIH
KepceTeMis.

2+y OHCBI3LIKTBI aMaJIbl aHLIKTAIFal k epiciige TyproiEuurad A ChI3LIKTBL KEHICTIr dya.adoi
Jletionuy, anzebpaco. Ien aTajanbl, erep Ke3 Kearel ,y,z € A yimH Kejeci Teme-TeHIiK
OPBIHIAJICA:

(zy)z = z(yz) + z(2y). (1)
Hyanner Jleifibaut anredpacbiHbIH OipJIiK d71eMenTi 00IMaNTBIHBIH TEKCEPY KUBIH eMecC.
Ajitaneik DL (X) X = {x1,22,...,o,} epKiH TybIHJAyNIbLIAD YKUBIHBIMEH OepiireH

cumarraMachl Hejire TeH k epiciHme TYPFLI3BLIFAH €epKiH Jyasinbl JleitOmui asredpacsr
boichiH.  X* apKbUIBI KaKITaJapbl OH KaKKa HOPMAJAHBIN OpHaJacKaH X aJdaBuTiHzeri
GapJIbIK  aCCOIMATHBTI €MeC Ce3Jep JKUBIHBIH, saruu & (T, (... (%, ,2,)...)) Typingeri
co3/iep JKUbIHBIH Genrineiiix, mymmaret x;; € X . 2K.-JI. Jlomeit [14] X* sxwmpmer DL (X)
aareOpPAChIHBIH, ChI3SBIKTHI 0a3MCiH KypalThbIHBIH moJennemi. Jlopexkeci > 2 OoJsiaThlH op U
acconuaTuBTl emec ce3i ujug TypiHge GipMmoHil Kasbuiaibl, MyHIarbl deg(ui),deg(uz) <
deg(u) .
Kes kesiren 0 # f € DL (X) snementi Kesieci Typyie 6IpMOH/I YKa3bL1aIbl:

f=fH+fo+...+fs, 0#fieDL;(X),

myngarsl DL; (X) — deg(u;) = i 6osarblH %; MOHOMJIAPBIHAH TYBIHIANTHIH K -CHI3BIKTHI
KabbIKIIA. f; s7emenTi deg joperke PYHKIUICHIHA KATBICTBI f 3JIEMEHTIHIH, 2C02apvl Oipmexms
6oaiei  nen arananel. Op 0 # f € DL(X) snementi ymin deg(f) = deg(fs) men anarbin
60JIaMBI3.

JIemma 1. Admanwr u,v X* orcusimommion kes keazen aaemenmmepi 6oacoin otcone deg(u) =
s, deg(v) = t 6oacwn. Onda uv # 0, wv namypan xoapduyuenmmepmen Gepineern X*
NEMEHMIMEPTHIH, CLIZBIKMbL KOMOUHAUUACHE 604N Mabbiaadel oicone deg(uv) = s+t .

Honenpmgeyi deg(u)+deg(v) GoitbiHIma HHIYKINS KYPri3y apKbLIbl Josteseiiik. Erep
deg(u) =1 Gouca, onma u = z;, uv = z;v, uwv € X* xoue deg(x;v) =1+1¢. Enai deg(u) > 1
XKoHe u = z;w Jen anajibik. Onma deg(w) = s — 1. (1) rene-rensirinen

wo = (z;w)v = z;(wo + vw)
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dopmyaace! mbiraapl. UHAyKIHS 00/KaMbl OOWBIHIIA WV , YW HATYPaI KO3 PUITHEHTTEPMEH
Oepinren X* sjeMeHTTEPiHIH CHLIZLIKTBI KOMOMHAIMCH O6ona bl Osail 6osca, wv + vw »KoHe
w = z;(wv + vw) nHarypan kodddurmenrrepmen Gepiaren X * 3jleMEHTTEPIHIH CHI3BIKTHI
koMbGuHaIwsichl 6oa bl CoHbIMEH Karap uHyKImst 6osKaMmbl Goiibaima deg(wv) = deg(vw) =
s+t — 1 6omraHIBIKTAH

deg(uv) = deg(wv)+1=s+t—1+1=s+t.

Ocburaiima,  deg  mopexke dynknusicel DL (X)  anrebpachlHblH — Kejieci — Typjeri
I'PaIlyMPOBKACHIH AHBIKTANTHL:

DL(X)=DL1(X)® DLy (X) ...
[16] »xymbIcbIHIaFbL cajgap 2.1-j1eH Typa IIbiFa/ibl

Canmap 1. DL (X) anrebpacbiHblH Ke3 KeJ'eH HOJIJIK emec f KoHE ¢ SJeMeHTTepl YIIiH

fg#0.

JIemma 2. DL (X) anzebpacvoinviy ke3 keazen moadik emec [ owcone g daemenmmepi yuin
deg(fg) = deg(f) + deg(yg) -

Homenpgeyi Aijiransik f,g € DL(X) xone
f:f1+f2+---+fsa fzeDLl<X>7 fs?éoa

g=g1+g2+...+tg,, g € DLj{X), g #0
6omacein. Onma
s t
F9=Y_>" fig;.
i=1 j=1
DL (X) anreGpachbHBIH I'DajynpOBKackl OoiiblHINa 6apiblk i,j yimmn fig; € DLy (X). An
casimap 1 Ooiibiama fsgr # 0. CoHABIKTaH

deg(fg) = deg(fsg:) = deg(fs) + deg(g:) = deg(f) + deg(g).

Jlemma 3. Aumanavr 0 # f € DL (y) owcone 0 # h € DL (x,y) 6oacwn. Onda
deg(f(h)) = deg(f) - deg(h).
Honenpeyi Airamsik f(y) = a1y + agy? + ... + am_1y™ ' + apy™ 6oncem. Onma
deg(f) =m,
f(h) = arh + aoh® + ... + apm 1™ + ah™.
Jlemma 2 Goiibinima OAp/IbIK, ¢ VIIiH
deg(a;h') = i - deg(h).
Congpikran deg(f(h)) = m - deg(h) = deg(f) - deg(h) .

Ceitnem 1. [yaadw Jletibruy arzedbparapvinoiy konbetineci o -xonbetine 604advt.

3. KO.HZLBI ABTOMOPOU3MIEP I'PVIIITACHI 2KOHE JIOKAJIbAI-HUJIBITOTEHTTI
ANOPEPEHIUMAJIJAYJIAP

Aiiranbik, k ke3 kejrer epic OoJicbiH.  Abranbik 9k epiciHie TYPFBI3BLIFAH JyaJjlbl
JleiiGuut, anrebpasiapbiabie, Kenbeiineci Gosicbin xone A = M (x,y) ocel KenbeiiHeHiH
T,y €Ki allHbIMaJBbICBIHAH ToyeJli epKiH ajrebpacbl OojickiH.  COHBIMEH KaTap alTajiblK,
Aut(A) A anrebpacbibiH aBromMopdusMep rpymnacel 6osiceiH. ¢ = (f1, fo) aprpuibl A
anrebpacoiabie, @(x) = f1, @(y) = fo Gomarsia aBroMopdusmaepin Gearineiiik. Keseci Typaeri
aBTOMODP(MU3MIED

o(l,a,f) = (az + f(y),y),
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0(2,a,9) = (z,ay + g(z)),

myHgarel 0 # a € k,f(y) € M(y),g(x) € M(z), aasemenmap asmomoppusmdep nen
aranaapl. Aut(A) rpynnacelHbIH 6apJIbIK sj1eMeHTap aproMopdusMmiepiner Tybagaaran 1'(A)
imKi rpynmacel %0406t agmomoppuamdepdiy, iwki epynnacvl JeT aTanaabl.  Koasl emec
aBToMOppuU3MIED 2Hcabativ. a6MOMOPPUIMOIED TEIl ATATAIDI.

Erep

0 = (f1, f2),» = (91, 92)

6ouica, ouga Aut(A) rpynnaceinia kebeidTinl Keseci (hopMyIaMeH aHbIKTAIA b

00 = (g1(f1, f2), g2(f1, f2)).

Ajiranbixk Afo(A) A anrebpacoinbiy adbdungal aBToMOpdU3MAEp TPYNIACH, SIFHU KeJec
TYypJieri aBTOMOPMU3MIED TPYIIIACH OOJICHIH:

(a1 + b1y + c1,a2x + bay + c2),

MYHIAFBl @, b, ¢; € kyartby  #  agby, anm Try(A) A  anrebpachbiHbIH YIIOYDBIIITH
aBTOMOP(MU3MJIED TPYIIACHI, SIPHA KeJIec TypJeri aBroMopdusMaep Ipynnachl GOICHIH:

(az + f(y),by + ),

myHgarsl 0 # a,b € k,c € k, f(y) € M (y) , xone ne C = Afa(A) N Try(A) 6oachin.

Aitranbik G ke3 kesren rpymnma, an G, G1,Ga G TpyNIachbiHbIH K TPyIIaIapbl G0JICHIH,
coubiMeH KaTtap Gg = G1 NGy 6osceiH. G rpymnmacer G immki rpynmnaceiMed 6ipikTipiarer G
skoHe (o IMIKI IpyNIATIapBIHBIH eprin kebetmindict nemn aranansl xkoHe G = (G xg, G2 gen
GeJsirijiene/ii, erep

(a) G rpynmacel G xoHe (G iMIKi MpyHIAJapbIMEH TYbIHJIAJICA;
(b) G rpynmachlHBIH AHBIKTAyIIbl KATbIHACTApPHl TeK Kana (1 kome (g Imki
IpyIIaJapbIiHbIH, AHBIKTAYIIbl KAThIHACTAPBIHAH TYPCA.

[6] »xymblcTa anrebpanap/piH, o -KenbeitHes epiHiH €Ki alHbIMAJbIIAH TOyes i epKiH
ajreOpajapblHblH,  KOJIbI  aBTOMOpdU3MIAEp TIPyIIachkl  MeH  JIOKAJIb/Ii-HUJIBIIOTEHTTI
nuddepennrarayaapbiHa KATHICTEI DipKaTap HOTHZKEIED AJIbIHFAH.

Teopema 1. [6] Admanrvi M anzebparapdvi ke3 Keazen o -kenbetineci boacwin dcone A =
M (z,y) k opicinde mypevidvisearn T,y €Ki aUHBLMAALICOHAH MAYEADi 0CL KONOEUHeNT, eprin
anzebpacv, boacvin. A anszebpacoinviry K0a0v asmomoppusmoep epynnaco, C = Afo(A)NTry(A)
iwki epynnacowmen Gipikmipineen Afa(A) addundi asmomopdusmdepding twki epynnaco, men
Tra(A)  ywbypviwmo, a8momopPhusmoepdir, wKi epynnacuiiot, eprin kobetmindici 60aadvi,
A2HU

T(A) = Afa(A) x¢ Tra(A).

V # 0 G-vomym xeamipiametimin HeMmece ofcatll JI€Nl aTajajibl, erep OHIA MEHIKTI
HeJaik eMec (G -imki Momayabaepi bosimaca. Vo G -mouyii atimapavikmati Keamipiaemin HeMece
sicapmoinati orcati nen atananwl, erep V = W @ W’ 6Gonaremmgait V. G -moxyninin op W G -
imki Moyl ymia tonsikTeipaTein Vo G -mogyminin, W G -imki Moy 6ap Gonca.  Aut(A)
rpynnaceiHbiy, G ajrebpasibiK, Kl rpynmachkl (ChI3BIKTBL) pedykmuemi JIEI aTajiajibl, erep op
aKpIpJIbl G -MOJLyJIi aiiTapJIbIKTall KeaTipijieTin 6oJica.

f € Aut(A) aBromopdusmi coi3vKmobLAGHABE eIl aTAIAJIbI, erep

v fp € Afa(4)
Gonarein ¢ € Aut(A) aBromopdusmi 6ap Golica.

Canmap 2. [6] o-kembeiiHeciniy cumarTamMachl HeJTe TEH OpICTe TYPFBI3bLIFAH €Ki
AfHBIMAJIBIIAH TYBIHIAWTEIH A epKiH aJrebpachbiHbIH KOJIbI aBTOMOP(MU3MIEPIHIH Ke3 KeJNeH
PEAYKTUBTL I'PYHIACH] CHI3BIKTBLIAHA/IbI.
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A = M(x,y) anrebpacuiHbie d auddepeHnuaIIaysl  A0KAALII-HUABNOMENMMT  JIETL
artasajpl, erep op f € A yuiin d"(f) =0 Gonareia n € N canbl 6ap 6osica. Erep d siokasbii-
HuIbIoTeHTT muddepennnamay 6o/ica, OHIa Kejieci beitHeaey

expd: A— A

aBTOMOP(MU3M OOJIAJIBI XKOHE IKCNOHEHUUAAIVL GETMOMOPPHUIM JTET ATATAIHI.
A ayrebpachIHBIH KeJteci Typieri d jaudpepeHnuaniaybl yudypoimo:  Tell aTaabl:

d = a1(y)0x + a20,,

myHgarel a1(y) € IM(y) xome ay € k. A anrebpacbibi, d auddepennuaiaybi
MPUAHRYAAPAGHAMBIN JIET ATAIABI, erep ¢ Ldyp ymOypBIITL GoMaThiHmali A anre6pachIHbI
 aBromopdusmi bap Gosica.

Teopema 2. [6] o-xenbetinecinity, cunammamacv, Hoaze MeY, OpPiCMe My pPevi3viieat €Ki
atinvimanvidar myvrdatimom A epkin anzebpacvinory, exp D € T(A) 6Gosamoin kes xeazen D
A0KANDII-HUABNOMERMME Judhepenyuandaysvr MPUAH2YAAPAGHATIOLH 60AG0DL.

Coitmem 1 OGoftbiama ayaugsl  JIeiibawm —anredOpaJiapblHbIH — KerOeiineci o -kermnbeiine
GosaThIHABIKTaH [6] »KYMBICTBIH >KOFapbla KeJTIPLIreH HOTUKeJepiHeH Kejieci casiapap
IIBIFa/IbI.

Canmap 3. Atitanbik A = DL (z,y) k epiciHje TYprbI3buIFan o,y ekl aiiHbIMaJbICHIHAH
ToyeJIi  epKiH ayasael  Jleiibuwmiy asredbpacbl  OOJICHIH. A anrebpachIHbIH,  KOJIJIbI
asromopdusmuep rpymmacel C' = Afa(A) NTre(A) imki rpynmacsiven Gipikripiaren Afa(A)
addunai aBromopdusMepiy, ki rpymmnacsl MeH T7ro(A) yOyphIiTsl aBTOMOPMOU3MIED/IIH,
iIMKi rpynITachlHbIH epKin KeOedTiHgici 6018 1bl, ArHn

T(A) = Afa(A) x¢ Tra(A).

Canpgap 4. Cunarramacsl Hesre TeH opicte Typrbbuirad A = DL (x,y) exi aitHbIMaJbIIaH
TYBIHAANTBIH ePKiH IyaJiabl JIeiOHuI aJredpachiHbIH, KO aBTOMOP(MU3MIEPIHIH Ke3 KereH
PEAYKTUBTI IPYIITACH] CHI3BIKTHIIAHAIbI.

Cangmap 5. Cunarramachl Hesre TeH, epicre Typrbisburad A = DL (x,y) eki ailHbIMaJIblIaH
TYBIHJIAATBIH epKin ryasbl Jleiibuun anrebpaceinbiy, exp D € T(A) Gonarbia ke3 Kejaren DD
JIOKAJIB I-HUIBIOTEHTT] b depeHimaliiaybl TPUAHTYISPIAHATHIH 001815
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B.A. Hyiicenranuena, A.C. Haypa3bekoBa

Espasutickutl HayuonaibHul yHusepcumem umeny JI.H. Dymunesa, ya. Kaorcomyrarna, 13, Acmana, 010008,
Kasaxcman

Pyunbie aBToMopdu3Mbl cBOOOAHOI AyasibHOI anreops! JleiibHuiia paHra gBa

AunHoTaumusi: B crarbe jaercd omnpezesieHHE O -MHOrooOpasusi aJjrebp W JI0Ka3bIBaeTCs, YTO MHOroobpasue
IyaJbHBIX anrebp JleiiGHuna siBasercss o -MHOroobpasmeMm. B pabore |[Ammmbaes A.A., Haypastexosa A.C., Koseibaes
J1.X. Jluneapusanus aBToMOpdU3MOB M TpHaHTYIAnusA guddepeHnupoBanuii cBobonHbIx anrebp panra 2//Cubupckue
3JIEKTpOHHBIE MaTeMarmdeckme mspectusa. 2019. T. 16. C. 1133-1146.] mnousy4eHBI pe3yJbTATHI, KaCAIOIUECS
JIMHEAPHU3AINU aBTOMOPGMU3IMOB U TPHUAHTYIAIUU JuddepeHInpoBanmii CBOOOIHBIX aaredbp paHra JBa O -MHOT00Opa3usi.
Kaxk ciencrBre pe3ynbraToB 9T0i paboTHI MBI TOKA3aJIH CJIELYIONIee: IPYIIIa PYYHBIX aBTOMOP(MU3MOB CBOOOIHOM TyaIbHOI
asre6bpsrl JleibHuIa OT ABYX IIEPEMEHHBIX JOIYCKAaEeT CTPYKTYPY aMaJbIaMHPOBAHHOI'O CBOOOHOIO IIPOU3BEJEHUs, JTI00ast
PELYKTHBHAs TPYIIa PYYHBIX aBTOMOPMU3IMOB CBOOOZHON IyasbHO aarebpel JIeWOHMIA OT OBYX IEPEMEHHBIX HaJL
[I0JIEM HYJIEBOM XapaKTEPUCTHKHU JIMHeapu3yeMa M JII000e JIOKaJbHO-HUJILIIOTEeHTHOE AuddepeHImpoBanue 3TOi aaredpbl
TPHUAHTYJIUPYEMO.

KoroueBbie ciioBa: pyanbHas airebpa JleiOuuia, aBromopdusM, amaabraMUpPOBAHHOE CBODOIHOE INPOU3BEIEHUE,
JIMHEAPU3AIHs], TPUAHT YIS,

B.A. Duisengaliyeva, A.S. Naurazbekova
L.N. Gumilyov Eurasian National University, 18 Kazhimukan str., Astana, 010008, Kazakhstan

Tame Automorphisms of a Free Dual Leibniz Algebra of Rank Two

Abstract: The article gives a definition of o -variety of algebras and proves that the variety of dual Leibniz algebras
is a o-variety. In [Alimbaev A.A., Naurazbekova A.S., Umirbaev U. Linearization of automorphisms and triangulation
of derivations of a free algebras of rank 2, Siberian Electronic Mathematical Reports. 2019. Vol. 16. P. 1133-1146.],
the results concerning the linearization of automorphisms and the triangulation of derivations of free algebras of rank two
o -varieties are obtained. As a consequence of the results of this work, we have shown the following: the group of tame
automorphisms of a free dual Leibniz algebra in two variables admits the structure of an amalgamated free product, any
reductive group of tame automorphisms of a free dual Leibniz algebra in two variables over a field of characteristic zero is
linearizable, and any locally nilpotent derivation of this algebra is triangulable.

Keywords: dual Leibniz algebra, automorphism, amalgamated free product, linearization, triangulation.
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METO/, IIITPA®HBIX ®YHKIINI B OHON 3AJTAYE OIITUMAJIBHOT'O
YIIPABJIEHU A ITPOITIECCOM B XIMNYECKOM PEAKTOPE

Amnnoramusi: B pabore paccMmarpuBaeTcs 3ajiada ONTUMAJIBHOTO YIIPABJICHUS ITPOIECCOM B
HeaMabaTUIeCKOM TPyOUIaTOM PEaKTOpe UCIOIB3YEMOM B XMMUYECKOH TexHosioruu. B peakTop
[IO/IAETCS Ta3, KOTOPBIN HOJBEPraeTCs IKZ0TEPMUUIECKON peaKIMu [EePBOro Mopsiaka. PeakTop
MMeeT BHEITHIOK 0D0JIOUKY - KOXKYX. Uepe3 KOKYX TedeT OXJIAXKJIAIIAas PEaKTOpP KHUIKOCTD.
B cBoto ouepesip peakTop U3MEHSIET TeMIEPATYPy B KOXKYXe.

B kauecTBe yHKIUN yIIpaB/IeHUs] IPUHIMAETCS CKOPOCTDb HOJAYN OXJIAXK/IAIOMIEN KUIKOCTU
B kKokyX. [lojaBaemasi B KOXKyX KUJIKOCTb UMEET MOCTOSHHYIO Temiieparypy. [losromy dyHuKITms
yIPABJIEHUS 3aBUCUT JIUIIH OT BPEMEHH.

Besmmaunbr Temueparypa peakTopa, KOHIEHTPAIUU PEArupyromieil CMecu MEHSIOTCS 110
IIPOTS?KEHHOCTU PEaKTOpa U BpeMeHm peakimu. Maremarumdeckass MOIe/b PeakKToOpa COCTOUT
n3 juddepeHmaibHbIX YPABHEHUN B YACTHBIX MTPOU3BOJIHBIX U COOTBETCTBYIONINX KPAEBBIX,
HadaJ bHbIX ycsoBuit. IIpm 3ToM Ha TeMilepaTypy B peakTOpe M Ha YHPABISIONYIO (DYHKIIUIO
HAKJTQIBIBAIOTCST COOTBETCTBYIOMNE orpanndenus. OTpaHUYeHrne Ha TEMIEPATyPy B PEaKTOpe
YUUTBIBACTCS TPH IOMOIIM BBEJCHWUs B II€J€BOM (DYHKIHOHAIE (B KAdYeCTBE CJIAraeMoii)
mrpadHOil (DYyHKIINM HMEOIIero TUll JuHeilHnoit cpesku. Takoit Tun ¢yukiuun mrpada B
MaTEeMATHIeCKOM IIPOrPAMMHUPOBAHUN OOBITHO IIPUBOIUT K TOYHOMY BBIIIOJTHEHUIO OTPAHUIEHUN.
OrpaHuveHns Ha YIPABJISIONIYIO (PYHKIINIO 3aJaHbl B (POpMe HEPABEHCTB.

B xkagectBe 1eseBoro yHKIMOHAJA IIPUHUMAETCA CyMMapHoe 3a (HUKCHPOBAHHBIN
IIPOMEXKYTOK BPEMEHU KOJTMIECTBO He IIPOPEarupoBaBIIIero BEIecTBa Ha BLIXO/e peakTopa. Kak
OTMEYEHO BhIIIe, B 1e/IeBoil pyHKIMonaa nobasisercs dpyukius mrpada. [emabio ynpasierus
SIBJISICTCST MUHUMU3AINS 3TOTO (DYHKIIMOHAIA.

B pabore moka3biBaeTCs TeOpeMa, CyIIeCTBOBaAHNE OIITUMAJILHOTO YIIPABJICHNS B TAKOW 3ajade.
B xone mokazaTebcTBa UCIOJIB3YeTCs OrPAHUYIEHHOCTD PEIeHn cucTeMbl nud depeHnnaabHbIX
YPABHEHUIl B YaCTHBIX TPOU3BOIHBIX B T€JIbIEPOBCKAX HOPMaX. DTO MO3BOJISIET BOCIIOJIB30BATHCS
kpurepreM Aprieyis 0 KOMIIAKTHOCTA MHOXKECTBA HEIPEPBIBHBIX (DYHKIIHIA. B xone
JIOKA3aTeIbCTBA TAaKXKe UCIOIb3YeTcsi cyiabast KOMIIAKTHOCTb MHOXKECTBa (DYHKITUI yIIpaB/IeHUs
B upocrparctBe Lo(0,7). Ilpum HeorpanumdyeHHOM yBejgudeHun mrTpadHOro KoddduineHTa
JIOKA3aHa CXOJIUMOCTh K HYJII0 (PYHKIUU MITpada, T.e. I[OKa3aHa BBIIOJHUMOCTH, B IpEJIEe,
¢az0BOro orpaHUYEHUS HA TEMIEPATYPY B PpPeaKTOpe. Ilosyuensr Tak>Ke HEKOTOPLIE,
HEOOXO/IUMBIE B JAJIbHEHINEM, CBOMCTBA CJIATaeMbIX IeJIeBOr0 (DYHKIIMOHAJIA.

KiroyeBble cJioBa: MareMaTHdecKas MOJIENb, XUMHUYECKUI pPeakTop, OINTUMAJILHOE
yIpaB/ieHUe, MMPUHIUI MakcuMmyma lloHTpsirnHa, CyIecTBOBAHUE ONTHMAJIHLHOTO yIPABJICHUSI,

mrrpadHas QyHKIHS.
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Merozn mrpadHbIX pyHKIIUIH B OAHOMH 3aJavYe ONTUMAJIBHOIO yIIPaBJIEHUsS IIPOL[ECCOM B XHUMHUYECKOM peaKTope

1. BBEJIEHUE

B MaremaTuueckoil Teopum ONTHMAJbHBIX IporeccoB [1] wacro Berpedatorcst 3aja4u
comepxKamue (ha3oBoe OrpaHUIEHHE. Pemenne rmakwmx 3agad, Jaxke B Cllydae CHCTEM
C COCPEJOTOYEHHBIMHU IapaMeTpaMi, COIPSKEHO C OIPEJIEeJIEHHBIMUA TPYIHOCTSIMH KaK B
TEOPETUIECKOM WCCJIEJOBAHUN CBONCTB ONTHUMAJIBHBIX IPOIECCOB, TakK W B pa3paboTke
IPAKTUIECKUX aJITOPUTMOB YHCJIEHHOI'O pellleHns. B ciiydae Ke CUCTEMBI C pacipeleleHHbIMI
rmapaMeTpaMi, IIPOIECC PENeHns TaKuX 33189 CTAHOBUTCS JIOCTATOYHO TPYIHON MPOobJIEMOii.

[Ipu paszpaboTke aJTOPUTMOB UHMCJIEHHOTO pEIleHus 3aJadd OINTUMAJIBHOTO YIIPABJIEHUS
AKTUBHO HUCIIOJIb3YETCST HEOOXOMMOE yCJIOBUE ONTUMAIBHOCTU B (pOpMe HMPUHITUIA MAKCHMYMa
[Monurpsiruna [1]. Eciu st cucreM ¢ cocpe/IOTOYEHHBIMA APAMETPAME UMEETCst ODIIast TeOPHst
IPUHIHUIA MakcuMyMa [1], To jist cucreM ¢ pacipesie/IeHHBIMU [apaMeTPaMH, B CHILY CJIOXKHOCTI
npobsieMbl, O Takoil o0Iell Teopuu rOBOPUTH He npuxojurcsa. B pabore [2| mpemiaraercs
o0Imasi cxeMa BBIBOJIa HEOOXO/MMOIr0 YCJIOBUS OIMTUMAIBHOCTH, HO 9TO He 00JIerdaeT mpodIieMbl
[TOMCKA ONTUMAJIBHOTO YIIPABJIEHUsI, [IOCKOJIbKY B 9TOM CJIydae BOSHUKAET HEOOXOIUMOCTD yUueTa
Mep MHOXKECTB Ha KOTOPBIX (DA30BbIe TIEPEMEHHBIE BBIXOIAT HA TPAHUILY JOMYCTUMbIX obacTei
CBOEro M3MEHEHMUS.

Jst yaera pasoBoro orpaHUYeHusT 9aCTO UCTIOIB3YETCS TaK Ha3bIBAEMbBINH METOT "IITpadHbIX
dyuknuit". Metoa mrpadHbIX (DYHKIUN MTUPOKO KUCIOIB3YETCsI B TEOPUU MaTEMATUIECKOTO
nporpaMmMupoBanus. OmnucaHne MeToja, pelieHne psijia IKCTPEMATbHBIX 33J1a9 MTOCPEICTBOM
9TOro MeToJla MpuBe/IeHbl B paborax [3-5]. B [6-8] meron mrpados ucnoab3yercs: mpu pereHnn
3aJ1a4 ONTUMAJILHOTO YIIPABJIEHUSI CUCTEMAMM C PACIpENe/eHHbIMUA MapamMeTpaMu. B pabote
[8] mrpaduas dyHKIus, M0 TepMUHOJOEU PAOOTHI 5], UMesna TUI GYHKIUN KBaJIPATHIHON
Cpe3KH, IPU HAPYIIEHUN OTPAHUYICHUST HA TEMIIEPATYPY PEeakTopa.

B macrosimmieit pabore paccMaTpHBAETCS 3a71avua  ONTHMAILHOTO YIPABICHHUS MTPOIECCOM
B HeaaInabaTHIeCKOM TpyOUaTOM peakKTope, B KOTOPOM pOJib (ha30BOTO OTPAHUYIEHUS
UCTIOJTHSIET BEPXHsIST TPAHUIA JIOMYCTUMOTO WM3MEHEHWs TEMIEPATYpPhl B peakTope.  Yder
TAKOTO OTPAHWYEHUs] OCYIIECTBISIETCS TOCPEJICTBOM METO/a MITPaMHBIX (DYHKIHH, TPUIeM B
KadecTBe IMTpadHON (PYHKIUN HCIOJb3yeTcd JuHelHas (QyHKIUS THUIA CPe3Ku. Takoil T
dyukun mrpada 9acTo MIPUBOJAUT K TOTHOMY BBLITOJIHEHNIO (ha30BOTO orpannvenus. B pabore
YCTaHABJIUBAETCS CyIIeCTBOBAHNUE ONTHUMAJIBHOIO VIPABJIEHUSI B TaKoi 3ajade co mrpadoMm u
JIOKA3BbIBAETCST CXOJIUMOCTb MeTOja ITpadOoB MPH HEOIPAHWYEHHOM YBeJMYeHUH MTpadHOTO
K03 durmenTa.

2. MATEMATUYECKAS MOJEJIb HEAJJUABATUYECKOI'O TPYBYATOI'O PEAKTOPA
PaccmarpuBaercs neaguabarudeckuii Tpy6uaTeiii peakrop [9):

u(t)

&
KOXK VX va(t)
— PEAKTOP vi(x, t), va(x, t) —
KO VX va(t)

. I

B peakTop mnomaercda ra3, KOTOPBII IOJIBEPraeTcsl SK30TEPMUYECKONW peaKInd IIePBOTO
nopsijika. PeakTop mMeeT BHENTHIOK 000JI09KY (KOKyxX). Uepe3 KOXKYX TedeT IKUIKOCTb.
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ZKunkocTh B KOXKyXe OXJIaXKIaeT peakTop. B cBoo odepens peakTop M3MEHSIET TEeMIIEPATYPY
KHNJIKOCTU B KO)KyXe.

[To mpOTSI?KEHHOCTH KOXKyXa OKPYKAIOIIEro pPeakTop, OXJIasKIaroIiasi YKUJIKOCTb XOPOIIO
pasMemuBaeTCda Hu HOSTOMy cauTaeTcHd, YTO II0 IIPOTAKEHHOCTHU KO}KyXa TeMHepaTypa
OXJIAKTAIoNeil  KUIKOCTH OyJeT OJWMHAKOBOH BO BCeX BHYTPEHHUX TOYKAX KOXKYXA.
CrenoBare/ibHO, TeMIlepaTypa OXJIaXKIafolleil »KUJIKOCTA MEHSIeTCsl JIUIb BO BPEMEHH, T.€.
V3 = V3 (t) .

Oxutazkgaromast  KUJKOCTh  MOXKET II0JaBaTbCd B KOXKYX C Pas3jd4YHON  CTEleHbIO
WHTEHCUBHOCTH, T.e. C Pa3JIMYHON CKOpocThio. (OTpaboTaBiasi >KUJIKOCTh OTBOJUTCS U3
KOXKyXa. IDTO BJeUYeT 3a cODON M3MEHEHUEe TEMIIEPATYPhI B KOXKYX€e, YTO B CBOKO 0Y€pE/Ib BJIASIET
Ha TeMIeparypy B peakTope.

NzBecTHO, 9TO yBejMUeHHWE TeMIepaTypbl B peakTope Bjeder 3a coboit 6ojiee aKTHUBHOE
TedyeHHe peakiuu (T.e. YCKOPSIeTCsl IIPOIECC M3MEHEHUs KOHIeHTpanuu). llosromy, ymeHue
VIPaBJISATh TEMIEPATYpPOil B peakTope sBJISIeTCsl BaXXHBIM MOMEHTOM B YIPABJIEHHH XOIOM
paboTbl peakTopa. Pojib TAKOro ympaBJsIoONIero mapaMerpa 3jech uchojHser gynkmms u(t)
SIBJISIIOIIASICST CKOPOCTBIO TOJIAYN OXJIaXKIAIOIMIEH KUAKOCTH B KOXKYX.

IIpu cocraBjieHME MaTeMaTHIECKON MOJEJIM PeakTopa IPEeIIIoJarajoch BbBITOJHEHNE
CJIEJIYIOIINX YCJIOBHIA:

1. Kounenrpamusi vy (x,t), Temuneparypa peakropa ve(x,t), Temieparypa OXJIazKIaromeit
JKHJIKOCTHU B KOXKyxe v3(t) , CKopocTb u(t) 1mojadn B KOXKYX OXJIAXKIAIOMIEH KIJIKOCTHU sIBJISTIOTCSI
IIepeMEHHBIMIA, & BCE OCTAJIbHBIE IapaMeTpbl MOIEIH a,b,c,... HABJISIOTCA IOCTOSIHHBIMEI
qHUCIAMH.

2. O6beM oxXJTazKIAIoNIel KUJIKOCTH BO BHEITHEM KOXKYyXe SIBJIAETCS IMOCTOSTHHON BEJIMINHOM.

3. TemmepaTypHble TOTEPH Yepe3 CTEHKN PEaKTOPa sIBASIOTCS HIITOXKHBIMI, YTO UMH MOYKHO
IpeHedbpeb.

[Ipu BbIOJHEHHN STUX TPeX YCIOBUI, HA OCHOBE ydera OaJlaHca MacC W TeMIepPaTyphl,
B pabore [9] Gbuia mpejyioXKeHA MarTeMaTHdecKas MOJedb HeaInadaTudeckoro Tpy6uaroro
peaxkTopa.

[Iyere Q@ = {2z :0 <2z <1}, Qr = Q@ x (0,T), T— dukcuposanuoe 4ucyio. B obiactu
QT MaremaTnueckasi MOJIEJIb HEAINAOATHIECKOTO TPYOIATOI0 PEeaKTOpa 3alliChIBAETCS B BUJIE
caeytomeii cucreMmbl guddepeHnuaabHbIX yPaBHEHM:

V1T 2’0 x V1T
Z 1E§t 72) = GSQ 811‘(2 7:) - j 19(33 ’:) - C,Ulf(UQ):
2t = bRt — 2 ok f(v2) 4 g(v(1) — vala ). O

1
- P ool ) = wa(0)) + wlt) (B = vs(0)

C T'paHUYIHBIMI

aw —v1(0,t) = -1, W — (2)
b2 — vy(0,8) = —1, 2228 — 0

N HaYaJIbHBIMMX yCHOBI/IﬂMH
v1(z,0) = vig(z), va(x,0) = vag (), v3(0) = w3, (3)

e f(vy) =exp(l'—T/va(x,t)); a, b, ¢, T, k, g, p, E, v30— KOHCTAHTBI, OJOKUTEIbHBIE
napaMeTpel cucreMbl;  u(t) — ynpasisomas dyukinus (yupasaenune); vy (xz,t), ve(x,t), vs(t)
— YHKIUM KOHICHTPAIMH PEArnpYyIOIMIel CMeCH, TEMIIEPATYPhl PEaKTOpa M TeMIepaTypbl
OXJIaIATEJIst COOTBETCTBEHHO.

3. IIOCTAHOBKA 3AIAYU

B pabore OyayT uCHoab30BaHbl 0003HAYEHHs (DYHKIIMOHAIBHBIX POCTPAHCTB, HPUHATHIE B
paborax [10],[11]. IIpuBesem eme HeKOTOPBIE 0O03HAUCHUS:

C1[0,7] — 6aHaxoOBO MPOCTPAHCTBO HENpPEpbIBHBIX byHkImi v(t), 3amanubix Ha [0,7] u
YJOBJIETBOPSIIONIUX yCJI0BHIO JIummmia, ¢ HopMoit
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Merozn mrpadHbIX pyHKIIUIH B OAHOMH 3aJavYe ONTUMAJIBHOIO yIIPaBJIEHUsS IIPOL[ECCOM B XHUMHUYECKOM peaKTope

(@) =v(t")] .
[t —2"]

v )

[vlloy = sup |u(t)[+  sup
0<t<T t/ €0, T,/ £t
MHOKECTBO JIOIYCTHMBIX YIIPABJICHII
Ug = {u(t) : 0 <wu(t) <wup = const, u(t) — usmepumast bynkius, 0 <t < T'}.
I[Ipu cooTBETCTBYIONIEH TTIAIKOCTH HAYATbLHBIX JIAHHBIX ¥ BBIIOJHEHIH YCIOBUS COIVIACOBAHMST
HavYaJbHBIX U1 I'PaHUYIHBIX JAHHBIX

0. d’Ulo(O) d’Ulo(l) ) d’UQo(O) d’Ugo(l)
dx dx dx dx

B paborax [12,13] GbuIa JJ0Ka3aHa TeOpeMa CyIIeCTBOBAHMS U €JINHCTBEHHOCTH DEIeHs

U1($7t)7v2(x7t> S H2+a,1+%(@)7”3(t) € Cl[oaT]a 0<a<l

—v10(0) = —1, =0,0 —v90(0) = —1, =0

cucrems! (1)-(3) npu npoussosbroit dyukmun u(t) € Up .
Pemenus cucremer (1)-(3), mpu u(t) € Us , y10B1€TBOPSIOT CIeayIonM yenosuam [12]: ecym
0 <wpz) <1, 0<wvyp(x) <bs, vy >0 mia moboit Toukn = € {2, To

0 <wi(z,t) < 1,0 <wg(w,t) < b, o1 <ws(t) < by, (4)

st oot Toukn (x,t) € Qr, tae 6,01,b1,b2, b3 -HEKOTOPbIE TOJIOKUTEIBHBIE OCTOSTHHbIE
YHCIa, 3aBUCAIINE JIUIIb OT HAapaMETPOB CHCTEMBI M HAYAJbHBIX yCJIOBHUH 3a1a4W.
PaccmoTrpnM 3a0a9y MUHIMHU3AIUA QyHKIMOHAA

T

() = / o (1, 8)dt, (5)
0

T.e. CyMMapHOro 3a BpeMs 1 KOJIMYECTBA HENPOpPEArnpOBABIIErO BEINECTBA HA BBIXOE
peakTopa, npu ycaosusx (1)-(3) u ciemyromux orpaHnydeHusx Ha yiupasienne u(t) u QyHKIHO
va(x,t) :

u(t) € Uy, (6)
va(z,t) < vy = const. (7)

Takum 06pasoM MMeeM CJIELYIONLYIO 33/1a9y ONTUMAILHOIO YIIPABIEHUS.

3amaya 1. 3aga4da c pa30BbIM OrpaHUYEHUEM.

Cpein Bcex M3MEPUMBbIX YIIPABJIEHUI YI0BJIETBOPSIONINX yeaoBuio (6), Haiitu Takoe u(t) , mpu
KOTOPOM [IJIsl COOTBETCTBYIOIIEro perenust vy (z,t), va(x,t),v3(t) cucremsr (1)-(3), Boimosnsiercs
yesosue (7) u dyuxmmonas (5) gocTuraeT MIHIMAILHOTO 3HATEHNISL.

B pabore [12] mokazaHo cylecTBoBaHEe ONTUMAJIBHOIO YIIPaBJIEHUs B 3a1a4e 1.

st ynobersa yaera dazosoro orpanndenus (7) dyHkimonad (5) 3amMeHseTcst GyHKIMOHATIOM

T

T 1
Jai(u) = [ vi(L,t)dt+ A Dy (vo(x,t))dxdt, (8)
[rooeen]]

0

rme A - nosoxkurenbHasi TOCTOsiHHAsi BeqmunHa (mrpadHoil  Kodbdunmenrt), @q(ve) -
mrpadHas QyHKIINAA,

_ 0, ecmm va(z,t) <wvj
1(v2) = { va(x,t) — vy, ecam va(z,t) > v3.

Tenepb paccmarpuBaeMast 3ajada OINTHMAJBHOIO yIPABICHUsT XUMUYECKIM DEAKTOPOM MOYKET
OBITH C(OOPMYJIMPOBAHA, CJIELYIONIUM 0Opa30M.

3amaya 2. 3azmada co mrrpadom.

Cpe/ir Bcex M3MEPUMBIX YIPABJICHUI Y/I0BIeTBOPIOMuUX ycaosuio (6), Haiitun takoe u(t) , mpu
KOTOPOM JJIsl COOTBETCTBYIOIIEro perennst vi(z,t), va(x,t),vs3(t) cucremsr (1)-(3) dynknmonasn
(8) mocTHraeT MUHUMAJILHOTO 3HAYCHUS.
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4. CYIMIECTBOBAHUE OIITUMAJILHOT'O VIIPABJIEHUS B 3AJAYE CO IITPA®OM

PaccMoTrpuM Teopemy CyIecTBOBaHMs ONTHMAJIBHOIO YIIPABJIEHUs B 3a/a4e 2.

Teopema 1. CyiecrByer onruMajbHOe YIIPaBJIEHUE SIBJISIOIIEECs PEIIeHUeM 3a/adu 2, T.e.
cymectryet usmepumast bynxmus u’(t) € Uy mis KoTopoit cooTseTcTBytomee pemenne vy (z,t)
vd(x,t), v§(t) cucremsr (1)-(3) nocrasnsger munumym dyuximonary Ja1(u),

Ja1(u®) = 51615(19 Jai1(u).

Hokazaresnnscrso. [Ipu kaxiaom u(t) € Uy B cuny [13], cucrema (1)-(3) umeer eauHCTBEHHOE
peleHue

U1 ($, t)a V2 (xv t) € H2+a71+% (@)7 'U3(t) €y [07 T],
0T < e (9)

Baech u masee yepes ci, co OyJeM 0603HAYATH PA3IMIHBIE OCTOSHHBIE BEJIMIHHBI, 3aBUCAIINE
JIMITH OT MApPaMeTPOB CUCTEMbBI, HAYAJIBHBIX YCJIOBUI, M TOYHBIE 3HAYEHUS KOTOPBIX JJIS HAC HE
CYIECTBEHHDI.

PaccmoTpuM Tenepb MHOXKECTBO BCEX pelieHuii vy, ve,vs cucreMbl (1)-(3) mpu pasinmaabx
u(t) € Uy . Ilockombky Bee perrennst cucreMsl (1)-(3) paBromepHo orpanntdens! npu u(t) € Uy,
TO CyIECTBYET

lvill§7, < e1,i=1,2, |lvs|

inf Ja1(u) =my, my = const > 0.
ucUy

[Iycrs {u"(t)} C Uy murnmmsupyiomas mnociaenobaresbHocts (mpu 0 < ¢ < T'), tak 9ro
Ja1(u™) = my (npm n — 0o ), MoHOTOHHO yObIBast. IIpu srom, His kazkgoro u'(t) nmeem

O (1), Vi (x, t) € H?Y1 T2 (Qr), vi(t) € C1[0,T]

SIBJISTFOIIUXCsE perenusivu cucrembl (1)-(3), u HUZ"H%T& <e,(i=1,2) vaLH[QO’T] < cg,
2

t 1
oB(t) = vso + /0 Io( /0 o8z, 5)d — 03 (5)) + un(s) (E — v(s))]ds. (10)

IMocnenosarensuocts {vy(t)} pasHOCTemeHHO HempepbiBHA. [eiicrBurensho, ecan ty,ty €
[O,T], ’tl - t2| < d, TO
t1
g (t1) —vg(t2)| S co| [ ds| < c2d =
t2
st Beex n € N. CileoBarennbio, mocieoBarenbuocts vy (t) xommakraa B C[0, 77 .
[Tepsoe u3 HepaseHcTs (9) 3amnuiiemM B BUJE

max [0]'| + max | Do} | + max | D3of| 4+ max | Dy} |

T Qr Qr T
Dyw!(x,t) — Dol (2t D2v?(x,t) — DivlM(a, ¢
+ sup ‘ tvz (.CU, ) /sz (.%' ) )‘ + sup ‘ xUz (.CU, ) /sz (l’ ) )’
(z,t),(z' ) €QT | — 2’| (z,t),(z' ) €QT |z — 2|
Dyl (z,t) — Dol (x, t/ Dy (x,t) — Dyv?(x, t/
_|_ SU.p - ‘ tUz (.CE ) / gtvz (.%' )‘ + sup - ‘ fEUz (.CC ) I évz (I’ )’
(2,),(2,t') QT |t — ]2 (2,),(2,t') QT [t —t/| 2
Div}(x,t) — Divl(x, 1/
+ sup ’ xvz (.T? ) / gvz (:Ca )’ S Cl,i — 1’ 2 (11)
(@), (2t QT [t — 1]

13 mepasencrBa (11) ciremyer paBHOMEpHAsl OrPAHHYEHHOCTDL IIOCJIeIOBaTeabHOCTEH {U]'},
{D,o?}, {D2v}, {Dw?}, i=1,2.

[Tokaxkem WX PaBHOCTENEHHYIO HENPEPHIBHOCTD. Jljist  3TOrO0  pacCMOTPUM — TOYKHU
P(z,t),R(2',y) € Qr u BBemem obosznauenue d(P,R) = |x —a/|* + |t —t'|2. U3 (11) crenyer,
9TO

| Dz, t) — Dywla!, 1)] < er]e — 2|, | Dyl (x, t) — Dpwl(a, t)| < er]t — ]2
ITosTomy
Do (2.8) — Dt (@' 1) < [ Dol (1) — Dyof (@' 1) + [ Dyt (&' 1) — Doof (&', )

Bulletin of L.N. Gumilyov ENU. Mathematics. Computer science. Mechanics series, 2023, Vol. 143, Ne2

25



Merozn mrpadHbIX pyHKIIUIH B OAHOMH 3aJavYe ONTUMAJIBHOIO yIIPaBJIEHUsS IIPOL[ECCOM B XHUMHUYECKOM peaKTope

<e(jx—a!|*+ |t —t')2) = c1d(P, R),

T.€.

| Dol (z,t) — Dol (2, V)] < erd(P, R), i = 1,2. (12)
COBepHIeHHO AHaJIOTUYIHO IIOJIYYIHUM, YTO

| D2of (2, 1) — Divf (@, #')| < c1d(P,R), i =1,2. (13)

YT00bI I1IOKA3aTh BBIIOJHAMOCTH AHAJOTHYHBIX HEPABEHCTB i v (,t) BOCIOIb3yeMCs
dopmysoit KOHEUHBIX Tpuparienuit Jlarpamxka

o (z,t) — o2 t) = Dyl (a’ + 0;(x — 2'))(x —2'), (0<6; <1), i=1,2.
Torna, B cuiy dopmysst (11) umeem
[o (z,t) — o™ (2’ t)| < er]x — 2| = e1]x — 2|2z — 2|17 < |z — 2|7,
tak kax x,7’ € (0,1), |z —2'|'7% < 1, i = 1,2. Anasormamno
o (1) — 0P (w0, )| < calt — | = ealt — |5 |t =] 25 < T2 |t —1)3,

rak kak t,t' € (0,T), [t —t'| <T, i =1,2. O6o3navas c3 = max{l,T%Ta} numMeem

[l (z,t) — v (2, )] < e1esd(P, R), i=1,2. (14)
CHoBa noJsb3ysch gopmyJoit Jlarpam:ka, moydanmM
| Do} (1) — Dot (2, 1)| = |D20f (2! + 0i(z — 2))||(z — 2')| < 1w —2!| = er|w — 2! |2 — 2/~

<cllzr -2 i=1,2,0<6; <1.
Taxum obpaszom nmeem
| Dyl (z,t) — Dol (2, )| < er]x — 2%, i = 1,2. (15)
Y106bl MOJIyYUTH COOTBETCTBYIOILYIO OLEHKY Hpupatienus Dyol'(z,t) 10 mepeMeHHoO# f,
gepes |t — /|2 Bocrosb3yencs HepasencrsoM (11)
D (x,1) — Dol (a, 8)| < crft — 8|2 =it — 2|t —¢'|5 < VTt —1']%, i = 1,2,
T.€.
| Dyl (,t) — Dpv(z, t)| < ey VTt —t]2, i =1,2.
O6ozmaunm ¢4 = max{1l,v/7T}. Torma us mepasencrsa (15) i MOCIEIHEIO HEPABEHCTBA, O THM
| Dol (2, t) — Dypol(2/, )] < e1eqd(P,R). i = 1,2. (16)
O6osnaunm c¢; = max{cy,cics,cieq}l = ¢ nrlax{l,T%Ta7 \/T} . U3 nepasencrs (12)-
(14), (16) cremyror, uro mociaegoBarensuoctu {v(z,t)}, (i = 1,2) SABIAIOTCS PABHOCTEIEHHO
HEIPEPBIBHBIMU CO BCEMHU IPOU3BOMHBIMU 1-r0 U 2-TO MOPSAKOB IO T ¥ 1-TO mopsgka 1o t.

JelicTBUTEIbHO, PACCMOTPHM NpousBosbHOe € > 0 u nonoxum § = £ . Torna nz d(P,R) <6
CJIeJLyeT, 9TO

D (P) — Df(R)| < 58 = €, [D2J(P) — D20} (R)| < e, |o]
Dol (P) — Do (R)| < e, (i = 1,2).

Takum 06pa3oM, TOCTIEIOBATEIBHOCTH {vgn) (x,t)}, i = 1,2 wommaxrtusr B C%1(Qr).
Bei6epem n3 {u"(t)} mommocieoBaTesIbHOCTD yiipaBieHnii (KOTopyio CHOBa 0OO3HAUUM depe3
u™(t)) Tak, arober v} (t) — v3(t) mo wopme C[0,T] u vl (z,t) — v¥(z,t), i = 1,2 1o Hopme
C?>Y(Qr), mpn n — oo. Torma umeem

t pl t pl
f(vg)%f(vg),/o /0 vg(m,T)dach%/O /0 vg(ac,T)dxdT,

o7 £(v3) — 02 f(03)] < F(0R)of — vf| + | f (v]) — f(v3)| — 0

(P) = v (R)| <,

upu n — 00.
IMocnepoBaremsuocts  {u"(t)} C Us C  L9(0,7), mostomy B cumay [14], {u"(t)}
crabo kommakTHa B L2(0,7), me. m3 mocienosarensroctn {u”(t)} MoxHO BBIGpaTH

JI.LH. 'ymuneB arsiagarsl EYY Xabapmeicsl. MaTtemaruka. Komnbiorepiik reiabiMaap. Mexanuka, 2023, Tom 143, Ne2

Becrnuk EHY um. JI.H. I'ymunesa. Maremaruka. Komnbiorepubsle Hayku. Mexanuka, 2023, Tom 143, Ne2

26



K.C. MycabekoB

TIOJITIOCIEIOBATETLHOCTE (KOTOPYIO CHOBa 0603HaqmM 4epes u”(t)) Tak arobbr u”(t) — ul(t)
ciabo B L9(0,T), npu n — oo. g sroit mocienoBarensuocrn {u"(t)} pacemorpum
coorsercrBytomee pemenue {v](z,t)}, {v5(x,t)}, {v§(t)} cucremsr (1)-(3).

Joxazaresnberso npunajiexnoctn u’(t) € Uy, 0 <t < T nposenem ananornduo [1]. Umeem
u™(t) < ug = const. Tlokawxem, ato u’(t) < ug. O6osmaumm K = {t|t € [0,T],u’(t) >
uo}. Iycrs x(t) -xapakrepucrudeckas dyHKImst MHOXKecTBa K . DTa DyHKIWMs n3Mepuma u
orpanndena, T.e. X(t) € L2(0,T). B cuy craboit cxomumoctu nocienosarensaocrn {u(t)}

nMeeM
T

lim () [ul(t) — u™(t)]dt = 0.

n—oo 0

Tak kax u’(t) —u™(t) > 0 ma K, ro mesK = 0. Wrax, ais nourn seex t € [0,T] mmeem

u(t) < wp. AmamormumBIe paccy’KIeHHMs TPOBOJUM M JJTs JIPYTOro KoHma oTpeska [0, up) .

B urore mmeem 0 < ul(t) < wg mns moutnm seex t € [0,7]. Iepeonpenemmm u’(t) mna

COOTBETCTBYIONIEM MHOYKECTBe Mephbl Hyb Tak, uTobbr 0 < ul(t) < ug s seex t € (0,77 .
Hamee nmeem

| /0 (B — o (s))u™(s)ds — /0 (B — oY(s))u(s)ds| < | / o(s) — vB(s))u(s)ds|

+|/0 (B —v3(s))(u"(s) — u’(s))ds| — 0,n — oco.

TakumM 06pazoM, rnepexojist K IpeJiery npu n — oo, noayanm u3 (10)

t 1
v3(t) =v30+/0 [p(/o vy (x, s)dx — v5(s)) +u’(s)(E — v3(s))]ds. (17)

B ypasuenun (17) v)(t) -nenpepeisnas byHKIHUs, a UHTErpa B MPABOH YacTH -abCOIOTHO

HernpepbiBHasg pyuknug. [loatomy u vg(t) -abCOTIOTHO HENpepbIBHAS (DYHKITHSI.

Mpr nokazamm, uro dynxmun v),v9,vS,u’  yrosrersopsior cucreme ypasnennit (1)-(3).

Nmeem
T 1 T T 1
vi(1,1) dt+A//<I>1(v§L(x,t))da:dt% /v?(l,t)dHA//@l ))dzdt
0 0 0 0 0

=m= JAyl(uo),n — 00,

Ja1(u

O\.ﬂ

u®(t) -usmepumoe onrumasbroe yrupasaenne, 0 < u®(t) < wug. B cumy paborst [13] cymecrsyer
perenue

vi(z,t),va(z,t) € H2+O"1+%(Q7),vg(t) € C1]0,T]

cucremsr (1)-(3), coorsercrryiomee ynpasienuto u(
0

). Torja B cuily €JIMHCTBEHHOCTH PEIeHMsI
cucremsl (1)-(3), coorBercrBytomee ynpasiaeHuio u° (¢

t
(t), umeem

Ul(xat) = ’Ul(fL‘,t),UQ(fL‘,t) = v2($7t)7v3(t) = Ug(t)v (l‘,t) € Qr.

Teopema 1 mokazana.

5. CXOINMOCTb METOJA HITPA®OB

YcTaHOBUM B3aMMOCBSI3N MeXK Ty 3adadamu 1 u 2. st kaxkmoro koneunoro A B 3amade 2 10
TeopeMe 1 CyIecTByeT onTuMaibHoe yrnpasiaenne. [lokaxkem, 9To mpu yBennuennn A perrenne
3a7a49n 2 CXONUTCS B OIpPENIeIEHHOM CMBICIe K permeHuio 3ajgadn 1. [lasg sToro paccmoTpum
HOJIOKUTEJbHYIO0 M MOHOTOHHO BO3PACTAIOINILYIO MTOCJIE0BATEIbHOCTE drcest {A,} u Takyio, 910
A, — oo ipu n — oo. MurnMusupyeMbIit (hbyHKITMOHAT B 3a/a4e 2 3aluIleM B BHJIE

T T 1
Jai(u) = [ vi(1,t)dt + A, Dy (ve(x,t))dxdt, (18)
[rooen]]
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n=1,2,... g kaxngoro A, < oo 0003HAUNM Uepes
(7 (, 1), v5 (2, 1), v3 (1), u™ (1)) € H* 152 (Qr) x H* 2 (Qr) x C1[0,T] x Uy

ONTHMAJIBHBIN [IPOLECC B 3ajade 2.

B3anMocBsizb MexKy 3aja9aMu 1 1 2 yCTaHABIMBACTCS CIIEYIONIUM yTBEPKICHUEM.

Teopema 2. IlycTb cymecTByeT onTuMaJsbHBIN Iporecc B 3ajade 1.

Torna

1.1ocs1e/10BaTeILHOCTD ONTUMAJIbHBIX yipasiaenuit {u"(¢)} B 3amade 2, npu n — 00 CXOIUTCS
cnabo B Lo(0,T) x ul(t);

2.mocnenoarensioctn {vf(x,t)}, {v3(z,t)} cxomares coorserctBenno K v)(w,t), v9(z,t)
o nopme C>1(Q7) ;

3.mocnenosatenbiocts  {v§(t)}  cxomures x v)(t) mo mopme C[0,7] wm upomecc
{09(x, t),v9(x,t),03(t), u’(t)} Gyner onrumanbubIM B 3a1a4€ 1.

Hokazarenbcrso. Ilycts m -munuMasbHOe 3HaueHue dbyHkimonana J(u) B 3amaue 1. B
cuity TeopeMbl 1 st Kaxkjoro Koneunoro A, € {A,} cymecrByer onTuMaabHOE YIPABICHHIE
u™(t) samaun 2 u sunadenue Jyu, 1(u")-xoneanoe uucio. IIpu srom

Ja,,1(u") <m, (19)
n=1,2,.... Heiicrurennno, eciu 661 0Kazanock, 9to Ja, 1(u™) > m, to ynpasienne u"(t) ne

OBLI0 OBl ONITUMAJILHBIM JIJIsI 33J[a91 2, MOCKOJILKY CYIECTBYET ONTUMAJILHBIN IPOIECC B 3a/1a4e
1, Ha KoTOpOM 3HaveHue byHKIMOHANA (18) OKaXKeTCsI paBHBIM 1M .

[Tycts  w(t) - wpoumsBosibHOE Jomyctumoe —yupasienue, — vi(x,t),ve(x,t),v3(t) -
coorBercrBytomiee perrerne cucrembl (1)-(3).  Pacemorpum dyskmmonan (18).  Orcroga
sugo, uro Ja,1(u") < Ja,1(w). Ecim u = u"t(t) -omrumansuoe yupabienue s
A=A,41, 10

T T 1
Ja,.1(u / n(1, ) dt—l—An//q)l 2 (2, t))dodt = Ja, 1 (u™T).
0 0 0

Haiee, Tak kKak A, < An+1 , TO

Ja, 1 (u"th) < / o, t)dt+An+1//<I>1 2z, t))dadt = JAn+1,1(Un+1)'

W3 nocneunx AByX HEPABEHCTB MMEEM
T, (") < Ja, 1 (@) < Ja 0 (@) (20)

Takum 06pa3oM, HOCIeA0BATEILHOCTD {J4, 1(u™)} orpammdena cBepxy 9UCIOM 71 I MOHOTOHHO
Bo3pactaeT. Cje10BaTeIbHO, CYIIECTBYET IPeest

lim Jg, 1 (u") =m, (21)
n—oo

n+1’

e my < m.
[ockomnbky yukmmu vi (z,t), vy (z,t), vy (t) paBHOMEPHO OIPAHUYEHDLI B HOPME IPOCTPAHCTBA

H2+a,1+g(@) % H2+a,1+%(@) x O [O,T],

a st dyukuun u"(t) BomosHsorcst HepasencTBa 0 < u(t) < ug = const, musa w.s. t € (0,71,
TO TIOBTOPASA STEMEHTHI JIOKa3aTeThCTBA TeOPeMbI 1, MOYKHO ToKa3aTh, uto u™(t) — u’(t), crabo
B L(0,T), v(x,t) = v?(x,t) no mopme C>1(Qr), i=1,2, v} (t) — v§(t) no nopme C[0,T]
npu n — co. Ilosromy

t 1 t 1
(ol = F()), /O /0 ol (e, 7)dadr — /0 /0 o, r)dedr, 07 F(0]) — 0 F()

Ipu n — 0 "
T T

lim v’f(l,t)dt:/v?(l,t)dt.

n—oo
0 0
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Bepuewmcst k mHepasencTsy (19):

T T 1
/U?(l,t)dt-l-An//(I)l vy (z,t))dxdt < m.
0 0 0

T 1
An//fblvzwt ))dxdt < m.
0 0

T 1
//<I>1v2:ct da:dt<A——>O
0 0 "

npu n — o0o. Iockombky ®1(vh(z,t)) > 0 aua seex (x,t) € Qr, n € N, To U3 HocJjeHero
HEPABEHCTBA CJIE/LyeT

Orcrona cireryer

CurefoBaTeILHO

T 1
//@Dl vy (x,t))dzdt — 0, (22)
00

npu n — oo . Iockombky v5(z,t) — v8(z,t) mo nopme C%1(Qr), T

T 1
//@1 vy (z,t))dxdt — //Cbl v)(x,t))dxdt (23)
0

0
upu n — oo . IHosromy u3 (22)-(23) nmeem

T 1
//Cbl v9(z,t))dzdt = 0. (24)
0

Orciona, nockombky ®q(v9(z,t)) > 0, To B cuny paborsr [15] umeem @1 (v9(z,t)) = 0 1.5, Ha
Qr . Oynxmusa ®(v)(x,t)) menpepbisHa Ha Q7 , TOITOMY

@1 (v9(z,t)) =0, (25)

st (x,t) € Qr .
Ec/um 101y cTuTh TPOTHBHOE, T.€. CIMTATH, ITO CyIecTByeT Touka B(xg,tg) € Qr, B KOTOPOii

@1(v5 (20, t0)) > 0, (26)
T0 B cuTy HenpepbisHOocTH P1(v9(w,t)) cymectsyer okpectHocth O (B) Touku B, B KOTOpOIf
okazkercst, uto Pq(v2(z,t)) > 0. Ho torma nomyunm [ [ ®1(vd(x,t))dzdt > 0 T.e. napymaercs

paBercTBo (24).  CueoBaresibHO, mpenonokenne (26) HEBEPHO, MO3TOMY BBIIOJIHSIETCS
ToxiecTBo (25). Ho sro osnavaer, uro

v3(z,t) < v3

Juts Beex (z,t) € Qr Te. BeinmosmsieTcs yeiaosue (7).
TakuMm 06pa3oM, Ha pPacCMATPUBAEMON IOC/IE0BATEILHOCTH ONTUMAJIBHBIX yIPaBICHUIT
n e 2 n n n
{u"(t)} mpemen coorBeTCTBYIOMIEIT TOCTE[OBaTEIBHOCTH pentennii {v], vy, v} cucremst (1)-(3)
YZIOBJIETBOPSIET HepaBeHCTBY (7), IPU 9TOM

n—oo n—o0

T 1
lim Jy, 1(u") = lim (J(u")+An//<I)1 vy (x,t))dzdt) = my, (27)
0 0
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riae Ja, 1(u") — my, Bospacras. IlosTomy

T 1
Taoa (") = T") + Ay / / By (v (z, £))dwdt < s (28)

Jlemma 1. Ecmm B ycnoBusix 3amatn 2 wquciaam A, u A,41 COOTBETCTBYIOT ONTHMAJLHBIE
yupasnenns u™(t), u"ti(t) € Uy, mpuaem A, < Apy1, 0 J(u") < J(u™t1).
YTBepKaeHue JieMMbl | HEIOCPEICTBEHHO CJIeyeT U3 CBOHCTBA 1, MPUBEIEHHOrO B KOHIIE
maparpada.
N3 nemmer 1 ciexyer, uro nociemosaresnsHocTs {J(u™)} sBislercss Bo3pacraomeil u
OrpaHUYeHHON cBepxy uuciaoM m . CiieZ0BaTeIbHO, CYLIECTBYeT Hpeel
3 n
lim J(u") = mao,

n—o0

rme mg < m. FEcam cunrarh, uro mo < m, TO UMeeM MPOTUBOPEYHE C IEPBOHAYAIHLHBIM
JOIIYIIICHUEM, 9TO

T =
min J(u) =m,

ITIOCKOJIBKY
lim v} (z,t) = v9(x,t) < v3.
n—oo

CieroBaTe IbHO, 3/1€Ch OyIeT CIydail paBeHCTBa Mo = M.

YuurbiBast HepaBeHCTBO (28), umeeM ma < mq . YHIOPsi0UYUBasi BCe YUCIa M1, M2, M B BUJIE
HepaBeHCTB, nMeeM m = mo < m1 < m. ClemoBaTe/lbHO M = M1 = Mo.

Takum obpazom, mmeeM

T

1

li_>m [An//<1>1 vy (z,t))dxdt] = li_)m [Ja,1(u") — J(u")] =0
00

T.€.

ll)m An//fbl vy (z,t))dzdt)] = 0.

®axr npunajyexknoctu u’(t) € Uy nokasbiBaeTcs, Kak m B ciydae Teopembl 1. Teopema 2
JIOKA3aHa.

[IpuBesieM HEKOTOpBIE CBOCTBA caaraeMbix (yHKIHMOHANA (8). st sToro BBeJEM
obo3HaveHne y = %, mpu A > 0. Torma v >0 u v — 0 nmpu A — co. Teneps dyHKIMOHAT
(8), ¢ yaerom obosnadenus: byHKImoHAN (5), IPAMET BH/T

1
1
J1(u) = J(u) + //Ql(vg(x,t))dmdt,
o
75 0
WIH OTCIONA
T 1
yJ1 4 (u) =~vJ(u) —|—//<I>1 vo(x,t))dzdt. (29)
’Y’
00

O6oznaunm I(u,vy) =vJ1 {(u). Teneps dynxnumonasn (29) sanumercs B Buje
v )

T 1
I(u,v) =~J(u) + / / Oy (va(z,t))dxdt.
0 0

Pacemorpum uncia Aj, Ao, ynosiersopstiomue HepaBercTBam 0 < Ay < As. Torma znech
umeeM 3 > 2 > 0, rme v; = A%,z' = 1,2. IlycTp onTUMAJIbHBIE TTPOIECCHI v{,vé,vg,ui
COOTBETCTBYIOT wmcaaMm A;, 1 =1,2.

CsoiictBo 1. Ecim vy > 42 >0, To J(ul) < J(u?).
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JokazaTenbcTBo. VIMEIOT MECTO ClIeIyIoIue HePaBeHCTBA:

1 T
viJ (u —|—//<I>1 vy (2, t))dzdt < y1J (u +/ @1 (v3(x, 1)) dxdt,
0 0 0

o —

Yo (u?) + O (v3(2,t))dzdt < yoJ(ul) + @1 (va(z,t))dadt. (30)

Ot~
o
Ot~
o _

CknajpiBasi TocjieHme jBa  HepapeHcTBa, mnomyumM (v — 2)(J(u!) — J(w?)) < 0.
Cnenosarensruo J(ul) < J(u?). Croiictso 1 jokaszamo.
Taxum obpaszom, u3 ceoiictsa 1 cieyer, uto J(ul) < J(u?) an/I A < Ay

CsoiictBo 2. Ecim 1 > 72 >0, 1o [ [ ®1(vd(z,t))dzdt > ff<I>1 v3(z,t))dxdt.
00

HokazaresnscrBo. Hepasencrso (30) 3amminem B cieyromem Buge.

T 1 1
olJ(u2) = J(u)] g//@l vl (2, 1)) dxdt—//@l(vg(:r,t))dxdt.
0 0 0 0

Orcioza B cuity cBoiicTBa 1 nmeem

1 T 1
//@11123615 ))dxdt — //®1v2xt)d:vdt>0
00 00

CBoiiCcTBO 2 10Ka3aHO.
W3 cBoticTBa 2 ciaemgyer, 9TO

1 T 1
//@102wtd$d§// (va (z,t))dzdt
00 00

npu A; < As.
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LI. Yoauzxarnos amvndaze, Kexwemay ynusepcumemsi, Abati kew., 76, Koexwemay, 020000, Kasaxcman

XuMusibIK, peakTopgarbl TuiMi 6ackapy ecebinzeri albInThIK, QyHKIUsAIAp aaici

AnHoTauusi: 2KyMbICTa XUMUSIJIBIK, TEXHOJIOTUsIIa KOJIJAHATHIH aanabaTTbl eMec KyObIPJIbl PEAKTOPIAAFbl ITPOIECTI
TuiMAi 6ackapy Moceseci KapacThIpbliFaH. PeakTopra O6ipiHIn peTTi S5K30TEPMHUSJIBIK Deaklusra TyceTiH ra3 bepinesi.
PeakTop/ibiH CBIPTKBI KaOBIFBI - KanTamachkl 6ap. Kamnrama apKbLIbl peaKTOp/Ibl CAJIKBIHIATATHIH CYHBIKTHIK araipl. O3
Ke3eriHJ/le peaKTop KallTaMa/Jlarbl TeMIIEPATypPaHbl ©3repTei.

Backapy &yHnknusicel periHze KanTamara OeplireH CaJKbIHIATKBII CYHABIKTHIKTBIH KbUIJIAMIBIFbl  aJIbIHAIbI.
Kanramara GepineTin CyBBIKTBIKTBIH TeMIepaTypachkl TypakTbl. COHIbIKTaH 6ackapy (PyHKIUICHI TEK yaKbITKa TOYEJIIi.

PeakTop TemniepaTypachIlHbIH MOH/IEP], 9PEKETTECYIII KOCIIAHbIH KOHIIEHTPAIUSICHI PEAKTOP/IbIH, Y3aKThIFbI MEH PeaKI[Usi
VaKbIThl OOMBbIHINIA ©3repei. Peakropipiy MaremMaTHKaJbIK MOJesi JepOec TybIHIbLIAPAArbl JIuddepeHIInsIIbIK,
TEHJIeyJIEPEH YKOHE COMKeC IeKapaJsblK IapTTapMeH, OacTalKbl IMIAPpTTApAaH Typajabl. DByi »kapmailjla peakTopAarbl
TeMIlepaTrypara »koHe Oackapy (OYHKIMSICBIHA THICTI IIEKTeyJIep KOMbLIaJbl. PeakTopiarbl TeMmIepaTypaHbl IIEKTeY
MaKCaTTHIK (DYHKIUSAFAa KOCBUIFBIII PETIHJE CBHI3BIKTBIK, KECiK TYPiHiH afbINThIK (DYyHKIMSICHIH €HII3y apKbLIbl €CelKe
anblHaJbl.  MaremaTukasblkK OarjapiaMaayfarbl ailbIInyJIblK, (OYHKIUSCHIHBIH OyJI Typl oJeTTe IIeKTeyiH 9.1
OpBIHIAJIYbIHA 9KeJlelli. backapy dyHKIMSACBIHA IIEKTEYJIep TeHCI3AiKTep TypiHjae Gepiei.

MakcarTbl GyHKIUs PeTiH/ie PeaKTOP/IbIH MIBIFBICHIHIAFBI Oerisii 6ip yakbIT apajbIFbIH/Ia OPEKETTECIIEreH 3aTTapIbIH
JKaJrbl MeJimepi ajbiHagbl.  2Korapblaa aflThUIFaHal, MakcaTThl (DYHKIUSAFA aWbIITHIK (YHKIMACH KOCBLIAbI.
Backapyibig MakcaTsl - OCbl DYHKIUSHBI a3aiTy.

Byn xywmpicra MyHzail ecenre tuimal 6ackapyiblH 60Iybl Typasbl TeopeMa gosesaeHreH. Jlosesnney 6GapbichIHIa
reJibJIepJIiK HOpMaJarbl Jepbec auddepeHInaiablK TeHAeyIep KyHeciHiy memiMaepiniy mekTnr Koiganbuiaasl. By
V34iKCi3 (DyHKIMSAIAP >KUBIHBIHBIH ApPIEb/IiH KOMIIAKTBUIBIK KPUTEPHUIiH KoJgaHyra MyMKIiHAIK 6Gepexai. [ouengey
Gapbicbiaga conbiMen kKatap L2(0,7) xenicriringeri 6ackapy GyHKIUSAIAD YKUBIHHBIHBIH 9JICI3 KOMIIAKTBHLIBIELI
naigamanbIa bl ARBIInyYs KoaddUIUEHTIHIH IIIEKTEYCi3 ocyine GallIaHbICThI ABINTHIK, (OYHKIHSCHIHBIH HOJIIE YMTBLIY I
JRJIeJIIEH ], SIFHU PEeaKTOP/AAarbl TeMIIEPATypPaHbIH KYHJIK IIeKTeyJIiri OpblHaaIaThIHABIFE KepceTiiredn. Kesecine kaxker
60oJIaThIH, MaKCATTHIK, (DYHKIMs KOCBLIFBIIILIHBIH KEA6Ip KacueTTepi KeJTipiirex.

TyiiiH ce3aep: XUMHUSILIK PEaKTOP, MaTEMAaTHUKAJILIK MOAENb, TuiMal 6ackapy, [lonTparummiy MakcuMyM OpuHIMII,
TriMAl 6acKapyablH 6ap 6OJIybI, aUbINTHIK, (DYHKIUS.

K.S. Mussabekov
Ualikhanov University, 76,Abay str., Kokshetau, 020000, Kazakhstan

Method of Penalty Functions in One Problem of Optimal Control of a Process In a Chemical Reactor

Abstract: The paper considered the problem of optimal control of a process in a nonadiabatic tubular reactor used
in chemical technology. Gas feeds the reactor that undergoes a first order exothermic reaction. The reactor has an outer
jacket - casing. Through the casing flows reactor coolant liquid. In turn, the reactor changes the temperature in the casing.
As a control function, the coolant supply rate to the casing is taken. The liquid supplied to the casing has a constant
temperature. So the control function depends only on time. The values of the reactor temperature, the concentration of
the reacting mixture vary along the length of the reactor and the reaction time. The mathematical model of the reactor
consists of differential equations in partial derivatives and the corresponding boundary, initial conditions. In this case,
appropriate restrictions are imposed on the temperature in the reactor and on the control function. The restriction on the
temperature in the reactor is taken into account by introducing in the objective functional (as a term) a penalty function
of the type of a linear cutoff. This type of penalty function in mathematical programming is usually driven to meet the
constraints exactly. Constraints on the control function are given in the form of inequalities. As the target functional, the
total amount of unreacted substance at the reactor outlet for a fixed period of time is taken. As noted above, a penalty
function is added to the objective functional. The aim of the control is to minimize this functional.

The paper proves a theorem on the existence of an optimal control in such a problem. In the course of the proof, the
boundedness of solutions of the system of partial differential equations in the H7lder norms is used. This allows us to use
Arzel’s criterion on the compactness of a set of continuous functions. The proof also uses the weak compactness sets of
control functions in the space L2(0,7) . With an unlimited increase in the penalty coefficient, the convergence to zero of
the penalty function is proved, i.e. the feasibility, in the limit, of the phase limitation on the temperature in the reactor is
shown. We also obtain some properties of the terms of the objective functional, which will be necessary in what follows.

Keywords: mathematical model, chemical reactor, optimal control, Potryagin’s maximum principle, the existence of

optimal control, penalty function.
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