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High-precision satellite orbit propagation with estimation of the covariance
matrix !

Abstract: In this paper is proposed to use a model of high-precision propagation of the satel-
lite position, in which the disturbing accelerations are determined, and the obtained numerical
results are presented.

All disturbing forces acting on the satellite are modeled, the up-to-date data of the parameters
of the atmospheric drag model, as well as the parameters IERS, EOP are used. The developed
software for satellite orbit propagation is applicable to support the flight control of the satellite,
while ensuring the accuracy of the level of 10-15 meters along the position vector of the satellite
over a weekly time interval.

With a given model of satellite motion and known statistical characteristics of orbit determi-
nation errors, the covariance matrix is predicted along with the state vector, which has found
application in many applied tasks for support of Flight dynamics activities.

Keywords: Satellite, Orbit Propagator, Orbit Determination, Low Earth Orbit, orbit esti-
mation, perturbing forces, numerical integration, Runge-Kutta methods, Covariance Matrix.

DOI: https://doi.org/10.32523/2616-7182 /bulmathenu.2022/4.1

2000 Mathematics Subject Classification: 65L05, 70F15

1. Introduction. The main purpose of this work is to build a model for high-precision
propagation of the satellite position, taking into account the main disturbing accelerations acting
on a satellite in low-Earth orbit (LEO). For Satellite missions with a Payload in LEO, a high
accuracy of propagation the position in the satellite orbit is required to solve most of the tasks
of ballistic and navigation support of the orbit control flight to fulfill the target mission of the
satellite.

The state vector of the satellite can be represented as a six-dimensional vector consisting of
a position vector and a velocity vector of the satellite, or as a more extended vector, including
in addition the specified coefficient of reflectivity Cr and atmospheric drag coefficient Cp .

For a satellite mission in LEO, the maximum value of the norm of the discrepancy vector
between the propagated and the true (reference) vector of the satellite state over one week
interval characterizes the accuracy of propagation the position in the satellite orbit. Under the
high-precision propagation of the position in the orbit of the satellite, the value of 100 m is
assumed along the position vector and along the velocity vector of 0.02 m/s.

IThis research is funded by the Aerospace Committee of the Ministry of Digital Development, Innovations
and Aerospace Industry of the Republic of Kazakhstan (Ne BR109018/0221/PTF).
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A.G. Yessengaliyev, A.B. Mukanov

Methods of propagation the position of the satellite are widely known, which uses semi-
analytical and analytical methods (for example, SGP4, Brower-Lydanne theory, PPT3), as well
as more accurate ones using numerical methods.

There are many products on the world market that solve similar problems in propagation
the orbit of a satellite. An overview of large products, which include a module for propagation
the position of the satellite in orbit using numerical integration of the equations of motion, is
presented in Table 1.

TABLE 1 — Software that includes a module for satellite orbit propagation

Organization Software Integration model or method
Analytical ~ Graphics | STK Runga Kutta,
Inc. Gauss-Jackson
NASA/JPL(1990) GIPSY/OASIS II High-order Adams
Real-Time GIPSY predictor-corrector
NASA/GSFC(1975) GTDS 4th-order Runga Kutta,
Cowell Adams predictor-corrector
NRL (1996) OCEANS Cowell 4th-order Runga Kutta,
9th order Predictor-corrector
TRACE Aerospace Corp. 10th-order Gauss-Jackson w/
(Air Force) regularized time option
NASA and other GMAT! Runge-Kutta ,Runge-Kuttag89,
Runge-Kutta-Fehlbergb6

Also among the large and developing products are the following:

FreeFlyer? (ai-solutions), Goddard Trajectory Determination System (GTDS), Java Astrody-
namics Toolkit(JAT)?, focusSuite (GMV)*, Quartz(Airbus)®, ORSA®. However, most of them
represent commercial products with a high price, some with limited functionality, and an annual
paid license is required for support. At the same time, most of the products distributed for free,
built on simplified models, give errors of several hundred meters or more at an interval of 3 days
or more.

The OPT software developed by us for high-precision propagation of the satellite orbit can
be used for the mission of domestic remote sensing satellite for use in routine operation of the
satellite, while reducing the need to purchase expensive foreign software. The developed OPT
software has a number of functional features and advantages:

e Portability: The design and technology stack guarantees the portability of the product
to various operating systems and simplifies the deployment of the product;

e Modularity and extensibility: The software is designed as modular and extensible;

e Adaptability: applicable for satellite missions in low Earth orbit, as well as for other
types of orbits;

e High accuracy of propagation the position of the satellite in orbit;

e Multithreading;

e Rich graphical user interface.

Section 2 describes numerical integration methods and describes a dynamic model of
disturbing forces. The main method that reduces the error of calculations is the method of
numerical integration of differential equations describing the motion of the satellite. We consider
the Runge-Kutta method with the Dormand-Prince modification (DOPRI 8(7)) [1]. In section

LGeneral Mission Analysis Tool, Software Package, NASA Goddard Space Flight Center, Greenbelt, MD,
2007, URL: http://gmat.gsfc.nasa.gov

2FrecFlyer, a.i. solutions Inc. FreeFlyer. URL: https://ai-solutions.com /freeflyer/.

3Java Astrodynamics Toolkit

4focusSuite (GMV), https://www.gmv.com /en/products/space /focussuite

5QuartZ(Airbus Defence and Space flight dynamics software), www.airbus.com

60rbit Reconstruction, Simulation and Analysis. Pasquale Tricarico. ORSA. http: / /orsa.sourceforge.net/

Bulletin of L.N. Gumilyov ENU. Mathematics. Computer science. Mechanics series, 2022, Vol. 141, Ne4
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High-precision satellite orbit propagation with estimation of the covariance matrix

3, a brief description of the software developed for high-precision propagation of the satellite
position is given, the modeling input data with which calculations were performed, and the re-
sults of calculations are given. Section 4 provides conclusions based on the results of calculations.

2. Mathematical formulation of the problem

2.1. Dynamic model

The propagation of the satellite state vector in orbit is based on a dynamic model of forces,
including the Earth’s gravity, polar and ocean tides, lunar-solar disturbances, atmospheric drag
and solar radiation pressure, as well as relativistic effects.

Some perturbed accelerations are represented using precise analytical (semi-analytical) for-
mulas or using numerical methods.

A dynamic model for propagation satellite motion is described by a system of the second-order
ODEs (Ordinary differential equations) that is solved numerically with the method of integrating
the Runge-Kutta with the Dormand-Prince modification. In this case, the components of the
velocity vector and the components of the acceleration vector of perturbing forces are contained
on the right-hand side of the system of equations.

It is assumed that the vectors 7= (z,y,2) u U= (vy, vy,v;) determining the position and
velocity of the satellite, are set in an Earth Centered Inertial coordinate system (ECI J2000
frame). The equations of motion of the satellite have the form:

(%

. Uy

7 vy

v Ay

Ay

Gy
Y L. — - o o . . )
a=——3T +a +aa5p+atid€+a3BOdi€8+adTag+aPNeff+aoth6r, ( )

r Earth

where @ = % — acceleration equal to the sum of all accelerations |2, p. 525] due to the action
of disturbing forces on the satellite, and the terms from the right part describe disturbances
caused by the gravitational field of the Earth, solid and ocean tides, disturbances of the Sun
and Moon, solar radiation pressure, atmospheric drag effects, Post-Newtonian corrections. The
remaining shortcomings of the force models are compensated by empirical accelerations, which
are corrected together with other parameters on orbit determination process.

Earth Gravity Models. 1t is convenient to determine the potential of the Earth’s gravitational
field in a geocentric equatorial coordinate system rotating with the Earth. The potential of the
Earth’s gravitational field is expressed in the form of expansion by spherical harmonic functions
in a geocentric Earth-fixed reference frame |[3]:

o, ¢] n n

U(r,\, @) = B <1+ Z Z (REB> (Crmcos mA +Sp msinmA ) Py, (sin ¢ )) (3)
" n=2m=0 "

where p — Gravitational Parameter of Earth; u = G- M = 398,6005-1012 m3/c2;

G —the universal gravitational constant of the Earth;

M — Earth mass;

r — the distance from the center of mass of the Earth to the point in space where the potential

is calculated;

Rgy — the average radius of the Earth;

©, A — geocentric coordinates of the satellite (latitude, longitude of a spacecraft mass point);

Chnm,Sn,m — the gravitational coefficients of sectorial harmonics at n = m and tesseral har-

monics at n # m;

P, m(sing ) — the associated Legendre functions of degree n and order m, which are calculated

by recurrence relations.

JI.LH. 'ymunes arsiagarsl EYY Xabapmeicsl. MaTtemaruka. Komnbiorepiik reiabiMaap. Mexanuka, 2022, Tom 141, Ned

Becrnuk EHY um. JI.H. I'ymunesa. Maremaruka. Komnbiorepubsle Hayku. Mexanuka, 2022, Tom 141, Ned
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A.G. Yessengaliyev, A.B. Mukanov

Imagine U in the form: U = Uy + Uy, where
Up =L

r

Ulzzzunm

n=2m=0

9

R n
Upm = g (fB) (CpmcosmA + Spmsinm\ ) Py, (sing ).

The components of acceleration due to a nonspherical central body are partial derivatives of the
geopotential U in geocentric Cartesian coordinates z,y, z:

(@Bartn) . = —pi— ol
Earth) o — MT?’ ox )
o) =t 4 90
(CLEarth) y ,u’rg + ay y
N r z 8U1
(aEarth) 2 — _MT’3 + B )
To describe the Earth’s gravitational field, we use the models
EarthGravityModel96(EGM96) and  EarthGravityModel2008( EGM2008)  [4]. The

software implements models of the earth’s gravitational field EGM96/EGM2008 in the form
of expansion in a series of spherical functions, providing accounting for the full number of
harmonics up to 71 degrees inclusive with the possibility of selective accounting of harmonics.
But it is possible to use the maximum degree and order of 2190x2190, but at the same time a
significant decrease in performance (long computing time) does not pay off with a significant
improvement in accuracy compared to non-simulated perturbations.

Rotations corresponding to Precession, Nutation and Pole movement of Earth’s rotation axis
are taken into account on coordinate transformations between Celestial to Terrestrial reference
frames.

Solid and ocean tides. The tides of the Earth (solid and oceanic) are given by the koo, model
considered in [5].

Perturbations from tidal deformations of the central body make a noticeable contribution to
the composition of perturbing accelerations.

The gravitational influence of the Sun, Moon and large planets causes deformations of the
Earth, as a result of which its gravitational field changes. The simplest model for representing
the potential of the forces acting on the satellite due to tidal deformations of the Earth is the
Love model [6] or the model of solid tides. More accurate models take into account the influence
of tidal deformations occurring in the ocean and in the Earth’s atmosphere. Then the influence
of tides can be modeled through corrections to the coefficients of the Earth’s geopotential Sy, ,

Cnm -

Solar radiation pressure. The disturbance due to a solar radiation is given by the formula |2, p.
574]:
CRA© Fsat—Sun (4)
m |Fsat—5'un|

asrp: —PSR

where
e pgr — is the initial solar radiation, depending on the season and the intensity of solar
activity;
° pSR:%, where Py — is the power of solar radiation acting on 1 cm of the Earth’s
surface (1358-1373 W/ m?);
e the coefficient of reflectivity Cr determines the reflective and absorbing characteristics
of the satellite body material;
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High-precision satellite orbit propagation with estimation of the covariance matrix

e As —the cross-sectional area of the satellite perpendicular to the direction of solar radi-
ation (depends on the mode of operation of the satellite, constantly changes depending
on the configuration of the satellite);

® sui_Sun - vector in the direction from the satellite to the Sun;

e m is the satellite’s mass.

Lunar-solar disturbances. In the inertial coordinate system associated with the Earth, the
acceleration of the satellite caused by the attraction of a body P of point mass M is expressed

as follows [7]:
3} o b—7 b
d3Bodies =T — GM (’b—?”|3 - |b|3> (5)

where r and b —are the geocentric coordinates of the satellite and the body P.

To calculate the positions and velocities of the Sun, Moon and major planets, we use high-
precision ephemerides DFE440 and DFE441 distributed by NASA’s JPL Laboratory. These
ephemerides are obtained by numerical methods and give coordinates in the form of Cheby-
shev polynomials in a rectangular barycentric coordinate system with the Earth’s equator and
equinox, referring to the epoch J2000 .

Atmospheric Drag. Among the forces of non-gravitational nature, aerodynamic forces acting
by the influence of the Earth’s atmosphere have the greatest impact on the movement of LEO
satellites (i.e. satellites moving at altitudes from 150 to 1500 km). The effect of these forces
is mainly expressed in the resistance to the movement of the satellite, directed opposite to its
relative velocity [2, p. 551]:

1 C’D14 2 777“6[

C_idr‘ag = 5[) m Urel 77’!‘6[‘ (6>

where p — the density of the atmosphere, which depends on the selected atmospheric drag
model, the composition of the atmosphere, the possibility of propagation, as well as on the solar
activity index Fjg7 and the geomagnetic activity indices K, ap;

Cp — aerodynamic drag coefficient;

Ure; — relative velocity of the satellite to the rotating atmosphere;

A — area of the satellite.

For the air density function, the approximate expression is valid:

p=p (h) =poe "™,

where h is the height at which the density is measured, H is a constant (height scale),
po— is the density value at the starting point.

The ballistic coefficient BC' = CpA/2m for the LEO case is usually estimated as part of the
extended state vector, since this is one of the main sources of errors.

Time on coordinate systems conversions. Service IERS (International Earth Rotation and
Reference Systems Service) is responsible for monitoring the Earth orientation parameters, for
maintaining global time and reference frame standards, including time corrections. The Earth
Orientation Parameters (EOP) are the parameters provide the rotational part of the transfor-
mation between the current releases of the International Terrestrial Reference Frame and the
(ITRF) International Celestial Reference Frame (ICRF) as a function of time. In our model, we
periodically update information about time corrections and about the Earth’s orientation pa-
rameters from the IERS bulletins ”: these are the parameters UT1-TAI, UTC-TAI, GPS-UTC,
UT1-UTC [sec]; the coordinates of the pole offset x ["], y["].

2.2 Numerical integration of the ODE describing the satellite’s motion.

The efficiency and accuracy of calculations are provided by high-precision numerical methods.
As an indicator of the effectiveness of numerical integration methods in propagation the position
of the satellite in orbit, it is considered to achieve a given level of accuracy when integrating with

"International Earth Rotation and Reference Systems Service(IERS Conventions),
https://www.iers.org/IERS/EN /Publications/Bulletins /bulletins.html
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less calculation time, which is equivalent to the number of calls to the right side of the system
of ODE(Ordinary differential equations), containing accelerations from all considered disturbing
forces acting on the satellite.

To determine the parameters of the satellite motion at time ¢, it is necessary to solve
a system of differential equations (1) with the initial conditions set at time to: (7, ¥o)
=(z,y, 2, Vg, Uy,vz)\to .

Several types of ODE’s numerical integration, describing the motion of the satellite, were
considered, including nested Runge-Kutta methods and their modifications. Among the modern
methods for solving non-rigid systems of ODE, the best results are obtained by the Dormand-
Prince method 8(7) with adaptive step with error control, which was chosen for integrating the
system of equations, describing the motion of the satellite(1).

Runge-Kutta methods [8] for solving the differential equation:

y' = flz,y(2)) (7)
with an initial condition
Yy (z0) = yo (8)
are given by the following calculation formulas of approximate values of the solution y,41 =
Y(Tp+1) in the zpy1 = xp + by

Ynt1 = Yn + Z ik (9)
=1
where
k1 = hnf(wmyn) (1())
1—1
k; :hnf a:n—i—cihn,yn—i—Zaijkj , 1=2,3,...,5, (11)
j=1

s — the number of stages of the Runge-Kutta method and
i—1
ci=Y_ aj, i=2,3,...,5. (12)
j=1

In practice, nested Runge-Kutta formulas are often used, in which, together with formulas (9)-
(12), the error estimator formula is used:

S
i1 = Yo + ) Giks, (13)
i=1
where is the new approximate value of y(z,41) calculated with a new set of weight multipliers
a;, 1=1,2,...,s.

The approximation orders of the methods given by formulas (9) and (13), as a rule, differ. For
such Runge-Kutta methods, the notation RK p(q) is used, where p is the order of approximation
of formula (8). q is the order of approximation of formula (13). In [1], Dormand and Prince
proposed a modification of the Runge-Kutta method RK8(7) (now designated as DOPRIS(7)).
They considered a 13-stage Runge-Kutta method of orders 8(7). To reduce the number of
equations, the following additional conditions were proposed (reduced system).

13
> aiai =a;(1-¢), j=1,...,13, (14)
=1
12
> aiai = a5 (1-¢), j=1,...,12, (15)
=1
ai2:0, i:4,...,13, aig,:(), i:6,...,13, (16)
&i:ai:O, i:2,...,5, (17)
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12 clf/‘_"_l
Zaijcg?:le, k=1,2; i=k+2,...,13, k=3;; i=6,...,13 (18)
j=1
13
Zal (1 — Ci) aij = 0, j = 4, 5, (19)
i=1
13
Zaici (1 —¢)ay =0, Jj=4,5, (20)
i=1
13 12
Zz&l (1 — Ci) aijajk = 0, k= 4, 5, (21)
i=1 j=1
13
S (@i —a,) (1—¢;)ay =0, j=4,5, (22)
i=1

This model has 10 free unknowns: ¢, c¢3, cg, ¢7, ¢g, Cio, Ci1, Q13, 12, ags. We
choose the values of these free unknowns different from each other and at least one of the
unknowns @13, aig different from zero. The remaining unknowns are found by solving the
system (14)-(22). Ratios (14)-(22) for coefficients oy, i, ¢ = 1,...,13, ¢;, j =2,...,13,
ajj,j=1,...,i—1, i=2,...13 were proposed in [1]. A set of coefficients satisfying the ratios
(14)-(22) were also selected there (see Table 2 in [8]).

The Dormand-Prince method 8(7) has the smallest error among all schemes of the order.
Compared with the Fehlberg method, the Dormand-Prince method showed the best results in
terms of global error, as well as the total number of calls to the right side of the system with
disturbing accelerations acting on the satellite in orbit, as shown in the Table 2.

8th

TABLE 2 — Global errors of numerical methods for one orbit revolution for the first group of initial
values

MeTO,ZL IIOI'PENIHOCTDb

Fehlberg45 7.42775-10712
DOPRI5 1.95463 - 1013
Fehlberg78 5.45348 - 10~ 12
DOPRIS 1.06343 .10~ 13

The global error is understood as the maximum value from the norms of the vectors of
differences between the exact solution and the numerical solution on the interval grid (the
interval is equal to the orbital period, in this case about 97 minutes) using the appropriate
integration method in the absence of rounding errors.

e(7) = max |yi — 2,

where |-| —is the selected norm in R™, m is the dimension of the state vector of the satellite,
m

Y = (wll, x%, Xy ) — approximate solution in node t;; z; = z; (t;) — is the exact solution in
the same grid node.

By default, when the state vector consists only of the position vector and the velocity vector
of the satellite, then the dimension in the standard case is m = 6.

As a rule, numerical integration errors are not a large source of errors compared to errors
in modeling the model of perturbing accelerations, which are the main sources of errors. It
is assumed that the integration method used is correctly configured with the correct step size
control.

2.8 Covariance propagation

In the probabilistic formulation, the position of the satellite in orbit is determined by the
results of the propagation of motion parameters and the propagation of the covariance matrix.

The probabilistic nature of the satellite’s location at the propagated point in orbit is taken into
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account, based on the accuracy of determining the orbit parameters from GPS navigation data.
The accuracy of determining the orbit parameters is set by the covariance matrix at the time of
clarifying the initial conditions of the satellite motion.

At the same time, it is assumed that the scattering of the elements of the state vector of the
satellite obeys the normal distribution law.

The covariance matrix, in turn determines the scattering ellipsoid (a special case of the phase
space region) in which the satellite can be located with a given probability level.

Orbit

Ficurge 1 — Error ellipsoid

In the probabilistic formulation, an ellipsoid of scattering is defined at any given time, covering
a region of space in which a satellite can be located with a given level of probability. Suppose
that the scattering cloud is approximated by an ellipsoid of rotation curved along the orbit of
the satellite, with axes equal to o, . The center of this ellipsoid is the position of the satellite
in orbit at the initial epoch.

It is assumed that the measurement errors of the six orbital elements have a normal distri-
bution. Thus, the satellite location error also represents a three-dimensional normal distribu-
tion [10], [11]. Covariance matrices should statistically correspond to the actual accuracy of the
estimate in accordance with three-dimensional normal (Gaussian) probability distributions.

According to [12], the probability of the distribution of points in an ellipsoid varies as follows:

4 KD k7 I
P=— |-+ ———-—+...),
V2 6 20 112 864

where k-magnification factor.

The probability of the distribution of points in the error ellipsoid changes with the change of
K as follows:

at k=1, the probability of distribution of expected data points is 19.9%;

at k=2, the probability of distribution of expected data points is 73.9%;

at k=3, the probability of distribution of expected data points is 97.1%.

The covariance matrix is provided in the form of a symmetric matrix of size 6 x 6 and
characterizes the uncertainty in the state vector of the satellite. The diagonal elements represent
the variance in each of the components (R,T, N, R,T,N ), and the non-diagonal terms give the
covariance between the two named components. The covariance matrix is represented in the
orbital coordinate system (R,T,N, Vg, Vp,Vn):

CRr CTr CNgp CRp CTgp CNg
CRr CTr CNp CRr CTr CNp
CRy CTIny CNy CRy CTy CNy
CRy CT;, CNy CRp CTy CNy
CRy CTy CNy CRy CTy CNg
CR; CT; CN; CR; CT; CN;
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High-precision satellite orbit propagation with estimation of the covariance matrix

This representation allows you to most clearly represent the errors in determining the param-
eters of the orbit.

A numerical experiment on the propagation of the covariance matrix shows that the diagonal
elements of this matrix corresponding to deviations along the radial and normal directions in
the orbital coordinate system have a harmonic character.

Let x(t) = (74,7, 7k, vs,v;, V) — be the state vector of the satellite. As is known, the state
vector can be described by a stochastic dynamical system

z=f(z,w,t), (23)

where w is the noise of the system. Let the measurements zj of the state vector zp=x(tx) at
time t=t; be expressed as follows:

zk=hy, (tx, o)+ wy, (24)

where wj — is the noise of the system.

Here hj denotes the model value of the k' observation as a function of time ¢, and the
instantaneous state x(tp) at the initial moment of time. Errors arising from rounding errors,
small nonlinearities, simplifying the force model will propagate without further correction by
subsequent measurements and will lead to an erroneous and divergent estimation of the satellite
state vector. To avoid such a situation, the addition of technological noise (process noise) is
used.

The values of w;, take into account the difference between actual and simulated observations
due to measurement errors, which are usually considered randomly distributed with a zero mean
value.

Let Zr_1 be an estimate of the state vector at time ¢;_;. Using Z;_1 an a priori estimate
of &, is obtained. After the measurements z, a correction of the a priori estimate is carried
out and a posteriori estimate of i; is obtained.

At the initial moment, the following are given: Zj_1, Pk;—l .

The a priori estimate &, is obtained by integrating equation (23) with the initial condition
on the interval [tg_1, tx] =(tx—1) =Tg—1, i.c.

123
.ﬁ;:i'kfl—l- f (i‘kfl,w,t) dt. (25)

tk—1
b = 2Twl gt ) 1)  with an initial condition ® (ty 1, ty_1) = 1.
Errors in modeling the true dynamics of the system at this step may introduce a priori some
error in the estimation, which is quantified in the error covariance matrix P .
An a priori estimate of the error covariance matrix is obtained from a linearized dynamical
system:

P =®_1(ty, tio1) Py @1y (th, ti1)+Q, (26)
where
by —cFeidt g _Of@wt) , (27)
ox w=dy_
20 00 00
0 op 00 00
00 o020 00
Q= 00 003 00 (28)
00 00 o3 0

y
00 00 0 o3
where () is the covariance matrix of the system noise.
The expected system noise (system dynamics modeling errors) and measurement noise (ir-
regular measurement fluctuations) are used to weigh the significance of two updates relative to
each other.
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Modeling the noise of the Q process is a difficult task, since it is necessary to take into account
various sources of disturbances. These sources are, for example, the geopotential of the Earth,
the atmospheric drag/density, the pressure of solar radiation, disturbances from third bodies
and tidal forces.

The accuracy of propagation the parameters of the satellite motion is determined by the
covariance matrix, which is calculated by the formula (26), with a known matrix at the previous
step P]:il .

®,_1— the matrix of partial derivatives of the elements of the vector of motion parameters
at time ¢ by the elements of the vector of motion parameters for the initial epoch. The above
ratios (25)-(26) allow us to propagate the covariance matrix together with the parameters of the
satellite motion.

Also a method to reduce the influence of numerical errors in calculations for updating the co-
variance matrix has been applied on propagation process, which together with a highly accurate
propagation, can be applied in different satellite’s flight control tasks, where the satellite’s orbit
determination errors taking into account.

3 Results and Discussion

3.1 Developed software «Orbit Propagator tools

The OPT (Orbit Propagator Tool) software developed by us is based on a high-precision
model for orbit propagation of LEO satellites. This software makes it possible, with a given
model of satellite motion and known statistical characteristics of orbit determination errors, to
propagate the covariance matrix together with the state vector.

The OPT is a software tool designed to support operators in Flight Dynamics routine opera-
tions and able to use it for high-precision orbital analysis to support various space missions and
planning in-orbit maneuvers. Software tool allows you to propagate the orbital parameters of
the satellite (state vector, Keplerian elements) at a given interval with the writing of the results
in the selected coordinate system in the report files. Also in the software there is a possibility
of constructing two-dimensional graphs of orbital elements for analyzing the evolution of the
elements of the satellite orbit.

The software contains a flexible system of configurable parameters of the acceleration model
and the integration method (Fig. 2), including the choice of sources of planetary ephemerides,
the choice of a set of configuration parameters. And it can be used as a standalone tool or in
combination with advanced satellite operations planning tools in orbit. A high level of design
flexibility is also achieved due to an extensive set of input and output parameters.
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x
Satellite name: [KazSTSAT |
Earth's Gravitational Force Solar radiation pressure
Gravity Field Solar radiation pressure
Model  EGM2008 v Cross-section area 0673
Degree |70 Mass 10289
[ | SRP coefficient (Cr) | 1.06
Order |70
Shadow model Cylindrical w
Solid tides
Ocean tides
Atmosperic model
Atmosperic drag Gravitational perturbations of the Sun
Model Modffied Hamis-Priester v Gravitational perturbations of the Moon

Drag coefficient(Cd) 22

SolarFiux

fverage F107 (1415

Integration parameters
Integration method
Multistep method with variable order and with variable stepsiz v

rel_err

1E-13
abs_emr

1E09

Save Cancel

FicurEeE 2 — Configurable parameters of the dynamic model of perturbation forces

3.2 Simulation data

The results obtained by modeling the satellite motion under various scenarios with a different
set of disturbing forces, as well as the use of numerical methods for integrating high orders
with automatic step selection, demonstrate high accuracy in propagation the satellite position
in orbit. The propagation of the satellite state vector in orbit is based on a dynamic force model
that includes the Earth’s gravity, polar and ocean tides, lunar-solar disturbances, atmospheric
drag and solar radiation pressure, as well as relativistic effects.

On coordinate conversions effect the Parameters of the Earth’s rotation of the IAU(The
International Astronomical Union) and IERS services are taken into account , as well as the
geomagnetic index, atmospheric data from NOAA are taken into account on calculations of
acceleration due to atmosphere drag effect.

Several test cases were created for each orbit to test the ability of the OPT software to work
accurately using various combinations of forces. The forces used for testing on Earth included
models of the Earth’s gravitational field EGM 2008 , perturbing accelerations from other planets,
modified Harris-Priester models of atmospheric drag and solar radiation pressure (SRP). The
degree and order of the geopotential of the Earth were set as constant from 0% 20 to 71 % 71.
The parameters in Table-4 show the composition and parameters of the disturbing forces used
for the test run of the software for demonstration purposes.

All calculations on the numerical integration of the equations of motion of the satellite are
carried out in the ECIJ2000 coordinate system (an inertial coordinate system with the origin
at the center of mass of the Earth for the epoch J2000). The duration of the propagation, the
size of the report output step and the size of the integrator step varied for different test cases.
The time steps of the integrator were chosen for the most accurate comparison of the results of
the test case. Units of measurement when comparing state vectors: m,m/sec.

For test case, the initial epoch was chosen as 2022/04 /28 21:38:30 UTC. The initial conditions
used for the test orbits are presented in Tables 3.

When we propagated the orbit of the KazSTSAT satellite, the values of the variables of the
perturbing forces model from the following table were used.
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TABLE 3 — Initial State vector in Earth Mean Equator and Equinox of J2000 reference frame

state vector in EME J2000 Kepler elements
x 6652911.169537571 Semi-major axis (a) | 6968.860759643917
Y 871175.193766317 Eccentricity (e) 0.002351096390
z 1864622.407990260 Inclination () 97.621163623454
Vg 2141.603813809 | Longitude of the ascending node (€2) | 185.329246514044
Uy -770.204970971 Argument of perigee (w) 91.536956373807
Uy -7217.886453230 Mean anomaly (M) 72.533302431270

TABLE 4 — Force Model Parameters

Parameter OPT
Area|m"2] 0.675
Satellite Mass|kg] 103.9
Integrator RK7(8)
Integrator error tolerance le-013
Integrator error control Yes
n (degree) 20
m (order) 20
Sun true
Sun position True: DE405
Moon True: DE405
SRad(solar radiation pressure) True
SRP: sun position True: DE405
Shadow modeling Cylindrical
Drag true
Atmospheric density model Harris-Priester
Cr(Radiation pressure coefficient) 1.06
Average F10.7 141.5
Atmospheric Drag: Geomagnetic Flux Update Constant
Geomagnetic index(Kp): JR and MSISE only 3
CD (Drag coefficient) 2.2
ERS EOP format used Bulletin B(IERS)
Polar Motion calculation enabled
Solid tides enabled
Ocean tides enabled
Relativistic Accelerations enabled

TABLE 5 — Parameters and variables of the model of disturbing accelerations

gravity model order 70
mass [kg] 102.89
area [m"2| 0.675
Cy 1.06
Ca 2.2
averageF10 7 141.5
integration step size [s| | 10.0
relative error 1E-13
absolute error 1E-09
Sigma 100.0

We took the parameters of the Earth’s rotation and time corrections according to the following
table.
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TABLE 6 — Earth rotation parameters and time corrections

UT1_UTC [-0.24081
UTC_TAI | -37.0
Zpole 0.1627
Ypole 0.4322

The results of the OPT propagation are compared with the results obtained in the
GMAT(General Mission Analysis Tool) in order to show the equality of the results.

General Mission Analysis Tool (GMAT) is an open source software system for space mission
analysis and for solving the navigation tasks developed by NASA in collaboration with Research
Institutes.

The GMAT’s propagator has been verified and validated [13| against comparison with prop-
agators, that are include as part in Free Flyer and STK. These toolkits are presented as one of
the most precise and reliable orbit Simulation tools.

TABLE 7 — Test scenario: Propagation of the state vector for KazSTSAT satellite on LEO, duration
= 1 day. Composition of forces: Earth-EGM96-Sun-Moon- HPAtmModel -SRP- cylindrical

OPT GMAT | Differences
z | 5152688.373 | 5152688.531346 0.158346
y | 1178317.233 | 1178317.226069 | -0.006931
z | 4524117.020 | 4524116.838835 | -0.181165
Vg 5032.404 5032.403807 | -0.000193
vy -205.331 -205.331045 | -0.000045
vy -5653.509 -5653.509171 | -0.000171

With such a combination of forces, the accuracy of propagation the position of the satellite
was 0.240712 meters, according to the velocity vector 0.00026 m/s.

TABLE 8 — Comparison results after 7 days from the initial epoch. Composition of forces:
Earth-EGM96-Sun-Moon-HPAtmModel-SRP- cylindrical State vector in J2000. Epoch 2022/05/05

21:38:30.000 UTC

OPT GMAT | Differences
T | -6594221.923000 | -6594224.764733 | -2.841733
y | -1628674.335000 | -1628673.392481 0.942519
z | -1546954.019000 | -1546942.627187 | 11.391813
Uy -1849.999000 -1849.986891 0.012109
Uy 600.779000 600.781991 0.002991
v, 7311.571000 7311.573858 0.002858

With such a combination of forces, the accuracy of propagation the position of the satellite
was 11.7 meters, with a velocity vector of 0.013 m/s.

It is assumed that the standard deviation of the initial state of the satellite state vector is 100
m (a priori sigma position) and 1 m/s (a priori sigma velocity), respectively. These statistics
are used to generate the initial a priori covariance matrix.

When using various combinations of models, we noticed that among the orbital models used
for satellite in low-Earth orbit, the geopotential and the atmospheric drag model are the main
sources of errors, and therefore they need to be modeled more accurately.
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Report settings:

[] State vector EME2000

[[] State vector ECl TeD

[] Kepler elements EME2000

Kepler elements ECI TeD

["] Median Kepler elements EME2000

Median Kepler elements TaD

[] Full acceleration in the ICRF/EME2000 system

[] Acceleration wvector due to the atmospheric drag in the ICRF/EME2000 system
["] Magnitude of the acceleration vector due to the atm. drag in the ICRF/EME2000 systen
[] Sun's Geocentric position and velocity in the ICRF/EME2000 system

[] Moon's Geocentric positien and velocity in the ICRF/EME2000 system

[] State vector EME2000 [*.csv]

[[] State vector ECI TeD [".csv]

[] Kepler elements EMEZ000 [*.csv]

[] Kepler elements ECI ToD[*.csv]

[[] Cartesian coordinates (WGS-84)

LLA Position - Geodetic coordinates (WGES-84)

Ficure 3 — Composition and form of the output files of the report with ephemerides

Plot of selected orbital elements in the long-term analysis of the evolution of orbital elements
using "medium elements" for a mission in LEO orbit, for example, at an interval of 6 months,
are shown in Fig. 6-9.

The computational performance of numerical propagator calculations with a different combi-
nation of forces, step and interval is presented in Table-9.

TABLE 9 — Calculation time for propagation the state vector of the satellite in the OPT software

Test case OPT
time[sec]
LEO SSO 1 day with step=10 sec: Earth-JGM3(20x20)-Sun-Moon-HPAtmModel - SRP -cylindrical 2.4
LEO SSO 1 day with step=30 sec: Earth-JGM3(20x20)-Sun-Moon-HPAtmModel - SRP -cylindrical 2.0
LEO SSO 3 day with step=10 sec: Earth-JGM3(20x20)-Sun-Moon-HPAtmModel - SRP -cylindrical 6.5
LEO SSO 3 day with step=30 sec: Earth-JGM3(20x20)-Sun-Moon-HPAtmModel - SRP -cylindrical 6.0
LEO SSO 3 day with step=60 sec: Earth-JGM3(20x20)-Sun-Moon-HPAtmModel - SRP -cylindrical 5.9
LEO SSO 7 day with step=10 sec: Earth-JGM3(20x20)-Sun-Moon-HPAtmModel - SRP —cylindrical 15.9
LEO SSO 7 day with step=30 sec: Earth-JGM3(20x20)-Sun-Moon-HPAtmModel - SRP —cylindrical 14.6
LEO SSO 7 day with step=60 sec: Earth-JGM3(20x20)-Sun-Moon-HPAtmModel - SRP -cylindrical 15.1
LEO SSO 7 day with step=300 sec: Earth-JGM3(20x20)-Sun-Moon-HPAtmModel - SRP -cylindrical 13.8
LEO SSO 30 day with step=30 sec: Earth-JGM3(20x20)-Sun-Moon-HPAtmModel - SRP -cylindrical 70.2
LEO SSO 30 day with step=60 sec: Earth-JGM3(20x20)-Sun-Moon-HPAtmModel-SRP -cylindrical 60.3
LEO SSO 30 day with step=300 sec: Earth-JGM3(20x20)-Sun-Moon-HPAtmModel-SRP -cylindrical 61.6
LEO SSO 365.25 days with step=600 sec: Earth-JGM3(20x20)-Sun-Moon-HPAtmModel - SRP -cylindrical 799

Calculations were performed on a portable computer with an Intel Core i7-4710HQ processor
with 8 GB RAM.

The presentation of all the results obtained in the software is beyond the scope of one article,
so we limited ourselves to demonstrating the operation of the test scenario and the propagation
process in the OPT software.
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FicURE 4 — Evolution of the Semi-major axis in the 30-day interval
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FiGURE 5 — Evolution of the Semi-major axis over the 6-month interval
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FicUuRrE 6 — Evolution of the inclination over the 6-month interval

3.2 Verification

This section describes the validation processes and results for the OPT tool. For a realistic as-
sessment of accuracy, the user must make sure that the models of disturbing forces, respectively,
and the propagation results can be trusted with an accuracy above 15 meters.
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Ficure 7 — Evolution of the eccentricity over the 6-month interval

File Edit Format View Help
bEnErEtion time: Mon Dec 19 15:19:08 2022 -

Kepler elements: the ICRF/Earth Mean Equator and Equinox of 12080 (EME2600)

Date/Time(UTC) Semi-major Axis(km) Eccentricity Incl. (deg) RAAN(deg) arg. of Perigee  Mean anomaly(deg)
2022/04/28 21:38:30.000 ©968.868759643917 ©.882351096398 97.621163623454 185.329246514044 91.536956373807 72.533302431270
2022/04/28 21:38:40.000 696 a. 97.621106280374 185.329262409917 91.974115962945 72.719279137361
2822/04/28 21:38:50.008 6969.867326755198 9.882337178153 97.621851165354 185.329277042266 92.400893987805 72.915658823836
2022/04/28 21:39:00.000 6969.164817741935 L 6 185. 7 92. 73.122722758007
2022/04/28 21:39:10.008 6969.258385722988 ©.682321490571 97.628947722436 185.329382762335 93.222068368522 73.348813533864
2022/04/28 21:39:20.000 6969.347986646916 8.082313001227 97.620899445157 185.329313834896 93.61581643355@ 73.5782530823426
2022/04/28 21:39:30.000 6969.433579028279 8.082304092232 97.620853497276 185.32932390@106 93.997888@67131 73.811379789352
2022/04/28 21:39:40.000 ©969.515124570576 ©.082294772377 97.620809903141 185.329332951360 94.367938540587 74.064538376563
2022/04/28 21:39:50.000 6969. o 1616 . 7 185. 94.725617293955 74.330079039346
2022/04/28 21:40:90.000 ©969.665939147883 ©.082274938008 97.620729868186 185.329348215981 95.070567891358 74.608357593305
2822/04/28 21:40:10.008 6969.735147422678 9.082264443664 97.620693469858 185.329354534076 95.402425728221 74.899738113116
2822/04/28 21:40:20.008 6969.808185753346 8.0 8723 97 185. 95.720814697349 75.20459618753@
2022/04/28 21:40:30.000 6969.861827302534 ©.082242354364 97.6208627993142 185.329364808558 96.025343745692 75.523322359443
2022/04/28 21:40:40.000 6969.9176454@7755 8.082230782269 97.620598941921 185.329368873413 96.315684269352 75.856324724514
2022/04/28 21:40:50.000 6969.97@813482674 8.082218874712 97.62057236@982 185.32937229637@ 96.591169@10523 76.204038026385
2022/04/28 21:41:90.000 6970 1 o 97.620548257053 185.329375132494 96.851592653857 76.566883854172
2022/04/28 21:41:10.900 6970 9.002: 60 185.329377436901 97.096413828418 76.945344631957
2022/94/28 21:41:20.800 6970.1813620865957 0.882181272876 97.628587582525 185.329379264648 97.32515798629@ 77.339888826944
2822/04/28 21:41:30.008 6970.136482985013 9.682168161212 97.620490863272 185.329380670692 97.537339851269 77.751808894574
2822/04/28 21:41:40.008 6970.167241858421 9.082154737206 97.620476724799 185.329381709913 97.732466582108 78.179178923082
2022/04/28 21:41:50.000 6978.193621846099 8.082141163084 97.620465894744 185.329382437176 97.918@38590583 78.624900219154
2022/04/28 21:42:00.000 6978.215614135399 8.082127321929 97. 18 185. 9 79 69 ‘as1
2022/04/28 21:42:10.000 ©970.233209847876 9.082113267678 97.620449392218 185.329383175712 98.218493912625 79.571856313939
2022/04/28 21:42:20.900 ©970. o 1. 97. 97385 98. 80.072505097993
2022/04/28 21:42:30.000 ©970.255194493631 a. 97. 1 185.329, 629 98.. 80.593554187205
< >

Ln1, Col 1

Ficure 8 — Keplerian elements of the orbit in EME J2000

File Edit Format View Help
Generation time: Mon Dec 19 15:19:@8 2022 ~

Kepler elements: the Earth-centered inertial (ECI) coordinate frame. True Equator and True Equinox of date.

Date/Time(UTC) Semi-major Axis(km) Eccentricity Incl. (deg) RAAN(deg) arg. of Perigee  Mean anomaly(deg)
2022/04/28 21:38:30.000 6968.860759643914 ©.862351096396 97.631246608532  185.595130246607 91.413621125006 72.533302431275
2022/04/28 21:38:40.000 696 i @. 97.631. 185.59 91.850788" 72.719279137361
2022/04/28 21:38:50.000 6969.067326755197 ©.802337178153 97.631134367957  185.595170019402 92.277558776284 72.915650823835
2022/@4/28 21:39:00.000 6969.164817741993 ©.802329552076 97.631081476642  185.595183549566 92.693649495010 73.122722758018
2022/04/28 21:39:10.000 6969.258385722908 ©.802321490571 97.631036922165  185.595195908423 93.098733790810 73.340813533867
2022/04/28 21:39:20.000 6969. 347986646916 ©.802313001227 97.638982669816  185.595207146053 93.492481271455 73.570253023423
2022/04/25 21:39:30.000 6969.433579620277 ©.862364892232 97.638936744586  185.595217312918 93.574552919775 73.811379709357
2022/04/25 21:39:40.000 6969.515124578575 ©.802294772377 97.638893178931  185.595226459879 94.244603467131 74.064538376563
2022/04/28 21:39:50.000 6969.592588486692 ©.802235051016 97.630851972356  185.505234638355 04.602282173528 74.330079039352
2022/04/28 21:49:00.000 6969. 665939147883 ©.802274935008 97.630813170864  185.595241900332 94.947232783119 74.608357593385
2022/04/28 21:49:10.000 6969.735147422672 ©.802264443664 97.630776786369  185.595248298457 95.279090631319 74.899738113111
2022/04/28 21:49:20.000 6969.800185753346 ©.802: a7. 76 185 95.597479610931 75.204596187527
2022/04/28 21:49:30.000 6969.861027382536 ©.802242354364 97.638711334661  185.595258717046 as 75
2022/04/28 21:49:49.880 6969.917645407754 o. - 96 75.856324724519
2022/04/25 21:48:50.000 6969.970813482673 @.802218574712 97.638655720742  185.595266327527 96.467833950552 76.204036026352
2022/04/25 21:41:00.000 6970 @. 97.630631623988  185.595269216904 96.728257660252 76.566883054172
2022/04/28 21:41:10.000 6970 ©.002: a7 30 185.595271569161 96.973075761962 76.945344631966
2022/04/28 21:41:20.000 6970.101362065953 ©.802181272876 97.6308500880507  185.595273439344 97 77.

2022/04/28 21:41:30.000 6970.136482985009 ©.802168161212 97.630574245361  185.595274882400 97.414004815131 77.751000094582
2022/04/28 21:41:40.000 6970.167241858415 ©.802154757206 97.630566118206  185.595275953192 97.609131549940 78.179176923097
2022/@4/28 21:41:50.000 6976.193621846096 ©.802141165084 97.630548482798  185.595276706573 97.7867@3561537 78.624990219162
2022/04/28 21:42:00.000 6976.215614135392 ©.802127321929 97.638539371357  185.595277197462 97.946215899294 79.888692327068
2022/04/25 21:42:10.000 6970.233209847878 ©.862113267678 97.638532784822  185.595277480915 93.657158857759 79.571856313936
2022/04/25 21:42:20.000 6970. 246483958352 @.662099025125 97.638528728324  185.595277612166 93.200619060034 86.072505297999
2022/04/28 21:42:30.000 6970.255194493630 ©.002084614926 97.630527210869  185.595277646632 98.311 ge. .
Ln9, Col 43

FicuRrE 9 — Keplerian elements of the spacecraft orbit in the EME ToD (true-of-date epoch)
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File Edit Format View Help
Generation time: Mon Dec 19 15:19:88 2022 ~
State vector: the Earth-centered inertial (ECI) coordinate frame. the Earth Mean Equator and Mean Equinox of the 12000 epoch(EME2608)

Date/Time(UTC) xe(km) y(km) 2(km) vx(km / sec) vy(km / sec) vz(km / sec)
2022/84/28 21:38:30.008 6652.911169537571  871.175193766317  1864.622407996268 2.141603813869 -8.7706204970971 -7.217886453236
2022/64/28 21:38:40.000 6673 62 863.42 1792.334535987636 2.862892597373 -6.736449962793 -7.239545114685
2022/04/28 21:38:50.000 6694.168218778583  855.566502075648  1719.834366515767 1. -o. 7.

2022/04/28 6713.611896351262 847 1647.1: 1.904757170674 -8.860661124152 -7.280285286725
2022/64/28 6732.262622506038  839.553506051230  1574.231537418538 1.825351866481 -0.810624895673 -7.299362051571
2022/64/28 . 6750.118225641355  831.397929142650  1501.146137196123 1.745734151289 -6.826492548399 -7.317573613378
2022/04/28 21:39:30.000 6767.176629224692  823.144670279664  1427.882956203923 1.665913544770 -0.830262912605 ~7.334917862859
2022/€4/28 21:39:40.000 6783.435852042043  §14.792999945792  1354.450677666999 1 -8. -7.351392797499
2022/64/28 21:39:50.000 679559400543 806.345 1288 1.505 -0.849507157142 ~7.366996522045
2022/64/28 6813.549308516423  797.803191652037  1207.113657231646 1.425329927598 -6.858978759055 -7.381727248686
2022/04/28 6827. 789.1 1133.226374932338 1.344793411828 -0.868348515796 ~7.395583296936
2022/04/28 6840.444660206768  780.436564516115  1050.204912143703 1.264101932746 -8.877615319222 -7.468563093324
2022/64/28 6852.681612606238  771.614510398982  955.058038586551 1.183265136914 -0.886778073659 -7.420665171046
2022/064/28 6864.109518601787  762.761: 910, 1 ) -7.431888169715
2022/04/28 6874.727045873209  753.698150482452  836.423209867407 1.021194199192 -0.904787115546 -7.442230835415
2022/04/28 6884.533006885888  744.605968710070  761.952860569250 ©.939979426302 -8.913631274739 -7.451692020895
2022/64/28 6893.526279036194  735. 687.3923111959: [ 113 -6.922367128873 -7.460270636642
2022/064/28 6901.705844751215  726.158909588648  612.750391703090 8.777239761205 -8 7 -7.46°

2022/04/28 6909.070783666476  716.80638092109@  538. 8.695734: -8 -7.474776833717
2022/04/28 6915.620272669548  787.369165573713  463.257805016806 8.614151481548 -9.947914516493 -7.480702776227
2022/64/28 6921 1 897, 388.424837316835 0. 0. -7.4857431158966
2022/04/28 21: 6926.2° 688, 313. 1 0. -0.964386210684 -7.489897363804
2022/04/28 21:42:10.000 6930.369270027971  678.561119819902  238. 1 0. -9.972451061976 -7.493165121457
2022/@4/28 21:42:20.000 6933.65067660505¢  668.796764683440  163.685549784347 ©.287248252202 -0.980400681928 -7.495546111465
2022/64/28 21:42:30.000 6936.113979433084  655.053493396304 58.721879257233 ©.205416344671 -0.988234137874 ~7.497046162182
2022/04/28 21:42:40.000 6937.758940388204  649.032472201539 13.747703226483 ©.123573504840 -0.995950511638 ~7.497647218791

v
Ln1, Col 42

FicUurge 10 — The state vector in the EME J2000

The results of the OPT propagation are compared with the results obtained in GMAT®, as
well as with the GPS receiver navigation solution. For example, the residuals resulting on state
vectors propagation for 7 days from the same epoch time by both the GMAT and developed
OPT tool, are shown in figures 11-12.

Position Differences
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FiGURE 11 — The difference in the position vector over a one-week interval (m)

The OPT propagation results are compared with the GMAT results with the maximum nor-
malized position and velocity difference over the propagation duration. This results displayed
in a table format. To determine whether the comparison value of the test case modeled in the
software is acceptable, an acceptance matrix was created, presented in Table 10. Comparative
results of propagation the satellite orbit on one orbit are shown in tables 11-15, obtained in
different coordinate systems.

Also, for verification purposes, we compared the orbit propagation at various time intervals
with the navigation solutions of the SGR-07 GPS receiver installed on board the KazSTSAT
satellite.

8General Mission Analysis Tool, Software Package, NASA Goddard Space Flight Center, Greenbelt, MD,
2007, URL: http://gmat.gsfc.nasa.gov
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Velocity Differences
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FiGURE 12 — The difference in the velocity vector over a one-week interval (m/s)

TABLE 10 — Acceptance Matrix

Difference in

Acceptable position difference (m)

Non-spherical gravity <0.001
Point mass gravity <0.001
Solar radiation Pressure <0.6
Atmospheric Drag <20

TABLE 11 — The test scenario for comparing of the OPT/GMAT software results (Sun-synchronous

orbit)

Test case Position difference(m) | Velocity difference(m/s)
Earth-JGM3-0-0-0-0 1.203 0.002
Earth-JGM3-Sun-0-0-0 1.203 0.001
Earth-JGM3-Sun-Moon-0-0 1.203 0.002
Earth-JGM3-Sun-Moon-0-SRP-cylindrical 1.020 0.001
Earth-JGM3-Sun-Moon-HPAtmModel-0 1.281 0.0015
Earth-JGM3-Sun-Moon-HPAtmModel-SRP 1.2 0.001
Earth-JGM3-Sun-Moon-HPAtmModel-SRP-cylindrical 1.0402 0.0009

TABLE 12 — The test scenario for comparing of the OPT/GMAT software results (Sun-synchronous

orbit)
Test case State vector State vector delta
(OPT) (m, m/s) | (GMAT) (m, m/s)

Earth-JGM3-Sun- -1344.43852 -1344.438283 | -0.23726362
Moon-HPAtmModel-SRP- 4977.977623 4977.979675 | -2.052247331
cylindrical -4697.661829 -4697.659723 | -2.10593889
0.0492403 0.049241026 0.0007259

5.181641 5.181639 -0.0020000

5.4932774 5.493279382 | 0.001981803
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TABLE 13 — The test scenario: KazSTSAT, 2019/01/17 12:00:00.0 UTC (EME J2000)

X(m) Y (m) Z(m) Vx(m/s) Vy(m/s) Vz(m/s)
OPT 241433.619705 | 6487906.368239 | 2536797.612833 | 1009.703000 | 2747.069500 | 6970.948231

GMAT | 241433.619705 | 6487906.368239 | 2536797.612833 | 1009.703000 | 2747.069500 | 6970.948231

delta 0 0 0 0 0 0

TABLE 14 — The state vector in the EME True-of-Date coordinate system

X(m) Y (m) Z(m) Vx(m/s) Vy(m/s) Vz(m/s)
OPT -209600.1997021 | -6488907.1731688 | -2537067.7599385 | -1008.5101100 | 2742.6862989 | -6972.8465815
GMAT -209600.199642 | -6488907.1731640 -2537067.759955 | -1008.5101100 | 2742.6862990 | -6972.8465820

delta 5.92E-05 4.8E-06 -1.7E-05 0 1E-07 -5E-07

TABLE 15 — Keplerian elements of the orbit in EME J2000

X(m) | Y(m) Z(m) | Vx(m/s) | Vy(m/s) |  Va(m/s)
OPT 6967400.359 | 0.002037 | 97.868045 | 90.96413 | 99.216281 102.110747
GMAT 6967400.359 | 0.002037 | 97.868045 | 90.96413 | 99.216281 102.110747
delta -3.99537E-07 0 0 0 0 0

SGR-07 receives and decodes L-band signals from four or more GPS satellites and, using
range determination methods, is able to calculate the location of the satellite with an accuracy
of 15-25 meters, as well as determine the exact speed and time.

The SGR-07 receiver tracks C/A code signals at the L1 frequency from GPS satellites. Each
channel performs measurements of pseudorange, Doppler frequency shift and carrier phase in
the measurement epoch. These “raw” measurements are used to calculate the receiver position,
velocity and time (Position/Velocity /Time). The position and velocity are transmitted as arrays
of vectors in the WGS-84 coordinate system with reference to UTC time. The time is represented
as an exact location timestamp sent in GPS time format: the number of the week, the number
of seconds from the beginning of the current week and a fraction of a second.

Many tests were performed with a full set of considered disturbing accelerations. In OPT
software, when propagation movement, one of the processed vectors from a set of navigation
solutions that has been preprocessed was selected as initial conditions. During preprocessing,
abnormal errors were discarded according to the 3 - rule. Intervals were selected for propagation
the position of the satellite representing the passive sections of the satellite flight: 1 day, 3 days,
7 days, 14 days and 30 days. Then the propagated state vectors of the satellite at the end of
the interval in the EME J000 coordinate system were compared with the vector obtained by the
GPS navigation solution at the end of the considered intervals.

TABLE 16 — The state vector refined by GPS data and the corresponding orbital elements(true-of-date)

epoch 2022/04/28 21:38:38.000 UTC

Keplerian elements (ToD) value | State vector(ToD) value
Semi-major axis (a) 6960.925018138310 Ty 6623658.751
Eccentricity (e) 0.002047257271 Ty 903162.936
Inclination () 97.635627176777° T2 1950898.625
Longitude of the ascending node (2) | 185.592351005803° Vg 2238.240858
Argument of perigee (w) 85.199606512757° Uy -751.488029
Mean anomaly (M) 78.777122748204° Uy -7190.619141

Given the accuracy of determining the GPS receiver, it can be argued that the accuracy of
orbit propagation allows using this model and the integration method to solve most problems
of satellite orbit control.

JI.LH. 'ymuneB arsiagarsl EYY Xabapmeicsl. MaTtemaruka. Komnbiorepiik reiabiMaap. Mexanuka, 2022, Tom 141, Ned

Becrnuk EHY um. JI.H. I'ymunesa. Maremaruka. Komnbiorepubsle Hayku. Mexanuka, 2022, Tom 141, Ned

24



A.G. Yessengaliyev, A.B. Mukanov

TABLE 17 — Comparison of the satellite orbit propagation at the end of the one-week interval with

the orbit from the GPS receiver navigation solution

epoch 2022/05/05 21:38:38.000 UTC

Keplerian elements (ToD) OPT GPS difference
Semi-major axis (a) 6969.242572 | 6969.242560 -1.2986E-05
Eccentricity (e) 0.001758 0.001759 -1.72E-07
Inclination () 97.628551° 97.628552 -2.13E-07
Longitude of the ascending node (€2) | 192.397495° | 192.397494 -1.634E-06
Argument of perigee (w) 63.393216° 63.393216 -1.94E-07
Mean anomaly (M) 283.824257° | 283.824255 -2.405E-06

4 Conclusion

In this research integration methods and a model of disturbing accelerations acting on the
satellite were studied. The efficiency of using the modified Dormand-Prince method 8(7) with
adaptive step with error control for the numerical solution of differential equations describing
the motion of the spacecraft to achieve a high accuracy during orbit propagation is shown.

The main purpose of this work was to show that the used propagation model and the inte-
gration method provide sufficient accuracy and are suitable for propagation the position of the
satellite, both on short-term and long-term time intervals. The use of an accurate model of
disturbing accelerations, using numerical methods of integration of high orders with automatic
step selection, demonstrated high accuracy of refinement of the state vector of the satellite in
orbit. It also provides a better estimate of the speed and, consequently, a better accuracy of the
propagation, thereby improving the accuracy in secondary tasks of satellite orbit control and
the accuracy of planning operations with the satellite payload.

The high-precision orbit propagation together with the updating the covariance matrix, can
be applied in many actual tasks on Flight Control Operational Planning and the safety in orbit,
where the orbit determination errors taking into account.

Such an approach, for example, has found its application for the task of Conjunction Assess-
ment analysis for closest approach cases between two space objects, where the collision avoidance
maneuver decision making process is based on a probabilistic approach.

The developed OPT software can be used as the basis for a number of applied tasks for
ballistic support the flight control of the satellite’s missions on LEQO.
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KoBapuauusaiablk, MaTpula 60/2KaMbIMEH >KOFapbl JJIAIKTeri KO3rajbIiC GoJI2KaMbl

AnHOTAaUUMA. Byn makanama Papemmn Anmaparrapaers(PA) nosunumsicelH KoFapbl JOuIAIKIEH GOJIZKay MOZEJIH
KOJITAHY YCBIHBLIA/IbI, OH/Ia OY3BbIIFaH YeyJIep aHbIKTaJIa/lbl, COHbIMEH KAaTap AJIbIHFAH CaHJIbIK HOTHKeJEeD YCHIHBLIAbI.
Fapein AnmaparrapbiHa 9cep eTeTiH Oapiblk Oy3yIIbl KYIITED MOJAEbJeHel, aTMocdepasblK KAapPCBhLIIbIK MOJIETIHIH
mapaMerpaepiniy, conpaii-ak IERS, EOP napamerpsepinin e3ekti mepekrepi kosnmaubuianbl. LEO-marpl opbuTasbik,
MO3UIMSIHBL OOJIKayFa apHAJIFaH o3ipJieHreH OaraapiiaMajblK KamTaMachld ery T'A yirysiH GacKapyabl KoJigay YIIiH
KOJIJIAHBLIAJbI, OyJl PETTE AlTAJbIK YaKbIT apajbiFblHAarbl T'A mosunus BekTopbl Ooiibiama 10-15 Merp meHreisin
Ieumiri kamramacels eriseni. F'A Ko3rasbICHIHBIH GepiireH MojesiHe »KoHe KYyil BEeKTOpbIMeH Oipre opOHMTaHBI aHBIKTAY
KaTeJiKTepiHiH, 6eJrili CTaTUCTUKAJBIK, CHIATTaMaJIapblHAa KOBapUALMSJIBLIK, MaTpula OoJsKaHaibl, Oys Oesncenmi T'A
opbuTachiH 6aCKAPY/IbIH KOIITEreH ©3€KTI MocesesiepiHie KOJIIaHbLIa/IbI.

Tyitin ce3nep: rapbim kemeci; I'A nosunumscein 60mkay; OpOUTAHBI AHBIKTAY; TOMEH OPOUTAJBIK OpbuTa; OPOUTAHBI
baraJjiay; Oy3ylIbl KYIITED; CAHJBIK MHTerpanus; Pyure-Kyrra amicrepi, KoBapuausiJIbIK MaTpUIA.
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BbICOKOTOYHBIN IIPOTHO3 OBU>KE€HUA KA c IIPOTrHO30M KOBapI/IaI.H/IOHHOI';[ MaTpHUIbl

AnHoranusi. B nmanHoill craThbe mpejjiaraercsl MCIOJIb30BATh MOJENb BBICOKOTOYHOI'O IPOTHO3UPOBAHHUM IIOJIOZKEHUS
KA, B KOoTOpOIi BO3MyIIamomue yCKOPEHHUs OIPEIeIeHbl, a TaKKe [IPeJCTaBJIeHbl I0Jly YeHHbIEe YUCIEHHbIE DE3YJIbTaThI.

Bcee Boamymaronme cuibl, geiicrBylomue Ha Kocmudeckuii annapar(KA) MozeaupyioTcs, HCIOIB3YIOTCS aKTyaJbHbIe
JAHHbIE I1apaMeTPOB MOIEIN aTMOC(EpHOro CcompoTuBieHHs, u Takke mnapamerpoB IERS, EOP. Pazpaborammoe
IIporpammuoe o6ecneuenne (I10) mya nporuosuposanus nosioxkenust KA mo opbure Ha LEO npuMeHUMO 1t TOJAEPAKKA
yupasiieHusi nojeroM KA, npu srom obecrieqnBaeTcss TOYHOCTh ypoBHsl B 10-15 MeTpoB mo BekTopy mnosioxkenusi KA Ha
HEJIeJIbHOM MHTEPBAJIe BPEMEHU.

Ilpu 3aganHOl Mozenn jBurkeHnsi KA M M3BECTHBIX CTATUCTHYECKUX XapPaKTEPHUCTHUKAX [OTPEIIHOCTEH OIpe/esleHus
OpbUTBHI BMECTE C BEKTOPOM COCTOSIHHS IIPOTHO3UPYETCS M KOBAPHAIMOHHASI MATPUIA, UTO HAILIO MPUMEHEHHE BO MHOTUX
aKTyaJbHBIX 3aJadax Io moaneprkke Jumamuku mosera KA.

KuroueBbie cioBa: Kocmuueckuit  Amnmapar, mnporHosupoBanme mnosoxkenust KA, omnpenenenme opbutsr,
HU3KOOpOUTAIbHAsT OpOUTA, OIEHKa OpPOWUTHI, BO3MYIIAIOIINE CHUJIbI, YUCJIEHHOE WHTerpupoBanue, meroanl Pynre-Kyrra,

KOBapuallMOHHAas MaTpHIlA.
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YucaeHHbI’ pacdeT rmApoANHaMUKN TEIJIOHOCUTEJIEH C ydyeToM 3aBUCHUMOCTU
BA3KOCTU OT TeMIlepaTypPhbl

AnHoTarmsi: CraTbsi TOCBAIIEHA WCCICMOBAHUIO THAPOJNHAMUKN — TEIJIOHOCHTEEH
B Tem000MEHHBIX —allllapaTax. YuauTheBas IIIPOKOe IpUMEHEHWe 3STOT0 YCTPOICTBA,
ITOBBIIIIEHNE €r0 TEeIIOBBIX U T'UAPABIMIECKAX XAaPAKTEPUCTHUK CTAJIO0 CTOJIb BAaYKHBIM JJIsI UX
IIPOEKTUPOBIIMKOB. B pabore mpoBelieH pacdyeT HECTAIMOHAPHBIX TEUEHUH JKUJIKOCTEH 10
TpybkaM TeruiooOMeHHHKA. B KadecrTBe TemsioHocuTesell ucnosb3yorcs Boga ("ropstamii”
rerionocuresb) U HedTb ("X0I0MHBINA" TENIOHOCHTENb), MEeXK/[y KOTOPBIMH IIPOUCXOJUT
TEeIIOOOMEH Yepe3 TBEPIYI0 IOBEPXHOCTH TPYOOIPOBOA, SIBJISIFOIIENHCS TPaHUIEH MeX Iy
TerioHOoCcuTe IIME. 1Ipu pacuere JBUKeHUsT HE(PTH YIUTHIBAJICS TOT (PaKT, 9TO JUHAMUIECKAST
BSI3KOCTh OYEHb CHJIBHO 3aBUCHT OT TeMIepaTypbl W, B 3aBHCUMOCTH OT TEMIEPATYPHI,
qnciaa PeitHonbica Takyke MeHsiorcsi. Y, Kak ciieicTBHe, TPU TEYEHUU 10 JOCTATOYHO
TOHKOMY KAHAJIy MEHSIETCS PEXKHUM TeUeHUsI, a UMEHHO, [IPOSIBJISIETCsT TIEPEX0/T OT JIAMUHAPHOTO
peXkuMa, TedeHUsi B TYpPOYJIEHTHBIH, B TO BpeMsl KaK I[PU AHAJUTUICCKOM METOJe pacuera
JIISE TIOCTOSIHHOM BSI3KOCTH 3TOT 3¢hekT He Habsrogaercs. [l daucjeHHOro MOojempoBaHust
TUJIPOJIMHAMUKHU  TEIJIOHOCUTE el TPUMEHSIJIUCh OCpeIHeHHble 10 PeiHO/b/ICy ypaBHEHUS
Hagpe-Crokca, 3aMKHyTBIE€ [IpU TIOMOIMM MOJMEU TypOyJieHTHOCTA. Bepudukamnus pacaeTron
TErmI00OMEHHIKa MTPOBe/IeHa B porpaMMuoM makere "Ansys Fluent".

KuaroueBbie ciioBa: TemiooOMeH, BSI3KOCTh, THAPOJMHAMUKA, HeMTEIPOLYKThI, INCJIEHHOE
MOJIeJINPOBaHUE, JIJAMUHAPHO-TYPOYJIEHTHBIN [TEPEXOI.

DOT: https://doi.org/10.32523/2616-7182 /bulmathenu.2022 /4.2

2000 Mathematics Subject Classification: 80M20

Bgenenue. st TpyGOnIpOBOMHON TPAHCIOPTUPOBKU HepTH U  HEPTEIPOIYKTOB
UCIIOJIb3YETCs TIOIX0M, OCHOBAHHBIA HA PEryJUPOBAHUU PEOJIOTHIECKUX CBOHCTB HedTH,
HaIlpUMep, WPU TIOMOIMU HarpeBa HedTH ¢ ee MOCJeIyIoNeil TPAHCIOPTUPOBKON IO
TpPYOOIPOBO/IY € TIOBBIIIEHHON Terion3osiiuedi (ropsidas nepekaduka Hedrn). B HeKOTOpBIX
CydasgX yBeJMYCHUE BA3KOCTU HEPTU TPU MOHUKEHUU TEMIEPATYypPbl HPUBOIUT K
HEJIOMYCTUMBIM HAIPsKEHUSIM Ha CTEHKax TPyObl U OCTAHOBKE TPAHCIOPTUPOBKH. B pabore
[1] mpoBejeHBI wWCCIEIOBAHNUST 3aBHCHMOCTH KHHEMATHYECKONH Bsi3KocTn HedTH U CcMecei
HeTH OT TEMIIEPATYPHI, a TAKXKe MPOAHAJTU3UPOBAHBI CYIIECTBYOMME (DOPMYJIbI JJIs pacuera
KUHEMATUYIECKON BI3KOCTU HE(MDTH B MArUCTPAJIBHBIX TPYOOIPOBOJIAX.

Teuenne KugKOCTH B MEKTPYOHOM MPOCTPAHCTBE TEILIOOOMEHHUKA, HWMEET CJIOXKHBII
XapakTep W 3aBUCUT OT MHOXKECTBa (DAKTOPOB. UUCJEHHOE MOJETUPOBAHUE TEIJI000MEHA
U TUJPOJIMHAMUKHU B TEIJIOOOMEHHBIX YCTPOHCTBAX PAa3JUYHBIX KOHCTPYKITUI ITPUBOIUTCS B
paborax [2|, [3]. Pesyabrarhl YHCIEHHBIX PACYETOB HAXOIAT NMPUMEHEHWE [IJIs HAXOXKJICHMUsI
OIITUMAJIBHBIX CIIOCOOOB UHTEHCUMUKAINKE IPOIECCOB  Terioobmena  [4-6]. Ilosy4uennnie
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pe3y/IbTaThl YKA3BIBAIOT HA yMEHBIIEHWE BJINAHUS BA3KOCTH IIepeKadnBaeMoil HedTH Ha
TUIPABINIECKYIO XapPaKTEePUCTUKY TPYOOIPOBO/Ia MpK IepPeKadKe Ha PA3BUTHIX TYPOYTEHTHBIX
pexumax.

CpaBHeHI/Ie TOYHOCTHU Pa3JIMIHBIX MO,[LeJIef/'I Typ6y.HeHTHOCTI/I7 HCIIOJIB3YEMbIX JIJId 3aMbIKaHN A
ypasHenuii Peiinosbiica, siBisiercsi npejMeToM ucciesioBanust B paborax [7-10]. B ocHoBHOM,
B pacderax WHCIOJb3yIOTCst k — € uw k — w Mojenu TypOysaeHTHOCTH, a Takxke SST
k — w w™omenb . IlojnydeHHble pPe3ysIbTAThI IMO3BOJISIIOT JOOUTHCS YAOBJIETBOPUTEIHHOIO
COBITaIeHU A PEIYJIbTATOB PaCuY€TOB C JaHHBIMU ITPOMBIIITJICHHBIX 3KCIICPUMEHTOB. 9TO II0O3BOJIAET
peraTh 3aJadu  yIPaBIEHUs] IMPOIECCAMA U TOBBIMIEHUsST 3(M@MEKTUBHOCTH ITPOU3BOJACTBA U
OolIpeaesjicHrusA OIITUMaJIbHBIX PEXKUMHBIX ITapaMeTPpOB TEXHOJIOI'MYECKUX ITPOIECCOB. BMeCTe C
TeM, UMEIOIINECS] PACUETHI ¢ MCIIOJIb30BAHUEM JIBYXIIapaAMETPUIECKIX MO/esieil TypOyIeHTHOCTH
HE YUYUTBHIBAIOT JIAMUHAPHO-TYPOYJIEHTHBIN Tepexoj. B ciydae, Korja Bsi3KOCTh 3aBUCUT OT
TeMIIepaTypbl, PEXKUM TEUEHUS B TAKUX TOHKUX TPYOKAX MOXKET M3MEHSATHCS OT JIAMUHAPHOTO
10 TypOyJIEHTHOTO.

JLnst ipocToThI BBIOMpaeTCs cxeMa TeriooOMeHHUKa "Tpyba B Tpybe" ¢ TOHKOI u Titagkoit
BHyTpeHHe#t TpyOkoii. [IpuBomurcsi mMerTos pacdera TEIJIOOOMEHHHKA MPSIMOTOYHOIO THUIIA,
B KOTOPOM BO BHYTpPEHHEM TPyOOIpoBojie paboueil KUJKOCTBIO siBJisieTcss HedTh (XOJIOIHBII
TEIIOHOCHUTEh), & BO BHeIIHeil Tpy6e - Boja (ropsidmii TerioHocuTe N b). Pacdersl mpoBojsiTest
JIS. MOJICJIBHOW KOHCTPYKIIUU TEIJIOOOMEHHOIO AallllapaTa KakK IIPHU ITOMOIIU TEeOPETUIECKOTO
[OJIX0/Ia, OCHOBAHHOTO Ha MeTojie cpejHesorapudmmdeckoii pasuunbl temmeparyp (Log-Mean
Temperature Difference, LMTD) npu nocrosiHHOi U mepeMeHHOIl BSI3KOCTH, TaK M Ha OCHOBE
cpescTB BeIUHCaUTEbHOM Tuapoauaamuku (Computational Fluid Dynamics, CFD). lanusre,
MTOJIyIeHHBbIE B paMKaxX Pa3/IMIHBIX IMOAXOI0B, CPABHUBAIOTCSI MEXKIy CODOMl, UTO IO3BOJIAET
C/IeIaTh BBIBOJ O TOYHOCTH KayKJIOT0 U3 MOIXO0I0B U BO3MOYKHOCTH UX IIPUMEHEHNS HA TPAKTHKE.

3aBUCHUMOCTL BSI3KOCTH TEIJIOHOCHUTEJIEi OT TemIlepaTrypbl. B paccmarpuBaeMoit
3ajade MPUHSITO, YTO 3ajeku HedTu Haxomarcda Ha riayomme 0.9-2.4 kM. Ilrormocts HedTH
cocrapiisier 844-874 kr/m3, Bsi3kocTb - 3.4-8.15 mlla-c, conepxkanne cepsl - 0.16-2%, napadunos
16-22%, cmom - 820%. DOTm mapamerpbl COOTBETCTBYIOT XapaKTEPUCTHKAM Y 3€HBCKOTO
HeTEra3o0Boro MeCTOPOXKIeHNs pacioioykeHHoro B Kazaxcrane.

B jsimTeparype NpUMEHSIOTCA PA3JIHUYHbIE 3aBUCHUMOCTHU BSI3KOCTH OT TeMIeparypbl. B
HedTAHON OTpac/ju NIpHU pacdeTe KUHEMATHIECKON BI3KOCTHU, 3aBUCAIIEH OT TeMIIEPaTyPhI,
upumensiercs: popmysia Basbrepa [1]

lg(lg(v +0,8)) =a+0blgT (1)

rme a uw b — >sMmMoupudeckne KOIPPUIMEHTHI, OIpeaeaseMble s JaHHON >KUIKOCTH
sKcrepuMeHTaIbHbIM myTeM. Koadduimentsr a u b B hopmyiie (1) HAXOAATCS U3 COOTHOIIEHU

a=I1glg(ry +0,8) —blgT

b lglg(v1 4+ 0,8) — lglg(v2 + 0, 8)
N lgTi —lg T

31ech V] U V9 — 3HAYEHUS] KMHEMATUIECKOU BSI3KOCTHU »KUJKOCTH Ipu Temieparypax 17 u Ts.
CpaBHeHre pe3ysapTaToB pacdeToB 10 ¢opMmysie Bajbrepa ¢ 3KCIEpUMEHTAJIbLHBIMU
3HAYEHUSIMU JTUHAMUIECKON BA3KOCTH JIJisi HedTH mokasbiBaer 1.
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YucsieHHbIH pacdeTr rupoauHaMUuKUu TEenJIOHOCUTEJIEH C y4dqeTroM 3aBUCHUMOCTHU BA3KOCTH OT TeMIilepaTypbl

w, Ma-c
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PucyHok 1 — 3aBUCMMOCTh JUHAMUYECKON BA3KOCTU HedTH Y3EHBCKOIO MECTOPOXKIEHUSI OT
Temneparypbl. TpeyroJibHble 3HAYKM - 9KCIIEPUMEHTAJIbHbIE JaHHbIe [11], croumiHas JIMHUS - pacyeTrsl
no dopmysne Banbrepa

Temmneparypa u3mensercs or 10 1o 100°C . Crurontnas JuHIS COOTBETCTBYET 3aBUCHMOCTH
BSI3KOCTH OT TEeMIIEpaTypbl, HOJIy4IeHHOoii mo dopmyse Basbrepa (1), a TpeyrosbHbie 3HAYKH -
pesysbraraM bu3nIecKoro skcrnepumenta, [11]

MeTtoa pacueTra ITpu IOCTOSAHHO BA3KOCTU. J1jis OIEHKY TEIIOBBIX IIOTOKOB OT MOPSIIero
TENJIOHOCUTENST K XOJIOTHOMY WPUMEHSeTCS MOJEIb TENJOHOCUTENs C MOCTOSTHHOU IO JJIIHE
BSI3KOCTBIO, OCHOBAHHAS HA HCIOJIH30BAHUU CPEIHEJIOTapuMMUIeCKOl PA3HUIIBI TEMIIEPATYD.
B pekyneparuBHOM TeIIOOOMEHHOM allllapaTe JiBe KUJKOCTH C PA3JIUYHBIMU TEMIIEPATYpPaMu
JBUZKYTCSA B IPOCTPAHCTBE, pa3eIeHHON TBEpIOil cTeHKol puc.2. TermoBoil pacdeT CBOAUTCT K
COBMECTHOMY DPEIIEHUIO YPABHEHUN TENJIOBOr0 Hajanca U TeIIONepeIadm.

Tennosas H3oasauuA

Bsikteh — I

(nubrb]
- — >
i I ﬁ TI
HKuakoers 2
(BOja)

PucyHok 2 — Cxema TemioOOMEHHOro amnmapara, B KOTOPOM TEIJIOHOCUTEJI JBUXKYTCH B
IIPOTUBOIIOJIO>KHOM HAaIIpaBJIEHUU
Ypasuenue TemioBoro tasanca uMeer B [12]

Q = Glcpl (Tl/ — Tl//) = GQCPQ(TQ// — T2/) > 0, (2)

rme () — KOJIMYEeCTBa TEILIOTHI,IIEPEJAHHOe B €IUHUIY BPEMEHH OT IOPAYEro TeIJIOHOCHTEIS
xosonHoMy, G — MacCOBBIN PACXOJl TEIUIOHOCUTENsI, €, — H300apHasl TEIIOeMKOCTb, 17 —
TemIepaTypa Ha Bxoje, T” — remmeparTypa Ha BbIxoge. MHaeKC 1 COOTBETCBYeT Topsiuemy
TEIJIOHOCUTEITIO, & WHIEKC 2— XOJIOJHOMY TEILJIOHOCUTEJTIO.

YpaBHEHNE TEILIONEPEIadH JIjIsI TeIIOOOMEHHOIO alllapaTa IPEeJICTABIISETCS B BUIE

Q = kFAT, (3)
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rae k- cpemqunit Ko3hPuUIneHT TEIIONEPEe/IAvH, KOTOPBIN PACCIUTBIBACTCH IPU CPeHeit
remneparype (17 +T7)/2 u (T4 +T4)/2 , AT — cpenusisi pasHocTsh Temueparyp. Cpemssis
Pa3HOCTBh TeMIIepaTyp OIpPeAesseTCa BbIpaKeHUeM

= / ATdF

rjae F-mmomaaes mopepxnocTn TemmoobMeHa.
Ucnonbayst obosuavenne AT = (T) —T») , ypasuenus (2) u (3) B quddepenipanbroii popme

HpI/IMyT BT

d(AT) 1 1

——~ =-mkdF, m=—+——

AT G16p1 G20p2

3HaK IUIIOC BBIOMpaeTcss B clydae IPSMOTOYHOIO Aalllapara, a 3HaK MHHYC - B Clydae
IIPOTHBOTOYHOIO TeIIo0OMeHHNKA. [IpruBeneHHoe ypaBHEHNE CIPABEIJINBO BIOJb HAIIPABJIEHIS
JBUKEHUS TOPSTIEro TeIJIoHocuTe s, [IpuHuMast, 9To m u k SIBJISIIOTCS IIOCTOSTHHBIMU 110 JIJTHHE
annapara u uaTerpupya ot 0 1o F u or AT’ u AT, nomyaum

AT = AT exp(—mkF), (4)

rme AT’ — mepenan TemmepaTyp Ha BXOJE TOPSAYErO TEILIOHOCUTENA. BIOJb IIOBEPXHOCTH
TEIJI000MEHa  TEeMIEPATYyPHBIH  HAIIOp WM3MEHSIeTCST 110 JKCIOHEHIMAJbHOMY  3aKOHY.
[IpoBomst  ycpemmeHume TeMIIEpaTyYPHOIO HAIOpa IO BCeifl IOBEPXHOCTH  TEIIOOOMeHa,
cpenuesiorapudMUIeCKUil TeMIIEPATyPHBIN HAIIOP HAXOMUTCS M3 COOTHOIIEHMSI

AT" — AT
In(AT"/AT)
HpI/I KOHCTPYKTHBHOM Dpac4eTe TeHJIOO6I\/IeHHI)IX yCTpOﬁCTB TelJioBasd ITPOU3BOIUTE/IBHOCTD

@ onpezensiercst 10 ypasaenuto (2). Ilnomans mosepxHocTu rerioodmena F Haxomures us
YPpaBHEHUSI

kAT
[Ipu pacuere oM@y MOBEPXHOCTU TEIJIOOOMEHA 3aJ1a9a CBOIUTCS K BBIYUCEHHUIO CPEIHErO
K03 burmeHTa TEIIoNepeIadn U CpeHeIorapudMIIecKoro TeMIepaTypHoro Hamopa. JljinHa
TEIJI00OMEHHOT'O yCTPOICTBA PACCIUTHIBACTCS 110 (bopMyIie

AT =

_F

mnd
rIe n — YHCJI0 BHYTPEHHUX TPYOOK, d — MX THAPABIMYECKHI JUAMETP.

Pacnpeneneams ~ TemmepaTyp — BJIOJIb  IIOBEPXHOCTH  TEIUIOOOMEHA  BBIPAXKAIOTCS
COOTHOIICHUSIMU:
exp[ kmF(x ]
L+ (Giep1)/(Gacpa)
exp[ kmF (z ]

1+ (Gacpa) /(Grcpr)

Baecy F(x) - 3aBUCHMOCTD IUIOIIAIN TOBEPXHOCTH TEIIOOOMEHA OT JIJIMHBI, U3MEPEHHOM
BJIOJIb IIYTU TOPSIYEro TEIJIOHOCUTeNs. DB ciaydae NUJINHJIPUYECKONH [MOBEPXHOCTU ILIOIIA/Ib
TertooOMeHa BbIpaykaercss depes jumny F(z) = Iz, tme II - cvouenHbiii mepumerp
IMOBEPXHOCTH TEILIOOOMEHA.

s citydasi TOHKUX IUJIAHJIPUYECKUX CTEHOK COOTHOIIEHHS JJIs TEMIEPATYD MOBEPXHOCTH
UMEIOT BU/T

Ti(z) = Tl,—AT’

Ty(z) = Ty — Ar'?

<a1F1 + a1F15w) T+ Ty

T oo Fo
wl =
a1 Fy a1 F16w
L+ as Fo + AwFa
o Fo a2F25
<a1F1 + ) T+ T
Tw2 = .

aze o Fody
I+ a1 + AwFa
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Baecy F, = (F1 + F»)/2, F - woma/pb TersoodMeHa co CTOPOHBI Tersionocurestst 1, Fy -
[LJIOIIA/b TEIIOOOMEHA, CO CTOPOHDBI TEILIOHOCUTEIS 2, Oy, - TOJIIMHA CTEHKH, Ay - KO3hdUuImenT
TEIJIOMPOBOTHOCTA CTEHKH, ¢ - KOI(P@UIIMEHT TeIIoOTAaun. lIpuBeneHHBIE COOTHOIIEHUS
JJIsI TEMIIEPATYPBbI CTEHKH SIBJIAIOTCS HESIBHBIMUA U TPEOYIOT MUTEPAIMOHHOTO PEIeHUsI, TAK KaK
KO3 DUIMEHT TEIJIOOTAAYN (¢ 3aBUCUT OT TEMIIEPATYPHI.

JUtst  OHOCJIONHON IMUINHAPWYIECKON CTeHKH CcpedHnii KodM@UIMEHT TeIIonepeadn
BBIYUC/ISIETCS CIEYIONUM 00pa3om

-1
— 1 1 ds 1
k=—+-—~+In—+—-
a1dy 2w dq aods
e «q - OCPEIHEHHBIH KO3(M(UIUEHT TEILIOOTIAYN K XOJOAHOMY TEIUIOHOCUTENI, Qo -

OCPEJIHEHHBIN KO3 MUIIUEHT TEIJIOOTIAYN K IOPAYEMY TEIJIOHOCUTENIO, Ay, - Ko3dduimeHt
TEIJIOMPOBOTHOCTH CTEHKH.

Yucno Hyccesbra saBucuT orT pekuMa TedeHHs (JIaMUHADHBIA WM TypOyJIeHTHbIH) u
pexknMa TermoobMena (HarpeB win oxjaxkaenue). OcpenHeHHBIH KO3GMMUIMEHT TEMIO0TIaqN
BRIpazkaeTcss 4depes cpefpee no Jumae uuciao Hyccenbra , roe d; = % — 3hdeKTUBHbII
rupaBIddecKuii guamerp, Fy - IIIOmaab IPOXOAHOro cedenus KaHaua, I[I - cmodennbit
[IEPUMETP, A - TEIUIONPOBOJIHOCTH KUJIKOCTH. llpu TedeHmnm B TpyOe WM HPHU HTPOIOJIBHOM
obrekanun TyKOB TpyO umcio Hyccenbra BBIYUCISETCS € OMOIIBIO  ITOJIYIMITHPUIECKO

3aBHUCHUMOCTH BHUJa&

Nu = Nu (Re, Pr, Pry,, L/d,) ,

rme Pr - gmemo Ilpasarasa xxkugkoctu, Pry - umcno IIpasaris »KUaIKOCTH, BRIYUCIEHHOE TI0
TeMIeparype cTeHKu. ducja moo0ust BEITUCISIOTCS 0 CPeIHell TeMIepaType TerIOHOCUTEIs.
Yucno Peitnonbaca onpenensercs coornomennem Re = pVidgy/p , toe V- xapaxkrepHas
CKOpPOCTb IIOTOKa, P - IJIOTHOCTb, W - AWHAMHUYIECKad BA3KOCTD.

MeTtoa pacuera nmpu nepeMeHHON BI3KOCTU. B cjiydae CHIBHON 3aBUCHUMOCTHU BSI3KOCTH
OT TEeMIEpaTypbl TEIIOOOMEHHUK pa30MBAETCsi Ha 3IJIEMEHTApHbIE yJacTKA 10 jjimHe. Ha
KaXKJIOM YYaCTKe JIeJIAeTCs MPEIIOJIOKEHNE O MAJIOM M3MEHEHUN BSI3KOCTH.

[Ipu cpaboit 3aBUCUMOCTH BSI3KOCTH TEILUIOHOCUTENISE OT TEMIIEPATyphl CpeJHee UUCTIO0
Peiinosibica HaxomuTest 0 CpeiHEl TeMIeparype TeJIOHOCUTe . 'TaKoe JOMyIeHne He BHOCUT
CYIIECTBEHHBIX MOI'PEITHOCTEN B PACUET, MOCKOJIBKY MPAKTUIECKU HE CKA3BIBACTCS HA PEXKUME
TedeHHsi. B ciydyae CHUJIBHOI 3aBUCHMOCTH BSA3KOCTH OT TEMIIEpATyphbl 110 Mepe Harpesa
TEIJIOHOCUTEJI PEXKUM TEUEHUs] U3MEHSIETCS OT JIAMHUHAPHOTO JI0 PA3BUTOrO TYpPOYIEHTHOTO.
B sroMm ciaygae BbrUMC/IsieTcss MECTHBIN KoadbduImenT remmooriadan «(r), U UCIOIL3YIOTCS
COOTHOIIEHUsT [ist JioKajabHoro umcita Hyccemsra Nuy = «(z)dy/)\, Bbramcsensoro 1o
JIOKAJIbHBIM YUCJIAM 10100Us

Nuy = Nu (Rey, Pry, Pry,, z/dy) ,

Cpennee 3HaUeHNE KOIMMUIMEHTA TEIUIOOTIAYN HAXOIUTCS 10 (hopMyJIe

1 L
a= L/o a(z)dzx

Jlokanbubie unciia Hyccenbra B laMUHAPDHOM U TYPOYJIEHTHOM PEKUMaX TEUCHUsT HAXOIATCS
pU [IOMOIIM COOTHOINEHU, IIPUBEJIEHHBIX B paborax [12,13]. st BbIUUC/IEHHS JIOKATBHOIO
qucsia Hyccesbra B JIaMHHADHOM pexKMMe TedeHus: B Tpybe IpUMeHsieTcsi cooTHorenue [13]

2
5 [ Pry
Pry w

d
Nuy = 4.36 [ 1 +0.0322Re, Pr, 6
X

I[IpuBenenHOe cooTHomIerHNe crpaseymBo npu 0.7 < Pr < 10% . BoipakeHne 1ij1si BEIYHNC/IEHUS
JIOKaJIbHOTO unciia Hyccenmbra Jjist TypOyIeHTHOTO peXKuMa TeUeHus B Tpybe ¢ JOIOJHUTETBHOM
HOIIPaBKOi Ha u3MeHenue uucsia [Ipanarias nmeer Buj [12]

Pr, 0.25

Nuy = 0.022Re, " 8Pr, 043
Pryw

€l
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e
1, mpu x/d > 15
gl = 1.38
st KosIbIeBOro Kanaja B TypOYJIEHTHOM DEXKHME TeUIeHHsI NCIOIb3YeTCsl COOTHOIIEHNE KaK 1
JUIs TedeHnst B Tpybe, HO CO CBOMM SKBHBAJIEHTHBIM TMIPABIMIECKAM JUAMETDPOM.

upu z/d < 15

ypaBHeHI/Ie TEIJIOBOIO OaJjlaHca JJIA QJIEMEHTAPHOI'o0 y4YaCTKa B HallpaBJICHHUN JBU2KEHUA
TOpAYEro TEIIJIOHOCUTEJIA 3allUChbIBaCTCA B CJIECAYIOIIEM BUJIC

d@1 dTy d@Q1

_ = e — <

dx Glcpl(Tl) dl’7 dx X 07

dQs dTy dQo

dr iG2Cp2(T2) dr dr '~ 0 ( )
d@Q1  dQo

—_— —_— = 0

dx + dx ’

3neck d(Q)1 - TOTEPH KOJMYIECTBA TEIJIOTHI FOPSTINM TeIIOHOCUuTeeM, d(Q)e - TpuoOpeTeHHOe
KOJIMYECTBA TEIJIOTHI XOJIOJHBIM TellIonocuTeseM, (G - MacCOBBIN PACXO, TEIJIOHOCUTEIS, Cp -
TeIIOEMKOCTh, d1' - m3MeHeHrne TeMIIEPaTyphl. 3HAK ILJIFOC COOTBETCTBYET IPSIMOTOYHON CXeMe,
a 3HAK MUHYC - IPOTUBOTOYHON CXEME.

YpaBHEHUE TEIJIONEPEAadn JJis JIEMEHTAPHOIO yIACTKa IPUHUMAELT BU/L

F
@, = k(T1, T2)(T» — Tl)id , 9 <0
dzx dx dzx (6)
d dF d
aQx _ k(Ty, To)(Ty — Ty)— Q@ - g

dx dx’ de =7
rae k — koaddunuent remtonepenauun, dF/dr — uMeHeHHe IIOMAIN TEIIOOOMEHA, KOTOPast
st TOA u3 npsgMbIX TpyO OCTaeTCsl MOCTOSHHON BEJIUYNHOM.
U3 ypasuennit (5) u (6) ciemyer 3aMKHyTas CHCTEMa yPABHEHUN OTHOCHTEIHLHO TEMIIEPATyp
TEILJIOHOCUTe el

? _ ML) gy oy dE
X Glcpl(Tl) dr (7)
dT; _ kE(Ty,T3) (T — Tg)dF.
dr GQCPQ(TQ) dz
[Mockosbky dF/dx = const u siBisiercsi u3BeCTHOMH, TO cucreMa ypaBHeHuii (7) siBisiercst

CUCTEeMOI OOBIKHOBEHHBIX AudbepeHnuaibHbIX YPaBHEHUN ¢ HEJWHEWHOW MpaBoil JacTbio. B
cilydae IPsIMOTOYHOMN cxeMbl (3HaK Iutoc) Jyisi cucrembl (7) crasurcs 3ajada Komm, a st
IPOTUBOTOYHON cxeMbl (3HAK MUHYC) pellaeTcst Kpaepasi 3ajada. lIpu 9TOM HHTErpUpOBaHUe
BeJIeTCs JI0 JUHbl L | KOTOpas 3apanee HEU3BECTHA.

Cucrema ypasuenuii (7) peraercst MeTOJIOM KOHEYHBIX pasHocreii Ha uHTepBaste x € [0, L]
st cTabuin3anuu UTEPAIMOHHOTO MIPOIECca MPU JIMHEAPU3AIUN CUCTEMbBI IPUMEHSIETCST METOJ
HIKHEH pejakcaruu. JjimHa mpoMmexkyTka uHTerpupoBanus [ 3apanee memssectHa. Jlasa
ee ompejieieHns UCHoab3yerca merosl Herorona. JIoKanabHBIN KO(DMUIIMEHT TerIonepe atn
HaXOJUTCs C MCIOJIL30BAHUEM JIOKAJIbHBIX KOI(MDPUITNEHTOB TEILIOOT AN

1 1 dy 1\ 7'
b= <O<1d1 - %lndT " a2d2> ’

IIe (v - MECTHBIH K03 pUIUEHT TEIJIOOTAAYH OT XOJIOIHOIO TEILJIOHOCUTE K CTEHKE, iy -
MeCTHBIH KO3(DDUIMEHT TEITIOOTIAYH CO CTOPOHBI TOPSAYEro TEILIOHOCUTENA, Ay, - Ko duimenr
TEIJIONPOBOJHOCTH MaTepruaJia TPyOOK.

I/ICHOJIBSyeMbIe Moae/in rmApoAVMHaMUKU TEILJIOHOCUTEJIC. Pe3yﬂbTaTbI pacdeToB
CPpaBHUBAIOTCA C JaHHBIMH, IIOJIyYE€HHBbIEC METOJaMNn BBIYUCJIUTEILHONI T'NJAPpOJNHaMUKH. He(bT])
cyuTaeTcs HbBIOTOHOBCKOI KNJKOCTBIO C IIOCTOSIHHON IIJIOTHOCTBIO. Pacuernr IIPOBOJATCA
[PY TIOMOIIM YHUCJEHHOIO PEIeHHsl OCPEeJIHEeHHBIX 1o Peiinosbicy ypasuenuii Hasbe-Crokca

Bulletin of L.N. Gumilyov ENU. Mathematics. Computer science. Mechanics series, 2022, Vol. 141, Ne4

33



YucsieHHbIH pacdeTr rupoauHaMUuKUu TENnJIOHOCUTEJIEH C y4dqeTroM 3aBUCHUMOCTHU BA3KOCTH OT TeMIilepaTypbl

(Reynolds-Averaged Navier-Stokes, RANS) st Bsi3KOii HeCXKUMaeMON YKUJKOCTH, 3aMKHYTHIX
[IpY TIOMOIIM MOJEIH TYPOYJIEHTHOCTH, YIUTHIBAIOIIEH JJaMIHAPHO-TYPOYJIEHTHBIN Tepexo.

Mogens TypoynentHocT SST k—w paspaborana jiist 3(ppEeKTUBHOTO COUETAHUS HAIEXKHOM 1
TOYHON MOJie/In k—w B IPUCTEHOYHOMN 0bJsiacTu u Mojiesin k—e B cBoboHOM noToke [14,15]. st
[TEPEKJIIOUEHUsT MEXKILY MOJIJISIMA HCIIOJIB3YeTCsl CliennajbHas (PYHKIUHA, KOTOpasl MPUHIMAET
eJIMHUYHOE 3HAYeHNe B IPUCTEHOYHON obsiacTi (HCHOJIb3yeTcsl CTaHapTHasT MOJenb kK — w ) U
HyJIeBOe 3HAYEHME BJaJIM OT CTEHKH (HMCIIOJIb3YeTCs MOJIeb k — € ).

Mogesnb, yaurbBatomast jaMuHapHo-TypOysieaTHbiil mepexoy; (Local-Correlation Transition
Model, ~ — Rep; transition model), ocHoBanma Ha coueranunm ypasrenuii SST k — w
MOJIeJI TYPOYJIEHTHOCTH C JIBYMSsI JIOTIOJIHUTEJbHBIMU YPABHEHUSIMU TIEPEHOCA, JIJIsT TTapaMeTpa
[IePEeMEeXKAEMOCTH Y U KPUTHUYECKOro dwmciia PeitHonbica Regy, MOCTPOEHHOTO IO TOJIIHHE
norepu umiyabca [16,17]. s yupomenus momenn ypasHenue jyist Reg; He paccMaTpuUBaeTcs,
a B ypaBHEHHM JjIs IIapaMeTpa IIePEMEXKAEMOCTU JIEJIAeTCsl IPEJITOJIOXKEHNEe O MAJOCTH
KOHBEKTHUBHBIX cJjiaraeMbix [18]. Takoil mojxom mpuBoiuT K ajrebpanvdecKuM COOTHOIIEHUSIM
JIJIsT HAXOXKJIEHUS ITapaMeTpa IepeMeKaeMOCTH.

Jlns MUCKpeTH3aluu OCHOBHBIX YPABHEHHUI WCIIOJb3YyeTCs METOJ| KOHEYHBIX O0BbEMOB Ha
HeCTPYKTYpupoBaHHbIX ceTkax u meroy, SIMPLE [19].  [duckperusanusi HEBSI3KUX MOTOKOB
ocymiectsisiercst npu momoru cxeMbl MUSCL (Monotonic Upstream Schemes for Conserva-
tion Laws), KoTOpasi 103BOJISIET MOBBICUTH MOPSJIOK AMIPOKCUMAIMU IO MTPOCTPAHCTBEHHBIM
nepeMeHHbIM 6e3 ToTepr MOHOTOHHOCTH perrenus, yaosiaersopsier yeaosuio TVD (Total Varia-
tion Diminishing) u npejcrasisier coboii KOMOUHAIMIO TIEHTPUPOBAHHBIX KOHEYHBIX Pa3HOCTEN
2-ro TOpsJKa U JUCCANIATUBHOrO dYjeHa. Jljisg pelreHusi cucTeMbl Pa3HOCTHBIX YpPaBHEHUN
UCITOJIB3YETCsT TeOMETPHYECKUT MHOTOCETOUHBIN MeTos [20).

B pacderax ucnosibdyercs cetka, cocrosimas n3 19461 sueek, m3 koropbnix H00x24 siaeex
pa3mMeriaeTcss B obacTu, 3aroHennoit Hedpreo, 500x5 gdeek - B objaactu u3 craau, a H00x13
- B oburacTu, 3anosHenHoi Bojoit. Cryiienne sideek CeTKU MPOU3BOJIUTCH OKOJIO CTEHOK TPYObI
TakKuM 00pa3oM, ITOOBI y+ <2, rie y+ - 6e3pasMepHas MPUCTEHOYHAT KOOPINHATA.

PesynbraTel pacueTroB m o6cyxkaenme. (Cxemy TeIIOOOMEHHUKA MPSIMOTOYHOTO THITA
HoKasbIBaeT puc.3 (pasMepbl HPUBOJASTCA B MuummMerpax). VHueke h cooTBeTCTByeT ropsideit
cpezie (Boga), MHJIEKC ¢ - XOJIOAHOI cpee (HedTh). VMHAEKCHI ¢ U 0 OTHOCATCS K BXOTHOMY U
BBIXOJTHOMY CEUYEHHUIO.

1.=14
2

D=20

-

PucyHok 3 — Cxema Tenjio6MeHHUKA MPSIMOTOYHOI'O THUIIA

Pemas YpaBHEHHA  TEILJIOBOT'O banamnca METOAOM  KOHEYHBLIX paSHOCTeIU/I, IIOJIyYUM
pacupegesieHnnd CpeaHEeMaCCOBBIX TeMIIepaTyp TEILJIOHOCUTEJIEM. HOJIy‘{eHHbIe peE3y/IbTaThl
CPpaBHUBAIOTCA C JaHHBIMH YUCJICHHOI'O MOJCJINPOBAHUA. Ha pI/IC4 ITIOKa3aHbl pacCIIpeaeJIeHU s
CpeﬂHeMaCCOBOfI TeMIllepaTypbl He(i)TI/I (XOJIO,HHOI‘O TGHJIOHOCI/ITGJIH) BJ0OJIb JJIMHBI
TeHJIOO6MeHHI/IKa, IIOJIy9Y€HHbIC IIpHU IIOMOIIW MeETOJa KOHEYHbIX paBHOCTefI 1N Ha OCHOBE
YUCJICHHOT'O MOJIEJIMPDOBaHUA.
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300695 1 15 2 25 3 335 4 45

L, m

PucvyHok 4 — PacnpenesneHusi cpeJHEMAacCOBOM TeMniepaTypbl HepTu BAOJIb AJUHBbI. CIJIONIHAS JTUHUSA
COOTBETCTBYET Pe3yJbTaTaM, MOJIyYeHHBIM HAa OCHOBE TEOPETUYECKOIO IIOAXOJA, & NMYHKTUPHAS JIMHUS
C TpPeyroJibHbIMHU 3HAYKaMM - Pe3yJIbTaTaM YHCJIEHHBIX PacdeTOB

CpenmemaccoBasi TeMmIeparypa HedTH BO3pACTaeT BIOJb JIJIUHBI 38 CYET HAIPEBAHUSI OT
UCTOYHUKA Teluia (TOpsidero TeIlIOHOCHUTeJIsI).  Pe3yibrarTbl aHAJUTHYECKUX W YUCIEHHBIX
pacUIeToB JIOCTATOYTHO XOPOIIO COTJIACYIOTCS MEYK]Iy COOOI.

Pacupenesiennsi cpejiHeMaccoBOi TeMIlepaTypbl BOJBI (IOPSYEro TeIUIOHOCUTENs) BJOJIb
JJIAHBI, TTOJTyYeHHbIE HA OCHOBE aHAJIMTUYECKNX W YHUCJEHHBIX PacdeTOB, IOKa3aHbI Ha PUC.D

005 1 15 2 25 3 35 4 45
J i)

PucyHok 5 — Pacnpepnesienusi cpeJHEMAacCCOBOI TeMIepaTrypbl BOAbl BAOJIb AJUHbI. CILIOIIHAS JIUHUS
COOTBETCTBYET Pe3yJIbTaTaM, IOJIy4Y€eHHbIM HA OCHOBE TE€OPETHMYECKOro NMOAXO0a, a NYHKTHUPHAA JIMHUA
C TPEYroJIbHbIMU 3HAYKAMU - Pe3yJIbTaTaM YHCJIEHHBIX PAaCYeTOB

ITo cpaBHEHUIO € pe3yIbTaTaAMU, TPUBEIEHHBIMI Ha PUC.D, CPEIHEMACCOBAST TEMIIEPATYPa BOJIBI
yOBIBAET BJIOJIb JJIMHBI TPYOBI 3a CUET IMepeadn Telljia OT Hee K XOJIOJHOMY TEIIOHOCUTEIIIO.
Takke cye/lyeT OTMETUTD XOPOIIIee COTTIACOBAHIE PE3YILTATOB PACTIETOB, IOy ICHHBIX Ha OCHOBE
PA3IMIHBIX TOIXOI0B.

N3 pesynbraToB, MOKa3aHHBIX Ha puc.4d U 5, MOXKHO 3aMETUTH XapaKTepHble H3MEHEHUsI
KPUBHU3HbBI JIMHUN HA PACCTOSHUM IOPsiIKa 2.5 M OT BXOIHOIO CEYeHWs, IJie B O0OUX CJIydasix
IIPOUCXOJST PE3KUE U3MEHEHUs TPAJIUEHTOB TEMIIEPATYP C COOTBETCTBYIOIMIUMY 3HAKAMHU. JTOT
[IepexoJ, MPOUCXOJUT Ha TOM PaCCTOSIHUU, T/ JAMUHAPHBIA PEXKUM TEUCHUs MEPEXOJIUT B
TYypPOYIEHTHBIH.

Ha puc. 6 npupomsiTcs rpaduxkn msMeHeHusi ducjia PeifHosibica TemjioHOCUTE EN BIOJH
JUIMHBI, TOJIYUYE€HHbIE B AHAJUTUIECCKOM PACUIeTe C MOJEIBbI0 HepeMeHHON Bszkoctu. s
BOJ[bI YUCJI0 PeitHO/IbIca TPAKTUIECKN HE MEHSIETCS BJIOJIb JIJIMHBI IIPU OCTOSTHHOM 3HAYCHUM
BSI3KOCTH U HE3HAYUTEJIbHOM U3MEHEHWH TeMIepaTyphl Bojibl. OOpaTHasi KApTUHA HAOIIOIAETCS
JUIst XoJtoHOro TertonocuTesst (Hedrn). Hwucso Peitnosb/ica cymecTBeHHO BO3pacTaeT BJIOJIb
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JUINHBI, YTO CBA3LIBAETCS C PE3KUM YMEHBITEHHEeM BSI3KOCTH HEPTU IPU €€ MPAKTUIECKH
Hen3MeHHO mtoTHocTr. Ha pucynke Tak:ke HaOJIIOMAETCS EePEXOTHBIN yIaCTOK Ha, PACCTOSTHIN
nopstaka oT 1.85 10 3.8 M, riie IpOUCXOAUT IePexXo/] JaMIHAPHOTO TeUeHUsT B TYPOYJICHTHBIN.

- Re
105y

104

1oL
(

PucvHok 6 — Pacupepnenenus uncesn Peilinosbica o ajmmsHe, IOy YeHHbIE B aHAJINTHYECKOM pacdyere.
JIunust 1 coorBeTCcTBYyeT BOJe, a JuHUs 2 - HedDTH

Ha pwuc.7 mupuBesen rpaduk wu3MeHeHHs 4ucaa PeifHonbiaca HedTH — (XOJIOIHOTO
TEIJIOHOCUTEJIs1) BJOJIb JUIMHBL TEIJIOOOMEHHOIO aliapaTta I[IPH II€PEMEHHbIX 3HAYeHHsIX
Bst3kocTH HedTH (nHMs 1).

L1 H
1.4 Re-10
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PucvyHok 7 — Pacmnpegenienusi yucen Peilinoabaca HedTn BHoaws Agauebl. JluHusi 1 coorBercTByeT
YNCJIEHHOMY PACYeTy IIPU IIEPEMEHHON BA3KOCTH, a JIMHUSI 2 - TEOPETUYECKOMY pacueTy

N3 pucynka BugHO, YTO 3HAUEHUs Uncaa PeliHOMbICa PE3KO BO3PACTAIOT BJIOJb ITPOIOILHOI
KOODJIMHATHI, UTO OOBSICHSIETCS yMEHBITEHHEM BSI3KOCTU HEPTH 3a CUeT ee HArPEeBaHUS.
Ha pucynke mpusesieH Takxke rpaduk 1moBejeHusi dmcia PeiiHosibica HedTH pu cpemneit
remreparype rtemionocurens (qauuus 2).  IIpu nocrosinaoi BsizkocTu uwmcsio PeitHosbca
XOJIOMHOTO TEIJIOHOCUTES] TaKyKe IIOCTOsIHHO BJOJIb JUIMHBL W HE MOXKeT aJIeKBaTHO
XapaKTepPU30BATh TEIJIOOOMEH B JJAHHOM TEILJIOOOMEHHOM alllapare.

Pacrpeiesiennst  oceBoil ckopocTu TerioHocuTes (HedTH) B PA3IUYHBIX IOIEPEYHBIX
cedeHnsIX TPyOOIPOBOJA TOKA3BIBAET PHUC.S.
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PucyHok 8 — PaaumanpHble pacnpefesieHMsi 0CeBOil ckopocTu HedTH B Pa3/IMYHBIX I[IOINEPEYHBIX
cedyeHusiX Tpy6onpoBoga npu x=0.5 m (quHuA 1), x=1.5 M (IuHKUsA 2) U B BBIXOOGHOM cedeHUU (JIUHUS
3)

B momnepedroMm cedenun CKOpOCThH HeMTU U3MEHSIETCS OT MAKCUMAJbHOIO 3HAYEHUST HA OCH
TpyOOIIpOBOJIa JI0O HYJIS Ha €ro IOBEPXHOCTU. Y BEJMYEHHE OCEBO CKOPOCTU Ha BBIXOJE
00bSICHAETCST YMEHBIIEHNEM BA3KOCTU HeTH 38 CUeT BCe HArPeBa HeTHU 110 Mepe MPUOIMKEHUST
K BBIXOIHOMY cevueHuio. [lpu srom mis nedTtu umeeT MeCTO TYPOYJIEHTHBIN PEXKUM TEUCHUS.

Pacmpenesnenusi oceBoit CKOPOCTH BOJIbI B BBIXOJHOM CEUYECHUU TPYOOIPOBOJA IOKA3BIBAECT
puc.9.
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PucyHok 9 — Pa,zma.nbﬂoe paciipeageJsieHue oceBoM CKOpPOCTH BOAbI B BBIXO/JHOM CeYeHUUn

CKOpOCTh BOJIBI UBMEHSIETCSI OT HYJIsI HA CTEHKE JI0 MAaKCUMAJIbHOIO 3HAUYEHNS HA OCU KaHAJIA.
Teuenwne Bombl MpuU 3TOM siBjisieTcss TypOyiaeHTHbIM. [Ipodmib ckopocTu mmeer Xapakrep,
TUIUIHBIA JJ1s TypOYJIEHTHOTO T€UEHUS B KPYIJIOH TPpyOe, SIBJIsisICh O0Jiee HAITOJTHEHHBIM BOTU3H
ocu U uMesi OOJIbIINE T'PAIUEHTHI CKOPOCTU BOJM3KM CTEHKHM 110 CPABHEHUIO C JIAMUHADPHBIM
TEYEHUEM.

Pacripesiesienue ycpeHeHHOTO 10 cedeHHIo JjiaBieHuss HedTu mokassiBaer puc.10. Ilepenas
JABJICHHsI 110 Beeil uIiHe TPy6bI cocTasisgeT okoiao 0,52 -10° Ila.
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PucvyHok 10 — PacnpenesieHne ycpeJHEHHOrO IO CEYEHUIO OaBJieHUsI HedTu

Nsamenenne kosddunmenTa morepsb Ha TPeHUE 1O JIMHE TPYOb! moKa3biBaeT puc.1l.
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PucvyvHok 11 — Pacnpegenenue kosddunueHra TpeHus 1o AJIMHE TPYyObl

Koadbdunmenr TpeHusi BBIYHC/IAETCS JIOKAJTBHO HA HEKOTOPOM IPOMEXKYTKE, UCIOIb3Ys
coornomtenue \ = 2d(Ap/Ax)/(pv?), tne Ax - paccTosmue MeKIy JIBYMS TOUKAMH, B KOTOPBIX
U3MEPSIETCST YCPEIHEHHOE TI0 CeUeHUIO faBiienue, Ap - pa3HUIa JaBIEHUN B 3THX TOYKAX.

3akmouenue. CHiKeHne BA3KOCTH HeTU HPU MOMOIIU €e HAI'DEeBa sBJISETCs OJHUM U3
CIIOCODOB TOBBIMIEHUST HEPTOI(PMEKTUBHOCTH IPOIIECCa TePEKAYKN BBICOKOBSIZKON HeTH IpH
JIOObIYe W TPAHCIOPTUPOBKE. UMCIEHHOE MOJEINPOBAHUE MO3BOJISIET PENTUTL Pl BOTPOCOB,
CBSI3aHHBIX C TOBBIMEHNEM 3(PMEKTUBHOCTH TEIIONepeIadn, KOTOpas OCTAaeTCs OXHON u3
HanboJIee BaXKHBIX MPU MPOEKTUPOBAHNN TEILIOOOMEHHBIX YCTPOWCTB B HEMTEra30B0i OTPAC/IH.

[IpoBenenbl UnCAEHHBIE PACYETHI IS OMPEENIEHUsT PACIPEIETeHUsT CKOPOCTH, JABICHUST
TEMIIEPATYPBI TI0 JIJINHE TEIIOOOMEHHOTO alfapara B CIydae ITOCTOSHHOW W MEePEeMEeHHOM
BaskocTn HedTu. llpm mepemenHoit BA3ZKOCTH HeDTHU MPOSIBISIETCS MEPEXO, OT JAMUHAPHOTO
pexmMa B TypOYICHTHBIIH, B TO BpeMs KakK P AHATHTHIECKOM METOJIE PACIeTa Il IIOCTOSHHOM
BA3KOCTH 9TOT SCb(I)eKT HE yIUTBIBaCTCA. HOqueHHbIe PE3YJIbTATHI ITIOKA3BIBAIOT, YTO MOJIEJ/Ib C
HOCTOSIHHON BSI3KOCTHIO NMPUBOJUT K 3aHUKEHHON mpumepHo Ha 20% jiuHe TEIio0OMEeHHOrO
allllapaTa IIO0 CpaBHEHHUIO C pacdeTaMHU, YYUTBIBAIOIIUMU 3aBUCHUMOCTDL BA3ZKOCTHU HerTI/I oT
TeMIlepaTyPhI.
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TyTKBIPABIKTHIH, TEMIIEPATYpPaFa TOYeJIIJIIriH ecKepe OTBIPHII, >KbIIIy TACBIMAJIJAFBIIITAPIbIH,
TUAPOAVHAMUKACBIHBIH, CAHABIK, ecebi

Annoranus. Makasa »KbUTy ajiMacy alllapaTTapblHIAFbl *KbIIY TACHIMAJIIAFbIIITHIH 'MIPOJUHAMUKACHIH 3€PTTeyre
apHasrad. 2KyMbICTa >KbLIy AJMACTBIPFBII TYTIKTED APKbLIBI CYHBIKTBHIKTAP/ABIH CTAIMOHADJIBIK, €MeC AFbIHIapbIHA
ecenrey »kyprizingl. ZKburyraceiMangarsi periage ¢y ("bICTBIK" KblIy TacbIMaJIAarbii) »KoHe MyHail ("cybIK" »Kbliy
TACHIMAJIJIAFBINT) KOJIJAHBLIAbI, OJIADABIH apachlHIa *KbLIy TaChIMAJIAFBINTAD aPACHIHIAFBl NIeKapa GOJbIN TabbLIATHIH
KYOBIDIBIH KaTThl OeTi apKbLIbl KbUILY ajMacy »Kypeidi. MyHaliIiblH KO3FaJIbICBIH €CenTey Ke3iHle INHAMUKAaJIbIK
TYTKBIPJILIKTLIH TEMIIEPATypara 6Te TOYeJIIi eKeHIIr »KoHe TeMeparypara 6aiinanbicTs! PeifHosbac cangaps! ga e3repeTini
eckepinzi. Hormxkecinne, ere Kyka apHa apKblJIbl arbIHMEH arblH DEXKUMi ©3repei, aTall alTKaHa, JJaMHHApPJ/Ibl aFblH
pexkuMiHeH TypOyJIeHTTI arblHFa aybICy KOPiHendi, aJ TYpPakThl TYTKBIPJIBIKTHI €CENTeyIiH aHAIUTUKAJIBIK omiciMen Oy
ocep Gaiikanmaiigpr. 2KbulyTachIMaIgarbIll MUAPOAMHAMUKACHIH CAH/BIK MOJENbIey YIIH TypOyJeHTTIIIK MojeaiMeH
»xabplnran Peitnonsac 6oiteama oprama Hasbe-Croke Tenaeyiepi Kongansiasl. 2Ky aiMacThIPFBIITEIH, €CEITEYIEPiH
Bepudukamusiiay "Ansys Fluent" 6argapiaMalibiK, MaKeTiHIe »Kyprisijiii.

TyiiiH ce3zaep: XKbuly ajuMacy, TYTKBIPJLIK, MEAPOAWHAMUKA, MyHail eHIMAepi, CaHIbIK MOAEIbIAECY, JIaMIHAPJIbI-
TypOyJIeHTTI aybICy.
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Numerical calculation of the hydrodynamics of heat carriers, taking into account the dependence of
viscosity on temperature

Abstract. The article is devoted to the study of the hydrodynamics of heat carriers in heat exchangers. Given
the widespread use of this device, increasing its thermal and hydraulic characteristics has become so important for their
designers. In the work, the calculation of non-stationary flows of liquids through the heat exchanger tubes is carried out.
Water ("hot" coolant) and oil ("cold" coolant) are used as heat carriers, between which heat exchange occurs through the
solid surface of the pipeline, which is the boundary between the heat carriers. When calculating the movement of oil, the
fact was taken into account that the dynamic viscosity depends very much on temperature and, depending on temperature,
the Reynolds numbers also change. And, as a consequence, when flowing through a sufficiently thin channel, the flow regime
changes, namely, the transition from the laminar flow regime to the turbulent one is manifested, while this effect is not
observed with the analytical calculation method for constant viscosity. The Reynolds-averaged Navier-Stokes equations,
closed using the turbulence model, were used for numerical modeling of fluid dynamics of heat carriers. Verification of the
heat exchanger calculations was carried out in the software package "Ansys Fluent".

engwords: heat transfer, viscosity, hydrodynamics, petroleum products, numerical modeling, laminar-turbulent tran-
sition.
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®opmyna Ilmanniepens aasa npeobpasoBanusi Pagona B rubKoii mikajie
runb6epToBbIxX npocrpancts Co6osesa !

AnHOTaMs: MaremaTudeckas Teopus npeoOpasoBaHMsa PaloHa ¢ TEXHHYECKOI
peanmsanueii B Tomorpadax HMMeeT HEeOTPAHMYCHHBIA CIIEKTDP NPHMEHEHHUil, Cpelm KOTOPBIX
HauboJIee MUPOKUME SBJISIOTCS MeIUITHCKHE.

B apease nccienoBanuit npeobpasoBanns Pagona KI09eByIO POJIb UTPAET COOTHOINEHUE:

Jlas scarxozo B> 0 cywecmeyrom makue noaoscumenvhuie konemanmo, ¢ (B, s) u C (B, s),

wmo dan f € C§° (2s)

B8 1 fllwg oy SNBA srezn ) oy gy S €89 IFllwga,)-

JlamHas cTaThs MOCBSINEHA PACIPOCTPAHEHHUIO STON 9KBUBAJEHTHOCTHA B (pOpMaTe PABEHCTBA
Ha JTajIeKo WAYIIUi cirydail mepedopMaTupPOBaHHBIX M'MJIBOEPTOBBIX MTpocTpancTB Cobosiesa.

KuroueBbie cioBa: mnpeobpasoBanne PajionHa, rubKast Imikajia MIjIbOEPTOBBIX MPOCTPAHCTB
CoboJteBa, Kommbioreprast romorpadusi, dpopmyna [Lranmepesns qius npeodbpaszoBanust Pajiona,
0bobrennas hopmyisia Pemreraska.

DOT: https://doi.org/10.32523/2616-7182 /bulmathenu.2022 /4.3

2000 Mathematics Subject Classification: 41A99
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bvmy onpedeaena Kax JOKMPUHG, 6 KOMOPOT Mbl HUK020G He 3HAEM, HU O YeM 2080PUM, HU
M020, GEPHO AU MO, YMO Mbl 2080PUM ">,

NmMmeHHO B 9TOM KJIOUE IIPOUCXOMJIA COOBITHsI, BBI3BaHHBIE W300PETEHWEM TEXHUKU,
ITO3BOJISTFOIIEN TIPU MPOCBEINBAHUN MATEPUAIBHOIO O0bEKTA 110 PA3HOCTH WHTEHCHBHOCTH JIyYa
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LCrarpst pmomena B pamkax ['panroBoro dpunancuposanus MHBO, npoekt Ne AP09260484
42



H. Temuprasawuen, I.E. TayreianbaeBa, A.2K.2Ky6aupiiieBa

0CHO0B80T, KoMNLIomepHot momozpapuu. HT MHO20MUCAEHHDIE NPUAOHCEHUA NOIMEEPHCIAIOM,
NPasuUN0: HEM Huve20 bosee NPAKMUYHO20, YeM TOPOULLS MEOPUSS.

B nanHOIt cTaThe 10JIyYeHO paBEHCTBO HOPM IpeobpasoBanust Pajgona Rf B uM camMuM TaHHOMN
dopme u Tpebyroleil HAXOXKIeHUsT M0 Hell MyHKIuu [ B IIKaJe rmjb0ePTOBBIX MPOCTPAHCTB
Cobonena

IRl a1 = V2| fll o) ey
WeWr vl 2 (7 gs 1y 1) 2 (
cojepxKalliee KaK M3BECTHLIE, TaK U HOBLIE COOTHOILEHUS TAKOrO THIIA.

Chenyer OTMETUTD, YTO PEIlleHre 3TON 3aJa4i eCTECTBEHHLIM 00pa3oM IOTPeboBaJIO IEPEXOI
oT ruwibbepToBLIX HpocTpancTs CoboJieBa, CKaXKeM TaK, CTEIEeHHOIO THIIA K IIPOU3BOJILHBIM.
st aBTOPOB BemyIlell mieeil B TAKOM IOIXOJE CJIYXKHUIN TeopeMbl BioxkeHus I1.JI. Vabanosa
[4], B KOTOpBIX M3BeCTHBIE KJIACCHI (DYHKIUI CTEIEHHOI IIaJKOCTH OBLIM PACIPOCTDAHEHBI Ha
IJIaIKOCTh IIPOU3BOJILHYIO C YCTAHOBJIEHHEM MX HEY/IyUIIaeMOCTH.

He wuckiaoueHo, 49TO NIPUBEIEHHOINO copTa HOBble TUIBI (CoODOJEBCKUX TI'HIBOEPTOBBIX
POCTPAHCTB, Hapsy ¢ JApyroro ckiaja kiaaccamu Cobosesa-Moppu [5-6], moryT ciyKuTh
[TOJIYIE€HUIO PE3YJILTATOB B DSy M3BECTHBIX U HOBBIX.

O6oz3uauenusi. Bcrogy B crarbe OyaeM MOJIB30BATHCS CIEYIONINMEA 0003HATEHUSIMT:

R = {(z1,...,25) 171 € R,...,xs € R} - s-MepHOe eBKJINJIOBO IIPOCTPAHCTBO, Ije R 1ose
HeWCTBUTEIbHBIX uncega u § = 1,2,....

Ty =x1Y1 + ... +Tsys = (x,y) - CKAJISPHOE IPOU3BEJIEHNe BEKTOPOB & = (X1, ...,Ts) U
y=(y1,...,ys) u3 R*.

Qs - equHUYHBI map B R°.

Es = [—%, %]S — eIUHUYHBIN Ky0 B R® ¢ 1neHTpoM B Havdaje KOOpAUHAT.

0= (01,....,05) € R®,03 + ... + 02 = 1 - equauunblit BekTop B RS,

R {(:1:1, eo®s) ERS i+ 22 = 1} — enuHUIHAs cdepa B R°.

Ss~Ix Rl = {(01, O, T)ERTL 02 4 4602 =1,—c0<T< oo} — IUHUYIHBII TTUTTHID
B Rs—i—l‘

% ob6o3Hauaer BekTOp B R°® ¢ Hauajiom B TOoUYKe a = (ai,...,as) U KOHIIOM B TO4YKe b =
(b1,...,bs) c koopmunaramu (b — ay,...,bs — as).

RS~ - rumepruiocKocTh, cocTosmas U3 BCeX ToueK y € R® Takwx, 9TO BEKTOPA O_:Z u I
HepIEeH MKYISPHBL (T, y — x) = 0 1 Ipoxo/dIast Yepes TOUKy .

R}y L runepmuockoers pasmeprocTn s — 1, HepIeHANKyIsSpHas BeKTOPY t0 1 IPOXOIsIast
Tepe3 TOUKy t6 .

RL =10, +00) — MHOXKECTBO BCEX HEOTPUIATETBHBIX IEHCTBUTE/THHBIX THCET.

A << B(B > 0) osnauaer |A| <cB.

A =< B(A > 0,B > 0) — 3HaK 9KBUBAJICHTHOCTU O3HAYaeT OJHOBPEMEHHOE BBIIIOJIHEHIE
A<<Bu B<<A.

A = B — 3HaK paBEHCTBA, B OTJEJbHBIX CJIyJasiX IO BIIOJIHE OHSITHBIM OOCTOSITEIHCTBAM
OyJIeT OHUMATHCST B CMBIC/IE SKBUBAJIEHTHOCTH.

f i f - mpeobpazoBanusa Pypwe byuknum f, npsimoe n 06pPATHOE COOTBETCTBEHHO:

fw)= | 1@ e MWy, f (y) = @ 2Tl gy,

suppf - HOCUTE]Ib Ba,ZLaHHOﬁ na R® gwucnoBoit (i)yHKLLI/II/I f ecTh HamMeHbIllee 3aMKHYTOE
MHOKECTBO TIpocTpaHcTBa R° | BHe KOTOpOoro f TOXKJIECTBEHHO paBHA HYJIO.

C3°(2)—  MmHOXKeCTBO, — COCTOsANIEE U3 BCEX ONpEJeIeHHBbIX Ha R°  GecKoHedHO
nuddepeHIUpyeMbIX HYHKINANE ¢ HOCUTEIEM U3 OTKPBITOrO MHOXKecTBa ).
Heobxonumbie onpexnesieHusi. llo BcemMy TeKCTy cTaTbU UPEIOIAraeTcs, UTO BCeE

paccMaTpuBacMbIe d)YHKH,I/II/I U3MEPUMBI 110 ﬂe6ery Ha MBMEPHUMOM MHO2KECTBE€ CBOET'O 3a/laHUId,
nHTerpaJi BCIOJY IMOHUMaeTCA B CMBICIIE Jlebera. Bwmecre ¢ Tem 6y,HeT apejarnoJsiaraTbCsa, 9TO
N3JIMIIHE CTpOorue YyCJ0BUA Ha d)YHKL[I/II/I MOryT ObITh OCJIa6JIeHbI, JIMIIL OBl IIPOBOIUMbIE
,ZLQfICTBI/IH HaJd HuMHN ObLIN KOPPEKTHBIMU 1 3aKOHHBIMHU.
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IIpeoGpasoBanme Pamona ([7, Tmasa I, 1]). Ilycrs dysxius f(x) upunasexur
npocrpanctBy Illpapra na R®, T.e. Geckomeuno mguddepennupyembrx na R° dyHkumii, mpis
KOTOPBIX HOPpMa

l1++l9
ko ks OF
”f”kl: sup $11---$55ﬁ 1yees Ts)
x:(xl,...,xs)ERs 8371 ...8.’1:35
KOHeYHA it Bcex MysbrunijgekcoB k = (ki,...,ks) u | = (l1,...,ls) ¢ neabiMu

HEOTPUIIATE/IbHBIMU KOMIIOHEHTAMU.
[Ipeobpazosanuem Pajona nHazbiBaoT OyHKITUIO

92

f@) =Ri@= [ sy

e * € R®, RS™! ecth rumepriiockocTh pasMepHOCTH § — 1, MPOXOJAIMAs 9epe3 TOUKY &

epIeHIuKyIsapHo K BekTopy 0z, coemuusromero Touku 0 u .

To ke B aApyrux tepMuHax: npeobpasosanune Pamona (s-mepnoe) dbyuxiun f(z), 3amanHoii
na EBknmmoBoMm mpocrpanctBe R° ¢ Hocurenem suppf u3 OoTKpBITOro MHOXKecTBa ) C RS,
KayKJI0fl rumepriiockocT IRy, 1 pasmeproctn s — 1 mepnenaukyisipaoit Kk BekTopy 10, 6 :=
(01,...,05) € R¥, 07+ ... +602 =1, —oo <t < oo u npoxojsmeil uepe3 TOUKy tf, cTaBUT B
COOTBETCTBUE MHTEr'paJl 110 HEr

RI.0 =R Ot =RE@0)= [ g [ s
zeQ:(x,0)= yeyeR),

[Tycrs ma muoxkectBe R\ {0} 3amama neorpuriaresbHasi HenpepbiBHas GyHKIms o (y) =
a(y1,...,Ys) Takasi, 9TO IPU BCeX (DUKCHPOBAHHBIX Y1, ..., Yj—1,Yj+1, -, Ys BHIIOIHEHO

lim a(y,...,ys) = +oo(j =1,..., ).

Yj—>+00

{03
I'mis6eprosbiM mpoctpancTsoM Cobosea Wy @) (R?®) Ha30BEM MHOXKECTBO, COCTABJIEHHOE U3
Beex dbyukimit f = f(x) Takux, 4TO KOHEUEH MHTEIPAJ

~

2
2 o 2 L 2
Hf(x)HW;(y)(Rs) - Hwaél(y)(Rs) T /RS «Q (y) ’f(y)‘ dy < +0o0,

rue

Fo) = [ s s, (1)

Ha mumampe Z := S°' x R! anamormumble ruinbeproBel mpocrpancra Cobosesa
W;(y) (5571 x R') onpezmesnm Kax MHO)ecTBO Beex dynkuuit g (6,t) (6 € R, [|0]] = 67 + ... +
02 = 1,—00 < t < +00), /I KOTOpBIX Koneuna Hopma (|7, [masa I1.5])

2 _ 2 ~ 2
190 s sy = [, [ 0% 40) i (0.0 atr,
riue

+oo .
G (0,8) = / g(8,7) e 2 dr (6 € 51, —00 <t < +00), 2)

—0o0
df - snement obwema Ha cepe S5 C RS

Hus dbyukuuu g (0,t) suna g (z) = g(z1,...,25), g(6,t) = g(t0) Onpenenenne (2) npu
x = tf B pasBepHyTOI 3aIUCU €CTh

—+00 )
G (2) = G (0,1) = / g (6,7) e 2T dr = /

—00 —00

—+o00 —+00

—00
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B KOTOPOM ¢ <70§x), e ,r@ﬁ“”) =g(16y), 0y = <9§x), e ,0@) us x = th,,0, = 12 (+ :=0),
(T1,...,x5) =x =t = (t@%x), . ,w&”)) :

st orkpeiToro MuoxkecrBa () C R® u mys Bcex dyukmnmit f € WQQ @) (R®) rmakux, 9TO
suppf C Q nonoxum || f|| W gy = 1£1lyy, W) (o) -

OCHOBHOI pe3yJIbTaT. 3a1aIuMCs BOHpOCOM npu 3aganHoM « (y) Haiizercsa qm o (y)
takoe, 4roObl HOpMBL [ 10 «(y) u Rf no ai(y) coBuamanu? OTeer cieryonuii —

CIIpaBe/I/InBa

Teopema. [Tycms danwv, yearoe nosodcumenvhoe wucio s u na RS sadana neompuyamensvran
nenpepvisnas na R\ {0}  dynryua o (yi,...,ys), Ooaa xaocdozo j(j = 1,..,8) wu
PurcupoSarioi (Y1, .., Yj—1,Yjt1, - Ys) u3 RS™1 ydosaemeoparowan ycaosuro o (yi, ..., ys) —
+00 npu y; — +00.

Tozda dns ecaxoti gynkyuu f us xaacca Wy W) (R?) cnpasedauso pasencmeso

v

=IRA = V2 f o0 ey (3)

s—1
oWyl Z (g N
wy WY (Ss—1xR1) W (y)l\yHT(sz1xR1)
Caenys .M. Tenpdanmy pasenctso (3) OyaeMm HasbBaTh @opmyaot Ilaanwepeas 0as
npeobpazosarus Padona 6 2ubkotl wxase susvbepmosur npocmpancme Cobosesa.

okazarenbcTBo. IlepeBoms mHTErpas or (R f) ) (0,t) c wmcnosb30BaHMEM DPAaBEHCTBA
R

<§f> (0,t) = f(t0) (u3 [7, Tnasa I1.1]) o mwmmapy Z = S*' x R! k ummrerpamy 1o

chepam tf, 6 € S°~! | nmapaMeTpH30BaHHBIM YHCJIOBON IepeMeHHON t € R1 1 C IpeJicTaB/ieHueM
BCETO EBKJII/I,ILOBOFO npoctpanctea R° = {t0 0857 x R_ﬁ_}, 3aTeM B HEM IIPOU3BOJS 3aMEHY
(T1y .y s) = x =10 = (101, ..., 105) , ||z]| = |[t0]|| =t ||0|| = ¢t 1o dopmyre (cm. Takxke [7, [aBa
VIL.2]): post dyskumit (s + 1) nepemennoit v (0,t) = ¢ (01, ...,0s;t) Buga ¢ (0,t) = (t0) =
U (tby, ..., t05) = (x1,...,25) = ¥(x) cupaBeyIUBO PABEHCTBO

_ 1
A o= O g = [ YO
IIOCJIEIOBATEJIbHO II0OJIyYaeM
IR A g1ty = il ete) (R7) ., (0.0 doar =
~ 2 1
=2 [ a%(t&)’f(t&)‘ d9dtz2/ o2 (x ’f ‘!x\l

— 1
Ss—1x R

1
Orciona, nomaras a; (z) = a () ||JU||ST , TIPUXOJIUM K MCKOMOMY DaBEHCTBY

9 s=1\ 2]
IRAP 2 [ (a@la)") )
WQDL(y)HyH (Ss—1xR1) Rs

Teopema moxkazana.
[IpusegeM Tpu cieacTBusi U3 5TOH TeOpeMbl — U3BeCTHbIE [isi (OOBIYHBIX) HPOCTPAHCTB

2 1 o 2 p _
ﬂf)‘ Wdﬂj— Q/Réa (SU) ‘f( ‘ dSC 2||f|| a<y>(RS)

CobosieBa, B rpaJlallud HM30TPOIHLIC WQﬁ (R®) wm aHU30TPOIHBIE WQ'B Lyw-+sBs (R®), HoBOe st

npoctpatcTs CobosieBa ¢ JOMUHUPYIONIEH CMENaHHON TPOU3BOIHON S Wzﬁ (R?).
Caencrsue 1 |7, [nasa I1.5]. ITpu S >0 das (06vrunozo) npocmpancmea Coboaesa

aw () = (1+ %)

gy = [ (1 191) |7 0
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cnpaeed/m@o COOMHOWERHUE IKBUBANEHITMHOCTNU,

”RfHW2ﬂ+Sg—1

Canenacrsue 2. Ilpu §1 > 0,...,0s > 0 0daa aHusomponnozo 2usvbepmosa nNpocmpaHcmaen
Cobonesa

(S5-1xR1) ~= HfHWéH(RS) (5>

1
cw (3 B, s B) = (P2 + e+ [ )7

2
2 _ 261 285\ | £
0 ngey = [ (% 4t ) | )]

Cnpa6€0/Lu€0 COOMHOWEHUE IKBUBANEHTNHOCTNU,
R ~ - . 6
H f”W(lyl\2ﬂ1+.-.+|ys|26~‘)%(y%+~-~+yg);Tl(SS—lxR1) ”wazﬂl e (R®) ( )

Caencreue 3. Ilpu [ > 0 mus npocrpancrs CobGosieBa ¢ JOMHHUPYIOMIEH CMEIIaHHON
T POU3BOJIHOIMI

5
asw (y) = | ] max{ly;|;1} ] ,

j=1
B
2
N
ey = | Hmax{ryn;l}) 7 ) ay
nmMeeT MeCTO paBeHCTBO

IRI (el = V2 lswp ne: (7)

s—1xRl)

Sameuarue. Kax mokaseBaior coorHomenusi (5) u (7), ecam st IPOCTPAHCTBA WZ’B (R?)
pasetcTso (3) uMmeer wumcioBoil mepexox or 3 K B + 3}, IpPOCTPAHCTBO € UHCJIOBOIL
xapakrepucrukoii  SW5 (R®) Bbllajaer U3 STOr0 GHCIOBOO Dsifa U TPEOYeT BBEICHHS
«rubKoro» rusbbepToBoro npocrpancrsa CoboseBa, 9To, I0-BHIMMOMY, 00YCJI0BIEHO GOPMYJIOi
(4).

Pasencrsa Tumna

v

=L = HRfH s—1 = ﬁ”fHWa(y)(Rs) (3)

w2 (gs—15 1) WV T (g1, g1y 2
W paHee YCTAHABIMBAINCHL B KeCTKHX paMkax (CoboeBCKUX TPOCTPAHCTB  (DYHKITHI,
BBIDAYKEHHBIX B YUCIOBBIX apaMerpax (cMm. [8-11]), Torja Kak BBeeHIe THOKUX THIBOEPTOBBIX
npoctparcTs CoboieBa eCTeCTBEHHBIM 00Pa30M OMPEIETSIOT COOTBETCTBYIOIIIE TPOCTPAHCTBA
dbyHKIHIiT, 00eCIeINBAOIMNX STH PABEHCTBRA.

Tax, VI.M. Tesnndangom B [8] HazBannoe gopmyrot [aranwepensn das npeobpasosanus Padona,
nokazantoe FO.I'. Pemernsikom B Heomy6smkoBanHuoit pabore (nipubiausurensao 1960 roga), B [11]
nmenyemoe O60bwennoti popmyroti Pewemnara paBeHCTBO

(8)

e R,
t+251
cofepxkurcst B (3).

HeitcTBUTENIBHO, s
s—t

o (y) = Nyl (1+1lyl?)
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B cuty ompejesnennii npocrpancts H uw W mociienoBaTeibHO nMeeM

—~ 2
— 2t+(s—1) 2\s—t _
IBS? o . 2/51 /le L+~ | (Rf) | 0.7)| dbar

t+55

= 2| Rf|I* a1 —2||f|| o)

W@l 2 (gs1y ) )
2t 2\ 4|2 2
= [ Il (14 1) [F@)| dy = 1 e
RS
9TO JIOKasbIBaer (8).

IlepcnekTuBbl gasbHelero passutus Maremarndeckoii Teopun KomMnbioTepHOii
Tomorpadun, ocHoBaHHOI Ha [Ipoexuyuonnot meopeme (Takxke HasbiBaeMoii the slice theorem
- Teopema o ciosix) |7, I'masa I1.1]

(RF) ., 0.6)=F ),

B KOTOpoM mpeobpasosanne Pypbe B mpeobpaszoBannu Pamona Rf ommomepHoe

+oo )

Jgrr (0,t) = / g(0,7) e ™ dr (6 € S5, —00 <t < 400), (2)
— 0o

Torja Kak npeobpasosanne Pypbe nckomoit byHknun f () CMbICIA IOTHOCTH UCCIIELYEMOTO

TeJsla eCTh S -MEpPHOE:

fly) = f( )e 2 dg, (1)

HUKaK He BbIpazkaroreecs depes (2).
W Tem BbI3BaHA HEOOXOAMMOCTDH OINpeeseHnsT HOBBIX "rmOKux" ruibOepTOBBIX IIPOCTPAHCTB
CoboJieBa, B IPOIOJIKEHIE U3BECTHOI'O COOTHONIEHUS SKBUBAJIEHTHOCTH

C(B7S> Hf”wg(gé) < HRfHWBJr(Sgl) (Z=85-1x R1) < C(,B, S) Hf”wzﬁ(gs)’

KOTOPOE UI'PAET KJIOYEBYIO POJIb B NMEIOIINXCS K HACTOSIIEMY BPEMEHH B HAyJHON JINTEPAType
JOCTHXKeHUsIX 1o Teopun KoMmboTepHoilt Tomorpadun.

Pesynbrar panHO# cTaThu, 3aK/IIOYAIONIUNACA B TOM, YTO [0 BCAKONH HEOTPHUIATETHHON
menpepeisoit  ma RSN\ {0}  dbymkmmm o (y1,...,Ys),  YAOBIETBODSAIOMEH  YCIOBHIO
a(y1,...,Ys) = +00 1pH y; — +00 U PUKCHPOBAHHBIX OCTAJIBHBIX IEPEMEHHBIX OIIPEIeJISTIOTCSI
CobosieBckre TuIbO0EPTOBBI IPOCTPAHCTBRA, cBA3bBaoIue Rf u f B paBeHcTBe

IRAL = V2|0 ey 3)

W;(y)\lyl\ 7 (§s—1xRY)
B OoJtee TOIHON U ee OOBSICHSIIOIIEN dpopMe, comeprKaliiee NCXOIHOe

HRfHW2ﬁ+5571(SS*1><R1) == HfHWQB(RS)

Eme B 1990 roay Pemakrop mepesoma [12] B.II. ITamamomos mumcan <« Yucao pabom,
OMHOCAWULCA K NPUKAGOHOT U MEOPEMUMECKOT MOMOPAPUL, USMEPACTCA MBCAYAMU S,
u  ganbiie <« OcobeHHocmsd  Mmomoepaduieckur memodog Ccocmoum 6 MmoM, WMo Ux
UHPOPMAMUBHOCTNG 6 OOALWET CMENEeHU 3a6UCUM OM 2AYOUHDL U MOHKOCNU NPUMEHAEMOU
MAMEMAMUYECKOT MeOPUU», BO ITO BIUCHIBAIOTCS MEPCIEKTUBBI PABEHCTBA (3) B yTOUYHEHUU
M3BECTHBIX U IIOJIyYeHWHM HOBBIX pe3yjbraToB B KomubooTepHON ToMorpadum, a TakwkKe
B UPOBEJECHUM COIMYTCTBYIOIMINX WCCACJOBAHUN [0 TAKOMY HAJIEKO WAyIeMy OOODIIEHUIO
rib6epToBbIX pocTpancTs CobosieBa, YeM B JasbHelineM B KoHTekere [13] HamepeHbl 3aHsIThCst
aBTOPHI 3TOU cTaTbl BMecTe ¢ coTpyauunkamu UTMuHB.

Ha stom niytu TexuHmdeckyio coboy B Teopun KomiibroTrepHoit ToMorpaduu mpegocTaBiisieT
BO3MOXKHOCTb 3amnucu mpeobpazoBanusi Pamona B ¢dopme uucroro JleberoBckoro wmaTErpasia
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Popwmyia Ilinanmaiepess gJ1s1 npeobpa3soBanusi Pagona B rubkori mikaJse ruabbepToBeix npocrpancts CoboJsieBa

Rf (z) = nyRfflﬂsuppf f(y)dz, u3 koroporo crenyer, uro dyuxkmuu f(xr) n Rf (x), crano
6biTh 1 dynkiua R obpamenus R co coiictBom f = R7'g,g = Rf (|7, ['masa 11.2]),
UMEIOT OJIHO M TO K€ MHOYKECTBO OIpejie/leHust suppf , B cjydae HEOOXOJMMOCTH, C HYJICBBIM
POJIO/IZKEHNEM Ha Bce R ¢ COXpaHEHHeM HOPMBI.

11

s "
B wacTHOCTH, BCe paccMOTpeHUsT MOXKHO BECTH Ha €IMHUIHOM Kybe [—5, 5] st bYHKIH
11

f ¢ suppf C (—5, 5)5, u TeM, 6e3 orpaHudeHusi obOmHOCTH, HcKOMble dyHKIuu f(x)
KaK obpalaoriiecss B HyJab Ha TpaHuile F; mojaraTh 1-TepHOJINYECKUMU 110 KarXKJIOW U3
$ TEpeMeHHBIX, YTO JlaeT BO3MOXKHOCTH HCIIOJb30BAHUS MOIIHOIO ammapara [apMOHHIECKOro
aHaAJIN3A.

[To-Bumumomy, B Teopun KommbioTepHoit ToMorpadun 1jist Moy deHns: CernuduIecKux s

o —
Hee Pe3yJsIbTaToB NOPOozKAeHHbIe TpeobpaszosanneM Pajona kinaccer Wy (y)(SS 1'% RY) rpebyror
CIeNUaJIbHOIO U3yYeHUs] M €CTECTBEHHO NX Ha3BaTh npocrpancTBamu CoboseBa-Pajona, demy B
MOCTIEIYIONIEM U OYIeM CJIeI0BATD.
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I'nas6eprTik CoboJieB KeHicTiKTepiHiH nKeMai mkKaJjgacbliHAarbl PagoH TypJieHaAipyiHiH
Ilnanniepens dpopMystachl

Annoramusa. Tomorpadrapra TeXHUKAIBIK Ky3ere achIPbLIATHIH PaloH TYypJeHAipyiHiH MaTeMaTHKAJIBIK,
TEOPUACHIHBIH KOJIJTaHY ayMarbl IIEKCi3, OJIapbIH, ilTiH/Ie eH KeHI MeIUIMHA CaJIachl OOJIBIT TaOblLIa b

Panon typaenaipyin 3eprreyie Kejeci KATbIHAC YKETEKII OPBbIH aJIa bl

Kes xeazen B >0 men f € CF°(Qs) Pyrruyuacor yuwin

B9 g o) < IRI e <C () I lws ey

(z=ss-1xR?!)
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Kamomacos opvirdasamomdats ¢ (B, s) owcone C (B, s) on candapvl mabviaado..

Maxkasia 0cbl 9KBUBAJIEHTTUTIKTI TEHIK TYPiHIE KaanbLIaHFaH ruibbepTTik CoboJIeB KEHICTIKTEP] KaF1aifibiHa
TapaTyra apHaJIFaH.

Tyitin cesnep: Pamxon Typiaenaipyi, ruibbeprrik CoboseB KeHICTIKTEpiHIH MKeMIi ITKaaachl, KoMIbOTepIiK
Tomorpacust, Pagon Typienaipyinin [Lnanmepens dopmysace, KambLianFal PemeTHsk HhopMysiach.

N. Temirgaliyev, G.E. Taugynbayeva, A.Zh. Zhubanysheva

Institute of Theoretical Mathematics and Scientific Computations of L.N. Gumilyov Furasian National
University, Kazhimukan str., 13, Astana, Kazakhstan

Plancherel’s formula for the Radon transform in the flexible scale of Sobolev Hilbert spaces

Abstract. The mathematical theory of the Radon transform with technical implementation in tomographs
has an unlimited range of applications, among which the widest are medical ones.

In the aspect of studies of the Radon transformation, the key role is played by the ratio:

For any B >0 there are exist positive constants c (B, s) u C (B, s), such that f € C§° (s)

C(ﬁ75) ||f||W2ﬁ(Qb) S HRf”Wﬁ*»%(Z:SS*lXRl) S C(IB7 8) ||f||W2ﬁ(Qé)

This article is devoted to extending this equivalence in the form of equality to the far-reaching case of Sobolev
spaces.

Key words: Radon transform, flexible scale of Sobolev Hilbert spaces, Computed tomography, Plancherel’s
formula for the Radon transform, generalized Reshetnyak’s formula.
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