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Crabujnsanus ropeHusi KeEPOCHUHO-BO3/IYIIHON CMecH MH>KeKInell Boaopoaa 1

Awnnoramusi: Ha jietateibHBIX alliaparaxX IPH BBICOKUX CKOPOCTSIX II0JIETAa B HACTOSIIIEE
BpeMsi HAMOOJILIINN WHTEPEC IPEICTABIIAET MPIMOTOYHBIN BO3JYIITHO-PEAKTUBHDLIN JIBUTATEIH
(IIBP/1), a3dbdeKkTuBHOCTE KOTOPOr0 MOXKET OBbITh IOBBINIEHA [PU UCIIOJb30BAHUN TEXHOJOIHH
repmoxumuaeckoil kousepcnu Tormmsa (TKT). Hekoropbie aciiekTbl paboThl TAKOrO JBUrATE st
MOYXKHO CMOJIEJIUPOBATEL  YUCJIEHHO. B macrosmeit pabore NPOBEIEHO WCC/IEIOBAHNE
IIPOIIECCOB B KaMepe CropaHusi, U MPEIJIOKEH METON CTaOWIU3AIMN TOPEHUsS KEPOCUHO-
BO3/IYIITHON CMECH TOCPEJICTBOM WHYKEKITUN B MPSIMOTOYHYIO KaMepy CrOpaHus MOJIEKYJISPHOTO
BOJIOPO/IA. U3ydeno BausHue Ha TMPOIECC TOPEHHS TEMIIEPATYPhl BOJAOPOAA, MeCTa
pAaCIOJIOKEeHUsT W pa3Mepa ODJaCTH MAacColojBofa.  Jjisi TeOPeTUYECKOTO UCCJ/IEeIOBAHUS
IIPUMEHEHA COOTBETCTBYIOIIAas JHCJIEHHAs TEXHOJOrusi Ha ocHOBe ypaBuenuii Hasbe-Crokca c
HCIIOJIb30BaHueM Mojesin TypoyientHoctu Crajapra-AjiMapeca, peaJn30BaHHasT B KOMILIEKCE
KOMITBIOTEPHBIX MporpamM, pazpaboranubix B HUUW wmexanukun MIY. Ilpu uunciaennom
MOJICJIMPOBAHUU periajuch aBe mpobsembl.  llepBas kacasiach ycJioBuii BOCILIAMEHEHUS
MOJIEKYJISIPHOTO BOJIOPOJIA, II0/IABAEMOr0 B IIPOTOYHBIN BOCILUIAMEHUTEJH, & BTOPAsi - YCJIOBHIA
CcTabUIN3AIlUN TOPEHUs KEPOCHMHO-BO3JIYIIHONW CMeCH BOJIOPOJIHBIM IiameneM. Ha ocHoBe
pPEe3yJIbTATOB PACYETOB YCTAHOBJIEHO, YTO IPOIECCY BOCIJIAMEHEHUS CIIOCOOCTBYET YBEJIUYEHUE
TeMIIepaTypPbl BOJAOPO/Ia U MOITHOCTH €0 NHXKEKIUU. MeHblilee BIUSHUE OKA3BIBAET IIOJIOKEHIE
U pa3Mepbl MCTOYHMKA BOJIOPOjia. DB mporiecce HCCJIEIOBAHUSA METOJOM BBIUYUCIUTEIHHOTO
9KCIIEPUMEHTA BbISIBJIEHBI XapPaKTePHbIE OCOOEHHOCTH CTPYKTYPDLI TeYEHUs B KaHaJIE, B TOM YUCJIE
¢ 0Opa3oBaHUeM BOJIHBI JIETOHAIINH, U IOKA3aHA BO3MOXKHOCTD yIIPABJIEHIS TOPEHNEM HHKEKITUEen
BOJIOPO/IA.

KiroueBbie cioBa: ypasaennsi HaBbe-CToKca; ra3000pa3Hblil KEPOCUH; KaMepa CrOpPaHUsT

DOTI: https://doi.org/10.32523/2616-7182/2021-134-1-6-18

1. BBEAEHUE

B wnacrosimee Bpemsi moBbiierne 3G@PEKTUBHOCTU [ABUTATENEN C PEAKTHUBHON TATOW JI/Ist
COBPEMEHHON aBUAIIMOHHON, PAKETHON N KOCMAYECKON TEXHUKU CBA3BIBACTCHA C UCIOJb30BAHUEM
CbI/IBI/IKO—XI/IMI/I‘{eCKI/IX IPOIEeCCOB KOHBEPCUUN YIJVIEBOJIOPOJHBIX TOIIJIMB, C COBEPHIEHCTBOBaAHUEM
CUCTEM IIOJAaYIM OKHCJIMTEJIZd M TOPIoYEero, a TaKXKe BbIXOJHBIX TAT'OBBIX yCTpOfICTB. ZLG.HO
B TOM, HYTO HIpHU NIPAMOM CXKUTaHUU YTJIEBOAOPOJIHOI'O TOILINBA HeI/136e}KHbI SHaYNTCJIbHBIC
IIOTEPH BCJIEACTBIE HEOOPATUMOrO XapaKTepa pPeaKInii TopeHusi. TepMOIuHAMIIECKH BBITOTHOM
OKAa3bIBACTCA NPOMEXKYTOYHad IIapOBad WU YIVIEKUC/JIOTHad KOHBEPCHUA TOILJIMBa, KOTOPad
MOZKET 6bITb IpoBeIcHa B YCJIOBUAX, 6.)'[I/IBKI/IM K PaBHOBECHBIM C IOCJ/IEAYIOIUM CXKUT'aHUEM

IpaGora somommena B coorsercrmn ¢ miamamu uccegoammii HUU mexannmku MI'Y (Tenma AAAA-A19-
119012990113-1) 1 MIAH



B.A. JleBun, H.E. Ac¢ponuna, B.I'. I'pomoB, U.C. Manyiiiosu4d, B.B. MapkoB

IIPOJIYKTOB KOHBEPCUU — BOJIOPOJ@ M MOHOOKHUCH YyIJVIEPOJA, OKHCJIEHUE KOTODPBIX SIBJISETCS
MeHee HeOOPATUMBIM IIPOIECCOM 110 CPABHEHUIO C OKHUCJEHWEM yIjeBomopoia. Kak mokazaju
WCCJIEIOBAHUS, HA JIETATE/JBHBIX allllapaTax s BBICOKHX CKOPOCTe# Iojiera, HauOOJIbIIIi
UHTEPEeC MPEJICTaBJsIeT IIPSMOTOYHBIN BO3/yIIHO-peakTuBHBIN sBuraresas (I[IBPI). O6miacts
paborer [IBP/I mo ckopocTu m BBICOTE II0JIETa MOXKET ObITh 3HAYUTEJHHO PACIIUpEHa, a ero
3 PEKTUBHOCTL TOBBIIICHA IIPU HUCIOJIb30BAHUU TEXHOJIOIUU TEPMOXUMUIECKON KOHBEPCHHU
rowmsa (TKT). Ona nossossier yiaydmmTh KUHETUKY TOPEHUs TOILIMBA, [IEPEHTH OT JKHJIKOM
K Ta30BOI CXeMe IO/IBOJIa TOILIMBA B KaMepy CropaHus, 4YTO yBejaumduBaeT umiyibc u KILJT
asuraresst. OramanTeabHOl ocobeHHOCTBIO pabodero mnponecca B IIBPI ¢ TKT sasasiercs To,
YTO YaCTh BO3/yXa M3 BO3/yX03a00pPHUKA TOPMO3UTCS JI0 3BYKOBOH CKOPOCTH U HAIPABJIACTCS
B TEPMOXUMUUIECKUN PEAKTOP, B KOTOPBIN IOJIAETC YIJIEBOJAOPO, HAIPEBAETCS U Pa3JjiaraeTcs
Ha TaK Ha3bIBAEMbIl CUHTE3-Ta3, COCTOAIINN B OCHOBHOM M3 MOHOOKWCH yIJIEPOJA U BOIOPOIA.
OH mocTynaer B KaMepy CrOpaHUsi U CrOPaeT, CMEIIABIINCH C BO3JyXoM. Bo3MoxkHa cxema,
KOTJIa WCIOJIb3yeTCs aBTOHOMHBLIN pPeakTOp, B KOTO-PbIi IOJAeTCAd KUCJIOPOJ, IOJIyYaeMblil
IIpU  CIENUAJLHOM IIPOIIECcCe. Jlns mpoBeleHUS UUCAEH-HOT'O WCCAEOBAHUN TEUCHUS C
ucnosibzoBanueM texuojiorun TKT B Mojesmn kamepbl CropaHusi ¢ IMPOTOYHBIM BOJOPOJHBIM
CcTabUIN3aTOPOM ILJIAMEHHM, B KOTOPOH B KA4YECTBE TOPIOYEIO HCIIOJIB30BAJICS a3000pa3HbI
kepocuH [1|, B HUU mexanuku MI'Y paspa-60rana jByMepHasi 9uCI€HHAS] MOJIE/Ib.

Jnsa ommcanusi TypOyJEHTHOIO TEYEHUS B KaHAJE HUCIOJb30BaHbI ocpenneHHbie 1m0 PaBpy
ypasuenust Hasbe-Crokca u momesnb TypbysientHoctu Cranapra-Asuivapeca [2|.  Tenepariust
[IPOTrpaMM U JIOKAJIBHBIX 6a3 TepMOMU3NIECKUX JAHHBIX OCYIIECTBJIEHA C MOMOIIBIO BBHIYUCIIU-
resproil cucremsl HIGHTEMP [3], paspatorannoit B HUN mexanuku MI'Y s nposeenmst
YUCJIEHHOTO MOJIE/IMPOBAHUS TeYeHM BhICOKOTEeMITepaTypHbIX ra3os. Texuosiorus HIGHTEMP
OCHOBaHa Ha KOMILJIEKCE IIPOrPAMM YUCJIEHHOrO HHTerpupoBanus ypasuennit Hasbe-Crokca st
Pa3/IMIHBIX MOJIEJIENl Ta30BOil Cpe/ibl, MHTEIPUPOBAHHOM C 0a3aMU JIAHHBIX [0 TEPMOIMHAMUYIE-
CKUM, TPAHCIOPTHBIM U KMHETHYECKUM CBOMCTBAM HHJIUBUJIYAJIHHBIX Ia30B U Ma30BBIX CMeCe.
Boicokas adbdekTuBHOCTD U BBICOKAs CTEIEHb HAJIE?KHOCTH TAKOI'O IOJIXO/Ia MOJITBEPXKIEHA, Pe-
[IEHneM IIHPOKOIro Kpyra IPUK/IaJIHBIX 3a1a4 |3, 4.

2. IIOCTAHOBKA 3AJAYU

2.1. Moaenp ra3oBoii cpepbl.

- Tra3 pacCMaTPUBAETCS KaK PEearupylonias CMeCh BI3KUX COBEPIIEHHBIX Ia30B;

- TypOyJIeHTHOE TeueHue OIMChIBaeTCs ocpejaHenHbiMu 110 Paspy [5| masienunem p,
BEKTOPOM CKOPOCTH 1, MOJBHBIME KOHITEHTPAIUSIMI KOMIOHEHTOB X;, ¢ = 1,..., N,
u Temneparypoit T';

- KOPPEeJSIUIMHE IIyIbCAIIUN TEeMIEPATyPbl U XUMUIECKOTO COCTaBa, IIpeHedperaeTcs;

- UCIOJb3yeTcs npubmkenne byccuHecka i OmUCAHUA TYPOYJIEHTHBIX IIOTOKOB W
oJIHOIIapaMeTpuydeckasi Mojiesib Craapra- AjiiMapeca JiUist BEITUC/IEHN TypOyJIeHTHBIX
K03 DUIUEHTOB TIepeHoca.

Ypasrenue cocrosinusi umeer sui: p = pR,T/M , tine p - njporaocts, R, - yHHBepCaJbHAast
razoBas mocTosHHas, M - cpemgHsas MOJEKYJspHas Macca CMeCH, KOTOPas BBLIPAXKAeTCs depe3
MOJIEKYJISIPHBIE MACChl KOMIOHEHTOB cMmecu M; xak M =7 | M;X;.

MoJibHast TEII0eMKOCTh IPH IIOCTOSHHOM [IABJICHUM Cp; ¥ SHTAJIbIMA h; KOMIIOHEHTa 1%
OIIPEJILJISIIOTCST Uepe3 cyMmy 1o cocrostusiM @Q; (1) Ha equHUIyy obbema:

(1) = 2 20In(QiVm)
oT oT
rie h? - Tertora obpasoBaHust KoMoHeHTa i u Vi, = R,T/p - MOJIbHBINH 00bEM.
B npunsroil razodasHoil MOIEIN BLIYUC/IEHHE TePMOAMHAMUYECKUX (DYHKIMI OCHOBAHO HA
CJIeIyIOIIel alllIPOKCUMAITIN 3aBHCHMOCTH Cp; OT TeMuepaTypsl 1 :

hi(T) = h° + R, T

a—2q
T2

5
_ k
cpi(T) = + g ag;/ T nna Ty ; <T < Ty,
k=0
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cpi(T) = cpi(Try) nna Ty ; > T,

pi(T) = ¢pi(Toi) moa To < T,
rje KoapPUIUEHTBl ay, ; OIPEIE/IAIOTCS IIyTeM HUHTEPHOJIANNN U3BeCTHBIX TaOJIMYHBIX JIAHHBIX
B puanasone remueparyp 17; < T < Tp; (Taba. 1). Anmpoxcumanuonubie hOPMyJIbI st
hi(T)un Q;i(T) nHaxomarcst MOCAELOBATENIBHBIM HHTEIDHPOBAHUEM BBIPDAXKEHHN 1yt Cp (1) mo
TEMITEPATYPE C UCIOJb30BAHUEM B KavueCTBE KOHCTAHT MHTEIPUPOBAHUS TaOJUIHBIX 3HAYCHUH
hi m Qi(p,T) upm Hekoropoii durcuposannoii Temneparype T = T*. CoriacHO 3aKOHY
JIERCTBYIOIIMX MACC MOJIbHAsT CKOPOCTh j -Oif peakiun

Z vjil4;] & Z Vil 4],

rue Vi, V;Z-— crexuoMeTpuyeckie KodddunuenTol, a [A;]- CHMBOJIB XUMHYECKUX BEIIECTB,
OTIPEJIEIISETCS] BEIPAXKEHUEM:
N N
7y — f \Vii T i 1/’..
w;j =kj | ()" = K5 | | (p7i)"7,
i=1 i=1
rie kjf v ki - KOHCTAQHTBI CKOPOCTEHl IPAMBIX M OOPATHBIX PEAKIMid, ;- MacC-MOJIbHbBIE
KOHIIEHTPAIIMN 1-T0 KOMIIOHEHTa, oupejessieMble Kak <y, = X;/M . MosbHasi CKOPOCTH
obpazoBaHus %-r0 KOMIIOHEHTA B €IUHUIE 00bEMa BO BCEX XUMUYECKUX PEAKIIUAX PABHA
N — / .o Ty .
w; = E (z/jl- — Vj;)@j.
J
KoncranTa cKOpoCcTH peakiiuu B IPSIMOM HAIIPABJICHUH 33/1a€TCs B BUJie OOOOIIIEHHOTO 3aKOHA
Appennyca

f_ b A
k; = a;T;" exp(—E;/T}).
KoHcTaHThI CKOPOCTH peaknuu B OOPATHOM HAaIIPaBICHUN k; ONIPENETIAIOTCI U3 YCJAOBUS
JETAJILHOTO PABHOBECHUSI:

=z

N
k‘{ H(Qz eXp(—h?/RuT)Vji _ k’; H(Qz eXp(—h?/RuT)V}i —0
i=1 i=1

Mompubie  puddysunonnvie noroku Ky, onpenensiorca u3  coornomenuii Credana-
Makcsesa [6]:

N
ZMdij(’YiﬁM,j — 'YjKM,i) = oF s = 1,2, ,N — 1,

N
> KM =0,
j=1

rae dij = M/pD;j, D;; - xosddurumentsr bunapoit auddysnm.
Tensop Bs3kux HanpskeHnit 7y = (Tu,z, FM,y)T (IMJIOTHOCTD «BSIBKOIO» MOTOKA MMITYJIbCA C
0OpATHBIM 3HAKOM) 33/Ia€TCsI B BH/IE

g e s L[0T, (00 T 2786 ;
T = E.E = — —_— _— _ — — U
M= 2iMEE =91\ o oF 3\ ar ’
e £€- TeH30p cKopocreil jedopmarinii, I - eapmmuanbt TEH30D, My - KOodbduiment

MOJIEKYJISIPHON BSIBKOCTU. MOJTEKYJISIPHBIN TEIIOBON MOTOK )7 OTIPEIENISIETCS U3 CJIEIYIONEro
COOTHOIIEHHUS:

N
oT —~

M = —AM—= E K ih;

am M5z + - Ml
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rme Apyr- KOI(DUIMEHT TemIonpoBOAHOCTH. Jlist BhIUmciaeHnst KOI(PPUINEHTOB BSI3KOCTH
ra3oBoOil CMeCH U TeIJIONPOBOIHOCTH HCIIOIB3YIOTCS AIMIPOKCUMAIIMOHHBIE 3aBUCUMOCTHA THITA
Yuske-Bacuibesoit [7]:

N N
wyr = ZMi’YiSCiDia AM = Z’yi [Cpi + 25Ru(15Scl — 1)] D;.
i=1 i=1
Baecw Sci(T) = pi/piDi; - ancao HlMuara i-ro KOMIOHEHTA, BBIYUCICHHOE [0 3HAYCHUSIM
ko3ddurimenTa BA3KOCTH [i; , IJIOTHOCTA p; U Koddduiumenty camoauddysun D;; 3Toro
KOMIIOHEHTa B YHCTOM BuAe npu reMmieparype 1 ; D;- ko3P UIUEHT, OIpelaessseMblii
COOTHOIIEHUEM

1

A
>j=175;
Bnauennst bynkmuit d;j(T) n Sc;(T) HaxomsTest 1o GopmyTam:

D; =

OU(T) /20, M, 500 (1)

dii(T) = 3.12-10°—2 =——,
" T+ 1) 60,7 (1)

y D€

[d;j] = cex - M /KMOIIB, [§)] = ;12,

rue QS ’1)(T) u Qf? 2 (T') - Tak Ha3bIBaEeMble HMHTEIPAJIBbI CTOJKHOBEHHI jnddy3noHHOro
1 BA3KOI'O THIIOB COOTBETCTBEHHO. SHa‘IeHI/Iﬂ HMHTEerpaJioB CTOJIKHOBEHUIL OIIpeAeJIAI0TCA Ha
OCHOB€ JaHHBIX O IIOTEHIHaJIE YIIPYroro B3aI/IMO,ZLeIU/ICTBI/I51 JacCTUly IIpu CTOJIKHOBEHUU. B
HaCTOHH_Ieﬁ pa60Te IJIdd pacdeTa ITOTCHIUAJIOB B3aHMO,ZLeI71CTBHﬂ KOMIIOHEHTOB HCIIOJIB3YyETCsd
IpoCTad MHTEPIIOJIAITMOHHAaA 3aBUCUMOCTD BH/JIa:

Q1) = (ay; + by mT)?,
B KOTOpOt Ko3(bduImenTsl a;; #u b;; HaxondaTcd HO 33JaHHBIM 3HAYCHUSM HMHTETrpaJsa

croskHoBeruit mpu 17 = 300K u T5 = 3000K . Benmunnbt QS 1) (Tk) ompesessoTCst HA OCHOBE
JIByXIapamMerpuyueckoro norennunasa Jlennaps-/Ixonca (Tabua. 2). 3Buavenusi napamerpos
IIOTEHIINAJIOB JIJI I1ap OJHOMMEHHBIX YAaCTHUI[ 3aUMCTBYIOTCS W3 HU3BECTHBIX JINTEPATYPHBIX
UCTOYHUKOB. I[lapaMeTphbl IOTEHITNAJOB B3aUMOJIEHCTBUsSI PA3HOUMEHHBIX YACTHUI] HAXOASITCH
no kombuHaTopHbiM mpasmiaM [3]. IIpu serauciaennun uncia vuara Sc;(T') 3neck ayst Beex

~(2.2 ~(1.1
KOMITOHEHTOB IOJIAraeTCs QEZ )(T) :1.191(-1- )(T).
Jna onucanmst TypOyJIEHTHOIO IIEPEHOCA WCIOJIB3YETCS MOJeIb, B KOTODOHl TEH30D
HanpsikeHuit  PefiHosibiica  7r, TypOyJIeHTHBI TeIUIOBO TOTOK ¢r ¥ TypOyJIeHTHBIE

nuddysnonnsle norokun Kr; B npubin:kennn Byccunecka 3anmchIBaloTcsa B BUJIe:

N

oT - - o;
E Kr;hi, K1; = —pDr il
i=1

= EA,_’:—Ai =
T = WT€, qT TaT‘f“_ Br:

TypOysienTHast BS3KOCTb 7, TypOyJIeHTHas TeIJIONPOBOIHOCTE Ar U Ko3durnmeHT
TypOyieHTHo#t jguddy3un Dy BbIpaxKamTcd Uepe3 KHHEeMATH4IecKuil ko3ddduimeHT
TypOYJIEHTHOM BSIZKOCTH U7 :

3

~ v Hrcp KT
MT:pVTny:fVIVa fl/l:ﬁy X:75>\T: ) DT:7
X° + ¢ 147 Prp Ser
[Ipeamonaraercs, uro TypOy/iaentable unciaa [pauagrias u [HImuara paBabl equnune: Prp =
1,Ser = 1. 3nauenus koddduimenta TypOYJIEHTHON BSI3KOCTH Dy OLIPEIEISeTCs U3

KBasWImHeiiHoro ypasuenus |9]

w9 (. AN B - ey (7)) o O
5—1-87?- <u1/ — (vm + V)af> = wy, vaew, = cp (1—fr2)Sv— (cwlfw — ?> (d) +epo (af’ 677) ,
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X

~ 1
S=Q+4 fobfro=1——X__ Q—|roti],
+ o fre . |roti]
1/6 N
. 1+C?Ug . 6 . 14
fw—g<gﬁ+c?u3 g =714 cu2 (r r)’T_S‘n?d?

Cp1 1 + Cph2

o =2/3,k = 0.4,cp1 = 0.1355, cp = 0.622, cyp1 = o Cwr = 0.3, cu3 = 2.
K

2.2. OcHOBHBIE ypaBHE€HUsI M METOJ UYHNCJIEHHOTrO WHTerpupoBaHus. s mpuHsaToii
razodazHoil Moje/in HHTerpajbHas (popMa JIByMEPHBIX OCHOBHBIX YPaBHEHUI MMeeT BU/I:

4 UdS+/ ﬁ-ﬁdl:/@ds,
dt Js 58 S

rae S — dukcupoBanHast KOHTPOJIbHAS 0OJIACTH B INIOCKOCTH (X, Y),d.S — rpanuna obaactu, 1 =
(ng,ny) - eAMHIYHLIN BeKTOD BHelIHeit Hopmain K 0.5, U — Habop KOHCePBATUBHBIX ITEPEMEHHbIX

B equHUIE 00beMma, F = F'Y + FU - cymMma HEBA3KUX U BA3KUX IOTOKOB BekTOopa U wepes
rpanuily obsactu, ) IpeCcTaB/sieT UCTOYHUKH, 8 BEKTOPHI 3a/IaI0TC KaK:

U={pn,....p,pu, pv, peo} " ;

Pl ( K, )
P + piing — 7

puv + piiny, ~7,

piihg J qh — UTy — VT,

Q= {&y +by,...,un +bn,0,0,b,} 7.
31ech u, v - KOMIIOHEHTBI BEKTOpa CKOPOCTH U, eg = €+ 0.5(1- 1) - moHast SHEPrHsl ¢TNHATBI
maccel, hg = eg+ p/p - NOJHAST SHTAJBIINS, bf - CKOPOCTH MACCOIIOABOJA 1§ -T'0 KOMIIOHEHTa, K
eIMHAIEe 00beMa, bt’it - MOIITHOCTDb HEPromIoIBOAa K €IUHAIE 00beMa,

—

Ty = (szaTxy)yFy = (TyxaTyy)a% =Tm +Tr = (MM + HT)é,

qh = qu + qr, K; = Ky + Ky,
N
@k = —(p+ U;MT)%7Q_;J =—(n+ U?MT)afci?bh = hb;
or or :
=1

[IpuBenennbie  BbIIE  ypaBHEHUsI  PEIIAIOTCS  METOAOM  KOHEYHOro  obbema — Ha
CTPYKTYPUPOBAHHOU KPUBOJIUHEHHON CeTKe, dA4YelKU KOTOPOIl IIOCTPOEHBI IlepecedyeHueM
JIByX HabDOpPOB JIMCKPETHBIX KPHUBBIX. (CHcTeMa KOHETHO-PA3HOCTHBIX yYpPABHEHHUIl COCTOUT U3
Pa3HOCTHBIX AHAJIONOB YPAaBHEHUN COXPAHEHUA JIJIA YETBIPEXYTOJbHBIX AYCCK, ITOKPBIBAIONINX
pacueTHyr 00JIaCTh, M PA3HOCTHBIX AIMPOKCUMAIANA TPAHUYIHBIX YCJIOBUHA.  DTOT METOJ
HO3BOJISIET IPUOJINKEHHO OIIpPeJIesINTh 3HaueHust ncKomoii dbyukmun Z = {p,u,v,v1,...,vn, 1}
B IIEHTPe KaXKI0i T9IefiKy U B IeHTPe KarKJI0W CTOPOHBI STIeHKH, Jiexkalneil Ha crenke. Hepsskue
IIOTOKHU Yepe3 CTOPOHHI sgueiiku F, é’”’ BBIYUCJISIOTCS HA OCHOBE TOYHOTO PellieHud 3a/1a49u Pumana
0 pacmajie pOU3BOJILHOINO paspbiBa , Tie RN - pemenue 3agadn Pumana. JleBble u mpasbie
IpaHuYHbIC 3HAYCHUA Zé u Zg HaXOJIATCA € IIOMOIIBIO OAHOMEPHOMN IKCTPAIIOJISIIINN UCXOIHBIX
IIEPEMEHHBIX Z OT IEHTPOB d4YeeK K IEHTPAM UX CTOPOH. UWC/IeHHBbIE 3HAYCHUS BI3KUX
IIOTOKOB 4epe3 BHYTPEHHUE CTOPOHLI AYeeK ng OLIPEAEJIAIOTCS 110 HEHTPAJbHBIM PA3HOCTHLIM
dopmysiam, a depe3 CTOPOHBI, JIeXKaIlue Ha 00TeKaeMO#l TOBEPXHOCTH - [0 OJTHOCTOPOHHUM TPeX
TOYEUHBIM (POPMYJIAM BTOPOI'O HOPSIKA TOTHOCTH.

Yuciennoe WHTErpUpOBaHWE YPAaBHEHUN 110 BPEMEHU OCYIIECTBJISETCS C ITOMOIIBIO
OTHOCTAINHON HEsIBHONM CXeMbI IIEPBOTO MOPSIIKA TOYHOCTH. PereHne pasHOCTHBIX YpPaBHEHUIT
Ha KazKJIOH BpeMEeHHO CTa/IuM MPOBOIUTCH 10 ABYXCJIOWHON HEeSIBHON NTepanuonnoit cxeme. [Ipu
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IIOCTPOEHNN HESIBHOT'O OIl€PATOPa UTEPAIMOHHON CXEMbl HCIOJJIB3YEeTCs PAaCIIelIeHne MATPUIIL
fAxobu OT MOTOKOB Ha « =+ » AJJAUTUBHBIE COCTAB/ILAIONINE C IOC/IEeyIoIeil (akTopu3aIneii.
[TpubmxerHOE OOpaIeHne onepaTopa OCYIIECTBIISIETCsI C TIOMOIIBIO OJIOYHOIO BAPUAHTA METOIA
1ocJIeToBaTeIbHOM pestakcaruu [aycca-3elinesist B IUHUSIX C IPUMEHEHNEM BEKTOPHBIX POIOHOK
JUIsT perieHus ypaBHeHnit 010Ka. CXOAMMOCTH UTEpAIii KOHTPOJUPYETCsI [0 OTHOCUTEIBHOMY
U3MEHEHUIO Ha OYepeJIHO MTepaIliy OJ[HOIO U3 apaMeTPOB TedeHHs (Jalle BCero IJIOTHOCTH).

Kpasunuueiinoe  ypaBaenue  giaa  Koddpdunmenta  TypOyJIeHTHONH — BA3KOCTHU v
AIlIIDOKCUMUPYETCS Ha TOU Ke PA3HOCTHON CeTKe C MOMOIIbIO IIPOTUBOIIOTOYHONH CXEMBbI
BTOPOTO TIOPsIJIKa TOYHOCTU U PEIIaeTCst B paMKaxX OOIIEro UTEPAIMOHHOIO MIPOIECCa.

2.3. Monenb TedyeHuss B KaMmepe cropanmsi. Ha JaHHOM »3Tame HCC/IeJOBaHUA
HCIIONIb30BaJIaCh JBYMepHasd MOJeIb TedeHus, B KOTOpOil mpeHebperaercs sddexramu,
CBSI3AHHBIMU C 3aBUCHMOCTBHIO MTPOIECCa OT TPEThell KOOPAMHATHI.

NmxkeKIms: BoI0OPOIa MOJCTHPOBAIACH JJOKAILHBIM 00 bEMHBIM HCTOTHIKOM MACCHI I SHEPIUN
3aJaHHOW WHTEHCUBHOCTH W KOHMUTYpaIud, KOTOPBbIE PaCCMATPUBAJJINCL KaK ITapaMeTPhI.
MogenbHas cxema MujIOHa MOKa3aHa Ha Puc. 1 m cOOTBETCTBYeT KapTUHE €ro TOPU30HTAJILHOTO
ceueHns B Kamepe cropanud. [IpamMoyroibHEHKOM oTMedeHa 00/1aCThb WHXKEKIMH BOIOPOIA.
[Tpenmoraranoch, 9T0 MHKEKITHsT Ta3000Pa3HOI0 KEPOCHHA TPOU3BOIUTCS I€PE3 CTEHKH MMIJIOHOB
B HalIPaBJIEHUH IIOIIEPEK IIOTOKA.

4
BOZIVIOHLIE DOTOK /

ooJata KepocHHa

3 i e —
5 _L,
s 5 D_‘.i HE:KeKNHA BoJopoaa
=
—— i — SN

1 v

0 5 %, em 10 15

PucyHok 1 — MogesbpHasi cxemMa MUJIOHA

2.4. KnHeTtnka razoobpa3Horo KepocuHa. B uunciennoit mozmenn ra3o00pa3Hblil KepoCHH

peJICTaBIeH B BUJE CMeCH JByX KomroHenToB — 41.7% mnapadunosoii dpaknun n
58.3% mnadrenosoii ppaxuum, ¢ ogHoil xummueckoil dopmyisoit CioHoy M ONMHAKOBLIMU
TepMOXUMUYECKUMU cBoiicTBaMu [1]|. Pazmmane dpaximit mposiBisiercst B CKOPOCTH [VIOHATBHOMN

peakiuu okuciaenuss 10 CO u Hy. Tasodasnas mozens sriaodaer 11 kommnonentos ( CroHoy
-napadun, CioHay-vadren, O, H,OH, Oy, Hy, HyO,CO,CO3, Ny ), nse riobaibHble peakiyn
u 12 sjemenrtapubix xumudeckux peakimii (Tabs. 3). Cremnyer obparuTh BHUMAHHWE, UTO
aBe mIobajIbHble peaknuu — napaduHoBas U HA(TEHOBas, IO CYIIECTBY SBJILAIOTCA PEAKIUSIMUI
repmoxumuiaeckoii  kousepcuu Tomsmba (TKT), koropass B paccMmarpuBaemoii I1OCTAHOBKE
IPOUCXOIUT BMECTE C XUMUUECCKUMU IIPEBPALICHUSIMU €€ IPOLYKTOB U APYIUX IPOMEXKYTOUHBIX
KOMIIOHEHTOB, yYACTBYIOIIMX B IIPOIECCE FOPEHHs. B 3TOH CBI3M UMEET CMBICJI B OyIyIleM
OPOBECTH BUPTYAJIbHBIH (BBIYUCIUTENBHBIN) sKciepuMenT st onenku sddekra or TKT, B
KOTOPOM BMECTO Ia3000Pa3HOr0 KEPOCHHA B BOZIYIIHBIA IIOTOK OYIET IOJABATHLCS CHHTE3-Ta3
— CMeCh BOJOPOJIa C OKHCBIO YIJIEPOZA.

CKopocTh TJI00AJILHON peakinl - @ = kfp0'3[012H24]0'5[02]

CKOpOCTh 3JIeMEHTapHbIX PEAKIWil OIpeIesieTCsl 3aKOHOM JIeHCTBYIOIMINX MACC.

KoHcTaHTBI CKOPOCTH peakiil MpencTaB/IsioTcss B BuIe 0OOOIIEHHOIO 3aKOoHa AppeHmyca
ky = AT" exp(—E/T), MOIIb, CM, CEK, aTM.

3. PE3YJIBTATHI PACYETOB

B CUJIy CUMMETPpHUHN T€YCHNA OTHOCUTE/IbHO I‘OpHBOHTaJIbHOfI JINMHUM, HpOXO,HHHLefI Ha paBHOM
pacCTOdAHUU OT IIMJIOHOB, pacdYeTHasd 00J1aCTb BKJIIOYAJIa TOJIBKO HUZKHIOIO IIOJIOBUHY obsiacTu
TE€4YCHUAg, NOKa3aHHON Ha puc. 1. Pacuernr IIPOBOJMUJINCH Ha CETKE, COCTOHH.(GfI N3 YE€ThIpeExX
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Tasaunga 1

KOMIIOHEHTOB TEPMOXNMHUYIECKUX Mo,ue.neﬁ

— KosdduiineHTbl HHTEPHOOJSIUOHHBIX (QOPMYJ TEPMOAMHAMHUYECKUX @OYHKIUH

Komnonenma | T1, K | T2, K a-2 a-1 al al
H 300 20000 | 7.7200E-19 | 2.5983E+00 | 2.5000E+00 | -3.3843E-15
0] 300 20000 | 8.7754E-05 | 2.9761E+00 | 2.5581E+00 | -8.1644E-01
H, 300 20000 | 2.7945E-04 | 2.4101E-02 | 2.9446E+00 | 7.4018E+00
O, 300 20000 | -3.9997E-04 | -3.0752E-02 | 3.8610E+00 | 4.0101E+00
OH 300 20000 | 4.0806E-04 | 5.0363E-01 | 2.8792E+00 | 9.1635E+00
HyO 300 20000 | 2.9302E-04 | -2.8452E+00 | 3.0631E+00 | 2.3133E+01
cO 300 20000 | -3.2799E-05 | -1.3696E+00 | 3.2831E+00 | 9.3389E+00
COq 300 10000 | -6.9345E-04 | -4.7847E+00 | 4.3253E+00 | 3.5086E+01
ClaHay 300 5000 | -7.7775E-03 | -4.4767TE+00 | 1.7790E+4-01 | 9.6337TE+02
Ny 300 20000 | 6.1112E-05 | 6.8986E-03 | 3.1545E+00 | 1.0145E+01
IIpodosotcerue mabauywt 1
Komnonenma a2 ald a4 ad ab

H 1.7417E-14 | -2.5769E-14 | 1.5079E-14 | -3.0539E-15 | 2.0066E+-01

@) 3.3867TE+00 | -3.8014E4-00 | 1.7459E4-00 | -2.9029E-01 | 2.5857E+01
Hy -8.2636E+00 | 2.6802E+00 | -1.3048E-01 | -2.9115E-02 | 2.3124E+01
O, -2.6447E+00 | -4.4614E-01 | 4.1103E-01 | -1.0020E-02 | 3.3912E+01
OH -1.5817E+01 | 1.2507E+01 | -5.2511E+00 | 9.1158E-01 | 2.9347E+01
H>O -4.4890E+01 | 4.1664E+01 | -1.8533E+-01 | 3.1039E+-00 | 2.9895E+01
coO -2.5122E+01 | 2.9188E+01 | -1.2760E+-01 | 1.7612E+4-00 | 3.1665E+01
COsq -1.5491E+02 | 3.2619E+02 | -3.1169E+402 | 1.1099E+02 | 3.5144E+01
ClaHay -4.9547E+03 | 1.4532E+04 | -2.2495E+-04 | 1.4113E+04 | 8.7856E+01
Ny -2.7328E+01 | 3.2146E+01 | -1.4742E4-01 | 2.2445E+4-00 | 3.0665E+01

Tabauna 2 — ITapamerpsl norennuana Jleannapa-/I>koHca KOMIIOHEHTOB TEPMOXUMHUYECKHX MogeJieit

Komnonenma | oA | €4, K | Komnonenma | o4, A | €44, K
H 2.708 | 37.0 H>0O 2.641 | 809.1

0] 2.950 | 106.7 CcO 3.690 | 91.7

Hy 2.968 | 33.3 COy 3.941 | 195.2

) 3.467 | 106.7 CioHoy 4.100 | 230.0

OH 3.147 | 79.8 Ny 2.500 | 150.0

0JIOKOB ¢ obmumMm uucjgaoMm  sdeexk  92500. V3Bl CeTKH Crymaanch BOIN3M 00TEKAaeMBbIX
roBepxHocTeil mIoHoB. KoHnduryparius pacaeTHoi 061aCTH U PACIIONIOXKEHNE OJIOKOB ITOKA3aHbI

na Puc. 2.

] 10

¥.em
& oM

20 30 X, cm 40

PucvyvHok 2 — Kondurypaugusi pacueTHON 06J1aCT U PACIIOJIOXKEeHUEe GJIOKOB PA3HOCTHOM CETKU.

Ha Bxome B pacuernyio o6JacTb ObLIM 3aaHbl YCJIOBHS B TYpPOYJIEHTHOM CBEPX3BYKOBOM
BOBAYIIHOM IIOTOKE, COOTBETCTBYIOIIHE 3SKCIEPUMEHTAJbHBIM 3HAYEHHSIM I1apaMeTpoB
Topmokennst Py = 24.67 atMm, Ty = 1320 K u guciny Maxa M = 2.8:

Py, = 0.909arm, Ty, = 514K, C4y = 0.232, C3, = 0.768, V4% = 100053 (Tyy,, C1)

Ha numxueit u BerHefI I'pPaHUIIax pvaeTHOﬁ O6JIaCTI/I HCIIOJIb30OBaJIUCh YCJIOBUsI CUMMETPUA
(HpI/IJII/IHaHI/IH) TE€4YCHUA, a Ha BbIXO,HHOfI I'paHune «MATKHUE» TI'PaHUYHBIC YCJIOBUSA
IKCTPAIIOJIAIMMOHHOI'O THUIIa, COTJIaACHO KOTOPBLIM ITapaMETPbl BBITEKAIOIIET0 9€PpEe3 I'PaHUuIly ra3a
ObLIM pPaBHBI [ApaMeTpaM II0TOKA B IPUJIEralonieil K Heil pacuerHoil siueiike. [loBepxHOCTD
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Tabnuna 3 — KBaszursiio6ajapHbIil MEXaHU3M IOPEHUsI ra3000pa3HOro KepocuHa

Peaxuyusa \ A \ n \ E. K \ Hemovrnurk
I'nobarvras napadurosas peaxuyus
Ci12Hyy »+602 — 12C0 +12H, | 3.89x104 | 1.0 [12200 |  [1x]
Lrobanvras wagmenosas peaxyus
Ci2Hys_n+ 602 — 12C0 + 12H, | 2.31x107 | 1.0 [ 19650 [  [l1x]
Koncmanmor ckopocmeti peaxyut duccouuayu
M+0O+0<02+M 2.55x1018 | -1.0 0. [7x. 8x]
M+H+H<sH+M 5.00x1015 | 0.0 0. [7x.8%]
M+H+0&<0OH+M 1.00x1016 | 0.0 0. [7x,8x]
M+ H+OH < HO+M 8.40x1021 | -2.0 0. [7x,8%]
M+CO+0&CO+M 6.00x1013 | 0.0 0. [7x,8x]
Konemarnmor ckopocmets peaxuuti obmena
Hy+ 0Oy < OH +OH 1.70x1013 | 0. |24070 [7,8]
OH+ Hy < H,O+ H 2.19%x1013 | 0. 2590 [7x,8x]
OH + OH < H20 + O 6.02x1012 | 0. 550 [7x,8%]
O+Hy< H+OH 1.80x1010 | 1.0 | 4480 [7x,8x]
H+0,<0+0H 1.22x1017 | -0.91 | 8369 [7x,8x]
CO+OH < H+COq 4.00x1012 | 1.0 | 4030 [7x,8%]
CO+ 03 0+ CO; 3.00x1012 | 1.0 | 25000 [7x,8x]

OWIOHOB  (KpOME ydYacTKa Ioj[add  KePOCHHA) CYMTAJACh HEIPOHUIAEMON, XUMUYECKU
HeliTpaabHoil n oxyazkmaeMoit ¢ remmnepaTrypoit Tw=300K. IIpennosaraiocs, 94To depe3 yIacToK
ITOBEPXHOCTU MUJIOHOB 5.532 < x < 5.632 CM OCYIIECTBJISIETCS BIYB ra3000pa3HOTO KEPOCHUHA

C TIOCTOAHHBIM CYMMAapPHBIM PaCXOIOM F};f; = 2p/(cm cex), Temmeparypoit Tj,; = 300K n
~ing
vpe =0.

KaK Y2Ke IrOBOPUJIOCH, NHZKEKI[NA BOJOPO/Ia B IIOTOK MMHUTUPOBaJIaCh JIOKaJIbHBIM O6'beMHbIM
HNCTOYHHUKOM MaCChl W SHEPIHUH, pPaCIOJIOZKEHHBIM Ha JIMHUN CHMMETPpUU MEKAYy IINJIOHaAMMH.
TemmepaTypbl HHXKEKTHPYEMOI'O BOIOPOJa f, Bapbuposajachk B npenesnax or 1000 mo 2000K.
MormHocrs ucTouHuKa (Qp, MeHsUIach B mpejienax 5.5- 22 r/cm cex. Vcrounnk 3aHmMasn
HECKOJIbKO COCEJIHIX s9€€K PA3HOCTHON CEeTKH, UMeJ (pOpMYy HPSIMOYTOJILHUKA U PACIIOJIArasics
Ha Pa3JIMIHOM PACCTOSIHUHU OT YCTyIIa IHUJIOHOB.

Ilepedens paccMOTpPEHHBIX BapHaHTOB pacdeToB IpupedeH B Tabi. 4. Kpome nmapamerpos
HCTOYHHUKA BOJOPOJa B Tabjulle JaHbI IOJydYeHHbIE B pacderaX KO3(M@PHUIMEHTHI CrOpaHus
MHXKEKTUPYEMOI'O BOJOPOAA U HHXKEKTHPYEMOI'O Ia3000pa3sHOI0 KEPOCHHA (9 U ey . ITH
IapaMeTPhbl BEIYUCISIIACH IO (POPMYIIaM

out out

_ GH2 _ err

o, =1 — —=2 ey =1 — —=
2 Glnj s Qker ij )

H> ker

rie GZ}QJ u G} - cymMMapHbIe MOIIHOCTH HUHXKEKIHH BOJOPOJA M KEPOCHHA COOTBETCTBEHHO,
aG(I’L}‘; u G - cymMMapHBIE MACCOBBIE NOTOKH 3THX KOMIIOHEHTOB €pe3 BBIXOJHYIO IDAHUILY
pacdeTHOI 00J/IaCTH.

CamMoBocIIaMeHEHTE  BOJOPOJia B TYpOYJEHTHOM CBEPX3BYKOBOM IIOTOKE TIOJIYIEHO B
BapuaHTax pacuera 2 - 8. Bo Bcex ciydasix BOCIUITAMEHEHUSI MHAKEKTHUPYEMOTO BOJOPOIA TIepe
MCTOYHUKOM BO3HUKAJI MPSIMOil CKAYOK YIJIOTHEHMS, KOTOPBI 110 ME€pEe YCTAHOBJIEHUS TEUEHUS
[epeMeIa/ics BBEPX II0 MOTOKY W YCTAHABJIUBAJCH Iiepel NuioHaMu. B BapmanTe 8 mieper
MJIOHAME 00PA30BAJICS TPAKTHIECKH TPAMON CKAYOK YIUIOTHEHUsl, KOTOPBIH IepEeMEIaIcs
BBEPX II0 IOTOKY [0 JIEBOU I'PAHUIBI pacdyeTHO# objactu. CTalmoHapHOE PelIeHue JiJisi 3TOro
BapUAHTA TIOJIyIUTh HE YIAJIOCh.

Hwmxe wa Puc. 3(a-0) mpejcraBieHbl paccUuTaHHBIE MOJIsi OCHOBHBIX Ia30[MHAMUYECKUX
dyHKIMt U cocraBa raza Jjisg BapuanTta 5 B Tabsmie 4. CoriacHo pacueTam, BOCIIAMEHEHUE
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TAabaunA 4 — Tabiuna pacCMOTPEHHBIX BAPUAHTOB PAaCYETOB

Bapuanm | Gg/emsec | Th,, K | aps Oker
1 5.5 1000 | 0.0013 | 0.0085
2 11 1000 0.67 0.056
3 16.5 1000 0.52 0.083
4 22 1000 0.50 0.10
5 5.5 2000 0.81 0.25
6 11 2000 0.64 0.21
7 16.5 2000 0.66 0.56
8 22 2000 - -

BOJIOPOJIa TIPOUCXOJIAT B JIBA IOCJIE/IOBATEIbHBIX dTana. (CHauansa obpasyercst y3kas 06JiacTb
rOpeHusl IIpu OOTEKAHUU MCTOYHHUKA BOJOpOja. a3 B 3Toit 00J1acTH HAIDET 0 TEeMIIEPATYPhI
ceoitmie 2000K u comepxkut 3HaunTesbHOe KosmdectBo pasgukaioB O, H, OH. Ha emopom
omane TpU yIAJCHUU OT UCTOYHUKA OOJIACTH TOPEHUsI PACIIUPSIETCS U B CJIEJe 3a MUJIOHAMHI
3aMbIKAeTCH JIETOHAIIMOHHONW BoJiHOH.  BocijiameHnenune BOJIOPOJia BBI3BIBAET 3HAYUTEIbBHOE
[IOBBIIIEHNE TEMIIEPATYPHI B CJI€/I€ 3a MUJIOHAMH, UTO B CBOIO OYepPEJ/ib aKTUBU3UPYET TOPEHUE
UHXKEKTUPYEMOI'O KEPOCUHA.

CorsiacHo pacderaM B KOHIIE KaMepbl CroOpaHdsi B pe3yJbraTe BO3JIEHCTBUS JIABJIEHUS
HabJII0/IAJIOCh BO3MYIIEHHUE II0TOKA B BUJIE OTPBIBHON 30HBI. B 3TOM citydae mepeoborainennast
BOJIOPOJIOM CMECH, BBIXOMAIIAA U3 KaHajla cTabmim3aTopa B KaMEpy CrOpaHusi, CMEIINBAETCS C
BO3/IyXOM U BOCIIJIAMEHSIETCS B OTPBIBHOMN 30HE, 00pa3ys MEPBUYHYIO 30HY T'OPEHUS.

[Ipu nojade kepocuHa B KamMepy CropaHus IIepBUYHAs 30HA WHUIMUPYET €ro BO3IOPAHHUE,
JaBJICHNE B KaMepe CrOPAHUsT BO3PACTAET, 00pa3yeTcsl TeUeHne TUTIA «IICeBIoCKadKay. Cremyer
3aMeTUTh, YTO KEPOCHH IIPOJIOJIZKAET I'OPETH II0CJIe PEKPAIIEHUS [T0/Ia4l BOJOPO/Ia B IIPOTOYHBIH
KaHaj CTabuam3aTopa, XOoTs MeHee 3(P@PEeKTHBHO. IDTO MOXKeT OBITh BBI3BAHO TEM, UTO
CTEHKHU CTabUIN3aTOPOB JOCTATOYHO HAIPEJNCh U SABJISIOTCI WMCTOYHUKOM BBIHYKIEHHOTO
BocILiaMeHeHus. Kpome Toro, mepes MPOTOYHBIMU CTAOUIN3ATOPAMHU 00pa3yeTcs yaapHast
BOJIHA, TEYEHHE 33 KOTOPBIMU MOXKET OBITh BUXPEBOE. IlepBuunasi 30Ha TrOpeHUS
BOJIOPOJIa B KaMepe CropaHus B JIAHHOM Cilydae sBjisercsd oupejessdonieii. Vmenno ona,
HAIOIHSSICh TPOAYKTAMU TOPEHUsI, IEPEIaeT SHEPIUI0 KEPOCHHO-BO3MYIIHON CMECH, KOTOpas
U BOCILIAMEHSIETCSI.

4. SAKJIFOYEHUE

[Ipemoxxena nByMepHas IUCICHHAT MOJIE/Ib TYPOYJIEHTHOTO T€UYeHHUs B IKCIIEPUMEHTAILHON
KaMepe CropaHus C IMPOTOYHBIM BOCILIAMEHUTEJIEM, OCHOBAHHAS HA OCPEJHEHHBIX YPaBHEHUSIX
Hasbe-Crokca isi MHOTOKOMIIOHEHTHOI'O PEArdpyloIero rasa u MoJeaun TypOyJIeHTHOCTH
CuaJrapra- AjiiBapeca.

IIpumeneH co3maHHBIN paHee TPOTPAMMHBIN KOMILIEKC JIJIsI YHCJAEHHOIO MOIETNPOBAHNS
JBYMEPHBIX TypPOYJIECHTHBIX CBEPX3BYKOBBIX PEArMPYIOMIMX IIOTOKOB B KaMepax CrOpaHus CO
crabuim3anueil TOpeHus: BOIOPOAHBIM ILIAMEHEM, OCHOBAHHBIN HA WHTETPUPOBAHUY yPABHEHUIA
Hapne-Crokca st pas/iMgHbIX MOJIEJICH Ta30BOi Cpejbl ¢ HCIOJIL30BAHUEM CO3JAaHHBIX 0a3
JAHHBIX II0 TEPMOTUHAMIYIECKUM, TPAHCIIOPTHBIM U KHUHETUIECKUM CBOMCTBAM WHIMBULYAJIbLHBIX
razoB. leneparus mporpamMM u 06a3 TEPMOXUMUYECKUX MJAHHBIX BBIIOJHEHA C ITOMOIIBIO
Texnonorun HIGHTEMP HUU mexanuku MI'Y.

[TpoBeneHo mapaMeTpuvecKoe uccjieJ0BaHNe BOCIIJIAMEHEHUsT U TOPEHUS KePOCUHO-BO3/IYITHOM
cMecH TIpM CTaOWIuU3aliyM IIJIAMEHU BOJOPOIHBIM BOCILIAMEHUTEEM C HUCIOJIBb30BaAHUEM
Texnosorun HIGHTEMP HUU mexanuku MI'Y.

YCTaHOBJIEHO, HYTO IIPOIECCY BOCILIAMEHEHHUsI CIIOCOOCTBYET yBEJIHMYEHHE TEeMIIEPaTyPhbl
BOJIOPOJIa, M MOIIHOCTH €0 MHXKEeKIU. MeHblllee BJIMSIHAE OKA3BIBAET IIOJIOXKEHHE U PasMepbl
HCTOYHHUKA Bogopoaa. CaMoOBOCIIaMEHEHHE BOIOPO/Ia B TYpPOYJIEHTHOM CBEPX3BYKOBOM IIOTOKE
IIOJIy9eHO B BapuwaHTax pacdera 2 - 8. Bo Bcex ciaydasgx BOCIIAMEHEHUS HUHXKEKTHPYEMOI'O
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PucyHok 3 — Ilosisi OCHOBHBIX rasogmHaMu4decKux OyHKIUN NJisi BapuaHTa 5.

BOJOPOJA TIepeJsl MCTOYHUKOM BO3HWKAJ MPSIMOIl CKAdOK VIUIOTHEHUS, KOTOPBIA II0 Mepe
YCTAHOBJICHUsI TEUEHUSI TIePEMEITAJICS BBEPX IO ITOTOKY W YCTaHABIUBAJICS IIepe nmujaoHnamMu. B
BapuanTe 8 rnepej MUJIOHaAMN 00PA30BaJICS MPAKTUIECKN MPSIMON CKAYOK YIJIOTHEHUSA, KOTOPBIi
IepeMeIralics BBEPX I10 IOTOKY 0 JIEBOI IpaHUIlbl pacueTHOi obactu. CralnnoHapHOe pelleHue
JJIST 9TOTO BapuaHTa MOJYyIUTh HE YJIAJI0Ch.
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Kepoan—aya KOCIIaCbIHbIH, >KaHY bIH cyTeri aﬁ,/:(ay ApKbLJIbI TYPaKTaHABIPDY

AnHoTanust: Yiry *KbUIIaMIBIFBI XKOFAPBI 9ye KeMeJepine Kasipri Ke3je Typa arblH/Ibl aya-PeaKTUBTI KO3FaITKbIIIbI
VJIKEH KBI3BIFYIIBLIBIK TY/IbIPAIbl, OHBIH THIMJIIIr OTBIHABI TEPMOXMMHUSIBIK, KOHBEPCHUSIAY TEXHOJIOTHSICHIH KOJITAHY
apKbUIBI KOFapbuiaTyra Oonagpl. MyHzmall KO3FaJTKBIIITBIH >KYMBICHIHBIH Keibip acHekTijepiH CaHIbIK MOJIeJIeyre
bosanpl. ByJs »KyMmbIcTa »KaHy KaMepaCbIHIAFbl MPOIECTEPl TEOPUSIIbIK K9HE IKCIIEPUMEHTTIK 3epTTey >Kyprisiiimi
JKoHEe TiKeseil arbIHIbI KaHy KaMepacblHa MOJIEKYJIAJIBbIK, CyTeriHi aiifay apKblibl KEPOCHH-aya KOCIIACBIHBIH »KaHybIH
TypakTaHablpy omici yceiHbuiabl.  ITAT'V-1ne KypblLiFaH SKCHEPUMEHTTIK KOHIBIPFbI HAWJAaJIaHBLIALI, OHIAFBI YKAHY
[IpolieciHe cyTeri TeMuepaTypachblHbIH, Macca Oepy aiiMarbIHbIH ODHAJIACYbl MEH oJieM/IepiHin ocepi 3eprresai. Teopusibik
3eprrey yiuin Mockey MemiiekeTTiK yHUBepcuTeTiHig MexaHuKa FBIIBIMUA-3€PTTEY HHCTUTYTHIHA YKACAJIFAH KOMIBIOTEPJIIK
barmapiaMasap KemreHinge icke aceipbuiran Chamapr-AsuiMapec TypOyJIeHTTIK MOeiH Komaubuibil, Hasbe-CTokc
TeHJIeyJIepiHe Heri3/leJIleH COWKeC CaHJBIK TEXHOJIOIUsl Ky3ere achbIpbliibl. CaHIBIK MOJEJbIey €Ki MOCeJIeH] IIerTi.
Bipinmici mMocese arbIHIbI THITEr TYTaHIBIPFBINIKA OepijleTiH MOJIEeKyJIaJblK CyTeriHiH TyTaHy MIapTTapblHA KaTbICTHI
boJica, eKiHIIICI - KepOCHH-aya KOCIACBHIHBIH YKAHYBIH CyTeri >KaJbIHBIMEH TYPAaKTaHIBIPY MIAPTTAPhIHA KATHICTBI OOJIJIbI.
Ecenreynep HoTH>XKeciHZe TyTaHy NPOIECIHE CyTeriHiH TeMIlepaTypachl MEH OHBI aii/lay KyaTbIHbIH KOFapbLIaybl OH 9Cep
Geperini anbiKTasabl. CyTeri Ke3iHIH OpHBI MeH OHBIH KeJjieMi a3 ocep ereriHi kKepcerinui. Taburu >koHe ecenrey
SKCIIEPUMEHT] 9J[iCiMEeH KaH->KaKThbl 3epPTTey OapbIChIHIA aPHAIaFbl aFblH KYPBIJIBIMBIHBIH, OHBIH IIIiHJ/E IeTOHAIUSIIbIK,
TOJIKBIHHBIH, KaJIBIIITACYBIHBIH, CHUIATTaAMAaJbIK €PEeKIIeJiKTepi aHBIKTAJIbl >KOHE CyTeri MHXKEKIUSIChl aPKBLIbl YKAaHY/IbI
backapy MYMKIiHir KepceTiaai.

Tyitin cesnep: Hasbe-Crokc TeHieysepi; ra3 Topi3i KepoCHH; »KaHy KaMepachl
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Stabilization of combustion of kerosene-air mixture by hydrogen injection

Annoranusa: On aircrafts at high flight speeds, the ramjet engine (ramjet) is of greatest interest at present, the
efficiency of which can be increased by using the thermochemical fuel conversion (TFC) technology. Some aspects of
the operation of such an engine can be simulated numerically. In this work, a theoretical and experimental study of the
processes in the combustion chamber is carried out, and a method is proposed for stabilizing the combustion of a kerosene-
air mixture by injecting molecular hydrogen into a direct-flow combustion chamber. An experimental setup created at
TsAGI was used, on which the influence of the hydrogen temperature, the location and size of the mass supply area on the
combustion process was studied. For a theoretical study, the corresponding numerical technology was applied based on the
Navier-Stokes equations using the Spal-rt-Allmares turbulence model, implemented in a complex of computer programs
developed at the Research Institute of Mechanics of Moscow State University. Numerical modeling solved two problems.
The first concerned the conditions for the ignition of molecular hydrogen supplied to the flow-type igniter, and the second
- the conditions for the stabilization of the combustion of a kerosene-air mixture by a hydrogen flame. Based on the results
of calculations, it was found that the ignition process is facilitated by an increase in the temperature of hydrogen and the
power of its injection. The position and size of the hydrogen source is less influential. In the course of a comprehensive
study by the method of a full-scale and computational experiment, the characteristic features of the flow structure in the
channel, including the formation of a detonation wave, were revealed, and the possibility of controlling combustion by
hydrogen injection was shown.

Keywords: Navier-Stokes equations; gaseous kerosene; combustion chamber
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HEPABEHCTBA, YTOUHAIOIMINE CBA3U ME2K/1Y CMEIITAHHBIMUA
MOAVJIAMMN I'NNIAAKOCTU B METPUKAX L, N Ly

Annoranusa: Ilpobrema onenuBanus Mopy/eil riajgkocTa Gynknuit u3 L, B TepMuHAX UX
MogyJieit riajkocTu us Ly, Xopomo ussectHa. IlepsbiM aTanom oneHUBaHUs MOy Ieil I1aIKOCTI
CTajJ0 U3yUueHUe CBONCTB (PYHKIUN U3 KjaaccoB JIUMIUIA ¥ IOJydeHUEe COOTBETCTBYIOIIIX
BJIOKeHU B paborax Turumapma, Xapau, JIurtiasyna, Hukosisckoro.

Knaccuueckoe Bioxkenme Xapau-JIutTiaByma 1ist npoctpancTs Jlummmia MoxkeT ObITh
IOJIyI€HO KAaK CJIEJCTBUE U3 HEPABEHCTBA YJbAHOBA IS MOMYJEH HENpepbIBHOCTH (DYHKIIMH
ONHOH mepeMeHHO#. B paborax YibsiHOBA PACCMATPUBAJICH MOJYJIb IVIAJIKOCTH HATYPAJIHHOTO
nopsiika. BBejieHue MpoOHBIX MOJyJIeit TVIaIKOCTH 103BOINjI0 B paborax [loramosa, CumonoBa,
TuxoHOBa yCWJINTH HEPABEHCTBO YJibstHOBa.  Ilo3xke Te 2Ke aBTOpPBI CMOIH 0DOOIIUTH
HEPABEHCTBO YJIbSHOBa Ha (YHKIUUA JBYX [E€PEMEHHBIX, IOJIYYUB ONEHKU JJIsi CMEITaHHBIX
MoyIedt rasikocT. TOYHOCTD 9TUX HEPABEHCTB OBLIA JIOKa3aHa B ciydae, korja 1 < p < g < 00
nwm l=p<qg=o00.

B HacTostIeit ctaTbe u3ydarTcs CMEIaHHble MOJTYJIN TVIAIKOCTH IPOOHBIX TOPSIIKOB (PYHKIINN
JIByX IiepeMeHHbIX. llojiydeHbl HepaBeHCTBA, YTOYHSIONIME DaHee U3BECTHBIE OIEHKH THUIIA
HEPaBEHCTB YJIbAHOBA MEXKJy CMEIIaHHBIMU MOJYJIAMHU IJIQJIKOCTH B MeTpukax L, n L, npn
3HaYeHNAX 1 < p < q = oo. UccimenoBana TOYHOCTH TOJMYUEHHBIX OIEHOK. l3ytwuena
B3aUMOCBS3b 9TUX U PaHee M3BECTHBIX OIEHOK.

KuroueBble ciioBa: HEPaBEHCTBO; METPUKA; CMEINAHHBIH MOJYJIb TJIAJIKOCTH JIPOOHOIO
IIOPSJTKA

DOTI: https://doi.org/10.32523/2616-678X-2020-134-1-19-34

1. BBEJIEHUE. IIOCTAHOBKA 3AJAYN
Beenewm cienytorue obo3naveHMs:
L,,1 <p<00,— MHOXKECTBO U3MePHMbBIX QYHKIMI ABYX HepeMeHHbIX f(z1,22),
27 - NepUOJIMYECKUX 10 KarKJIOMY IIePEMEHHOMY, JIJIsI KOTOPBIX

1f[lp < oo,
e

2w 21

I£ll, = // (21, 29) Pdandas | ecomn 1 < p < oo;
0 0

| fllp = supvrai | f(z1,z2)| , ecn p = oo;
0<x1 <27,
0<z2 <27

o(f)— pan @ypwe bynxnuu f € Ly, To ecTh

oo o0

o(f) = g g (@nyny COSNITL COSN2T2 + by, SINN1T] COSNOTI+
n1=0n2=0
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oo o0

+Unyny COSNYT1 SINNQT2 + dpyn, SIN N T SINNQTY) = E E Apin, (),
n1=0mn2=0

rJie Juist KparkocTu obosHadeno cos(0-t) = %,

2w 27
1
(ning = —3 f(z1,x2) cosnyzy cos noxadridrs,

27 27

1 .
bpin, = = f(x1,x2) sinnyxy cos noxadrides,
00

2 21
1 .
Uning = 3 f(x1,x2) cos nixy sin nexodrides,

0 0
2w 27

1 . .
dpyn, = = f(x1,22) sinnixy sin noxedridrs

— xoapdbunuenter Pypbe bynxmun f € Ly;
Lg — MHOKecTBO dyHKImA f € L, TaKux, 4TO
2T 27
f f(x1,x9)dz1 = 0 st mourw Beex xg U f f(x1,x9)dze = 0 1t OUTH BCeX X1;
Viioo(f)s Voona (f)s Vayng (f)ymi € N U {0}(1 = 1,2),— cymmbl Basuie-Ilyccena psna @ypbe
dbynxmun f € Ly, Te.

27
Voo (f) = 2 [ fa1 + t1, 22) V2" (t1)dt1, Voo, (f) = £
0

21 2w
Vi (f) = % f f f(@1+ t1, o + t2) V2 (41) V22 (t2)dtrdita, tae V() = Dol(t),

f(@1, 29 + t2)V;22 (t9)dts,

sin((

V20(t) = %(Dn(t) + it Dan 1 ()),n € N, Dy(t) = m%)”,k e Nu {0}
[e5]

Ayl (f)— passocTh ¢ marom hj HOJIOKUTEIHHOTO NOPFAIKA (v TIO TIepeMenHoii x1 pyHKimum
[e.°]
f €Ly, Toecrs AJI(f)= ZO(—I)Vl (ii)f(ﬂfl + (1 — v1)h1, 22),
V=

rae () =1 g v=0, (3) = ya v=1, CﬁZW s v > 2

a2 o
Ahg (f)— pasHOCTb € maroM hg MOJOXKUTEIBLHOIO MOPSIKA (g TI0 IEPEMEHHOl Xo QyHKIMN

f € Ly, roecrs AP2(f) = i (‘1)V2(V2)f(371,$2 + (a2 — v2)h2);

vo=0
War s (f01,02)p— CMEMIAHHBIH MOJLY/Ib IVIAJKOCTH IHOJIOXKHUTEILHBIX MOPSJIKOB (] U (9
COOTBETCTBEHHO 110 LIEPEMEHHBIM Z] U Xo yHkuuu f € L, To ecTb

Waras (f,01,02)p = sup  [|ARH(AZZ(/))]lps

| i|<04,0=

Y1 mo (f)p— Hamiydinee npubiimkeHne yriaoMm d)yHKuHI/I f € Ly, To ecTpb
Yinyma(f)p = T inf 1f = Toomz — Ty o0llps

m1,0054oco,mg
riae T, oo(1,2)— GYHKIWMS, SBIAIOMASCS TPUTOHOMETPUYECKUM IIOJMHOMOM IOPSIIKA He
Boime, veM mi(my € NU{0}) mo nmepemennoit 1 u taxast, 970 Ty o0 € Lp, Toom, (21, 22)—
byHKIMSI, SBISIONASICS TPUTOHOMETPUYECKUM IIOJIMHOMOM HOPsiJIKa He BbIIIe, YeM mMa(me €
NU{0}) no mepemennoit xp u taxast, 910 Too m, € Lyp;

f(pl’”)(:nl,:ng)— IpOU3BOJIHYI0 B cMbicie Beiis dyukimun f(x1,x2) € Lg nopsjka p1 > 0
10 lepeMeHHOll x1 1 nopsika pz > 0 1o nepemennoit zo (em. [1] );

[a]— menyio gacTh dncia a.
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Hns veorpunarenbubix dyukimonanos F(f,d1,02) u G(f,d1,92) Gymem nucarb, 4ro
F(f,61,02) < G(f,01,02), ecau cyliecTByer I0JOXKATeIbHas ocrosiiHas C, He 3aBUCSINAs
or f,01 u d2, rakas, uyro F(f,01,02) < CG(f,d1,02). Eciu oguopemenno F(f,d1,02) <
G(f,01,02) u G(f,d1,02) < F(f,01,02), T0 6ymem nucarb, uro F(f,01,02) < G(f,d1,92).

Nsgectnsl (eM. [2]-[6]) caemyromume cooTHOIEHUsST MEXK Ly MOJLYJISIME [JI&IKOCTH:

IIyemsw f € Lg,ai > 0,0, € (0,1)(i =1,2). Tozda

npu 1=p<q=

Wayaz (£ 01,02) o <<ff trte) " way 11011 (f t1, 12)1 S92,

a) npu 1<p<q—oo,az>’yl>0,i=1,2. Tozda
02 01

_1
Wary sz (£ 01, 02) o < [ [ (tata) P, 1 (it 1) 242
00
6) npu 1 <p<g=o00, ag>7y >0

3y &
_1 2 P dtl dtQ
Waya (f 51,52)00 < //(t1t2) pwaﬁ%ﬁﬁ%(f,tl,tg)p <log2 751> P (1)
00
8)npu 1 <p<g=o0, a; >y >0
T dt, d
2 P tl tg
Way,as (f,01,02) <</ (titz) Pw, ,a2+%(f7t1,t2) <log2 > Lty (2)
00

B sroit pabore yTOUHAIOTCS yTBEPXK/ICHUS 0) U B).
2. OCHOBHBIE PE3VYJIBTATBI
Teopema 1. Ilycmov f € Lg, l<p<g=o0,01 > 0,%+}%
9; € (0,1),i =1,2. Tozda
1. cnpasedauso HEPABEHCMEO

=10 > v >0,

1
5o 51 (log, 2 >y yerp!

1 diy dity
wOLl,OzQ(f751752 <</ / (tit2) Pwal+%772+%(f,t1,t 2)p H oty (3)

B coomnowenuu (3), 600bue 2060pa, Heab3s 3ameHumy 3hak <K Ha 3HAK X .
(1)

2. Hepaserncmeo (3) mowno 6 mom cmvicae, wmo 0as a0boz0 o’ > ai cywecmeyem
dynxuyua fi1(z1,z2) € Lg maxas, 4mo

Wy an (f1, 01, 02)oc
Ai(f1,01,62) = 1 1o (f1,01,02) .

2 yapp
5 d1(log 51 )

8 _1
bf { (t1t2) pwaﬁl)ﬁm# (fi:t1, t2) o dttz2

0asa mobozo Purcuposarrozo ds u 41 — 0.
3. Hepasencmeo (3) mouno 6 mom cmovicae, wmo odas aw0bot dynkyuu & (t
1—

‘d\’—‘\/

noaosicumenvrot, caabo xosebmowetica na (0,1) u maxod, wmo &(t1) = o(logy f)

cywecmeyem pynruua fo(xi, x2) € Lg maxas, “wmo

Way, o (f27 517 (52)

As(f2,61,02) = T 7 = o
82 61(&1(61)) 1 1 dty dt
Lol ) e (o b )y

oas 1106020 Purcuposanmozo da u 01 — 0.
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4. Ecau e coommowenuu (3) Y2 3aMeHumd Ha (g, MO NOAYUEHHOE CoomHowenue 6ydem
HEGEPHBLM.
5. Cnpasedruso nepasercmeo

1
5o 91 (logy %)alp/
_1 dtl dtg
/ / (tltg) Pwal+%7,¥2+1 (f, tl,tg) tl t2 <
0 0

b2 01
1 2 P dtl dtQ
< //(t1t2) pwa1+%,'yz+%(f7t1at2)p <log2 151)

t to

(4)

NPU 3MOM 6 COOMHOWEHUL (4 ), 6000ULE 2080PA, HEADA 3AMEHUMD 3HAK K Ha 3nak < . Oduakxo
cywecmsyem gyrkyua f3(r1,r2), maxas, wmo 0rs nee 6 cOOmHoweruw (4) 3nar <K MoHcem
6vms 3aMeHEN 3HAKOM = .

6.a. U3 nepasencmea (3) caedyem wepasencmeo (1) 6 ymeeporcderuu 6).

6.6. Hepaserncmeo (3) boaee mounoe, wem nepasencmeo (1) e ymeeporcdenuu 6) 6 mom
cmwicae, wmo cywecmeyem dywiyua fi(x1, x2) € L) makaa, wmo dan 1106020 Purcuposaniozo
09 u 01 — 0, a maxoce daa a0b020 Purcuposarmozo 1 u do — 0 ewvipasicerue 6 npasoti wacmu
(3) cmpemumes x nymo, a swpasicenue 6 npasoti wacmu (1) obpawaemes 6 +00 .

Teopema 2. [lycmo fELg, 1 <p<q:oo,%+z% =1,a1 >v >0,0 >0,

9; € (0,1),i =1,2. Tozda
1. cnpasedauso HepaseHcmeo

1

log2—)a2p
dty dt
War,az (f,01,02) o < / /t1t2 pw7+ ant2 1 (fyt1,t2)p 1722- (5)
0 0

B coomnowenuu (5), 600bue 2060pa, neavds 3amerums 3nak <K Ha 3HAK X .

1
2. Hepasencmeo (5) mouno 6 mom cmwvicae, wmo 0as 106020 a;) > g cywecmeyem
dynxuyua fs(x1,z2) € Lg maKas, 4¥mo

w()q,OQ (f57 517 52)

A3(f5,(51,(52) = n > — 00
ann!
b2(logz 5) °27" 5, 1 dty dt
‘of oﬂtlt?) g T

ons 1106020 Purcuposanrozo 41 u oy — 0.
3. Hepasencmeo (5) mouno 6 mom cmwicae, wmo Oas 10600  dynkyuu  Eo(te)—
. . . = 1-1
noaooicumenvrot, crabo woaebmowetica na (0,1) u maxod, wmo &(t2) = o(logy %) P—
cyweemeyem pynkuua fo(x1,x2) € Lg maxas, wmo

Way,az (f6,01,02)00
Ay(f6,01,02) = : 1a2(f6,01,02) .

62(£2(82)) %2 4,

_1
Of ({(tltZ) pw%-*-%»az—kl(fﬁﬁtl?t?) i cit;

oas 1106020 Purcuposanrnozo 41 u oy — 0.

4. Ecau 6 coommowenuu (5) v1 3amenumv na i, mo nosyuennoe coommowenue byoem
HEGEPHDIM.
5. Cnpasedauso nepasencmeo
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10g2 3y 0‘21”

dtq dt2
/ /tlt2 pw’YlJr Oz+ (f’tl’tQ)p t1 to <

b2 01

2 ) P dtl dtQ
(6)

-1
< //(t1t2) pw’Yl'ﬁ‘%@Q"F%('f’tth)p <10g2t2 t tg
0 0

npu amom 6 coommnoweruu (6), 6006uLe 2080pA, HEAL3A 3aMEHUMD 3HaK <K Ha 3nak = . Odnako
cywecmesyem gynwrkyus f7(x1,x2), maxas, wmo das nee 6 coomnowenuu (6) snar <K Mmootcem
Ooimb 3aMEHEH 3HAKOM X .

6.a. U3 nepasencmea (5) caedyem nepasencmeo (2) e ymeeporcdernuu 6).

6.6. Hepaserncmeo (5) boaee mounoe, wem mepasencmeo (2) 6 ymeepocdenuu 6) 6 mom
emvieae, wmo cyuecmeyem gynkyua fs(ry, ) € Lg maxas, wmo 0as 1106020 GUKCUPOSANHO20
0o u 01 — 0, a maxoice dan mobozo durcuposannozo 01 u do — 0 ewpasicenue 6 npasoti wacmu
(5) cmpemumesn K wyat0, a ewpascenue 6 npasots wacmu (2) obpawaemcs 6 +oo .

N3 teopemnr 1 u 2 ciemyer

Teopema 3. IIycmv f € Lg, 1<p< qzoo,%%-}% =1,a; >0,p; >0,0; € (0,1),i =1,2.
Tozda

1. ecau ag > v >0, mo
_1

2\«
5261(10g2 ﬁ) 17

Wa an (f(pl,pz),51,52)oo < [ i t —P1= ;t;pr* S Lot L (fr b)Y dty dt;’
2. ecau a1 >y >0, mo 0 0

52 (logy %)a;p _ _l
e (f(p17p2)’51,52)00 < { ftl 2'02 71+p1+%7az+p2+%(f, t1,t2)p%%.

3ameuanue. Pesynbrarh, aHaﬂoruquIe pesyabTaraM TeopeM 1 u 2, Jis (DYHKIUH OJHOMN
[epeMeHHOM CJIelyioT u3 paborsl 7).

3. BCIIOMOTATEJIBHBIE YTBEPKJIEHN A

Jlemma 1(|5]). IHyemow f € Lg, g € Lg, 1<p< o0, i >a >0,1r; >0, nj €N,
i =1,2. Tozda
(1) Way, as (f, 61, )p = Way, as (f50, 52)17 = Way a2(f,0,0)p =0.
(2) Way, OLQ(f + 9, 617 62) < Warq,00 (fa 617 62) + Way,0n (g) 517 52)p'
(3) wal ag(f7 61752) <K Wal,az (fatlatQ)]h ecau 0 S 61, S tl)Z == 172 .
(4) “ov ‘%1{53;’52)1" < j&f{;@’t”", ecau 0<t; <6 <mi=1,2.

2

(5) wal,az(ﬁ A101, A2d2), < ()\1 + 1) (A2 + 1) way a0 (f, 01, 62)p,
ecau N >0 u 0< o <m, 1=1,2.

ni+1mna+1

(6) Ym—l,nz—l(f)p < Way,az (f> ny’ ng) << # 21 Zl Ual ! a2 1Yv1 1vo— l(f)
v1=1 vy

(7) 6;T15;T2wa1+T17 ag+T2 (fv 517 52) <K Way o (f(rl’r2)> 51: 52)

01 02
< fftl_r1t2_r2wa1+r17o<2+r2(fat17t2) %%&J ecau 0 < 5 <, i = 1 2 U f (r1.r2) € LO
00

JIemma 2([5]). ITyemo f € Lg,l <p<oo,a; >0,n; € N,i =1,2. Toeda
waraa (25 n%)p =y 2 VAR () nn @ VSR (F — Vaeuna (P +
05 2 [VAS2 (F = Vi oo ]+ 1 = Vi oo (F) = Vaoma () + Vayna (£

HeMMa 3([5]). Hycmwv f € Ly, 1 <p<oo,m; € NU{0},i=1,2. Toeda
(@) WVinsoe (D)l < [1f1lps () [Voourna(P)lly < 1llps (6) [Varsms (Pl < 1111
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JIemma 4([5]). IHyemo f € Lg,l <p<qg<oo ¢"=4gq, ecru qg<oo, ¢- =1, ecau
g=o00, n; e NU{0},i=1,2. Tozda

o0 (o) (y1+u2)(lfl)q* 7 qi*
Yori—19m2-1(f)q <<< X2 2 P Y2”1—1,2”2—1(f)p> ’

V1=n1 V2=ng

JIemma 5([5]). Ilyemo f € Ly, 1 <p <oo,m; € NU{0},i=1,2. Tozda
(@) ||f = Vi, (f) = VOO,mzo(of) + Vingma (F)llp < Yoy meo (f)ps

(0) 1f = Vami oo(Nllp < 22 [Vars1 00 (f) = Vari oo (Hllp,

vy ml

(6) ||f = Voo,2ma (f)|p < Z Voo 2241 (f) = Voo 202 () lp-

v2=msa2

JIemma 6 ([5]). Iycmov f € Ly, 1 <p<oo,m; € NU{0},a; >0,i=1,2. Tozda
—mio a,0 a1,0)
(a) Vo 1,00(F) = Varr oo (F)llp < 27 VS (1) = VST (£)

(6) Vo a1 (F) = Vo zma ()l < 27202 |[VO02), () = VESZ (Pl

(6) ||V2m1+172m2+1 (f) - VQm1,2m2+1(f) - V2M1+1,2m2 (f) + V2’"1,2m2 (f)”p <
< 27292 (Vo1 g () = Vigma g () = Voo oo (F) + Vo gma (£)) 4.

JIemma 7(|1]) (Hepasencrso T'enbiepa). IHyems 1 < p < oo, % + % =1,fi € L,(E"), f2 €
Ly(E™). Tozda ¢pynruyus fi(z) - fa(x) unwmeepupyema na E™ u umeem mecmo nepasercmeso
Teavdepa

/ @) Fa(@)ldz < | fillpll foll-

JIemma 8(15]). IIyemo 1 < p < oo, dymryua Ty oo(x1,22) € L), u acasemca
MPULOHOMEMPUHECKUM NOAUHOMOM Nopsdka He evuwe, wem ni(ny € N) no nepemennots x1;
pyrryua Tog p,(x1,22) € Lg U ABAACMCA MPULOHOMEMPUUECKUM NOAUHOMOM HE GHIULE, UM
na(ng € N) no nepemennotc xo. Tozda

T3l < n3 | T oollp - (17502 1 < 152 | Toomalp-

JIemma 9(mepasencro C.M. Hukosbckoro)([8], [9]). ITyemv Ty, (21, 22)—
MPULOHOMEMPUYECKUT, NOAUHOM NOPAJKA M1 Mo nepemennol x1 u nopadka n2(ny,ne € N)
no nepemennot xa, 1 <p; < q <oo(i=1,2). Toeda

1.1 11

‘|Tn1n2(x17$2)||qu]2 < Cnfl " 7152 = "Tnl,n2($17$2)||p1p2'

2de nocmosannas C ne saasucum om ni u ns.
Benomozamenvhoie peayavbmamol 0as Gyrkuuy 00mozo nepemennozo. Obo3HaUINM depes:

1 o .
(), 1 < p < 00,— MHOXKECTBO 27— HEPUOAMIECKUX U3MEPUMBIX (OYHKIINH OJIHOM

nepementoii f(x), aust koropoit ||f ||§,1) < 00, TIe
1

27
1B = ([ 15@)de)” < oo, ecm 1 <p < oo, |17 = supvrai| (@), ecam p= oo

2
Lél) — MHOXKecTBO PyHKImi f € Lé ), 1 <p < oo, Takux, uro [ f(x)dz =0;

0
o(f)— pan @yppe pynxmun f € Lpl), TO €CTh

o(f) =%+ Z(aycosux—i—b sinvz),

v=1

Vi (f);n € NU{0}, — cymmpr Bame-Tlycceena pajga @ypoe dbynkmun f € L](Jl), TO eCThb

21
Vi (f) =2 { flz+ V2 (t)dt;
(1)

1
wa(f, 5)§, ) MOJLYJIb IVIQJIKOCTHU IOJIO?KUTEJILHOTO Hopaaka o dyskmun f € Ly ', To ecTh

walf,8)y) = mnAz(mS% pie AX(f) = 3 (=1 (%) f(z + (@ — v)h);

v=0
£ () - npousBosHyio B cMbiciie Beiuist nopsiika p dyukuun f(x) € Lél)o .
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oo
Bynem nucars, uro g(z) € Mzgl), ecan g € LI(,I)O, o(g) = > ap(kx), tne () = cosx
k=1
wm Y(x) = sinz, u Ko3hOUIMEHTBI a) YIOBJIETBOPSIOT ycaoBusMm ap — 0 mpu k — oo u
ap > agr1 Auas gmoboro k € N. Ormerum, 9To U3 3TUX YCJIOBUH ciemyeT, 9ro ap > 0 s
moboro k € N.
JIemma 10(|5]). IHyemwv g(z) € Ll()l)o, 1 <p<oo. Iyemv g(xz)— Pynryusa conpascernas
oo
¢ gpynryuet g(x). Toeda o(g) = > (aysinve — b, cosvz), g€ Lél)o u

v=1

191157 < llgll5"-

Jemma 11([5]). - Myeme g() € Mlgl)ug(r) € L1(01)0,1 <p<oo,r>0,neN. Toeda
21 1 o )
([ 197 @)Pdz)” = (5 afrir-2).
0 k=1

JIemma 12([5],[10]). ITyemov 1 <p < q= 00,0 E 0,1).
(a). Hycmov oy > 0,((x)— noroorcumesvras Pynkyus, caabo xorebnowanca na (0,1) wu

1
maxas, wmo ((x) = 5(log2 %)P’ npu © — 0. ycemo gynryus gi1(x) maxasn, wmo

(o]
gi(z) = > zgsllff,emu a1 #20—1, 1 €N,
k=1

0 .
g(z) = > Zgll]fﬁ,emu ap=20—-11leN
k=1

Tozda )
1—4
P
5 <1°g2§)
Ai(g1,0) = iw"‘l(gl’ Joo > R0)
SEEN™ 1 (1) dt
] t Pwa1+%(g1,t)p T
(6). ITycmov go(x) = sinz. Toeda npu ag >0
1
3(logy 3) 27’
1 1 1 L
war(02, 0 = 092, Aslga,8) = [ rwg, (g2, 0)f) < 602 (log §)7
0
- (at _ g
D(g2,9) = Oft pwa2+%(gQ,t)p g =22,

(8). lIyemv a3z > 0,1 <r <oo,B >0. [lycmv gynryus gs(x) maxasn, wmo
o
93(z) = Y 5oy cOs 2V,

v=0

Tozeda — way1p(g3,0)r =< 0%3.

o0
(2). Ilycmo gs(x) = Y. ——1—1 cos2”z. Tozda npu ay >0
v=0 (v+1)" P27
1 1 o4 1
Wa4+%(9475)z(9) = 0¥ (logy ) v
(0). ITycmov as >0 u gynkyusa gs(x) makas, wmo
o0

gs(x) = > —<she " ecqu as #20—1, 1 €N,
k=1 k%511 InP (k+1)
0 .

gs(z) =S —sinke " oepy a5 =20—1, leN.

1
k=1 k¥ +11InP (k+1)
Tozda

1 -1 0 1 1
Was (95, 5)&0) > 5a5(10g2 %) v, [t Pwa5+%(g5,t)1(, )% = 0% (log2 log, §> ,
0

S =

9 _1 7 1 L 1
I (10823)" oy 1 (93,05 = 65 (logy 2) ™ (log logy 3) -

(e). Ilycmv o >y > § > 0 u dynwyus ge(r) maxosa, wmo En(gG)j(Dl) = (n+1)"
Toz0a

a
2

D=
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6 1
Di(g6,8) = [t 7w, .1 (g5, 1)y % = 63,

0 _1

5(10822%)0"’, 1 o =l
Aslgod) = [t Py (g0, < 6% (log, §)

4. JOKA3ATEJIbCTBO TEOPEMHI 1

4.1. HdokazarenbcTBo nyHKTa 1 Teopembr 1. Ins kaxmoro d; € (0,1) cymecrsyer
1eJIOe HEOTPHUIlaTeJbHOEe YUCJIO 7i; TaKoe, 4TO 2,11% <9 < ﬁ,i = 1,2. Torua, npuMmeHsis

cpoiicrea (4) u (3) memmbl 1, mmeeM J = way a5 (f5 01, 02)00 <K Wayaz (f; 2,11%, 2”2%)00
[Ipumenss nemMmy 2, osrydaeM

s ,0
J < 2 meammaz||y i1+?2§n2+1< Hllso + 27|V, S‘fﬂ) (f = Viognat1 ()lloot

(0,
+271202 HV ;22+1(f V2"1+1 ( ))Hoo + Hf - V2"1+1,oo(f) - Voo,2”2+1(f) + V2”1+1,2"2+1(f)Hoo =
_J1+J2+J3+J4.
Onennm Jy. Ilpumenss memmser 5 (myHkT a), 4 u 1 (mysKT 6), OyaeM nmers

oo oo 1
Ji < Yomsignn (oo < 2 3 20 Yon e (), <

vi=ni+1ve=no2+1

o0 o0 62 61 1
gntue)y - tit) b, to), dr dlz
< y2:;2+1 ulz%ﬂ Pttt (2 e < of of( ) "oy L B B2y 5 <
1
5, 01(logy &) 17’ )
A S U
Ouenum J3. Ipumensist temmy 5 (6), monygaem Jg = 277292V 0;22)“(1")—
Vot (Vg (Moo €272 52 Voo o (V0520 ()-
mi1=ni
VooV (Mlloe =272 3 V0500 (Vams o) = Vs (D) e
mi1=ni+
Tak kak [ € L ), TO V(O;ﬁfz)ﬂ (V’leﬂ’oo(f) — Vomi oo(f)) =
_ " 0.02) (0,02)
= Zo (Vo 2mz (Ve +1,00(F) = Vami oo (f)) = Vg oma1y (Vami #1200 () = Vami 0o (£)))-
mo=
T —naoe nedl - (0,a2)
orma mostyanm  J3 << 2 > > Veame (V2m1+1,oo(f)f

mo=0mi=n1+1

~Vomt oo (£)) = V2 (Varmasr 00 (F) = Vamt oo () oo

[Ipumensiss memmy 9, OyjieM UMETH
na+1 00

Jy 2o Sy plmEmay iy 00 (L () = Voo (f))—
mo=0mi=ni+1

V(O[gfn)g 1 (Vami+1 0o (F) = Vama oo (f))llp

[Tpumensist teMMbl 8 U 6, TTOTY IUM

no+1 00 m 0, +
J3 <« 92 —n2q2 Z Z 9 1p2m2(a2 2 HV( ;j@ )(V2m1+1 (f) o Vé’”l,oo(f))_

) ma=0mi=ni+1
(0772+;)
_Voo,[2m2*1](‘/2m1+1,oo(f) - VZml,oo(f))Hp-

[Tpumensist TeMMBbI 3 u 2, 6y/:LeM I/IMeTb
& 072+ X (072+3)
JS < Z 2m1 2- n272HV 2n2+1 (f Vle oo( ))Hp+ Z 2m1 2" HQA/ZHV 2n2+1 (f_
mi=ni+1 mi=ni+1
oo
Voo (Pllp <205 2w

mi=ni+1

< 3 iy g L)p < I(51,65).
OélJr;,’Yer 721/1721/2 1,02

vo=no+1lvi=ni+1
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Ounennm Jo. IlpumeHsist CBOMCTBA HOPMBI, ITOJIY UM

o aq, aq,0
Jy <omer|yind) (f -V ywww—q;% (f = Vaggnat1 () lloot
Lo
+27 "mHV[Si{Ql} (f - Voo,2”2+1(f))Hoo - J21 + J22~
e

ITpumensist memmy 8, GymeM MMETh
J21 < ||‘/2"1+17oo(f) - V2"1+1,2"2+1(f) - V[2n11+1] oo(f) + V[2n11+1}’2,12+1(f))||oo.

ayp’ nalp’

)

Bamernm, uto  (f — Voni+1 oo (f) — Vm72n2:1(f) + ‘/2n1+172n2+11(f))_
_(f - Voo,2"2+1 (f) - V[w] oo(f) + V[%],an-u (f)) =

)

nfqp’ n{xw’
= _V2"1+1,oo(f) + V2nl+1,2"2+1 (f) + V[ 2”1“] Oo(f) - V[2n1+1] 2n2+1(f)) =
H{HT 104?
_(V2m+1,oo(f) - V2n1+1,2n2+1 (f) - V[2n11+1 ] 7oo(f) + V[ 2"11+1 ] ona+1 (f)))
no1p’ no1p

1 1
Ncronb3yst 970 paBEHCTBO U IPUMEHsIs JIEMMY 2, ITOJIY 1M

J21 < ||f - V2"1+1,oo(f) - Voo,2"2+1(f) + V2n1+1,2”2+1(f)Hoo+
Hf = Vo gnat1 (f) — V[M]m(f) + V[z"l“] gt (Flloe <

alp 04117
L Yoyt gna+1(f)oo + Y[Q”H‘l] gng+1(f)oo < Y[z”ﬁ'l] gngt1 (oo

alp ozlp
1 1

[puvenss gemmy 4 n memmy 1 (kax mpu omenke csepxy Jy ), momyanm Ja < (81, d2).
Onenum J22. [IpuMmenss seMMy 5, TOTYIUM
o0

B 5 2V, (Ve () = Ve (£)) oo =
vo=n2+1 [ ]700

O¢1p

™1

> memwwﬂwWM><mm

i 5] 2
nlaw nlaw’
(1,0) (a1,0) (e1,0)
Tax kax V[ 2$1+1] a1 (f) - V[ 2711;-1 ] v2 (f) V[ 271114-1 ] ’Oo(voo,2V2+1 (f) - Voo,2”2 (f)), TO,
no1p no1p’ n1a7

1
obosnauus Vi, gunt1(f) — Voo 22 (f) = 1, pacemorpum dynxmmio (z1,r2) s moutn Beex

T2 Kak (DYHKIMIO TOJIBKO X1 ¢ 0003HaINM ee 11(x1). Orennm HV(al 2n1+1](¢1($1))”<(>?-

M|

n 017’
2. [%] 1
n 217’
Tax xax f € LY, To v(“jl[wlﬂ}(wl(xl)) > eln)
v=1
no1?’
Ob6o3HaynM
SEEOE
nalpl
Ve a )P = T el
(1) |:2'n1+1:| = v
no1?’
Torma, ncmoab3ys omnpejiesieHre NPOOHOI TPOU3BOIHOM, Oy IrM
Vi D) = V)P cos (22407 o yen ™ poysin (22), (0
(1 [2] MERNGIEE Ve p) T o] V)
alp O‘lp R O1P

1
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rie V((‘)“[MH] (11) ectb dbyHKIMs conpsizKeHHast K DyHKIUN V((1) [2as +1] (11).
nlalp nlo‘lp
Jlerko mpoBepuTh, UTO
2
(a1) yla) *(3) N7
‘/(1)1[2"1+1](¢1) f( a )1[2n1+1]) v (¢1,t1)K[2n11+1](931 — t1)dty,
10¢1P nloqp’ nlau”
2. [%] 1
W )
re F[inﬂ] (t1) = Z [P Ccos pitq.
1 :
nalpl

1
[Tpumensist mepaBencTBo esbaepa (lemma 7), Moy M

_ 1 1
v vy L S @D R g 9, e =+ 5 =1 (8
I (1)[2711]( N < II( (DPMH}) 2 ()l -l [zil]\lp e (8)
lalp 1&1;7 n 1P
[Tpumenss gemmy 11, momydnm
2.[%],1
no1r’

HKW]Hp«( S )

=1

2. (220 ]

7

= > owt <nf.

p=1

=

7
alp
i1

I
Ucnons3yst coornomenue (7), a 3arem temmy 10, mveem

— (%)
1V i ) <w1>|r<”<<|rv o (D]l +HV ‘“an (W)l <<HV o IS,
w[2) [ p] w[=5) ol p]
o1 o1 ay no1

1 ™ ™ 1

[MoscraBisist 9TH ONEHKH B HEpaBEeHCTBO (8), mosrydyaem

« (a +) 1) o
IV s (DI <Vl ()l
1
aip’ n o1’

1 ™1
Torma nmosyamm

S - : (aH' (a1+1 0) P iz
J22 < Y 27m% sypurai ( f ‘( 2n1+1 +1(f)—V Jn 41 (f))(xlij)’ da:1>p~nf ’
va=na+1 0<zs<2 [ ] 9v2 [:] o
alp nO1P
" ny

[Tpumensisi nepasencrso C.M. Hukosbekoro (siemma 9), 6yjeMm uMeThb

< 1 115 (@1+3.0) (e1435,0)
2 V2o 9—niaq,, P’ _ p’
J2 < V2:%+12 p2 n |:2n17+1j| gva+1 (f) V|:2n17+1j|’21/2( )Hp <<
nlau) n 1P
& 1 (a1+ ,0)
< 3 2%parmain \|V2n1+1 (f = Voo .22 () lp-
vo=no+1 [ 7]
Hamee, mpuMeHsist IEMMBI 2 1 1 OyaeM uMeThb
1
[2”114-1]
o0 1 "1alp/
1 +1 4+ 1
< X 2 P[E ] PWa 1+ 2 () runzathiy t(lll%«ﬂ‘sl’é?)'
vo=n2+1 nl‘llp p p [ 7] 11+1
ayp’ 2mn

1

O6beauHsist MOJIyYeHHbIE OIEHKH JIJIsI J21 u JQ, nogyunM Jy < I(01,02). Anasornano

JIOKA3bIBACTCS CIPABEIMBOCTD HepaBeHcTBa J1 < I(01,d2). Ob6benunss onenku st Ji, Jo, Js
u Jy, umeem J < I(01,d2) 1 TeM caMbIM HEPaBEHCTBO (3) J0KA3aHO.

Paccmorpum  dynkimio  fi(z1,22) = sinzy - sinzg. Tax kax wg, g, (f1,01,02), =

wg, (sinxy,01)p - wg,(sinxa, 62)p, TO, MpuMeHsA JTeMMy 12 (6), MeeM wWa, 0y (f1,01,02)00

X
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%1 o
61 * 52 9 L )
arto 2ty
~ p P
waﬁ%ﬁﬁ%(fl,él,ég)p/\él -0 ". Ho Torma
1
5, 91(logs %)a”’/

1
—= dty dt:
/ / (trte) Py, 1o, 1 (Fit1,t2)p Gl 40 < 57 (logy )7
0 0
Takum obpaszom, miast dyuaknuu f1(x1,x2) OpaBas U JeBas 9aCcTH COOTHONICHUS (2) MMEIOT

pas3Hble MOPSIAKNA Kak (PYHKINN [TepeMeHHOi §1 Ipu (hUKCHPOBAHHON J2, UTO W O3HAYAET, UTO
B cooTHOmeHnu (3) BoOOIIEe roBOPsi, HEJIb3sl 3HAK < 3aMEHUTh 3HAKOM X .

1
o 5’72'

4.2. JlokazarenbCcTBO IMyHKTa 2 Teopembl 1. Paccmorpum dymkumio fi(x1,x2) =

sinx - sinxs. Torma
571552
A1(f1,01,02) < 1 — — 00 I 06010 (pukcupoBagHoro oo u 61 — 0.
(1) @

@

1
0 ! (logs %) a1p’ '5;2

4.3. [HokasaresibcTBO myHKTa 3 Teopembl 1. Ilycrs gi(x),g2(x) ecrb dbynknunm,
orpeJiesieHHble B jiemMe 12.

Pacemorpum dyukimo fo(x1, x2) = g1(21)g2(x2),

(1)
Tax xkax As(fa,81,02) = A1(g1,01) %, To npuMeHss jgemmy 12 (a) u (6), moryaaem
1
P

1—1
logo 61)
A2(f2? 517 52) >> W(ngi’}?‘

OTtkyza ciaemyer, 9TO 11pu J1060M (DUKCHPOBAHHOM Oy Oy/ieM UMeTh
As(fa2,01,02) = oo pu 61 — 0.

4.4. JTokazareabcTBO NyHKTA 4 TeopeMbl 1. [lokaxkeMm Tenepb, UTO €CJIM B COOTHOIIIEHUT
(3) 3aMeHUTH Y9 Ha (g, TOJyUYEHHOE COOTHOINEHUE He OyjeT BepHbIM. [ljist aToro mokarkem,
aro Jisd oboit dyukiuu f € Lg, re 1 < p < g =00 He CyIIECTBYeT TAaKOIl I10JIOKUTEJILHOM
mocrosinuoit C, He 3aBucsieil ot f,01 U d2, 9TO CIpaBeIINBO HEPABEHCTBO

1
5o 01 ( 10g2(s "‘11’,

_1 dty dt
Way az(f 61752 <</ / <t1t2> pwa1+%7a2+%<fvt17t2> tl t;' (9)

[Iycrs go(x), g5(x) ecrp (byHKm/H/I, onpegenennnie B aemme 12. PacemorpuM GyHKIMIO

. 1 1
g($17$2) = 92(51;1) '95(1'2)- Tak Kax J1 = Waqg,as (9751752)00 = Way (92751)&) * Wao (95752)<(>o)7 TO
npumensist gemmy 12 (6) u (1), noaydaem, aro ji > 07" 652 <10g2 %) v

(1)

Tak kak wa1+%’a2+%(g,5l,6g)p = Woy 41 1(g2,01)p Wayt1 (g5,52)( ), TO NpPUMeHssT JjeMMy 12
6) u (), moaydaeM, 4TO
( , IOJIyaeM,
1
5o 61 (logy %)0‘11’/ ) ) L
. —= dt1 d = o
J2 = Of bf (t1t2) 7wy, 41 0,41 (9:11, t2)p Gl G2 = 07 (logy 57) 7" 05 <log2 log, 5;)

Ecam 6561 cymecTBoBasia mosioxkureabaas nocrogaaag C, He 3aBUCAINAL OT 07 U 0o TaKas, 4TO
j1 < C - ja, To mus moboro dukcuposannoro 61 € (0,1) 6bLI0 OB CIIPpABEIINBO HEPABEHCTBO

1-1 1-1
<log2 %) < (log2 %) P (log2 logs %) P, OsHaKo 3TO HEpaBEHCTBO HECIIPABEIMBO IIPU
d2 — 0. Orcroma caemayer, aro qjist yHKIuu ¢ cootHorrenue (9) He BEPHO, & 9TO W O3HAYALT,
YTO B HEPABEHCTBE (3) HENIb3sT 3aMEHUTD Y2 Ha (9.
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4.5. /dokazaTeJbCTBO ITyHKTa 5 TeopeMbl 1. Ilpumensiss cBoiicTBa CMEIIAHHOTO MOTYJIS
TJIAIKOCTH, Oy/IEM UMETh

1
2 7
5o 01 (log, g) *1P

02 _1 ,01 _1
-1 dty dt - - dt
of af (tita) "Woaitl g4l (it ta)p it = 0ft2 ' <brt1 pwa1+%’72+%(f’tl’t2)p#+
1
51 (logy %) arp!
—(a1+ ) dt1 ) dt
" (Sf 't a1+p77 2t 1 (f, tl’t2>pt711>?22 <
1
52 _1 1 ( 1+1)
o B O C R
1
01 (log, %)alp/ i\ ar 82 &1 1 2 -3 dt1 dt
a 1 P
X f t t11) T < ff tits) pwaﬁ%ﬁﬁ%(f’tl’tz)p (10g2 H) ?11?22

61
Takum 06pa3omM, BEpHO HepaBeHCTBo (4).
[Iycts go(x), g3(x) ectb dyHKIMHU, OMpe/IeseHHbIEe B JeMMe 12.
Pacemorpum dyukimo g(z1, z2) = gs(x1) - g2(x2). Torma
1

2 7
5, 010z 2)°17

_1 t1 dts al*%
of of (tit2) "Wartl a4l 1(g,t1,t2)p % pi 5 =< 0p P (logy 51)

\\H

1 Y2
1 52 )

(10g2 l)““’p'

62 01 1 2 1_% dty dt o1 02
g‘of(tth) Pwa1+%772+%(f7t17t2)p <10g2 H) tll T; = 51 (IOgQ ) 6

Taxkum obpazom, Jyist GyHKIuKH ¢(T1,22) OpaBasg W JieBas YacTH COOTHOIIEHUs (4) mMerT
pa3Hble MOPSJIKK Kak (PYyHKIMU [IEPEMEHHBIX 01 U dg, YTO U O3HAYAET, YTO B COOTHOUIeHUU (4)
BOOOIIE TOBOPS, HEJIb3s 3HAK << 3aMEHHTH 3HAKOM < .

Pacemorpum dbyukimo f3(x1,xe) = fi(x1,x2) = sinzy - sinze. Torma

1

2 7
5o 01 (logs g) a1p

1
J J (tita) "Way 1 y,41 (fit1,t2)p Tl% = 67 (logy £)7
0 0

1
o 5
02 61 1 1— 1

—= 2 P dty dta — Qa1 2\ 7 Y2
Ofof(t1t2) pwal+%772+%(f, t1,t2)p <log2 H) R 57 (logy H)p - 632
Hutst aroit dynkuuu B coorromennu (4) 3Hak < MOXKeT ObITh 3aMEHEH 3HAKOM < .

4.6. JokazaTejbCcTBO IMyHKTa 6 Teopembr 1.
a. Ilpumensist Kk nepaseHcTBy (3) HepaBeHCTBO (4), MOTydnM yTBEpK/ICHHE 6).
6. Tlokaxkem, uro HepaBeHCTBO (3) Gosiee TOuHOE, YyeM HepaBeHCTBO (1) yTBepikjeHust 6).
[Iycrs ga(x), g4(z) ectb dyHKIWMHU, onpeieieHHbe B leMMe 12.
Pacemorpum dbynkimio fi (21, 22) = ga(w1)g2(r2).
Tak KaK wg, g,(f4,01,02)p = wa, (94, 61)p(1) - wg, (g2, 52);5,1), TO, IpuUMeHsst jJeMMy 12 (r), ays
JIEBOTO BBIDAKEHUsI B (4) MOy IIM
1
5o 01 (log, %)W 1
J [ () w1 (fa i ta)y dhdb < : —105°,
0 0 P (logy ——2——) 7
51 (logz ) 17"

a JIJIsl TIPABOTO BbIparkeHust B (4) mosrydanm
02 01

1 1-2
- dt1 d
bfbf(tltg) Pwal+%772+%(f4,t1,t2)p (log2 %) P tillti; = 0.
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5. JOKASATEJIbCTBO TEOPEMBI 2

JlokazaTeIbCTBO TEOPEMBI 2 AHAJIOTUYHO J0KA3ATEIbCTBY TEOPEMbI 1.

6. JOKA3ATEJIbBCTBO TEOPEMHEI 3
6.1. dokazareabcTBo mmyHKTa 1 Teopembl 3. llpumensis myakr 1 teopembr 1, Gymem

NMETb
1

2 7
5, 0110y 2) 17

1
- dt
Way,an (f(pl”’2),51,52)00 <<g ({ (tit2) pwa1+%,72+%(f(p1’p2) t1,t2)p TlTQ

Hust kazxgoro d; € (0,1) cymecTByer 1ie/ioe HEOTPUIATEILHOE YUCIO N TaKoe, ITO
2"2‘% <o < 2,11 ,© = 1,2. Haitnerca marypaabHoe yucio M; Takoe, 9TO
2Mi—1 < [gnil] < 2Mi. Torma

f‘l
2-7m2 2= M

_1
Waras (fP1P2),61,8:) < Of Of(htz) ”%ﬁ%,yﬁ%(f(pl’”),tl,tz)pi—?%? <

<<Z 22

mo=n2 m1=M;

[Ipumenss gemmy 1

my mg
P20 wal_’_%”yﬁ_ (f(m,pz) W)p‘

) HOJIqu/IM Wa, a2(f(p1,p2) 0 52) <

(7
o0 o0 my  mgo 1
< Z Z 2r20p E Z 2p1V12,02V2wa1+p1+ ,’72+P2+ ( ’ 2"1 ’ 2"2) <

ma=n2 m1=M Va=mga V1=m1
1 7
2 yagp
5o 51 (logy 51 )

TRy t dty
< of { ty to Wartpr+d yotpat L (f,tl,tz) 92, uro u  TpeboBasoch
JIOKa3aTh.
6.2. JlokazaTeabcTBO mMyHKTa 2 Teopembl 3. JlokazarejabCcTBO IMyHKTa 2 TEOpPEMbI 3

QHAJIOTUYHO JIOKA3aTEeJbCTBY IIyHKTa 1 TeOpeMbl 3.

7. JOIIOJTHEHM A

1. JlokaxkeMm, ITO HepaBEHCTBA

5 6
1 dty dt
Waraz (f+01,02) <<//(t1t2) PWy L prd L(fitste)p T;T; = Bi(f,01,62) (10)
00

1
5, 01(logy £) 17’

1
woz1,a2(f751752 <</ / (t1t2) PWy 41 :'Y+ (f,tl,tg)p
0

0

dty dts
———— =Bs(f,61,02) (11)
t1 to

HEe CPaBHUMBI IDH Q1 > 71 > G

[Iycts go(x), ge(x) ectb dbyHKIuu, onpenesenubie B Jjemme 12. Pacemorpum dyHKIMO

Fi(z1,22) = ga(r1)ga(w2).
Tak xax Bi(F1,01,02) = D(g2,01)D(g2,02), DBa(Fi,61,02) = Ai(ge,01)D(g2,92), 70,

npuMmensist jjemmy 12 (6) npu vy < a1(i = 1,2), 6yaem umersb

Bl(Fladlv(SQ) — 1
By(Fy,01,02) 5‘11 "/1(10g2 )1_%

— 00 (12)

Jtst JII000ro pUKCHpoBaHHOTO 02 U 01 — 0.

Teneps pacemorpum dyukimo Fy(xy, x9) = ge(r1)g2(x2).

Tax xax B1(F3,61,02) = D1(ge,01)D(g2,02), Ba(F2,61,02) = As(ge,01)D(g2,62), T0O npm
ap > > % umeeM
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1
Ba(Fy, 61, 65) < 2 >
_— X< 10 - — Q0 13
By (F,01,92) 82 01 (13)

st J1r060ro pukcupoBaHHoro ds u 61 — 0.

N3 coornomennii ( 12) u (13) ciemyer, uro mpasble udactu HepaBeHcTB (10) um (11) e
CpPaBHUMBI. B KaxXJ0M KOHKPETHOM CjIy4uae 0ojiee TOUHBIE PE3YIBTATBI MOTYT ObITh ITOJIYI€HBI
UHOT/Ia DU IPUMEHEHUH TeOPeMbI 1, a WHOT/a IPU IPUMEHEHUH YTBEPKICHHs a).

3. AHAJIOTUYIHO pacCyKjiasi, MOXKHO 10Ka3aTh, 4To HepaBeHcTBa (10) u

1

d2( log2 ) e2p’ 5

dty dt
Way,an (f7 51752)00 < / / t1t2 pw’Y +%7a2+%(f7t17t ) tl t; (14)
0 0

He CPaBHUMBI IIDH (g > Yo > 2.

B KazK10M KOHKPETHOM CJIy9ae 60J1ee TOUHBIE PE3YJIbTaAThl MOTYT OBITh [OJTyYeHbl HHOTJIA TIPH
HPUMEHEHUN TEOPEMBI 2, & HHOI/A [P IPUMEHEHUH YTBEPXKJICHUS a).

3. Amajormumno paccyzkjast, MOXKHO IOKa3aTh, 4To Hepasencrsa (11) u (14) He cpaBHEMBI
npu «; > y; > SH(i = 1,2).

B KazK10M KOHKPETHOM CJIydae 60J1ee TOUHBIE PE3YIbTaThl MOTYT OBITh IOy Y€Hbl HHOTJIA IIPH
IPUMEHCHUN TEOPEMBI 1, & HHOT [ IPY IIPUMEHEHUH TeOPEMbI 2.

8. SAKJIIOYEHUE

B crarbe u3ydeHa B3aMMOCBSI3b MEXKJYy CMEIIAHHBIMA MOJYJISIMU TJIQJKOCTH JTPOOHOIO
Hopsiika B MeTpuKax L, n Lo, tie 1 < p < 0o. B reopemax 1 u 2 nokasans! OlleHKH CBEPXY (3)
u (5) I CMEIIAHHOTO MOJLYJIS TVIAJAKOCTH Wy as (f,01,02)00, BBIPAYKEHHBIE Yepe3 CMEIIaHHbIE
MOJLYJIH [JIaIKOCTH wa1+%772+%(f, 01,02)p U ww1+%,a2+%(f’ d1,02)p coorBercrBenno. Ilokazamno,

YTO 9TU OLEHKHU GoJiee TOUHBIE, YeM HHTerpasbHble oneHku (1) u (2) [yis cMerannoro MoyJst
DJIAJIKOCTH Way s (f;01,02)00, MOIyUeHHBIE paHee B paborax [2]-[6].
Jokazana HeysrydIiaeMocTh MHTErpaJibHO OMEeHKH (3) B TOM CMBICJIE, YTO €CJId 3aMEHHUThb
1
B HepaBeHcTBe (3) a1 Ha ag) > oy, TO cymecTtByer yukius fi(xy,ze) € Lg Takasi, ITO
COOTBETCTBYIOIIEE HEPABEHCTBO y¥Ke HeBepHO. Kpome TOro, OHO HEyJIydIiaeMo B TOM CMBICIIE,

. 1-1
YTO HeJIb3sl 3aMEeHUTh BXojdamuii B uarerpai (log, %) P Ha JPYTYIO MOJIOXKUTEIHHYIO CJ1a00

koJiebuttontytocss yukimo £(0;) = 5(log2 %)1_%. Jlatee, moKazaHO, UTO HEIb3s VIYUIIUTh
OlleHKY (3), 3aMeHUB B Hell 72 < 2 Ha 9. B TakoM ke cMbIcjie HeyJrydriaema oleHka (5).
UccnenoBana B3anMOCBsI3b paHee Moy YeHHoit oreHku (10) ¢ BHOBb 1OJIyYeHHBIMU OlleHKaMu (3)
u (5), a TakKe B3anMOCBsI3b Mexk 1y (3) u (5). A mMenHo, joka3aHo, 4To HepaseHcrsa (3), (5) n
(10) B 0obIEM Cilyuae UMEIOT CAMOCTOSITEIbHOE 3HAUYEHNE U He BBITEKAIOT JIPYT U3 JPYTa.

B teopeme 3 mosydeHBl MHTErpAIbHbIE ONEHKH CBEPXY JIJIsi CMEIIAHHOTO MOJLYJIsI TJIAKOCTH
wal,m(f(plm), 01,02)00, TjE fPrr2) — ypousponmas B embicite Beiist dbynxmun f (21, 12) € Lg
nopsyika p; > 0 1o nmepeMeHHO#N X1 U NOpsjiKa pg > 0 1O IepeMeHHOl 3.
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L, YKOHE L., METPUKAJIAPBIHOAFHI APAJIAC TETICTIK MOJYJIbJIEPI APACBIHIATbBI
BAMJIAHBICTAPIbI HAKTBIJIANTBHIH TEHCI3IIKTEP

Annoranusa: L, Kenicriringe >karaTblH (GyHKIUSJIADABIH, TericTik MoAynbaepin omapiaelH Lp -Zarbl Tericrik
MOZyIbaepi TYPFbICHIHAH Oarasay mpobsemachl Oesrimi. Tericrik moxynbnepin Garasaynbry G6ipinmi keseni Jlumrmmrg
KJacTapblHAH aJIbIHFaH (QYHKIUJIApAbIH KacueTTepiH 3eprrey koHe Twurumaprn, Xapau, Jlurreyn, Hukonbckuit
2KYMBICTAPBIH/IAFbI OJIAP/IbIH COUKEC €HrI3yJIepiH ajiy OOJIBIIT TaObLIa/ k.

Jlunmmui KeHicTikTepi yImiH KiacCuKaJblK, Xapau-JIuTrByt Kipictipyi 6ip afiHbIMaJIbI (DYHKIIUSAHBIH Y31/1iCCi3 ik MOyt
yuiin YiabsHOB TeHCIiriHiy kosgany HoTmxKeciHze aayra Gosiagbl.  YJIbSIHOB 2KYMBICTapLIHAA OH OyTiH peTTi TericTik
MOJLyJIbJIepl KapacThIpbLIaJbl. Besek perrti TericTik Momyibiepin enrizy IToramos, CumoHoB, TuXOHOB eHOEKTepiH e
VibsIHOB TeHCI3AiriH KymiedTyre MyMKiHAIK Gepai. Apasac TericTik MomysbaepiHe Garajaysap aja OTBIPBIIN, KeiiHpeK,
COoJI aBTOpJIap YJbsHOB TEHCI3MIriH €Ki ailHbIMaJibl (DYHKIMS >KarJaiblHa KaJIblIabl. DByJl TEeHCI3IIKTEepIiH AoJIir
1<p<g<oo xkoHe 1 =0p< q=00 XKarJalJapblHIa I2JIEJIICH/I].

Makanaza exi atHbIMaIbl DYHKIMATIAD YIIiH O6JIIIeK peTTi apajac TericTik Momyiablepi 3eprreneni. 1 < p < g = o©
Kargaieiaaa Lp koHe Lg MeTpHKaIapbIHIAFBI apajac TericTiK MoOAyspJepi apachblHAAFbl OYPbIH Gesria YabsaHOB THIITI
TEHCI3AIKTEPiH HAKTBUIANTHIH THCI3AIKTED ajblHAbL. AJbIHFAH GarajiaysiapAblH HaKTBUIBIFEL 3eprTesgi. Ocbl KoHe GypbIH
GeJsirisii 6osiraH HGarasaysap/blH ©3apa O0alIaHbICHl 3ePTTEI].

TyiiiH ce3mep: TeHCI3AIK; MeTpuKa; GOJIIIEK PETTi apajac TEriCTik MOJyJIbAepi

M.K. Potapov ! , B.V. Simonov 2

L Moscow State University, Moscow, Russia
2 Volgograd State Technical University, Volgograd, Russia

INEQUALITIES REFINING RELATIONSHIPS BETWEEN MIXED MODULES OF SMOOTHNESS
IN METRICS OF L, AND L

Abstract: The problem of estimating the moduli of smoothness of functions from Lq in terms of their moduli of
smoothness from Lp is well known. The first stage in the estimation of moduli of smoothness was the study of the
properties of functions from the Lipschitz classes and obtaining the corresponding embeddings in the works of Titchmarsh,
Hardy, Littlewood, Nikol’skii.

The classical Hardy-Littlewood embedding for Lipschitz spaces can be obtained as a consequence of the Ulyanov’s
inequality for the moduli of continuity of a function of one variable. In the works of Ulyanov, the modulus of smoothness
of natural order was considered. The introduction of fractional moduli of smoothness made it possible in the works of
Potapov, Simonov, Tikhonov to strengthen the Ulyanov’s inequality. Later, the same authors were able to generalize
Ulyanov’s inequality to functions of two variables, obtaining estimates for mixed moduli of smoothness. The sharpness of
these inequalities was proved in the case when 1 <p<g<oo or 1=p<g=o00.

In this article, we study mixed moduli of smoothness of fractional orders of a function of two variables. Inequalities are
obtained that refine the previously known estimates of the Ulyanov type inequalities between mixed moduli of smoothness
in the metrics Lp and Lq for values 1 < p < ¢ = oco. The accuracy of the obtained estimates is investigated. The
relationship between these and previously known estimates has been studied.
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A GENERALIZATION OF THE BLACKWELL-RYLL-NARDZEWSKI
MEASURABLE SELECTION THEOREM

Abstract: One of the main forms of the measurable selection theorem is connected with the
existence of the graph of a measurable mapping in a given measurable set S in the product of
two measurable spaces X and Y . Such a graph enables one to pick a point in the section S,
for each z in X such that the obtained mapping will be measurable. The indicated selection is
called a measurable selection of the multi-valued mapping associating to the point = the section
S, , which is a set in Y .

The classical theorem of Blackwell and Ryll-Nardzewski states that a Borel set S in the
product of two complete separable metric spaces contains the graph of a Borel mapping (hence
admits a Borel selection) provided that there is a transition probability on this product with
positive measures for all sections of S'.

The main result of this paper gives a generalization to the case where only one of the two
spaces is complete separable and the other one is a general measurable space whose points
parameterize a family of Borel probability measures on the first space such that the sections of
the given set S in the product have positive measures.

Keywords: Measurable selection theorem; transition probability; Blackwell-Ryll-Nardzewski
theorem
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1. INTRODUCTION

In the vast literature on measurable selection theorems, it is customary to separate results
for small sections and large sections. A typical representative of the latter category belongs to
Blackwell and Ryll-Nardzewski and states that a Borel set S in the product of two complete
separable metric spaces contains the graph of a Borel mapping (hence admits a Borel selection)
provided that there is a transition probability on this product with positive measures for all
sections of S'. This important result does not extend to arbitrary spaces. The main result of
this paper gives an extension to the case where only one of the two spaces is complete separable
and the other one is a general measurable space whose points parameterize a family of Borel
probability measures on the first space such that the sections of the given set S in the product
have positive measures.

The following measurable choice theorem was established by Blackwell and Ryll-Nardzewski
in [1] (see also |3, Theorem 5.8.8]).

Theorem 1 (Blackwell and Ryll-Nardzewski). Let X,Y be Polish spaces, let A be a countably
generated sub o -algebra of B(X), and let P be a transition probability on X XY such that
for every B € B the function

x +— P(z,B)

is A -measurable. Suppose that a set S € A® B(Y) is such that P(x,S;) > 0 for all x €
X . Then, there is an (A, B(Y)) -measurable mapping f whose graph is contained in S, i.e.,

(x, f(z)) €S forall xe X.
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In this paper, we extend this theorem to the case of an arbitrary measurable space (X,.A).
We obtain this result as a consequence of an interesting generalization of the Kuratowski—Ryll-
Nardzewski measurable selection theorem. Let us give the classical formulation (see, for example,
[2, Theorem 6.9.3] or |3, Theorem 5.2.1]).

Theorem 2 (The Kuratowski-Ryll-Nardzewski measurable selection theorem). Let X be a
Polish space, let (2, B) be a measurable space, and let F be a multifunction on Q taking values
in the set of nonempty closed subsets of X . Suppose that for every open set U C X we have

{w| Flw)NU # 2} € B.

Then F has a selection that is (B, B(X)) -measurable, which means that there is a (B,B(X)) -
measurable function f:Q — X such that f(w) € F(w) for all w e Q).

2. MAIN RESULTS

The formulation of our measurable choice theorem uses the concept of a o -ideal. Recall this
definition.

Definition 1. A o-ideal on a nonempty set E is a nonempty family 7 of subsets of F
such that

I, oeJ,

I, whenever A€ J, 24 7,

I3 J is closed under countable unions.

The simplest example of a o -ideal is the set {@}. Another example will be given below. It
will be a key to our generalization of the Blackwell-Ryll-Nardzewski selection theorem.

Theorem 3. Let X be a complete separable metric space and let (2, B) be a measurable space.
Assume that for each w € Q there is a o -ideal [T, of subsets of X . Suppose that a mapping
F: Q — 2% satisfies the following conditions:

(i) for each w € Q the set F(w) is closed.

(i) F(w) ¢ Jo for each w e Q).

(iii) For every open set V C X , we have

FV)={weQ|FlwnV¢J,}eB.
Then F has a (B,B(X))-measurable selection f:Q — X, f(w) € F(w).

Proof. Let Xo = {x,} be a countable everywhere dense set in X . Consider a sequence of
(B, B(X)) -measurable mappings fx: Q@ — Xo, k =0,1,... such that

fk_l(:ni) C F(By—«(x;)) forall ik, (1)

dist(fe(w), frr1(w)) <27 for all w, k. (2)

We prove that if such a sequence exists, then it converges pointwise to a measurable selection.
Indeed, it follows from condition (1) that for arbitrary ¢ € N and w € f, Y(z;) the set F(w) N
By« (x;) is not empty (by I;), therefore,

dist( fi(w), F(w)) < 27

Moreover, condition (2) implies that the sequence (fi(w)) is Cauchy; its limit will be denoted
by f(w). It is clear that f(w) € F(w) and f is measurable with respect to the pair B and
B(X).

Let prove the existence of such a sequence of mappings. We construct these mappings induc-
tively.

First we construct fy. Pick w € Q. Condition (ii) of the theorem and condition I3 from the
definition imply that there is a natural number n such that

F(w)N Bi(zy) ¢ T,
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where B,.(z) is the open ball of radius r centered at x. Denote by n(w) the minimal number
with this property. We define a mapping fo as follows: fo(w) = ). Then fo is B-
measurable, since

n—1

fo M an) = F(Bi(za)) \ | F(Bi(xy)) € B.

i=1
Moreover, it is clear that fo satisfies (1). Suppose that f; is already constructed. We find
frs1. Let

E; = fi ' (By-rs1 (1)) N F(By-x1(27)).
We prove that
o0
0=JE.
i=1
Indeed, take w € Q and i € N such that w € f; '(2;). Then by property (1) we have
F(w) N By—k(x;) ¢ To-

Since the family 7, is a o-ideal, by I3 there exists | € N such that

F(w) N By—k(x;) N By-x-1(x;) ¢ Top-
Then by I, we have

F(w) N By-k-1(x1) & T

or, in other words, w € F(By—r-1(x;)). Moreover, since

F(w) N By« (l‘z) N B2_k_1(a:l) * O
by I, and

dist(z, fr(w)) = dist(x, z;) < 278 4 271 < 97k+L
we have w € f ' (By—k11(z;)) . Thus, w € Ej. Since E; € B, there exist sets E| C E;, E/ € B
such that
oo
EinEj=2 Vi#j Q=|]JE.
i=1

Now we put fri1] Bl = Ti. It is clear that fr41 is B-measurable. We check that the mapping
fr+1 satisfies conditions (1) and (2). Condition (1) is fulfilled, since

Fiih (@) = B} C B; C F(By-r-1 ().
Finally, condition (2) follows from the fact that for every i € N the inclusion
E{ C fi ' (Byrsi ()

is true.

Theorem 3 is proved.

Thus, it is shown that for the existence of a measurable selection for a mapping it suffices
that conditions (i)-(iii) of Theorem 3 be satisfied for a certain family of o -ideals given at each
point of this measurable space. Note also that the Kuratowski-Ryll-Nardzewski theorem follows
from Theorem 3 by taking the family of o -ideals J, = {@}.

As a useful application of Theorem 3, we present a generalization of the Blackwell-Ryll-
Nardzewski theorem for an arbitrary measurable space.

Let (£2,B) be a measurable space and let X be a complete separable metric space. Consider
a family p“ of Borel probability measures on X such that for each set B € B(X) the function

w = ' (B)
is B-measurable. It is clear that the family of all p“ -null sets is a o -ideal. We will use this
fact in the proof below to define a o -ideal at each point of 2 and find a measurable selection.
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Theorem 4. Let X and (Q,B) be as in Theorem 3. Suppose that we are given a set S €
B®B(X).
(i) For every 0 € [0,1), there exists a set E € B® B(X) such that E C S, all sections E,,
are closed and
w(Ey) = 0u“(Sy) forall we Q.
(i) If p(Sw) >0 for all w € Q, then there is a (B, B(X)) -measurable mapping f: Q — X
whose graph is contained in S .

Proof. We prove (i) following the reasoning of Blackwell and Ryll-Nardzewski from their
original paper with some modifications and additional explanations. The class £ of all sets in
B ® B(X) for which the theorem holds is closed under finite unions. Indeed, if S¥ € £,k =
1,...,n, then there is a collection of sets E¥ € BoB(X) with closed sections such that E¥ c S*
and for all w € 2 we have

1

pe(Sk\ E*) < %euw(sjj), k=1,..,n.

Then the set
E=|]JE
k=1
has closed sections, lies in S = [J}_,; S* and belongs to B® B(X). In addition,
(S \ Ew) < ) u(S5\ By < = D H(85) < (1= 0)u”(S.).
k=1 k=1
We now show that £ is closed under countable intersections and countable unions of increasing
sets. Let S" e &, S=[),5" and 0 € (0,1). Since the function
h:ww— p?(S,)
is B-measurable, we have
QG ={k+1D)'<h<k'}eB
If h(w)=1 for all we Q, then Q = & for all k. In this case, we pick sets E™ € B® B(X)
with closed sections such that E™ C S™ and
1-40
Let E =), En. Then all sections E, are closed and for all w we have

B (S \ B) < S (S B <1 -0,

If Qf # @ for some k, then the sets € form a partition of 2. For each k there is a set
E™ ¢ B® B(X) with closed sections such that E™ C S™ and

1-46

w/gQn Enk <

w

pe(Sh) Ywe Q.

Now we define the set
E" = JE™n (9 x X)).
k

It is clear that E™ C S™ and E" € B® B(X). Moreover, if w € Q4 , then E" = E"* | 50 all
sections of E" are closed. In addition,

1-6 1-0
CSONED) K 77— 1(S0) S 77— v Q.
Let E=(),E". Then E C S has closed sections and for each k£ and w € 2 we have

1-9  _1-0
<
(k+D2n S on
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It follows that
1 (S \ Ew) < Zﬂw(sw \ES) < (1—=0)p”(Sy).

Let S™ € £ be increasing sets. We find E™ C S™ such that E™ has closed sections, E™ €
B® B(X) and

pe(EM) > Vou©(Sh) Ywe Q.
We can assume that the sets E™ are increasing. This is easily seen from the fact that the
sequence of sets

n
Bn=|JE" neN
k=1

satisfies the same conditions as FE,, . Consider the sets
Cn ={w € Q| p*(EY) = 01 (S0)},
where S =, S™. We have C,, € B, C,, C Cpy1 and

Q:U@.

Now we define the set

E = U(En N (Cyp \ Cn-1 x X)),

n
where Cy = @ . It is easy to see that E C S, F € BQB(X), and E has closed sections, since
if we Cp\Cp1, then E, =E]".
Since the class £ admits finite unions, countable unions of increasing sets and countable
intersections, the family of sets

F={Sef|l(QxX)\Se&}

is a o -algebra(see |2, Theorem 1.9.3]). To complete the proof, it remains to show that the set
of products of the form
{Bx F|BeB,F isclosed in X}

liesin F. If S= B x F, where B € B and F' is closed, we can take £ =5,s0 S €& . But
QAxX)\S=Qx (X\F)U((Q\B)XF,

(Q\B)x F €& and Q x (X \ F) € &, since the open set X \ F' is a countable union of
increasing closed sets.

Let us proceed to the proof of (ii). According to the first part of the theorem, in B ® B(X)
there is a set E C S with closed sections E, and p“(E,) > 0 for all w € 2. Consider the
mapping

F:ww— E,, F:Q—2%
For a o-ideal [J, of subsets of X we take the ideal of all p“-null sets. Then F satisfies
conditions (i)—(iii) of Theorem 3. Indeed, conditions (i) and (ii) are satisfied by our choice of
E . Let us check condition (iii). Take an open set V' C X . Then, in the notation of Theorem
3, we have

F(V)={we Q| (BonV) >0} ={weQ | #(ENQxV),) > 0}.

But the function w — p“((ENQ xV),) is B-measurable, hence F € B. By Theorem 1, there
is a (B,B(X))-measurable mapping f such that f(w) € E, C S, .

Let us give a useful application of the last theorem. Let X be a Polish space and let (Z,€)
be a measurable space. We are interested in necessary and sufficient conditions under which,
for a given (B(X),&)-measurable function f: X — Z, there exists a function ) with the
following properties:

(i) Q(x,-) is a probability measure on B(X) for each x € X,

(ii) Q(-, B) is an A-measurable function on X for each B € B(X), where A= f~1(&),

(iii) Q(z,A) =1 forall r€ A and A€ A.
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Corollary 1. Let X, f, A, (Z,€) be as above. Suppose that
Az :={(z,2)|z€Z} € ER®E.

Then a function @ with properties (i)- (iii) exists if and only if there is an (A, B(X))-
measurable mapping ¢g: X — X such that fog= f.

Proof. Suppose that g: X — X is an (A, B(X))-measurable mapping such that f = fog.
Set

Q(:EaB) :ngl(B)(x)v BEB(X)7'%'€X7

where x4 is the indicator function of the set A. It is readily verified that @ satisfies (i)—(iii).
Conversely, let us suppose that a function @ with properties (i)—(iii) exists. Set

S={(z,y) e X x X | f(z) = f(y)}.

Then S € A® B(X), since Az € E®E, see |2, Theorem 6.4.4]. Moreover, for all = we have
Q(z,S;) = 1. Applying Theorem 4 to the measurable space (X,.A), we find an (A, B(X))-
measurable mapping g: X — X such that for all points z € X we have (z,g(z)) € S, ie.,
flg(x)) = f(x) forall x € X .

3. CONCLUSION

The classical Blackwell-Ryll-Nardzewski measurable selection theorem for Borel sets in the
product of two complete separable metric spaces remains valid if only one of the two spaces is
complete separable and the other one is a general measurable space whose points parameterize
a family of Borel probability measures on the first space such that the sections of the given set
in the product have positive measures.
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M.B. Jlomonrocos Moackey memaekemmsx yHUSEPCUMEMINIY, MeTaruKra-mamemamura garxyromemi, Mocxey, Peceti
Dyndamernmando. dcone Koadanbarv, mamemamura Mackey mamemamura opmanvizo, Mackey, Pecetl

OJIIIIEHETIH TAHIAY TYPAJIBI BJIDKY3JLJI — PhIJI-HAPAXKEBCKHUIN TEOPEMACHIHBIH
2KAJITIBIJIAHYBI

AnHoTanusi: OumreHeTiH TaHgay TypaJsbl TeOpeMaJsiapAblH Herisri dopmasapeiably 6ipi X 2koHe Y eki esmmeHerin
KeHicTIKTiH, kKebehrinzicinmeri S eumemal KuUbIHBIHAA Oepinaren emmemzai Geilinesneyinin rpadwurinin 6ap GosybIMEH
GaiyranpicTel. Mynzgait rpaduk X -TeH anbiHFaH opbip x OoifplHmma »Kyprisiaren S, KuUMacblHaH HOTHKECIHIE Haiina
Oostran OeitHesiey eJieM/ii OoJiaThIHIAN HYKTE TaHJAIl ajyFa MYMKIiHIIK Oepexi. Byu tamnmay op « Hykrecine Y — TiH
JKUBIHBI 60JIaTBIH Sy KHUMACBIH COMKeC KOSITBIH KOIIMOH/II OelHe/ ey IiH eJIIeM/ I CeJIEKIUSICHI el aTalalbl.

Busksesn men Pour-HaprkeBcKuiiiin KiiacCUKaJIbIK, TEOPEMAChI, €Ki TOJIBIK, cernapadesii MEeTPUKAJIbIK, KEeHICTIKTeP/IiH,
KeOelTiHiCiHIeri 60pesIb K YKUBIH OCBI >KUBIHAA 0apJblK, S KuMaJiapbl VIIiH OH 6JIIIeM/Il aybICIa bl BIKTUMAJILIK OOJFaH
Kargaiga 6openpaik Geiinesneyain rpadurin KaMmtuae! ( JeMeK, GOPesbIiK CeIEKIUAHBI MyMKIH €Tesi).

Makanagarbl HErisri HoOTHUXKE €Ki TOJIBIK cenapabesjli MEeTPUKAJIBIK, KEHICTIK 0OJiy IIapThiH Oip KEHICTIK TOJIBIK
cernapabesib/ii, aJl eKiHIICI »KEHJIIEeTIJIPeH — KaJIIbl OJIIIEeM/I KEHICTiK OoJiFaH »Karmaiira >KaJIbliay OOJIBII TaObLIabl,
IoJlipeK alTKaHlia eKiHII KEeHICTIKTIH IapTTapblH HyKTejepi OipiHmn KeHicTiKTe GOpesbIiK BIKTUMAJIBIK, OJIIIEMIep
JKYyIeciH mapamMeTpseiiTiH, COHBIMEH KaTap, S >KUbIHBIHBIH KOOEHTIH1i1er] KMMAaChIHbIH OJIIIeMi OH 0O0JIybIHA aJIMAaCThIPA/IbL.

TyiiH ce3aep: eJilieHEeTIH TaHIay TypaJibl TEOpeMa; aybICHAJbl BIKTUMAJALIK; Disksesmn meH Poui-HaprkeBckuii
TEOpEeMAaCHI

K.A. Adonun

Dakxyavmem mexarury u mamemamury, MI'Y umenu M.B. Jlomornocosa, Mocksa, Poccus
Mocxrosckutl uenmp dyrndamernmanrvrot u npuksadnott mamemamur, Mocksa, Poccus

OBOBIIIEHMWE TEOPEMDBI BJISKVY3JIJIA — PBIJIb-HAP/I2KEBCKOT'O OB ISMEPUMOM
BBIBOPE

Annoranusi. OpHa u3 OCHOBHBIX (DOPM TeopeM 00 HM3MEPHMOM BBIOOpDE CBA3aHA C CYLIECTBOBaHUEM Trpadura
M3MEPUMOro OTOOparkeHusl B 3aJaHHOM U3MEPUMOM MHOXKecTBe S B IPOU3BEIEHUHU JBYX HU3MEPHUMBIX MPOCTPAHCTB X
u Y . Taxkoil rpacduk maeT BO3MOXKHOCTb BBIOPATH TOYKY U3 CEYEHUA Sz NPU KaxXKJAOM & u3 X Tak, U4TO IOJyYEeHHOE
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K.A. Afonin

0TOOparkeHNe OKaXKeTCsI M3MEPUMBIM. Y Ka3aHHBIA BEIOOP HA3BIBAIOT M3MEPHUMOIl CeJIEKI[ell MHOIO3HAYHOIO OTOOparkeHusl,
COIIOCTABJISIONIETO TOUKE & cedeHue Sy , ABJIAIONIEeCs MHOXKECTBOM B Y .

Kiaccnyeckass Teopema Biskyssmra n  Peuib-HapikeBckoro yTBepkjaer, 9ro 0GopesieBCKOoe MHOkecTBO S B
MPOU3BEAEHUN ABYX IOJIHBIX CenapabesbHbIX METPUUECKUX MPOCTPAHCTB COLEPKUT rpaduk OOPEIEBCKOTO OTOOParKeHUsT
(3Ha4MT, JOIyCKaeT GOPEJIEBCKYIO CEJIEKIIUIO) IIPU YCJIOBUHU, YTO UMEETCs IIePEXO/IHAs BEPOSITHOCTD HA STOM IIPOU3BEIEHUN
C IIOJIOXKUTEIBHBIMI MEPaMH [JIs Beex cedeHuit S .

OcHOBHOI1 pe3dysprar 3T0i1 paboTel maer 0600IIeHNEe Ha CIIy4ail, KOrja JIUIIb OJHO U3 JABYX IPOCTPAHCTB SIBJISIETCSI
MIOJIHBIM CeapabesIbHbIM METPHIECKUM, a APYToe eCTh 0bIree N3MEPUMOe IIPOCTPAHCTBO, TOYKH KOTOPOT'O MapaMeTPU3yIOT
ceMeiicTBO GOpPEJIEBCKUX BEPOSITHOCTHBIX Mep Ha IIEPBOM IMPOCTPAHCTBE, INPUYEM CeYeHHsl JaHHOT'O MHOXKeCTBa S B
MIPOU3BEJEHUU UMEIOT IOJIOXKHUTEIbHBIE MEPbL.

KiroueBble cioBa: TeopemMa 06 M3MEPHMOM BBIOOpE; IE€peEXOJHAasi BEPOSTHOCTh; TeopeMa Biskysnna — Pbuib-
Haprxesckoro
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THE INFORMATIVE POWER OF ALL POSSIBLE LINEAR FUNCTIONALS
AND THE MEAN-SQUARE ERROR IN THE DISCRETIZATION OF
SOLUTIONS OF THE DIRICHLET PROBLEM FOR THE LAPLACE

EQUATION IN THE CIRCLE

Abstract: The Dirichlet problem for the Laplace equation in the case of a circle belongs
to the classical ones and in various aspects has been the subject of study in various fields of
mathematics. Among them are such topics as

- "Boundary properties of analytic functions", in the study of which powerful methods of
function theories were created and honed,

- The Banach problem on the existence of a basis for a class of functions consisting of contin-
uous in a closed circle and analytic in,

- Numerical methods, since this problem as a mathematical model describes many real pro-
cesses.

In this article, we consider the discretization problem of solutions of the Dirichlet problem for
the Laplace equation in a circle from finite numerical information obtained from the boundary
function as a result of applying all possible linear functionals. The optimal order of discretization
error is found and the corresponding optimal operator of discretization is constructed.

The problem of constructing probabilistic measures on functional classes is also considered.
Probabilistic measures on the Korobov E"(0,27) and Nikolsky H3(0,27) classes are introduced.
Two-sided estimates of the mean-square error of discretization the solution of the problem by
operator (Tnf) («, 0) are established.

Keywords: informative power of a given class of functionals; discretization of solutions of a
differential equation; mean-square error in relation to a probability measure

DOTI: https://doi.org/10.32523 /2616-678X-2020-134-1-42-51

1. INTRODUCTION

The statement of the problem, which is the subject of this work, is preceded by an extensive
citation from the article [1] of P. Laks:

"Everyone knows about the incredible progress made over the past 50 years in the speed of
computers and the amount of information they store, as well as improvements in graphics and
software. As a result, tasks that were previously on the edge of the computer’s capabilities can
now be solved much faster and cheaper, and we can approach tasks of daunting complexity. But
what many people don’t realize is that much of this progress is due not only to improvements
in hardware and software, but equally to new mathematical ideas about how to solve emerging
computational problems.

Here are some amazing examples.

Multi-grid method. After discretizing elliptic systems of partial differential equations - the
standard example is the Dirichlet problem for the Laplace equation-the problem of numeri-
cal solution of the resulting system of linear algebraic equations arises. An effective iterative
method for performing this task, called the multigrid method, was proposed in the 1960s by
R.P. Fedorenko [2] and analyzed by N.S. Bakhvalov [3]; it was further developed and applied
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by Aki Brandt [!]. Schematically, the idea is to obtain information about the behavior of the
solution over large distances by computing on a coarse grid.

The purpose of this paper is to elucidate the approximative capabilities of computational
aggregates constructed using arbitrary algorithms applied to numerical information of a given
volume N obtained from boundary functions by means of N linear functionals in the approx-
imation problem (in the L? metric) of the solution of the Dirichlet problem for the Laplace
equation.

We present the statement of the general problem (in edition [5, 0]) in relation to the con-
cretization considered in this paper.

Let u(a,0) = u(a,0; f) be a solution of the Laplace equation in polar coordinates (see
[7, page 236])

P 10w 10
0a?2  ada a? 062

satisfying the boundary condition

=0, (1)

u(@,0)|o=p = f(9), (2)

where - f is some 27 - periodic function that ensures the correctness of the problem (1)-(2),
moreover, the belonging of the solution u (o, 8; f) to a given normalized space Y .

For each positive integer N by Ly = {(I");ox)} we denote the set of all pairs (IV); o),
where 1Y) = (I3,...,1y) is an ordered set of linear functionals Li(-) (j =1,...,N), defined
on the linear envelope of a set F', and the function ¢n = pn(71,...,7N;q,0) acts from
CN x [0, R] x [0,27] in C, where C, as usual, the field of complex numbers.

Also assume that for arbitrary fixed 71,...,7y and « function ¢p , considered as a function
of 8, belongs to a normed space Y .

For (Z(N);QON) € Dy C Ly assume

Sn((IN)son); F)y =sup sup |Ju(a, -, f) —on (11 (f) s In (F) s )y
fEF 0<a<R

and

Sn(Dyn;F)y = inf  dn((I™);0n); Fy. (3)
(IM)pn)eDN

In the case of Ay C Ly, Dy = An X {pn} value (3) is called the informative power of
a given class of functionals Ay, and in the case of Ay = Ly - the informative power of all
possible linear functionals.

The task is to obtain the upper and lower estimates for the value (3) and to specify the pair
(Z(N); ¢n) that implements the upper estimate.

From a position of evaluating the results of this article it is important to note (see |5, 6, 8]) that
the linear diameter, diameter Fourier transform (orthopaedic), the partial sums of the Fourier
series over all orthonormal systems (including systems consisting of bursts) and decomposition on
the bases, linear methods of summation of Fourier series when the appropriate choice Dy C Ly
is also contained in the definition (3), and for every choice Dy holds the inequality

IN(DN; F)y > 0n(Ln; F)y.

Also note that the problem of reconstruction in the above statement is devoted to the work

[ ) Yy O ]
In this paper, as a class F' considered the Sobolev class W, (0,27) (r- is positive integer),
defined as follows (see |21, 22]):

£(6) e wr(0,2m)E <1

— ’

m=—00||q

{fmym} "™
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and the Besov class By 5 (0,27) (see [21]):

o0

f(0) € By (0.2m) € | L2 || ST f(m) - e <1,
mep(T)

Lq ) r=1llj=

where (1 <gq, & <oo,r>0),m = max{l; |m|},p(T) = {m eZ: 7 l<mc< 27}, HfHLq -
the Lebesgue norm with the ¢ degree of summability of the 27 - periodic function f,

N 1 2 —im6
Fomy= o= [ F@)-c "o
T Jo
-the trigonometric Fourier coefficients of the function f, and |{a-};Z,|[;a is the norm of the

numerical sequence a = {a.}>-, defined as

1
. (52, o, %)% if1 < e < o0,
Rar}r= e = sup |a,| ifoe = 0.
T
By ¢(...) we will denote some positive values that are different, generally speaking, in dif-

ferent formulas and depend only on the parameters specified in parentheses. With a positive A
and any B record B = 0,4, (A),B < A will mean |B| < ¢(«,f,...)A. With a positive A

(67

and B record A =< B means A < ‘B < A.
a7Bv"' a767"' O‘?Bv"'
In the following two paragraphs, the problems of discretization of solutions of equation (1)-(2)

are investigated in the sup-norm and in the root-mean-square, respectively.
2. DISCRETIZATION IN THE SUP-NORM
The following theorem holds.

Theorem 1. Let the numbers 2 < g < v < 400 be given.
a) Let r - be a positive integer. Then there is a two-sided estimate (N =1,2,...)

6N(LN7 W(’;(O, 271_))Lu[0727r] = Nﬁ (1“7(%7%)) .

6) Let rg>1 and 1 <& < oo. Then there is a two-sided estimate (N =1,2,...)

1_1

ON(LN; B @(0,27)) Lrjo2n) < N (-(-2)).

Wherein in each of the cases a) and &) the upper estimate is implemented by the operator (N =
2" n=1,2,...)

(PN(ll(f)7--.,lN(f);Oé,9) = Von (Ol,@;f) :ZQk(a79;f)7
k=0

where Vi (a, 0; f) - the average Vallée Poussin function u (o, 0; f) of order 28 by variable 6,
and Qo = Voo, Qr = Vor — Vo1 for all k> 1 [21, p. 295-300].

3. DISCRETIZATION IN THE MEAN SQUARE

The main way to assess the quality of the reconstruction is the "worst case", i.e. the case

when the maximum class error is calculated. At the same time, the comparison of operators for
reconstruction functions from a class by the maximum (in terms of the class) error (deviation)
can turn out to be rough: two operators can have the same maximum deviations, while for the
first operator it is achieved on functions that are in a certain sense “few” in the class, and for the
second-on “most” functions of the class (quantitative characterization of the sizes of subsets of
functions is made on the basis of the Lebesgue measure). Although the first sampling method is
obviously preferable, the two methods are indistinguishable when evaluating the quality of the
approximation by the value of the maximum deviation.
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Thus, the statement of this problem consists in estimates from below and from above of the
value (see also (3))

/ sup (@, - ) — o (4 (f) oo v () s 00 )12 dpare (1),

0<a<R

pr(f) is a probability measure defined on F'.

Let {T'x} be a sequence of pairwise disjoint finite sets I'y, C Z, the union of which is all Z .
By di we denote the number of points in the I'y .

Let v—1 =0 and vg =do + -+ dg,a,) are a fixed ordering of I'y . Then each set

Y = {ym}mez (4)
complex numbers, taking into account the equality, ym, = a;j(m) + ibj(m), we will consider it
represented as a sequence Y = (a1,b1,...,au,,by,...).

Next, let for each k on a 2dj, — dimensional Euclidean space R?% - be given a non-negative
continuous function )y, such that ,(0) =0.

We define the classes H(T'k, %) as the collection of all sets (4) such that for each k(k =
0,1,2,...) the inequality is satisfied

wk(auk_l—‘rlu bl/k_l-i-l) ceey Gy bl/k) < ]-7
ie.
H(Fka d)k‘) = {((11, bla e 7allk7bllka e ) : wk(auk,1+17 bl/k,1+17 ceey Quyy bl/k) S 1}
Suppose

o0
d
ne () HTk, ¢r).
k=1
Let

Dy = {(@y_ 11, buy 4155 Gy b)) € B2 2 app(ay, 41, b ia1s e Gy by ) <13
Then
H=DyxDyx--+XDpx---
Cylindrical sets Ty (FE)) are defined as follows:
Tk(Ek) = {(al, bi,... y Quy byk, .. ) € H: (ayk_ﬁ_l, byk_l_H, ey Quypy byk) S Ek},

where Ej C Dy, (Ey € F(Dy)) .
Let F(H) — be the smallest o -algebra containing all cylindrical sets.

Theorem A (see [23]). Fach of the possible probability measures p on the measurable space
(H,F(H)) is uniquely determined by setting the sequence of measures puy on (Dy, F(Dy)) such
that for all k(k=0,1,2,...) an Ey € F(Dg) the next equality holds

Tk (Ek)) = pr(Ek).

Following this theorem, we introduce a probability measure on the Korobov E"(0,27) and
Nikolsky H3(0,2m) classes.
By definition of the class E"(0,2m)(r > 1)

f(a) € B'(0,2m) & | f (m)] < — = pm(m € 2)

mT
where f(z) -is a 2w -periodic function.
Let for each m € Z the function

Am(7) [0, pm] — [0, 1]

is continuous, non-decreasing on [0, p,,] and satisfies the conditions A,,(0) = 0 and
Am(pm) =1.

Bulletin of L.N. Gumilyov ENU. Mathematics. Computer science. Mechanics series, 2021, Vol. 134, Nel

45



THE INFORMATIVE POWER OF ALL POSSIBLE LINEAR FUNCTIONALS AND THE MEAN-SQUARE ...

For any a by K(a) we denote a closed circle of the complex plane with the center at zero
and with radius «a:

Kla)={z=71¢¥:0<7<a,0<¢p<2r}={2€C:2<a}.
Then .
fx) € B7(0,2m) & f(z) =Y f(m f(m) € K (pm).

meZ
Hence, the mapping

B [ (F(0),f(1),f(=1),...) € K (po) x K (p1) x K (p-1)

establishes a one-to-one correspondence

E"(0,27) <> K (po) X K (p1) x K (p-1) x
Hence, by virtue of the theorem on setting a measure on the Cartesian product of a countable
number of spaces with a measure (see [21, pp. 152-156]), to enter a measure on E"(0,27) , it is
sufficient to enter probabilistic measures p,, in each K (pp,)(m € Z). As p, , we take a plane
Lebesgue measure in a circle K (p,,) such that if

ng,(%)<pg)§pmand0§g01<g02§27r,
then

(1) (2) _p2-w ) _ (1)
fim (1" STS Py pl <@ S92) = (Am<pm) Am(pm)>- (5)
In particular,
2T
Hm (K (pm)) = 27( ( - )‘m(O)) =1
(5)

Measure i, in K (pn,) with condition is denoted by ), .
Then the desired measure in the class E"(0,2m) itself is defined as follows. Let be given a
positive integer n and integers m, ... m™ . For planar ,uf;L -measurable sets

EW C K (p,1)) . E® C K (p») ..., E™ C K (pym)

consider cylindrical sets
TES®,  EMy={fecE:f (m<1>) ceEW, .. .} (m(">) c EMY c E.

Then, according to Theorem A, the equalities

pNTEW, . EM)) =[] s (BY). (6)
j=1

the probability measure p* is uniquely determined on the smallest ¢ - algebra of subsets E”
containing all cylindrical sets T(EM), ..., E(M) .

Next, we give the definition of the probability measure given on Hj(0,27) .

Let

p(ry={mez: 27 ' <m<2'}={27 —27 o7y 271 1 .27 -1, —27 + 1}
for 7=2,3,... and p(1) = {0,1,—1} subsets of Z ("binary bundles") and let n, = |p(7)|.
Then by the equivalent definition of class Hj(0,27) (see e.g. [22])

N 2
fem.2m & Y f(m)’ <972,
mep(r)

We introduce the following notation for:
f e H5(0,2m) :
() = (FE, J=2 ), @+ 1), f=2 = 1), FT = 1), f(=2 1))
for 7=2,3,... and z(V(f) = (f(0), F(1), F(~1)).
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If a ball in C™ (or in R?"" ) of radius 277" centered at the origin is denoted by D, i.e.

2 2
D, = {Z(T) = (z% ™) zéT),...,zS;)> eC" ‘ZY) 2N < 2_2”},

nr

2
4+ 4

+ ’zg)

then the above definition of class Hj(0,27) is rewritten as
fe H50,21) & () e D, (Vr=1, 2,..).

Hence, taking into account the introduced notation, and the Riesz-Fischer theorem, we can
establish the following one-to-one correspondence:

H3(0,27) 3 f(z) ¢

A

< (/}(0)7 f(l)a f(_1)7f(2)7f(_2)7 (3)7 f(_3)7 "'7.]?(27-71)7 f(_2771)7 7f(2T - ) f( 27 + 1) ) =

-~

2 (5) 2 (f) 20 (f)
= (z(l) (f), 2D (f), .., 2D (f),...) €D X Dax - XDy x-on.
Let for each 7 = 1,2,... measure pu, be an absolutely continuous probability measure on

Dr:
pr(Br) = / Dr (ZfT),ng)...,zg)) dng)de), ,,,7dx£;)dy§;)7
where Er C D;-is a measurabie set,
20 =2 4y k=1, n,),
and the density
pr(=) = pea 0l oD 00) = (@ + WP+ e+ @)+ D))

@) 0D O e p

- radially depends on <x1 JYD e Ty ,ynT) Let be given positive integers k and

numbers 71, ..., 7,(7; # Tjati # j) . For measurable sets £, C D, consider cylindrical sets
T(Es, ..., Br) = {f € H5(0,21) : 2V (f) € Eyy, oy 20 (f) € E} (7)
Suppose

def (7 T, T,
IU(T(ETU Tk H/ (ri) dl‘( Z)dy( i) (8)

The set of cylindrical sets of the form (7) forms a semiring.

Then, by Theorem A on the continuation of the measure, we can assume that in the smallest
o - algebra F(HY), which contains all cylindrical sets of the form (7), the measure p is given.

In the following theorems, we obtain two-sided estimates for the mean-square discretization
error of the solution of problem (1)-(2) regardingto the introduced measures. In both theorems

(Tyf) (a Zf (2 ) Ko (0= 225 ).

where ([...| — is the integer part)

) 21
KN(a,t):N 1+2- Z (E) -cosnt
n=1

Theorem 2. Let u(a,0; f) be the solution of problem (1)-(2), r > 1 and p> be the probability
measure (6), defined on E" . Then

Pm
[ s luta s f) = @ e ) gam di* = 3 / N (
E7(0,27) mGZ\< [ H
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Corollary. Let

T—ph) if 7 € [0, p7,]
Am(7) = pm[()r—pfn) 2 2
W+1_pm7 lfTE[pm’pm]'
Then 1
/ sup ||u(a, 5 f)— (ITnf) (e, +) ”%2(0,270 dp* (f) =< C(r) W
o N2

E7(0,27)

Theorem 3. Let u(a,0; f) - be the solution of problem (1)-(2), r > & and p - be the probability
measure (8). Then there is a two-sided estimate (N =2" n=1,2,...)

[ swp e ) = (Tuf) ) g m dulf) =

H5(0,2)

o
= Z / (ZL’% +P 4+ 33317 + yZT) pr(z,y)dxdy.

T=np
4. CONCLUSION

The problem of discretization of solutions by means of arbitrary linear functionals is studied.
It is shown that the orders of discretization error are unimprovable.

Regarding probabilistic measures on the Korobov E" and Nikolsky Hj functional classes,
two-sided estimates of the mean-square error of discretization the solution of the problem by
operator (T f) («, 0) are established.
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M. E. BepikxanoBa, K. E. IIlepuusizoB
On-Papabu amvindazeo, Kasax yammok yrusepcumemi, Aamamu, Kasaxcman
BapJblK CBIBBIKTBIK (DYyHKIIMOHAIIAPABIH, AKIIAPATTHIK KYyaATThLJIBIFLI YKOHE JIOHTEJIEK >KAFJallbIHIarbl
Jlannac regaeyi yurin Jupuxie ecebiHiy 1IemiMil >KybIKTall KaJbIITACTBIPYAAaFbl OpTallla KBaJAPATTHIK,
KaTeJik

Aunvorauus: JeHrenek xarmaiibiHAarbl Jlamnac tenzeyi ymrid dupuxie ecebi KIIACCHKAJBIK, €CEIKE KaTa bl
JKOHE TYpJIi acleKTijiepie MaTeMaTUKaHbIH 9PTYPJI cajlajapblHIa 3€epTTey HbICAHBIH Kypabl. Ouapabiy imrziae keseci
TaKbIPBIITAPIBI aTall ©Tyre 00JIa/Ibl:

- «AHamUTUKAIBIK, QyHKIUAIAD/IBIH IEKAPAJIBIK, KACHETTEPI», OJAp/bl 3€PTTEy HEriziniae PyHKIUIIAD TEOPUICHIHBIH
MBIKTBI 9J1icTepi naiijta 60Jabl »KoHE MIBIHIAJIbI.

- leHresex inrin/ie aHAJIMTUKAJIBIK, TYHBIK JIOHre/IeKTe y3isicci3 60aTbiH OyHKIUsIap KIachl YIIiH 6a3ucTiH 6ap 6oLy bl
Typajbsl Bbanax ecebi.

- CangpIk dmicTep, ©WTKeHI OyJI ecell MaTeMaTHKAJIBIK, MOJEIb PETiHe Ken mporeccrepii 6eitnesneiiai. Ocbl KyMmbicTa
6apJIbIK MYMKIH CHI3BIKTHI (DYHKIIMOHAJIIAPAbI KOJIIAHY HOTHUXKECIH/E IIeKapaJIblK, (DYHKIUAIAH aJIbIHFaH aKbIPJIbl CAHIBIK,
akmapaT apKbliabl genresiexkreri Jlammac Temgeyi ymim Jlupuxse ecebiminm rmmemriMin 2KybIKTal KaJIBIITACTLIPY ecebi
KapacTeIpblIrad. 2KybIKTan KajbIITaCThIPY KATETIKTEPIHIH J9J1 peTi TaObIIIFaH YKOHE »KYBIKTAIl KAJIBIIITACTBIPYIbIH COUKeC
Tuimal omeparopsl Kypbuiran. CoHbIMEH Karap (QyHKIMOHAIALIK KjIacTapAa BIKTUMAJIIBLIK, OJIIIeMIEpiH eHrisy ecebi
kapacreipelirad. Kopobos E7(0,27) »xone Huxombckuit HJ(0,27) KiaaccrapbiHa bIKTHMAJIBIK ©JIIIEMJIEP] eHrisiires.
(TN f)(c, ) omepaTopbl apKBLIbI MMM 2KyBIKTAIl KAJILINITACTLIPY €Ce6iHIH OpTala KBaJIpaTThIK, KATEJIrHIH €Ki KaKThI
Oarachl aJIbIHFaH.

Tyitinai cesgep: 6epinren GyHKIMOHAIABI KJIACTHIH aKIapaTTHIK KyaTsl, uddepeHnnalablK, TEHIEYAIH MenriMaepin
2KYBIKTAIl KAJIBIITACTBIPY, BIKTUMAJIJIBIK, OJIIIEMIHE KATHICThI OpTallla KBaIPATThIK, KaTeiK.

M.E. Bepukxanosa, K.E. Illepausazos
Kasazcrull Hayuonaabholll yrusepcumem um. arv-DPapabu, Aamamol, Kasaxcman

NudopmaTuBHasi MOLIHOCTb BCEBO3MOXKHBIX JIMHENHBIX (PYHKIMIOHAJIOB U CPEJHEKBaApaTUudecKasi
[OrPEeIHOCTD IIPU JUcCKpeTusanuu perieHnil 3agauun Jdupuxie ais ypaBuenus Jlansaca B Kpyre

Annoranusi: Sanaga [lupuxie s ypaBHenust Jlamiaca B ciiydae Kpyra OTHOCUTCS K KJIACCUYECKMM U B Pa3/IMYHBIX
aCIIeKTax COCTAaBJIsJIA MIPEIMET M3yUIeHUs B Pa3HbIX o0jacTax MareMaruku. Cpean HUX TaKie TeMbl, KaK

- «'pannunble cBoiicTBa aHAJIMTHYECKUX (DYHKLIUN», IPU U3YYEHUH KOTOPBLIX CO3JABaJIACh U OTTAYMBAJIUCH MOIIHBIE
MeTOIBI Teopuit pyHKIHUIL,

- I[Ipobnema Banaxa o cymecrBoBanuu 6a3uca st Kjacca (pyHKIUH, COCTOSIIErO U3 HEIIPEPBIBHBIX B 3aMKHYTOM KDPyTe
U aHAJINTUYECKUX BHYTPH,

- YucsieHHBIE METO/IBI, IIOCKOJIbKY JaHHas 3a/a4a Kak MaTeMaTudecKasi MOJEJIb OIUCHIBAET MHOIME PEAJIbHBIE IIPOLIECCHI.

B nannoit pabore paccMoTpeHa 3ajada JUCKPETHU3AIUMU pelneHuil 3agadn lupuxie jjs ypaBHenus Jlamiaca B Kpyre
10 KOHEYHO! 4nCjI0BOM MHMOPMAIUY, IOJYyUYeHHONR OT I'PAHMYHON (DYHKIUN B pe3ysbTare IPUMEHEHHUs BCEX BO3MOXKHBIX
JnHeiHbIX dyHKIMoHAI0B. Haii/leH onTHMaJIbHBIN IOPSIIOK IOIPENIHOCTH AUCKPETU3AIMYA U IOCTPOEH COOTBETCTBY FOIIHIA
ONTUMAJIbHBIH OIIEPATOP JUCKPETU3AIUN.

Takke paccMoTpeHa 3ajada IIOCTPOEHHs BEPOSATHOCTHBIX Mep Ha (YHKIMOHAJIBHBIX KJIACCAX. Bsezenst
BEPOSITHOCTHBIE Mepbl Ha Kiaccax Kopo6osa E7(0,27) n Huxosmsckoro HJ(0,2m).  YcTaHOBJIEHBI J[BYCTOPOHHUE
OLIEHKN CPEJHEKBAIPATUIECKON MOIPEITHOCTU JUCKPETH3AMK PelleHnus 3azadn nocpeicrsom omneparopa (Tn f)(a,0) .
KiroueBble ciosa: nHpOpMaTUBHAS MOIIHOCTH JaHHOIO KJjacca (QyHKIMOHAJOB, JUCKDETU3alysl peLIeHni
uddepeHInaIbHOrO ypaBHEHNsI, CPEJHEKBAPATHYECKasl TOTPEIIHOCTh OTHOCUTEIBHO BEPOSITHOCTHOI MEpHI.
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