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ON COMPUTATION COMPLEXITY OF HIGH-DIMENSIONAL
APPROXIMATION BY DEEP ReLU NEURAL NETWORKS

Abstract: We investigate computation complexity of deep ReLU neural networks for ap-
proximating functions in Holder-Nikol’skii spaces of mixed smoothness HZ (I?) on the unit
cube I := [0,1]¢. For any function f € HZ(I%), we explicitly construct nonadaptive and
adaptive deep ReLU neural networks having an output that approximates f with a prescribed
accuracy ¢, and prove dimension-dependent bounds for the computation complexity of this ap-
proximation, characterized by the size and depth of this deep ReLLU neural network, explicitly
in d and e. Our results show the advantage of the adaptive method of approximation by deep
ReLU neural networks over nonadaptive one.

Keywords: Deep ReLU neural network; computation complexity; high-dimensional approx-
imation; Holder-Nikol’skii space of mixed smoothness.

DOI: https://doi.org/10.32523/2616-7182/2020-133-4-8-18

1. INTRODUCTION

In recent years, deep neural networks have been successfully applied to a striking variety of
Machine Learning problems, including computer vision [14], natural language processing [25],
speech recognition and image classification [15]. In approximation theory, there has been a
number of interesting papers that address the role of depth and architecture of deep neural
networks in approximating sets of functions which have a very special regularity properties

such as analytic functions |7, 16], differentiable functions [19, 20|, oscillatory functions [12],
functions in isotropic Sobolev or Besov spaces |1, 6, 10, 13, 27], functions with dominating mixed
smoothness [17, 23| or in approximating solutions to partial differential equations [9, 18, 22], to

mention just a few. The main advantage of deep neural networks in approximation functions
is that that they can output compositions of functions cheaply and consequently improve the
convergence rate of approximation error, see [0, 7, 26]. We refer the reader to recent surveys
[12, 20] for concept and results in deep neural network approximation theory.

In the recent paper [1|, we have studied the approximation by deep ReLU neural networks,
of functions from the Holder-Zygmund space of mixed smoothness defined on the unit cube
I¢ := [0,1]? when the dimension d may be very large. The approximation error is measured
in the norm of the isotropic Sobolev space. For any function f from Holder-Zygmund space of
mixed smoothness, we explicitly construct a deep ReLLU neural network having an output that
approximates f with a prescribed accuracy e, and prove tight dimension-dependent estimates

8
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of the computation complexity of this approximation, characterized as the size and depth of this
deep ReLLU neural network, explicitly in d and €.

As a continuation of this paper the present paper investigates nonadaptive and adaptive high-
dimensional approximation by deep ReLU neural networks for functions from Hélder-Nikol’skii
spaces of mixed smoothness HZ (I?) on the unit cube I%. The approximation error is measured
in the norm of Loo(]Id) . In this context, we pay attention on the computation complexity of the
deep ReLU networks, characterized by the size and depth of this deep ReLU neural network,
explicitly in d and tolerance €. A key tool for explicit construction of approximation methods
by deep ReLU networks for functions in H (I?) is truncations of tensorized Faber series.

The space HZ (I%) of our interest is defined as follows. For univariate functions f on I :=
[0,1], the difference operator Ay is defined by

Apflz) == f(z+h) = f(z),
for all z and h > 0 such that z,x +h € 1. If u is a subset of {1,...,d}, for multivariate
functions f on I? the mixed difference operator Ap,y is defined by

Apy = H Ap,, Apg=1d,
€U
for all  and h such that =,x + h € I?. Here the univariate operator Ap, is applied to the
univariate function f by considering f as a function of variable x; with the other variables
held fixed. If 0 < a <1, we introduce the semi-norm |f|gq () for functions f € C(1%) by

e ) = sup [ 2 “IAnu(F)llcmnm
h> S
(in particular, [flga (o) = [Ifllc@a)), where (h,u) = {x € 1¢: 2;+h; € I,i € u}. The
Holder-Nikol’skii space HY (I?) of mixed smoothness a then is defined as the set of functions
f € C(1%) for which the norm

||f||Hgo(]Id) = uclﬁax

geeey

is finite. From the definition we have that H2 (I4) ¢ C(I?). Denote by C(I?) the set of all
functions f € C(I¢) vanishing on the boundary 9I¢ of I¢, i.e., the set of all functions f € C(I%)
such that f(z) =0 if 2; =0 or z; =1 for some index j € {1,...,d}. Denote by U%? the
set of all functions f in the intersection H2 (I%) := H2 (I7) N C(I) such that £l g ey < 1.
Notation. As usual, N is the natural numbers, Z is the integers, R is the real numbers and
No:={s€Z:s>0}; Ny = NoU{—1}. The letter d is reserved for the underlying dimension
of R?, N? etc. Vectorial quantities are denoted by boldface letters and x; denotes the ith
coordinate of € R?, i.e., @ := (x1,...,24). For & € R? we denote |x|; := |21| + ...+ |24]
and 2% := (2%1,...,2%) . For k,s € NZ, we denote 27%s := (27%3sy,...,27kdg5;) . Universal
constants or constants depending on parameter « are denoted by C' or C, , respectively.

2. DEEpP RELU NEURAL NETWORKS

In this section we introduce necessary definitions and elementary facts on deep ReLU neural
networks. There is a wide variety of neural network architectures and each of them is adapted
to specific tasks. We only consider feed-forward deep ReLU neural networks for which only
connections between neighboring layers are allowed.

Definition 1. Let d,L € N, L > 2, Ny = d, and Ny,...,N;, € N. Let W’ = (wf,j)7
¢=1,...,L,be N;x N;_; matrix, and b° = (bﬁ) e RVe
e A neural network ® with input dimension d and L layers is a sequence of matrix-vector
tuples
o= ((Whb'),...,( whh)).
We will use the following terminology.
— The number of layers L(®) = L is the depth of @

Bulletin of L.N. Gumilyov ENU. Mathematics. Computer science. Mechanics series, 2020, Vol. 133, Ne4
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input 15t ond 3rd 4th output
layer layer layer layer layer layer

Ficure 1 — The graph associated to a deep neural network with input dimension 3 and 5 layers.

— Ny(®) = maxy—g . {N¢} is the width of ®; N(®) = (No, N1,...,Nr) the di-
mension of P ;
12

— The real numbers w; ; and b§ are edge and node weights of @, respectively;

— The number of nonzero weights fwﬁ ; and b§ is the size of ® and denoted by W (®);

— When L(®) > 3, & is called a deep neural network, and otherwise, a shallow
neural network.

e A neural network architecture A with input dimension d and L layers is a neural

network
A= (WhLb,...,( Wwhh)),
where elements of W* and b°, £=1,...,L, arein {0,1}.

The above defined deep neural network is sometimes called standard networks to distinguish
with networks allowing for connections of neurons in non-neighboring layers. A deep neural
network can be visualized in a graph. The graph associated with a deep neural network &
defined in Definition 1 consists of L + 1 layers which are numbered from 0 to L. The ¢th
layer has Ny nodes which are numbered from 1 to Np. If wf,j # 0, then there is an edge
connecting the node j in the layer £ — 1 to the node ¢ in the layer £.

In Figure 1 we illustrate a deep neural network with input dimension 3 and 5 layers.

Definition 2. Given L € N, L > 2, and a deep neural network architecture A =
((WI,Bl), ol (WL,BL)) . We say that a neural network & = ((Wl,bl), ol (WL,bL)) has
architecture A if

e N(®)=N(A)
f7j

and £=1,...,L. Here @Z{j are entries of W' and Bf are elements of #, {=1,...,L.

e w: . =0 implies wfvj =0, 5?20 implies bf:O forall i=1,...,Np, j=1,...,Ny_1,
For a given deep neural network ® = ((Wl, bl),..., (W, bL)) , there exists a unique deep
neural network architecture A = ((Wl, El), A (WL, EL)) such that
e N(®)=N(A)
¢ W, =0 = wl;=0,b=0 ¢ b{=0forall i=1,...,No, j=1,....,No,
and /=1,...,L.
We call this architecture A the minimal architecture of ® (this definition is proper in the sense

that any architecture of ® is also an architecture of A .)

A deep neural network is associated with an activation function which calculates output at
each node. The choice of activation function depends on the problem under consideration. In this
paper we focus our attention on ReLU activation function defined by o(t) := max{¢,0},t € R.
We will use the notation o(x) := (o(21),...,0(xq)) for & € RY.
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Definition 3. A deep ReLU neural network with input dimension d and L layers is a neural
network
= ((Whb'),...,(Whbh))

in which the following computation scheme is implemented

2=z e Rd,

2hi=o(W'2 4 bY, (=1,...,L—1,

b= whelt L pl,
We call 20 the input and with an ambiguity denote ®(z) := 2” the output of ® and in some
places we identify a deep ReLLU neural network with its output.

From the above definition, a deep ReLU neural network @ is a function mapping from R¢ to
RNz | Several deep ReLU neural networks can be combined to form a larger deep ReLU neural
network whose output is a linear combination or composition of outputs of sub-networks. In the
following, we introduce parallelization and concatenation, see, e.g., [1] and [19].

Lemma 1 (Parallelization). Let N € N, Q ¢ R? be a bounded set, ANeER, j=1,...,N.
Let ®;, j=1,...,N be deep ReLU neural networks with input dimension d. Then we can
explicitly construct a deep ReLU neural network denoted by ® so that

N
(x) => Noj(w), xe
j=1

Moreover we have
L(®) = max {L(®;)} and W(®) <3N max W(®;).
Jj=L..,N j=1,..,N
The network ® s called the parallelization network of ®;, j=1,...,N.

Lemma 2 (Concatenation). Let ®1 and ®o be two ReLU neural networks such that output
layer of ®1 has the same dimension as input layer of ®o. Then, we can explicitly construct a
ReLU neural network ® such that ®(x) = ®o(®1(x)) for © € RY. Moreover we have

L(®) = L(®1) + L(®y)  and  W(D) < 2W(Py) + 2W (Py).

The network ® in this lemma is called the concatenation network of ®1 and P, .

3. TENSORIZED FABER SERIES AND INTERPOLATION SAMPLING RECOVERY

In this section we recall a decomposition of continuous functions on the unit cube I¢ by
tensorized Faber series, interpolation approximation by truncated Faber series.

Let o(x) = (1 — |z —1])+, = €I, be the hat function (the piece-wise linear B-spline with
knots at 0,1,2), where z4 := max(x,0) for x € R. For k € N_; we define the functions ¢y,
by

Sak,s(x) = @(2k+1x_28)7 kEO, s € Z(k) = {0717-~-72k_1}7 (1)
and
v_1s(x) =9 —s+1), se Z(-1):={0,1}. (2)
For a univariate function f on I, k€ N_;, and s € Z(k) we define
1 _
Mes(f) = =585 F(27%8), k>0, Aas(f) = f(s),
where

Apf(@) = flz+2h) = 2f(z +h) + f(),
for all x and h > 0 such that z,z+h €l. If m € Ny we put

Ro(f) =Y ar(f),  alf) =D MslH)hs
k=0

seZ(k)
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For k € No, we define the functions ¢, . € C(I) by
Or.s(T) = o2 e —s+1), se Zo(k):={1,..., 28 —1},
and for f € C(I) one can check
Ru(f) = Y f@"'s)dh
SEZx(m)
Hence R, (f) € C(I) interpolates f at the points 2~ s, s € Z,(m), that is,
Rn(f)(27™s) = f(27™1s), s € Z.(m).

Put Z(k) = ijlZ(kj) . For ke N%,  s€ Z(k), we introduce the tensorized Faber basis

by
Phs(®) = Physy (T1) - phy sy (Ta), @ €T (3)

We also define the linear functionals Mg s for multivariate function f on I, ke Nil, and
s € Z(k) by

d
Me,s(f) = H ;55 ()
=1

where the univariate functional Ag; s, is applied to the univariate function f by considering f
as a function of variable x; with the other variables held fixed. We have the following lemma.

Lemma 3. The tensorized Faber system {¢ns: k € NY s € Z(k)} is a basis in C(I?).
Moreover, every function f € C(]Id) can be represented by the Faber series

f="Y a) ()= Y Mes(f)ors (4)
keN? | seZ(k)

converging in the norm of C(I?) .

When d =1, the system (1), (2) and above result goes back to Faber [3]. The decomposition
(4) when d = 2 and an extension for function spaces with mixed smoothness was obtained
independently in [24, Theorem 3.10] and in [2, Section 4]. A generalization for the case d > 2
and also to B-spline interpolation and quasi-interpolation representation was established in [2, 3].

When f e U, Me,s(f) =0 if kj = —1 for some j € {1,...,d}, hence we can write
f=> a
keNd

with unconditional convergence in C(I¢), see [21, Theorem 3.13]. In this case it holds the
following estimate

Ak,s(f)] < 279270l
for ke Ng, se Z(k).
For f € C(I%), we define the operator R,, by

Ru(f)i= Y a(f) = D > MeslHers (5)

k| <m lkli<m seZ(k)

The truncated Faber series Ry, (f) € C(I%) completely determined by values of f at the points
27k=1s for (k,s) € G4m), where

G4(m) := {(k,s): |kli <m, s€ Z(k)},
Z.(k) := H;lzl Z.(kj) and 1= (1,...,1) € N®. Moreover, R,,(f) interpolates f at the points
27k=1g for (k,s) € G4m), ie.,
Ru()27Fs) = (27" s), (kys) € GY(m).
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The following lemma gives a d-dependent estimate of the approximation error by R,,(f) of
feUs?, see [5].

Lemma 4. Let d,m €N, and 0 < a < 1. Then we have

o —am (M+d o _
sup [If = R )ll o) < 27 B2 (d 1), B =@ 1)L
feug? -

For univariate functions f € C (I), let the operator Ty, k € Ny, be defined by
Ti(f) == f — Ri-1(f)

with the operator Ry defined as in (5) and the convention R_; := 0. From this defini-
tion we have Tpy is the identity operator. Notice that for f € (?géjl, it holds the inequality
Tk ()| ey < 2.

For a multivariate function f € CO'(]Id) , the tensor product operator T, k = (ki1,...,kq) €
Ng, is defined by

d
Te(f) = [[ Te, (),
j=1

where the univariate operator Ty, is applied to the univariate function f by considering f as
a function of variable x; with the other variables held fixed. The following lemma was proved
in [5].

Lemma 5. Let n,d € N, a € (0,1], and f € UL, Then f — R.(f) can be represented in
the following special form

d—1
F=Ra(f)=>_ > F, (6)

J=0 |k;l1<n
where Fr, := T, 11)er and

Fry = Tk, et (ar; (f)), G=1,...,d =1,

-----

4. DEEP RELU NETWORK APPROXIMATIONS

In this section, we construct nonadaptive and adaptive methods of approximation by deep
ReLU neural networks of functions f € U%% . Since the case d = 1 was already studied in
[1, 6, 10] for nonadaptive method and in [6, 27] for adaptive method, in this paper we focus our
attention on the case d > 2. We first recall a result of approximating tensorized Faber functions
¢k.s by deep ReLU neural networks, see [4].

Lemma 6. For every dimension d > 2, 6 € (0,1) and for the d-variate hat functions s ,
ke N¢, sec Z(k), defined as in (3), we can explicitly construct a deep neural network ®s(pps)
so that

HSOk,s - q)l;(sok,S)HLoo(Hd) < o

and
W (®5(pr,s)) < Cdlog(ds™) and  L(®s(pr.s)) < Clogdlog(ds™r).
Moreover, supp ®5(¢k,s) C supp ¢k,s -

The above result allows us to construct a deep ReLU network ®.(R,(f)) to approxi-
mate R,(f). The network ®.(R,(f)) is constructed by parallelization of the networks

{®5(k,s) } k| <n, sez(k) and has output
|k|1<n s€Z(k)

Lemma 6 and 1 allow us to control number of weights and length of ®.(R,,(f)). More precisely
we have the following.
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Lemma 7. Let de N, d>2, ne N, a€ (0,1] and € € (0,1). Then for every f € U we
can explicitly construct a deep ReLU network ®.(R,(f)) of the same architecture A. so that

1B (f) = @e(Ba() || oy < e

Moreover, we have

w (@) < ca (" 1T Y togtante ) @
and
L(®.(R,(f))) < Clogdlog(dB%™). (8)

The estimates (7) and (8) also hold for W(A;) and L(A.) respectively.

We are now in the position to formulate our nonadaptive result. Nonadaptivity means that
architecture of approximating deep ReLLU neural networks is the same for all f € Ut

Theorem 1. Let d € N, d>2, and a € (0,1]. Then there is g9 = eo(d, ) € (0,1] such that
for every e € (0,e9) we can explicitly construct a deep neural network architecture A, with the

following property. For every f € ﬁggd, we can explicitly construct a deep ReL U neural network
®.(f) having the architecture A. such that

1f = @(NllLpqey Se

Moreover, we have

Kf
(d— 1)

=41
W(A:) < Cad( ) ea log(25*1)(d*1)(i+1)+1 (9)

and
L(A.) < Clogdlog(2e™1),
where K = BY(@tD4a~1 with B given in Lemma 4 and C, depends only on « .

Let us explain the idea of proving this theorem. Our technique is first to approximate f by
its truncation of Faber series R, (f) and then approximate R,(f) by a deep ReLU network.
With ¢’ =¢/2 in Lemma 7 and ®.(f) = ®(R,(f)) we have

1f = @Ol oqey < N = BalHll Lo @ay + 1R — Per (Rn ()l £ ey
n -+ d> €

d—1 2

< 2—04Bd2—om < 5

Then we choose n such that 2-*Bd42-on (Zfi{) < 5. With this choice of n, Lemma 7 gives
estimates for number of weighs and length of ®.(f).

To complete the proof, we notice that ®.(f) has the architecture A, which is defined as the
minimal architecture of the deep ReLU neural network ®. obtained by parallelization of the

networks {®5(k,s) } k), <n,sez(k) With the output

o(w)= > > Bslprs)(x), mel

|k|1<n s€Z(k)

The advantage of the above method is that the deep ReLLU neural networks are easily con-
structed and they have the same architecture for all functions in US? . Since it uses R, (f) as
a mediate approximation, a disadvantage is that with the same accuracy the computation com-
plexity of deep ReLLU networks is not better than that when approximating functions in U
by linear methods. To overcome this disadvantage we develop a technique used in [27] and [0]
for the univariate case. This method reduces the computation complexity of the approximating
deep ReLLU networks comparing with that of the nonadaptive method given in Theorem 1. Our
results on adaptive methods are read as follows.
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Theorem 2. Let d € N, d > 2, a € (0,1]. Then there is €9 = eo(d, ) € (0,1/2] such that
for every € € (0,e9) and for every f € Ugo’d we can explicitly construct an adaptive deep ReLU
neural network ®.(f) so that

1f = @c(f)l ey < e

Moreover, we have

Kd O\ at? 1y
W(®(f)) < Cad2< " _21)'> e~ (log(2e™") log log(2e 1)) )@= (10)
and (a41)(d—-1)
d—1—a a —
L(®.(f)) < Che i (log(2e 1)) T~ (loglog(2e 1)) dn
where

K> = 4(2°73B) 572 (o log(2a~1)) /2
and positive constants Cy, C!, depend on « only.
Comparing (9) and (10) we find the later estimation improves log(2e~!). Notice that terms
in (9) and (10) which depend on dimension d only decay as fast as super exponential in d.
We sketch a plan of proof of this theorem. Let f € U%® and e € (0,g0) (with some
go € (0,1)) be given. Using the writing
f= Bu(f) + (f = Bu(/)),

we explicitly construct deep ReLU neural networks @, /(R (f)) and @, ,5(f — R, (f)) to ap-
proximate the terms R, (f) and f — R,(f) with accuracy ¢/2. We then construct a deep
ReLU neural network ®.(f) as a parallelization of ®_/5(R,(f)) and ®./5(f — R,,(f)) with an
output

D.(f)(@) = Depp(Ra(f))(®) + Pcpa(f — Ru(f)) ().
Then we have

1f = ()l L ey < e

For construction of the network ®_/5(R,(f)) we use Lemma 7. To construct a desired deep
ReLU neural network ®_/5(f — Rn(f)) our strategy is to employ the special representation in
Lemma 5. Using parallelization and concatenation of deep ReLLU neural networks in Lemma
1 and 2 we explicitly construct deep Rel.U neural networks CI’E/(ij) to approximate each
term Fj. with accuracy €’ in the sum in (6). The network ®_,(f — R, (f)) is defined as a
parallelization of ®./(Fg;), |kj[1 <n, j=0,...,d—1 with the output

d—1
(I)E/Q(f - Rn(f))(x) = Z Z (I)s/ (Fk])(w)

=0 |kj|1<n
In the next step we chose ¢ depending on & such that
H (f - Rn(f)) - q>5/2 (f - Rn(f)) HLOO(]Id) < 5/2'
Finally, the size and depth of ®.(f) are estimated explicitly in d and e from the estimation
of sizes and depths of ®_/5(Ry(f)) and @/ (Fg;).
5. AN APPLICATION TO NUMERICAL SOLVING PDESs

In this section, we apply the results on approximation by deep ReLU neural networks in
Section 4 for numerical approximation of the solution to elliptic PDEs.
Consider a modeled diffusion elliptic equation

—div(a(x)Vu(z)) = f(x) in 1% ulga = 0,

with a function f and a diffusion coeflicient a having sufficient regularity. Denote by V :=
HY(19) = W}(I9) the energy space. If a satisfies the ellipticity assumption

d
O<amin§a(m)§amax<oov z el
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by the well-known Lax-Milgram lemma, there exists a unique solution u € V which satisfies
the variational equation

/Hd a(x)Vu(z) - Vu(z)dzx = y fl@v(x)de YveV.

We want to approximate the solution u by deep ReLU neural networks. The approximation
error is measured in the norm of L., (I¢). Assume for the modeled case that a and f have
Holder-Nikol’skii mixed smoothness 1, i.e., a,f € H;O(Hd). Then, the solution w has at
least mixed derivatives 9%u with « € Ng, max;—i, 4a; < 1, belonging to Ly(1%) [11], and
therefore, by embedding for function spaces of mixed smoothness, see |21, Theorem 2.4.1|, u
belongs to ﬁ;f(]ld) . For simplicity we assume that u € 00142 .

For the nonadaptive approximation, according to Theorem 1, for any & > 0 sufficient small
one can explicitly construct a deep neural network architecture A. independent of f and a,
and a deep ReLU neural network ®.(u) having the architecture A. such that

[ = @ (u)l L ey <&,

d

3
W(A:) < C’d<(dK11)'> e~ 2 log(2e~1)3d— 1+

and
L(A.) < Clogdlog(2e™),
where K := 8(v/2 +1)%/2.
For the adaptive approximation, according to Theorem 2, for any ¢ > 0 sufficient small one
can explicitly construct an adaptive deep ReLU neural network ®.(u) so that

lu = @e(u)| Lo @) <&
3(d—1)

d 6

W (P (u)) < Cd? ((d[521)'> 6_2(log(25_1) log log(2s_1)) ,
and

3(d—1)

(loglog(2e™ 1))@,

L(®.(u)) < C"E_%(log(Zs_l))%d_3
where Ky := 16((2 + v/2))'/3.
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. 3yur !, B. K. Hryea 2, M. C. Tao 3

L Bvemmam yammous yrusepcumemi, AKnapammaots mernoioeuaiap unemumymaot, Xanot, Bvemmam
2 Konik otcone KOMMYHRUKGUUA yHusepcumems, Ipzeni eviavmdap daxyavmemi, Xanot, Bvemmnam
3 Xowe Jyx ynusepcumemi, XKapamotrvicmany evtavmoaps, garyavmemi, Tranvroa, Boemmam

ReLU Tepen HelPOHABIK >KeJlijiepi 6oMbIHIIA KONl eJiHieM/i >KYbIKTayIblH, €CelNTey KypJAeJijiri TypaJsbl

Amnsortanusi: Makanaga [¢ := [0, 1]d 6ipJsiik KyObIHIa apaJac Tericrikti HS (]Id) Tomnbaep-Hukosbekuit KeHicriringeri
dyukuusiapapl kybikray yiria ReLU TepeH HelpoHABIK >KeJiijiepiHiH ecenTey Kypjesurri 3eprrenred. Ke3 kesrex
f e HY (Hd) dyurumAcs yurin f -Ti 6eplireH € mIKIEH YKYBIKTAWTHIH IILIFBIC CUTHAJIBI 6ap aJalTUBTI eMeC YKoHe
amantuBTi ReLU Tepen HeiipoHapIK »keisisepi Kypbuiabl »koHe ocbl ReLU Tepen HeMpOHIBIK KejiciHiH esimeMi MeH
TEPEHIr apKblIbl CHUIIATTAJATHIH XKYBIKTayJAbIH €eCcenTey KypAesiiiriniy 6aransaynapbl d »KoHe € IaMaJjapblHAH TOYeJsI/Ii
OOoJIaTBIHABIFBL JpJesaeHeni. 3eprrey HoTmxKesnepi ReLLU TepeH HEHpPOHIBIK >KejijiepiMeH >KYBIKTay/IbIH aJalTUBTI 9/1ici
aJAIITUBTI eMecC d/IiCKe KaparaH/a apTbIKIIbLIBIFBIH KOPCETTI.

Tyiiin cesgep: ReLU repen HeifpoHIBIK »KeJlici; ecenTeyaiH KypAeisiri; Kem esmeMIl KybIKTay; apajiac TeriCTiKTi
T'énbnep-Hukonbckuit Keyicriri.

. 3yur !, B. K. Hryea 2, M. C. Tao 3

L Unemumym undopmaruormvir mexnoaoeutd, Boemnamcruti nayuonasvhoili yrusepcumem, Xanot, Bvemmam
2 Daxyavmem GyHOGMENMANLHOLT HAYK YHUSEPCUMEMA MPAHCNOPMA U KoMMynukayud Xanot, Bvemmam
3 Daxyavmem ecmecmeennvr nayx Yrnusepcumema Xowe ok, Tranvroa, Bvemmam

O CJI0KHOCTH BBIYNCJIEHUN MHOTOMEPHOI anmpokcuManuu riyGokumu HelipouubiMu cetsimu ReLU

AnHoTanusi: B crarbe wucciemyercs BBIYUCIUTENbHAs CJIOXKHOCTH IIybokux Heiponubix cereit ReLU mma
annpokcuMaruu GyHKIuil B npoctpancTax [€npaepa-Hukoabckoro co cMerranuoii riaakocteo HE (]Id) Ha €JUHUIHOM
ky6e I := [0, l]d . Hus mo6oit dynkmun f € HE (]Id) , CTPOSATCs HeaJAlITUBHbIE U aJIallTUBHBIE IVIyOOKHE HEUPOHHBIE
ceru ReLU, umeronue BbIXOJHBIE CUTHAJIBI, TpUOIUKaomme f ¢ 3aJaHHOW TOYHOCTBIO € , U JOKa3bIBAETCsl, YTO OIEHKU
BBIYNCJIUTEILHON CJIOXKHOCTHU NPUOJINXKEHNSI, XapaKTePU3YIOIUecs pa3MepoM U IVIyOMHOMN 3Toi ri1yboKoil HEpOHHOI ceTn
ReLU, saBucsar or d u &. Pe3yabrarbl MOKa3bIBAIOT IIPEUMYINECTBO AJAITHBHONO METOAA ANIMPOKCUMAIUNA TIyOOKUMHI
"efipouabimu ceraMu ReLU Haj Hea anTUBHBIM METOIOM.

KuaroueBsbie cioBa: [my6okasi meiiponnasi cerb ReLU; Bblumc/mTe/bHAsT CJIOXKHOCTH; MHOIMOMEDHOE IIPUOIUKEHUE;
ITpocrpancrBo ['énbuepa-HukoabcKoro cMermanHom riiaKoCTH.
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ON h-HOLOMORPHY AND h-ANALYTICITY OF FUNCTIONS OF
AN h-COMPLEX VARIABLE

Abstract: Interest in the study of the properties of functions defined on the set of h-complex
numbers arose again in connection with existing applications in geometry and mechanics. In this
paper, we present necessary and sufficient conditions for h-differentiability and h-holomorphy
of functions of an h-complex variable, the theorem on finite increments is proved, sufficient
conditions for h-analyticity are found, a uniqueness theorem for h-analytic functions is proved.
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Introduction

Let Cj, be the set of all h-complex numbers [1-6], i.e. the set of ordered pairs of real numbers,
on which the addition and multiplication operations are given according to the rules:

Vz1 = (a;0), 22 = (¢;d) € Cy,
1. 21+22=(a+cb+d);
2. 2129 = (ac+ bd;ad + be) .

The real unit is identified by the h-complex number (1;0). A hyperbolic unit is the h-complex
number j = (0;1). Then any number from C;, can be represented in algebraic form:

z = (a;b) = (a;0) 4+ (0;0) =a-(1;0)+b-(0;1) =a+ jb=Re z+ j Hyp z,
where a = Re z is the real part of z, b= Hyp z is the hyperbolic part of z.

As shown in [7,8], the set of h-complex numbers Cj, is a zero-divisor ring. Zero-divisors are
numbers of the form a+aj. Special mention should be the case when a = % , then zero divisors
have the following properties:

o1\ 1

(a) VneN: <T> =3,

(b) the numbers % form a basis in Cj , i.e. any h-complex number a+bj can be uniquely

represented as:
. 1+ 1—3j
a—l—]bz(@%—b)%%—(a—b)Tj.

The norm of the element z = a + jb in the ring Cj, is defined as: ||z|| = |a| + |b|, and the
modulus of a h-complex number is |z] = va? + b? as usual.
Let us present the properties of the norm:

L Iz =0 & z2=0;

2. 2] = Va2 + b2 <la| + [b] = ||2]| £ V2Va? +b% = V2|z[;
3. VaeR: [laz|| = |af - ||z[];
4. V21,20 €Cpt [lz1 - 22| < [l - |22l 5
5. 2" =|=]", VYneN;
1 1
6. mp <12

On the set Cp, , the topology is introduced using the above norm.
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h-complex argument functions
Let D be a domain in C, and f: D — Cy,.
Definition 1. The function f is called h-differentiable at the point z € D if there exists a
number k € Cj, such that
f(z+h)—f(z) =kh+a(h)-h, (1)
where h € D is not a divisor of zero, and z + h € D, moreover, ]llii%a (h) = 0, k does not

depend on h.

Definition 2. The derivative of a function f of an h-complex argument z € D is called

f/(z)_}llii%f(z"i_h}z_f(z)’

where h € Cj is not a zero divisor. The limit is taken according to the norm from Cj, .

The derivative of the sum, difference, product, quotient of division, and composition of func-
tions is calculated using the same formulas as in classical analysis .

Theorem 1. The function [ is h-differentiable at the point z € D if and only if there exists
) L EEN =G

h—0 h

The proof is carried out in the same way as in the case of an analytic function of a complex
variable in this case f’(z) =k from (1).
Any h-complex function f(z) = f (x4 jy) is representable in algebraic form:

f(z) =u(z,y)+jv(z,y).

Theorem 2. Let f(z) = u(x,y) + jv(x,y) be defined in a neighborhood of the point
z =+ jy, functions u(x,y), v(x,y) are differentiable at the point (x,y). Then two state-
ments are equivalent:

1) function f(z) h-differentiable at the point z ;
2) the following equalities are true:

ou_ov ou_ov
or Oy’ OJy Oz
Proof. Let usshow that the 2) follows from the 1). Let be h = s+ jt and
) - CEN =T ),

h—0 h

We put t=0:
' (2) = lim ~
s—0

Let be s =0 then:

L. v(x+sy)—v(xz,y) Ou  Ov
1 = — —.
—1—]81_1% s oz 7oz

(I‘+S,y) _u(x7y)

t) — t) —
t—+0 jt t—0 jt oy Oy

We have:
ou Ov Ov . Ou

9z oz "oy oy
consequently equalities (2) are true.
Now we show that 2) implies 1). Let the equality (2) be true then

fl+h)—f)=u@+sy+t)—ulz,y+iv@+sy+t)—v(zy)=
- (u;s+u;t+a(h) h)—l—j (u;s+v;t+,8(h) h) =1l (s + jt)+ju. (s + j)+(a (h) + j8 (b)) h =
= (wp + vy ) b+ (B) b,
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where v (h) = a(h)+jB(h), ’1112% v (h) = 0. Consequently function f(z) h-differentiable
and
F'(2) = g + jop = v, + juy,.

The theorem is proved.

Remark 1. The equalities (2) are analogous to the Cauchy-Riemann conditions.

General form of h-holomorphic functions

Let the function f be h-differentiable in domain D .
Definition 3. The function f(z) = u(z,y) + jv(z,y) is called h-holomorphic at the point
20 = xo + jyo € D if the functions u and v have continuous second partial derivatives, and
the conditions (2) are true.

Theorem 3. The function [ is h-holomorphic at the point z € D if and only if

FE@ = f @ty g i ). )

Proof. Consider the function f(z) = u(z,y) + jv(x,y). Let the condition (2) is true
then the functions u and v satisfy the equations

0? 0? 0? 0?
gu_gu_y, gv_9v _y (4)
ox?  Oy? ox?  Oy?
Let £ =3 (x+y), n=73(z—y) and then
8—:; = %anra—Zyn:umfuy.
Mixed derivatives of functions u and v equal to zero
0? 0?
uo 0 Uy
90n onog
Thus, the equations (4) are equivalent to the following:
0%u 0%u
(5)

aeon ~ onoe "

Similarly, we obtain equations for the function v :

0*v 0%
€D ondE (6)
Let’s find a general solution (5) and (6):
ue = 11" (€)
wlen) =1 ©ds =€+ 90 =i (32 ) + 0 (5 ) = S lnla b ) 40 o).

(
v =10 ©d =30 +7n=2("3) +7 (1Y) =3+ +re-v).

From equations

Uy = Uy, v, = U
follows
{ %{u’(w+y)+¢’(fc—y)}=§{¢’(w+y)—V’(w—y)},
i (@+y) ¢ (@ -yt =5{d (@+y) +V (z-y)}
Consequently

{u’(x+y)=¢’(:v+y)7 {M($+y)=¢(x+y)+a,
Y (z—y)=v(z-y)), Y(@—y)=v(z—y) +p,
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We have:

{ [ (@)= [f(z+jy) =ulzy)+jv(zy), { f(z) =u(z,0)+ jv(z,0),
f(Z):f(CU‘i‘jy) :u(x,y)—jv(x,y), f($ :U(.CU,O)—jU(.’I,',O)
Therefore,
{U(x,0)=§{f($)+f(fv)}7 {u(x,o):%{¢(x)+¢(x)+a}7
v(z,0)=5{f(z) - f(2)}, v(z,0) = 3{¢(z) =4 () + B},

which means

then
6 (@) =3 (f@)+F @) +4(F@) - T @) - ($2).
b(a) =3 (7 @) +T @)~ 4 (@)~ T @) — ().
O (x) = B f () + 45T (@) — (*57) |
b (e) = (0) + T (@) - (%57

From this we find that

F) = uey) o (@9) = 5 9@ +9) + 0@ —y) +ak+ L {0 +y) — b (e ) + 5} =

e T e - () e B e L T -0 - (S50 )+

I e+ e - () - S a0 - L -0+ (450) + ) -
=y Tt s )+ g ) -
AT e - ey = @y + S ),

Thus, the equality (3) is true.
Conversely, let (3)be true then for the function f(z) =u(x,y)+ jv(z,y), we put y =0:
and then
{ fle+y) =u(e+y,0)+jv(z+y0),
Using the equality (3) we represent the function f(z) as:
1+ 1—j

F) =57 @ +9.0)+ v (@+9,0 + 7 fule - 9,0) +jo (e —.0)] =
= [+ 5,0 40 (@ +9,0) + (e~ 3,0) — v — y,0)] +
2 fu(x+9.0)+v (@ +9,0) —u e —y,0) +v(w—y,0)] = uz.y) +jo(.y).

Due to the fact that
ou  Ov % ov

or 9y’ 9dy Oz’

we get the proved theorem.
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Theorem 4. The function f is h-holomorphic in D C Cy, with piecewise smooth boundary 9D
and is continuous in closure D = DU 9D . Then

[ f(z)dz=0.
oD
Proof
| f(2)dz= [ [u(z,y)+jv(z,y)](de+jdy) = [ u(x,y)detv(z,y)dy+s [ u(z,y)dy+o (z,y) de.
oD oD oD oD

Using Green’s formula we obtain

ov  Ou ou  Ov
z)dz = — — — | dzd — — — | dady = 0.
’ H< y) ”ﬂg(am 0@/) =0
The theorem is proved.

Further, we need the following theorem of real analysis, which can be deduced from the second
theorem “on finite increments” [9].

Theorem 5 (on finite increments for mappings from R? into R?). Let F : D Cc R? — R?
be h-differentiable at the point (a,b) € D . Then

|F(a+s, b+t)— F(a,b)| < max |F'(a+¢&s, b—|—§t)[ ]‘ (7)
¢€fo,1] t
Proof. Weintroduce an auxiliary function
g(r)=F(a+T1s, b+ Tt), T €[0,1].

We have:

g:[0,1]] = R%  g(0)=F(a, b), g(1)=F(a+s, b+1),

g =F (a+7s, b+t [ i ]

We put

G(r)= (g9 ) ]g(1)—g(0)),
G:[0,]] >R, G'(r)= (' (t)]g(1)—g(0)).
Hence, by Lagrange’s theorem, it follows that
G(1)-G0)=G" (&) -1, where £€[0,1].
Using Cauchy’s inequality for the scalar product we obtain
G(1)-G(0)=(g(1 )!g( )—9(0)> —< ( l9(1) =g (0)) =(9(1) =g (0)]g (1) —g(0)) =
=g (1) =(d'(¢ —9(0)) <(|g"©)] 9(1) = g(0)).

Consequently

1 < .
l9(1) = g(0)] < max | (€)]

This inequality is equivalent to the following

|F(a+s, b+t)—F(a,b)| ggm[ax}
€

)

F'(a+&s,b+ &) { j ] '
The theorem is proved.

Remark 2. We represent the function F'(x,y) in vector form F (z,y) = [ Z(i’zg ] then

Fan=[ ) v |

Now from the inequality (7) and the Cauchy-Bunyakovsky inequality we obtain
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Flass o —Fen=| ST H:i[ﬁmmi
8

< max \/{u;s + u;t}z + {v,s+ v;t}2§ max\/{|u;]2 + u;|2 + vl ® + v, 2} {s2 +t2},
¢ef0,1] £€[0,1]
where all partial derivatives are calculated at the point (a + &s,b+ &t) .
Let f(z) = u(x,y) + jv(x,y) is h-holomorphic function, then u}, = vy, wuy, = v; . Conse-

quently

f(2) = uly + jul, = uly + juy, = vy, + jul, = vy + juy,

|F1 ()] = I, + [0 P < |ul| + [y | = |1 (2)]],
If (z+h) = F(2)]| = |Au+ jAv| = [Au| + |Av| < V2 -/ |Au® +|Av)?,

where |h| = |s+ jt| = V2 + 12 < |s|+ |t| = ||h] -

Theorem 6 (on finite increments for an h-holomorphic function). Let the function f
be h-holomorphic in the domain D C Cj, . Then

If (z+h) = f )l < 2 max [Fcelimizal

Proof Due to the inequality (7), we have

15 +1) — £ < VE- il + |aePs maxy 2 { s +
€€[0,1]

, /
§2C£8ﬁh]\f ()] 1Al SQCE{Qiﬁh]Hf O] 11nI-

u 2} {s2+ 12} <

The theorem is proved.

h-analyticity of h-holomorphic functions

Definition 4. A function f is called h-analytic at a point zg € D if there exists a neighborhood
of this point, where f expands into a convergent power series

F(2)=> crlz—2)". (9)
k=0

The definition implies that the function f is infinitely h-differentiable in some neighborhood
k
of the point zp and the series (9) is the Taylor series of the function f,1i. e. ¢ = % The
convergence domain of the series (9) is an open h-circle

G={llz~all<r}, r=+

lim
k— o0

ﬁr
Q
>

Theorem 7. Let the function f : D — Cj be infinitely many times h-differentiable in the
domain D C Cy,

‘f(”) (Z)H < MeAR™  WneN, Vze{|lz— x| <R} c D, (10)

M, A, m are some positive constants. Then f expands into a Taylor series
F®) (20) k
f(z):ZT(z—zo) ,  20€D,
k=0

uniformly convergent in the circle ||z — zo|| < R.
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Proof. Werepresent f(z) as
f (Z) = Tn(za ZO) + 7T (Z) )
X k)
where T),(z,20) = Y, %(z — 20)%, 7, (2) is remainder term. Let’s compose an auxiliary
k=0

function

n.rk)
F)= @) Tzt =) -3 0 o
k=0

For it we have F'(z) =0, F (z0) = ry (). Differentiate F' (¢) by variable ¢

(n+1)
roy S n
F(t)——T(z—t) .
Due to the Theorem 6 and condition (10), we obtain
F F 2 F' 2 " (1)

n = — < Jzo — 2|l < —)"|-llz0 — 2|| <

I () = I1F o) = F ) <2 (1P (@)1 z0 = 21 < 2_max | 220 6ty - 2 <
1 2 m
<2 sup | FOFD Q|| 07 - 0 - 2l < S MeART R — 0
C€lz, z+h]n' n! n—00

provided ||z —t|| < R and |z — 2| < R. From here we deduce
o f (20)
re =y
k=0

where the series converges uniformly in the circle ||z — zp|| < R. The theorem is proved.
Corollary 1. The remainder term of the Taylor formula in the Peano form is
ra(2) = o(llz = 20[")-

Definition 5. Function f is h-analytic in the domain D € Cj if it is h-analytic at all points
of this domain.
Let f be h-analytic at the point zy therefore in a neighborhood of the point zy we have

f(z)=c(z— zo)k + cpr1 (2 — zo)kJrl +..., (11)
where ¢, #0, k> 0.

Definition 6. Point z is called a zero of order k function f ifin (11) k> 1.

From (11) implies the representation

f2)=(=2)" (),
where ¢ (z) = ¢ + cg+1 (2 — 20) + ..., ¢ (z) is h-analytic in a neighborhood of the point zp,
¢ (20) = ¢ # 0. Due to the continuity of the function ¢ (z), there exists a neighborhood U (z) :
©(2)#0 Vz €U (z). This implies the following theorem.

Theorem 8. If f is expandable in a neighborhood of the point zy in a series (11), where k> 1,
and ¢ 1s not a zero divisor, then there is a neighborhood of the point zy in which f has no
other zeros, besides zg .

Theorem 9 (uniqueness theorem for h-analytic functions). Let f1 and fo are h-analytic
in the domain D C Cy, fi(2) = fa(2) Yz € E C D, where E has a limit point in D and
does not contain zero divisors. Then fi(z) = fa(z) everywhere in D .

Proof. We denote
f(2)= f1(2) = f2(2).
Let ( € D be the limit point of the set E. Let’s choose the sequence (; € F : klgrgock = (.
Due to continuity,
f(€) = lim f(¢) = 0.
k—o0
Bulletin of L.N. Gumilyov ENU. Mathematics. Computer science. Mechanics series, 2020, Vol. 133, Ned

25



ON h-HOLOMORPHY AND h-ANALYTICITY OF FUNCTIONS OF ...

Theorem 8 implies that f (z) =0 in some neighborhood of the point . Let M C D be the set
of zeros of the function f, ]\04 its interior. From the above it follows that ]\04 #0. If ]\04 =D,
then the theorem is proved. If Af gD, then there is a boundary point d of the set A/, which

(¢]
is an interior point of the set D . Then there exists a sequence d,, € M : lim d,, = d. Due to
n—oo

continuity,
f(d) = limd, =0.
n—o0
On the other hand, f (z) is not identically equal to zero in any neighborhood of the point d,

[0}
since d is not an interior point, but a boundary point of the set Af. Theorem 8 implies that in
some neighborhood of the point d there are no other zeros of the function f, except d. This

o
contradicts the fact that d is a boundary point of the set A . From this we conclude that
M = D . The theorem is proved.
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h-KOMILJIEKC alHbIMaJIbl (byHKIJ,PIS[J'IapJIbIH h-FOJ’IOMOp(bTbIJ'IbIFbI >KoHe h-aHaAJIMTUKAJIBIFbI

Annorarusi:  CoHFBI Ke3JepJle TeOMEeTpUsl MeH MeXaHMKaJarbl KOJJAHbICTapblHa OailIaHbICTBI  h-KOMILJIEKC
caH/ap YKUBIHBIHJA AHBIKTAJIFaH (OYHKIMSIAP/IbIH, KACUETTEPIH 3epTTey KYMBICTAPBIHA KbLI3BIFYIILLIBIK apTa 0acTabl.
¥YchIHBUIFAH Makajajga h -KOMILUIEKC alHBIMAJbI (DYHKIUSHBIE h - nuddepeHnuaiganybl )KoHe h -rosjoMopdTimr yiria
Ka’KeTTi JKOHEe 2KETKIMKTI Imaprrap KeJTipiareH; akbIpjbl eciMImesep Typajbl TeopeMa I2JIJACH[l; (DYHKIUAHLIH h-
AHAJIMTUKAJIBIK, OOJIYBIHBIH *KETKUTIKTI mapTTapsl TabbLIAbl; h-aHAJIUTHKAIBIK, (DYyHKIUIAD YIIIH YKAJIFBI3IbIK TE€OPEMAaCh
JTIOJTEJICH T .

Tyiin cesaep: h-muddepenmmangany, h-roroMopdTHUIBIK, h-aHAJIUTUKAJIBIK, h-KOMILIEKC CaHIap CAaKMHACHI, HOJIIIH
Geurrimnrepi, QyHKIIUAHBIH HOJIAEPI.
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O6 h-roaomopdHOocTr 1 h-aHanuTuYHOCTU (PYHKIUN h-KOMIJIEKCHOrO II€PEMEHHOr0

Ansotanus: B mnocienHee BpeMsi B CBSI3M C MMEMOLMMUCS IIPUJIOKEHUSIMA B T€OMETPHM U MEXaHUKE BO3POC
WHTEPEC K HCCIEIOBAHUIM CBOUCTB (PyHKIUH, 3aJ@HHBIX HA MHOYXKECTBE h-KOMIUIEKCHBIX YHMCEJ. B IpejcTaBieHHON
cTaTbe NPUBOIATCA HEOOXOAUMbIE U JOCTATOYHbIE ycjoBusi h-nuddepernupyemoctu u  h-rosomopdHOCTH DYHKIUH
h-KOMILIEKCHOT'O TIEPEMEHHOrO; JIOKA3aHA TeOpeMa O KOHEYHBIX MNPUPAIIECHUSX; HANWJIEHBI JIOCTATOYHBIE yCJIOBUS h-
AHAJIUTHYIHOCTH; JTOKA3aHA TEOPEMa €IMHCTBEHHOCTH sl h-aHAJIUTHIECKUX (DyHKIUA.

KuaroueBsbie cioBa: h-guddeperiupyeMocTs, h-ro1oMopdHOCTD, h-aHAJIUTUIHOCTH, KOIBIO A-KOMIIJIEKCHBIX YHCEJT,
Hemurenu nyns, Hynun dyakiuun.
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MOAEJIb INMHAMMWKN TOHHEJIA N ITOA3EMHOI'O TPYBOIIPOBO/IA
MEJIKOT' O 3AJIOZKEHU A 110 BO3AENCTBVNEM TPAHCIIOPTHBIX
HATPY30K

Awnnoranusi: Paspaborana maremarndeckasi MOJIEIb BO3AEHCTBAST TPAHCIIOPTHBIX HAIPY30K
Ha TOJAKPEIJIEHHBII MHOTOCJONHONW O00JedKOil TOHHEJIb W IOA3€MHBIM  MHOTOCIONHBIM
TpyOOIIPOBOM, MPU WX MEJKOM 3aJI02KCHUH. B kadecTtBe pacueTHOl CXeMBbl JIAHHBIX
ITO3EMHBIX COOPY2KEHUI PACCMATPUBAETCS YIIPyTas IUJINHIPUIECKas MHOTOCIOHAS 000/I0UKa,
PACIIOJIOXKEHHAsT B YIPYIOM MHOJIyIpocTpancTBe (Maccuse). llepemernenue cioeB 060JI0UKI
U YOPYyroro IOJIYIPOCTPAHCTBA OIMCHIBAETCS ypaBHeHusiMu JlamMe B TOABMXKHON cucTeMe
KOOPUHAT. [Toryueno aHAJIUTUYECKOE peEIleHHe 3aJadu OIpeJesieHns] KOMIIOHEHTOB
HAIPSKEHHO-1eDOPMUPOBAHHOIO  COCTOSTHUST MACCHBa MW ODOJIOUKH MPHU  TPOU3BOJILHBIX
CKOPOCTAX HArpy3Kd B JIO3BYKOBOM Cjlydae, KOTJla TpaHCHOPTHAasd Harpy3ka JIBUXKETCA
CO CKOPOCTBIO, MEHBIIIEl CKOPOCTE PpacIpOCTPAaHEHUs IIPOJOJbHBIX U IIOIIEPEYHbIX BOJIH
B MaccuBe u 000JOYKe. IIpesncrapienbl  pe3yJibTaThl KOMITBIOTEPHBIX SKCIIEPUMEHTOB,
KOTOPBIE HJLIIOCTPUPYIOT HAIIPAXKEHHO-AePOPMUPOBAHHOE COCTOsIHAE TPYOOIpPOBOLa U 3eMHOI
IHOBEPXHOCTHU IIPU JIEUCTBUUA OCECUMMETPUYHON TPAHCIOPTHON HAIDY3KH.

KuaroueBbie ciioBa: ynpyroe IOJIyIPOCTPAHCTBO, MO3BYKOBasi TPAHCIOPTHAs HArPy3Ka,
MHOTOCJIOWHAST IIUJIMHIPUIECKas 000JI09Ka, HAITPIAXKEHHO-Ie(POPMIPOBAHHOE COCTOSIHIE

DOLI: https://doi.org/10.32523/2616-7182/2020-133-4-28-39

BBE/JEHUE

DKcIlepUMeHTaIbHBIE HCCAEIOBAHUST TOKA3bIBAIOT, UTO IpPU AeWCTBUU Ha IMPOTIXKEHHBIE
TPAHCIOPTHBIE IIOJ3eMHbIE COODYXKEHUS B BHUJIE TOHHEJEH U TPyOOIPOBOIOB TPAHCIOPTHBIX
HArpy30K (HATPY30K OT JIBHXKYIIErOCsi B TOHHEJE TPAHCIOPTA WM TPAHCIOPTUPYEMBIX IO
TpyOOIIPOBOy OODBEKTOB) BO3HHKAIOT BHOpAIMU, KaK B CAMUX COODY?KEHHSIX, TaK U B
OKpyZKalollleM H’X IIOPOJHOM MAacCCHuBe. [Tpesoinienne ypoBHAMU BUOpAIUil [AOMYCTUMBIX
HOPM MOKET IIPUBECTU K II0TE€pE HECyIIel CIIOCOOHOCTH KOHCTPYKIMII COOPYKEHUNl M UX
HEIPUTOAHOCTH JIJId HOPMAJIbHON 3KCIIyaTalliW, & IIPU UX MEJIKOM 3aJIOKeHMU — K TeM 2Ke
ITOCJIEJICTBUSIM JIJIsl PACIIOJIOXKEHHBIX BOJIM3M Ha3eMHBIX coopyxkeHuit. CieyeT 3aMeTHTh,
YTO IKCIIEPUMEHTAJbHBIE METO/bl HMCCJIEJIOBAaHUST BUOPAIIMOHHBIX ITPOIECCOB, BO3HUKAIOIIUIX B
JAHHBIX COOPYKEHUSIX BCJIEJICTBUE JEWCTBUsT TPAHCIOPTHBIX HATPY30K, TPEOYIOT 3HAUUTEILHBIX
MaTepHUaJIbHBIX 3aTPaT, & B HEKOTOPBIX CIydadx UX IIPOBEACHUE HE IPEACTABIIACTCA BOZMOXKHBIM.
B cBs3u ¢ atuMm HEoOX0AMMBI 3 HEKTUBHBIE METOIBI UX JUHAMUYIECKUX PaCIEéTOB, OCHOBAHHBIE
Ha MATEMAaTU4YECKHUX MOJENdAX C MCIIOJb30BAHUEM COBPEMEHHBIX IIPEJICTaBJICHUN MeXaHUKMU.
B xauecTBe OCHOBHBIX MOJIEIBHBIX 3ajiad, WCIOJb3yeMbIX I WCCIeJOBaAHUN JTUHAMUKU
TPAHCIOPTHBIX IOJ3€MHBIX COOPY>KEHUI 110, BO3JEHCTBHEM TPAHCIOPTHONW HAIPY3KH, OOBIYHO
paccMaTpuBalOTCd 3aJla4d O JICWCTBUM Ha PACIIOJOXKEHHYIO B YIPYIOM IIPOCTPAHCTBE WA
[TOJIyIPOCTPAHCTBE KPYTOBYIO MMINHIPUIECKYIO 000JIOUKY HArPy3KU, PABHOMEPHO JIBUKY IIEHCST
10 BHYTPEHHEIl HOBEpPXHOCTH 00OO0JIOYKH BIOJb €€ obpasyrorieil. I[lepBas 3amgada mMomenupyer
JTUHAMIYIECKOE MTOBEIEHNE COOPY>KEHUs TVIyOOKOIr0 3a/I03KEHMUsI, BTOPasi — MEJIKOI'O 3aJI0KEHUSI.
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3aga4un 0 AefiCTBUN MOJBUKHON 0CECHMMETPUYIHON HOPMAJIBHON HAIPY3KH Ha TOHKOCTEHHYIO
U TOJICTOCTEHHYIO KPYTOBYIO IMJIMHIPUIECKYIO O0OJIOUKY B YIPYTrOM IIPOCTPAHCTBE PEIIeHBI
COOTBETCTBEHHO B CTaThsiX [1, 2|. AHajoruunble 332491 pu JefcTBUN HA 0BOJI0UKY PA3IMIHbIX
HEOCeCUMMEeTPHYHBIX [OJIBUXKHBIX HAIDY30K PACCMaTpPUBAJIUCh B [3-5| 1 apyrux paborax.

B oriuune ot 3THX 3a/ad, mMogo0HDbIE 33aYU I YIPYTOro IOJIYIIPOCTPAHCTBA SIBJISIOTCS
boJiee CJIOXKHBIMU, TaK KAaK BO3HUKAET HEOOXOIMMOCTb YUHTLIBATL OTpPaKaeMble TI'DaHUIEH
MOJIyIIPOCTPAHCTBA BOJIHBI. [l03TOMY KOJMYECTBO IyOJIUKAIUHI, IMOCBAIIEHHBIX HCCJICIOBAHUIO
3To#l mmpobJyieMe, HEMHOTOUNCIEHHO W OXBATHIBAET, B OCHOBHOM, ITOCJIEIHUE TOMbI, B TaCTHOCTU
[6-14]. 3mech, npu MOCTPOEHUHM MaTEMATHYECKONH MO/JIe/IH, 061eJIKa TOHHE ST W TPYOOIIPOBOL
paccMaTpuBaInCh KakK OJHOPOJHAS yIpyras Kpyrobas NUJINHIAPAIECKas 000J0UKA. B
HACTOsIIIEH paboTe 3TU KOHCTPYKIIMHU IIPEJICTABJSIIOTCS B BHUJE HEOJHOPOIHOMN, MHOTOC/IOWHOMN
VIIPYTOil ODOJIOUKM, CJIOSIMU KOTOPOM SABJISIOTCA TOJICTOCTEHHBIE KPYTOBBIE HMUJINHIPUIECKUE
000JIOYKN € pas3HLIMU (DPUBMKO-MEXaHUIECKUMH U DEOMETPUYECKUMH XapaKTepUCTHKaMu. B
YaCTHOM CjIy4ae, KOrja 000JIOUKA SIBJISIETCS  OJHOCJIONHON (OHODPOIHON TOJICTOCTEHHOI
000JI0YKOIA), IPUBOJSITCS U AHATTM3UPYIOTCS PE3YJILTATHI YUCJIEHHOIO IKCIEPUMEHTA.

1. ITOCTAHOBKA KOHTAKTHOW TPAHCIIOPTHON 3AJAYU

PaccMoTprM OeCKOHEYHO JUIMHHYIO KPYTOBYIO IMJIMHJIPUYECKYIO MHOT'OCJIONHYIO OOOJIOUKY,
cocrosinyto u3 N  KOHIEHTPUYECKUX CJIOEB C pa3HbIMU (PUSUKO-MEXAHUIECKUMU U
reOMETPUYECKUMU XapPaKTEPUCTUKAMU, PACIOJIOKEHHYIO B JIMHEHHO-YIPYTOM, OJHOPOJIHOM U
MU30TPOITHOM IIOJIYIIPOCTPAHCTBE (MaCCHBE), OTHECEHHOMY K HENOJBHXKHBIM IIUJIMHIPUIECKON
r,0,z U IeKapTOBOW Z,Yy,2 CHUCTEMaM KOOD/UHAT, OCb Z KOTOPBIX COBIAJIAET C OChIO OOOJIOUKH
U mapaJijie/ibHa CBODOIHON OT HATPY30K MOPU30HTAJILHON I'DAHUIIE TIOJIYIIPOCTPAHCTBA, OCh T —
HepHeHMKy/IsipHa K 9Toil rpanune: x < h (pucynok 1). KonrakT MexIy caosiMu 060I0UKI
rojiaraeM KEcTkuM. KOHTaKT Mexk 1y 0OOJIOUKOM MacCHBOM OyJieM moJiararhb JIHOO >KECTKUM,
JinbO CKOJIB3SIIUM IIPH JIBYyCTOPOHHEH CBS3U B PaUAJILHOM HAITPABJICHUU.

it e #o
X X
s yald Fid
o Y =
s
o = Y
= s s
_— = =
X |E|E
T il
i g | B
0 0
ct -,
e v
WO o <y
yira
= o
i

PucyHok 1 — MHorocJiolinass 060JI09Ka B yIIPYTrOM IIOJyHPOCTPAHCTBE.

ITo BHyTpeHHE#l MOBEPXHOCTH ODOJIOYKU B HAIPABJICHUHU €€ OCH Z C IIOCTOSHHOW CKOPOCTHIO
¢ JBUXKETCS HAIPY3Ka WHTEHCHUBHOCTBIO P, BHUJ KOTOPOW HE MEHSIeTCS C TeUeHHeM BPEMEHU
(rpancrioprHast Harpyska). CKOpPOCTbH JIBUYKEHUsI HAIPY3KH [PUHUMAEM JO3BYKOBOIi, T.e.
MEHBIIIEl CKOPOCTe PACIPOCTPAHEHUST BOJH CIBUIa B MACCUBE U CJIOSX ODOJIOUKH.

[TocemoBaTeIbHO TPOHYMEPYEM CJIOM ODOJIOUKH, IIPUCBOUB KOHTAKTUPYIOIMIEMY C MACCUBOM
CJIOI0 TIOPSIIKOBBIT HOMep 2. Du3MKO-MeXaHWYeCKHe CBONCTBa MaTepuaja MacCuBa U CJIOEB
000JTIOYKH XapaKTEePU3YIOTCs COOTBETCTBEHHO CJIEIYIOMINMU MOCTOAHHBIME: Uy, 1, P1; Vi,
wi, pi(i =2,3,...,N+1), rme vy — koapdunumenr Ilyaccona, ur = Er/2(1 + v) — Momynb
cBUTA, pf — WIOTHOCTb, Ej —momynb ynpyrocru (k=1,2,..., N+1). B nanbHeiinem nunjexc
k =1 ormocurcs K mMaccuBy, a k= 2,3,...,N +1 — K cjaosaMm 0060J09KH.
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OnperenuM peaknuio 000JIOUKH W OKPY2Kalolneil eé cpesbl Ha JaHHYIO HArPY3KY, UCIIOJIb3Ys
JUTST OTIMCAHUST JIBUXKEHUS MACCHBA W CJOEB ODOJOYKH JUHAMUYIECKHE YDABHEHUS TEOPUN
YIPYTI'OCTU B BEKTOPHO# dhopme

2

. 0
()‘k + :U’k) grad divuy + ,UJkAuk = pk?l;ka k=1,2,...,N+1, (1)

rie A = 2k /(1 — 2vg), ux — BEKTOPBI CMEIeHnil TOUeK MaccuBa U cJoeB 00osioukn, A —
oneparop Jlamaca.

Tak Kak paccMaTpUBAETCs yCTAHOBUBIIHICS MIPOIECC, TO KapTuHa JedopMaliyii cTaloHapHa
10 OTHOIIEHUIO K JBUKYIIeiicss Harpyske. [103TOMy MOXKHO NEpeiTH K CBS3aHHON ¢ HAIPY3KON
HOJIBUYKHOMN J1eKapToBOiil (x,y,n = 2z — c¢t) wiu muimaapudeckoit (r,0,n = z — ct) cucreme
koopaunatr. Torga ypasuenust (1) npumyT Bu

(M2 = M2) graddivu + MyZAu = 0%we/On* k= 1,2, N +1, 2)

rae My, = c/cpp, Mg, = c/cs; — umcna Maxa; cpp = \/(Ak + 20k) /P Cok = 1/ P —

CKOPOCTHU PaCIHPOCTPpaHEHUA BOJH PACIIUPEHUA-CZKATUA U CABUTI'a B MaCCHUBE U CJIOAX 000JI0YK.

2. PEIIEHUE 3AAYU. TTOTEHIUAJIBI JIAME

st onpejesienusi nepemerneHuii ucnosb3yeM norenipadabl Jlame [6]. Boipaxkas uy uepes
moTeHImaJIbl Jlame

ug = grad @i + rot (paren) + rotrot (srey), k=1,2,..,N+1, (3)
npeobpasyeM ypasHeHusi (2) K BUILY
Pojr
Agpj, = M3, Gn; . i=1,2,3 k=1,2,..,N + 1. (4)

3aeco e, —opt ocu 1, My, = My, Moy, = M3y, = My, .

Ucnonbays (3) u 3akoH ['yka mosrydaeM BbIpasKeHUsI sl KOMIIOHEHT BEKTOPOB Uy U T€H30POB
Hanpsikenuit B Maccuse (k = 1) u coosx obonouku (k = 2,3,...,N + 1) B 10JBHKHOI
[UJITMHIPUIECKON CUCTEME KOO IUHAT

0o | 1002 | Ppsi
wrk = Y200 T anor
oy — 101 O 103 (5)
Y or 1 onoe’
_ Oy 5 0%k
Unk = 877 Mg 87]2 )

%oy, 2 oy,
ang +2/'Lkmsk877737

Ok = (2% + )‘kM;?k)

_ o P 2up (10%01x  Op1r 10 %o, 103, sy
oo = My, — | = - - - ,
Pr-on? r \r 062 or r 00 orod — r0020n  Ordn
o1y, o 10%po, 1 0pa, PPy,
_ 2 - _
Orre = MM on? 2k ( or? r 000r  r?2 00 8r26n> ’

o1 10%po 5 Boay,
Trnk “k< onor ty 900 +( +m5’f)an2ar>’

_ 20%01  Poa | (1+m2) Pog
Onok = Mk \ — - + 2 |
r 000n  Ordn r 000n
101 1 9o oo mZ P 1 Pz 1 3290%)

7ok = 2k <r 000r 2 90 o> 2 o | rorondd  r* 9noo
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B 1oaBM:KHBIX [I€KAPTOBBIX KOOPAWHATAX BBIPAXKEHUsI JJIsI KOMIIOHEHT HAIPSXKEHHO-
nedopmuposannoro cocrosiaust (HIC) maccusa numeror Buj

o | Opn | DPem
Yol = Top + oy + Oxdn’
u. o Oenn Oon 9*ps1

vi oy Ox dyon’

O g s

Unl = an mslTﬁgv
o1 Posi
Tt = (2101 +)\1Mp21) 8?7)2 +2M1m21672537

0?2 0?2 0?2 93
Tyt = )\1M2 P11 + o < P11 Y21 9031> 7

PLon2 oy 0xdy | Oy20n
P11 Pon | Ppu | Pz

el = MM =50 42 :

Ouat = MMy On? + ,U1< Ox? + 0xdy + 8x2877>

o1 oo 5\ 0o
Tt =1 (2 anox  aydn 1+ m31)37723$> ’
D?p11 oo 5\ OPp31
= 2 — 1
o1 s m?2 9oy n Ppsi )

Tayt = 21 <0x8y 822 2 on? 0xOyon

Takum obpazom, s onpenenerust KommnonenT H/IC maccuBa n cjtoeB 060,109KHT HEOOXOIIMO
peruTh ypaBHeHust (4) UCIOJIb3Ys CJIeLyIONe I'PAHNTHbBIE YCIOBUSL:
- JJIs1 CBODOJTHOl OT HAIPY30K MOBEPXHOCTHU IMOJIYIIpOCTpaHcTBa (x = h)

Ozxl = Ozyl — Oxnl = 0; (8)

- 1JId CKOJIB3A4IIEero KOHTaKTa 000JIOYKH C MaCCHUBOM

upu r = Ry Url = Up2,0prl = Opr2,0prnl = 0,001 =0, Orn2 = 0,0:92 =0,

upu r = R Ujk = Wjk41, Orjk = Orjk+1, (9)

apmumr = RN-H OrjN+1 = Pj(g,n),j =T, 0,77, k= 2, 3, cesy N;
-JJIsl 2KECTKOTO KOHTAKTa OOOJIOYKH C MaCCHBOM

upu r = Ry Ujk = Ujk41, Orjk = Opjk+1,

upur = Ryy1 opjny1 = Pj(0,n),j =r.0,n,k=1,2,...,N.

Braecy Pj(0,m) — cocrasisiioniue THTEHCHBHOCTH NO/IBIZKHON Harpysku P(6,7) .

3. PEIIEHUE NEPUOJIUYECKON IO 77 3AJAYU

Paccmorpum  fefictBue Ha 000JI0UKY CHHYCOUJAJIBLHON 1O 1) TOJBUXKHON HArpy3Kd C
IIPOU3BOJIBHONM 3aBUCHUMOCTBIO OT YIJIOBOII KOODJAMHATBHI

P(0,m)=p(0) ", p(0) =02 _ Pue™, (1)
P] (9’77) = p] (9) €Z£n7pj (6) = ZOO Pnjelnevj = 7’,9, 777

n=—oo

rjie KoHcraHTa & onpejensier nepuoj, 1 = 21 /€ neficTByIoOmEel HArpy3KN.
B ycTaHOBUBINEMCSI COCTOSIHUY 3aBUCUMOCTD BCEX BeJUIUH OoT 1) umeer Bug (11), mosromy

, — & i&n
Pik (T’, 07 "7) - (I)]k (T7 9) €= (12)
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[Moncrasasst (12) B (4), nmoayaum
Ag®jp —m5P =0, =1,2,3,k=1,2,.., N +1, (13)

rne Ag — aByMepHBIH omepatop Jlammaca, m?k =1- M]'ka Mg = Mypk, Mok = M3k = Mgk, .
IIpu m0o3ByKOBOIT cKOpocTH ABMXKEeHHsSI HArpy3ku Mg, < 1,mg > 0,k= 1,2,..., N+ 1, u
pertrennst ypasrenuii (13) MOKHO mpe/icTaBuTh B BH/IE [6]

By, = @4 + @) j=1,23k=1,2,.,N+1. (14)

Baech s maccuBa (k= 1)

S aniKa (kjur) e, @83 = /Oo 9; (£, C) exp (in+ (z — h)\/m) e

n=—oo

Juts cytoeB obosoukn (k=2,3,...,N +1)

> anjisen—s) Kn(kjrr) e q’ Z njro(k—1) In(kjr) €.

n=—oo n=—oo

Baecw I, (kr), K,(kr) — coorBercrBernno moaudurmposannbe dhyHkImn Beccesst u dbyHkiun
Maxponambia, kj1 = |mji&|, ki = [mjrél; g5 (€,C) a1, s Gpen43) — HEH3BECTHBIE DYHKIHE
7 KO3 DUINEHTBI, MOJJIEYKAIIIE OIPEIETEHUTO.

Kaxk nokazano B [6, 9], npejcrasieHne morTeHImagoB s oJaynpocrpancTea B (opme (14)
OPUBO/UT K UX CJIECAYIOIINUM BBbIDa2KE€HUAM B ,I[eKa.pTOBOIU/I crucTreMe KOOpJauHaT:

o e—ifj e h )
b= [ G D enu+ (6 Qe | g, (15)
- J p=—c0
me fj=/C+E, Py =[C+f5) /[kpl", i=1, 2, 3.
Bocronbayemcst  rpannmgsbiMu ycsioBusmMu  (8), ¢ yuérom (7), (12), (15).  Beienss

kosddurmentsl npu €S W OpUpaBHUBAS, B CHIY [IPOU3BOJILHOCTH ¢, WX HYJIO, [OJIYHHM
cucTeMy TPEX ypaBHeHmil, u3 KOTOpoil BbIpaxkaeM dyHknun g; (&, () dYepe3 HeH3BECTHbBIE
KO3 PUIUEHTDI Ay, Ap2, Ap3:

ZA* —hfi Z anl(I)nly (16)

n=—oo

Ay = (202 = B%)" — 4p2/p2 — a2 \/p? -

A* 2*_ 2)2
= —(pQBZ, Ta =20 (207 — B°), Al =2¢ (207 - 5%) V2 - B2,

2 Px — a2 Px — &
M? A M?
= SIAL, A= ot Afy= A ol
21 125 22 ) 23 m ¥
mgl 2y p2 — 2 mgl
* * 2
13 ) * A (QPE - 52)

A§1 = _7m§1§2’ 32 = W’ 33 — 2 /—p* 52 /703 = 52 )
= Mp&, B=Mat, pP2=8E+ A= (2028 —4p2V/p2—a2\/p? -
pr =&+ (2/mZ —1) ¢

Bamerum, uro A, (px) — oupejenuresnb Pajesi, KoTopblii ofpaiiaercss B HOJIb IpU sz =

M7, wm B aByx toukax +(p = =£[¢]\/M3—1, tne Mp = c¢/cg — uucio Maxa,
CR — CKODOCTb IIOBEPXHOCTHBIX BOJIH Pajsiesi [15], KOTOpYIO yCcIOBUMCsI HAa3bIBATH DPIJIEEBCKOIl
ckopocrbio. 13 mociennero cieayer, uro A, (p.) He obpamaercss B HOJIb HA JEHCTBUTEILHOI
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ocu, eciu Mp < 1 (¢ < ¢r), TO €CTb LPU JIOPJIEEBCKUX CKOPOCTSIX JBUKEHUsI HAIPY3KU. B
9TOM CJIydae MOTeHIHUaIbl (15) MOYXKHO [IPeJICTAaBUTh B BUJIE

00 efxfj 0 3 A%l 00 ‘
q)jl = / 9 a/n](I)n] + e(x_h)fj Z Aije_hfl Z anlq)nl elygd(.
—00 fj n—

=—00 =1 * n=-—oo

Creyer OTMETHTB, YTO DPIJIEEBCKasi CKOPOCTh HECKOJIbKO HUXKE CKOPOCTU BOJIH C/IBUTA B
Maccuse.
Ucnonb3yst uzsectHoe nipu © < h coorHorerue [6, 9|

exp (in-i-(x—h)\/ngJ?) = i In(kjr)em" [(C+ m> /kj]ne_hm,

upezcrasuM P;1 (14) B MUIMHIPUTIECKON CUCTEME KOODIHHAT

0 0
B1= Y (ansalhnr) 4 Lulhnr) [ 0i6.0) e b ) e
n=-—o0o -
Ioncrasisst B nocentee Boipazkenue us (16) g; (€, ¢), g ¢ < cgp mosydnm
oo
(I)jl = Z (aann(kﬂT) + bnjln(kjlr)) eme, (17)
n=—oo

e bn] Zl 1 Zm_ioo amlA Avle — fOO Al l@ml(pnje (fl+fj)d<.

[Moxcrasmnss (17) ¢ yaérom (12) B (5), (6) momyaaem dOpMyYIIBI JI7IsT BEIYUCACHUIT KOMIIOHEHT
HJIC maccuBa B IMJIMHAPUIECKUX KOOPAUHATAX IIPU ¢ < CR

00 3
* 1 2 7 n
ui = >0 DT (Balknr) any + T (Tu(kjar) b] 6740,
of 1 7 n
k= 373 it (Ealkinr) ang o Sy (n(jir) g €757,
n=—o0 j=1
3necy l=r,0,n, m=r0,n;
T = anZ (kuir), T4 = —"K, (kur), T = —€ka k) (kair),
TS = 2K, (kur) i, Tl = —ka KL (ko) i, Tha) = —2£K, (ksir) 4,
TTEH = §Kn (k‘ll’l“) ] 752% = 0 Téé% ki31K (k?glr) 1,
A M r
St =2 (l{% + 7‘2 12u115 > n (k) = anK?(k“ },
Stm = B K (k) L“” Sivh = =26 (K + 2 ) K (ko) + 2askallonr)
Séé)zl _ _2nK7;gk21r) + 2nk21KT ! (ka1r) Séé)gl 2¢n? K;é(kglr) 25]631[{;/1(]{31’!")’
1421 M2
57(7717)11 —262 </1H> Kn (k‘n’l") s 51(7}7)21 = 0, 57(7717)31 = 2m§1§3Kn (k‘gl’l") s
ST(,é)ll _ (_ QnK»,;(zkn’l‘) + anllli;t(kllﬂ 7:,
Sﬁé)m = (_ (kgl + 27%2) K (kaar) + QkZIKif(kQM)) 2
Sﬁ;?ﬂ _ (%EK:Q(kslr) _ 2n¢g kslf:;(kalr)> i,
nEKy, r 1+m3, ) Kn(ksir
Sgy)ll = -2 ﬁKr(ku )v 97721 5"321[(/ (ka1r) Sgy)iil e ( u 31) ko )
Sﬁnn = 28k K, (k) 4, 51(«717)21 = énKngnkmr)Zv 5571731 _52]‘531 ( + m31) K, (kaar) s
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L g

71 ~lmyj
[Moncrasiusist (14) npu k = 2, 3,..., N+1 ¢ yuérom (12) B (5), (6) moaygaem dopmyiisl st
eraucyiennii komrnorneraT HJIC cioeB obosiouku npu ¢ < cr

K] (kjr) = %;1}821),51(2]1 nosy4atorcs us 1) , samenoit K, na I, .

ujy = Z Z[ vk (Kn(kjkr)) @njy32k-3) +Tl§,3 (In(Kjr)) anj-l—ﬁ(k—l)] ellémtnd),
n=-—o00 j=1

(19)

o} A
P, Z Z St (Bonlr)) ngeson-s) + St (In(ksar)) angoge-ny] €€,
n=-—o00 j=1

3necy L =71,0,n, m=rbn, k=2 3,..., N+1;
Tﬁi)c = ke K, (k1gr) Tr(zlizz = _;Kn (kaxr), Tr(;;l = —E ks K, (kair)
Ting = ~Ko (kur)is Tig) = —kan K, (k) i, Tig) = = 6K (kapr)
T = €Ky (kipr) i, Ty =0, T'o) = —k3 K, (kaer) i,

2\ M2 &2 2k, K. (k
L _ 2 M kMg, 1.5, (kgr)
Sprik = 2 (klk toa o ) K, (kwr) — —:

)

2n 2kor K, (kakr n? 26ksi K., (ksgr
Sﬁ)% _ ﬁKn (keoger) — 2kr(2k’) S7(°r3k _2¢ (kgk + 7“2) K, (kspr) + w7
2 A\ M2 E2 2k K (K

O n ki 11, (kugr)
Sogre = —2 (73 + i ) Ky (k1gr) + — .
S(l) . 277,K (kaT') 2nk2kK{1 (kgkr) S(l) . 2§n2Kn (kgkr) 2§k3kK;l (kgkr)

002k — r2 + r J 093k — r2 - r ’

14+ M\ M2,
57(7}7)119 = —2¢? (2/% P2 | Ko (k) S,(;])Qk =0, Sr(m):%k = 2m3, 3K, (kar)
k 2nk K (k
51%)116 < (k1) 4 nkik Tn( 1k7“)> i,
2kor K (k

55(19)% ( (k% + ) Ky (ko) + Z2Amn 2007 :( 2”)) i,

(1) QHfK k3k7“ 2n§ k3kK7/1 (kgkr) .
Sr03k r Z,

1) 2"€Kn (kikr) o) ay _ n&? (L+m3y) Ky (ksir)
Sénlk = - , ) 0n2k = §k2kK (karr) Sgn)ggk = , )

. nK,, (kopr) 1 .

S = 26k Ky, (kigr) i, S, = _ &k (kaer) @ 5 27) S = —€kap (1 +m3y) K, (kgir) i

K] (kjir) = W; Tl(fk)v Sl(fn)]k HOJIy 9alOTCA U3 Tl(]lk), Sl%)jk samenoit K, na I, .

ik
Jns onpenenennst Ko3bDUIMEHTOB @i, ..., Ap(gN43) BOCIOIBL3YEeMCs, B 3aBUCHMOCTH OT

YCJIOBUST CONPSIZKEHUsI ODOJIOUKU CO CPEJIOif, IMEPENUCAHHBIMUA JIjIs TEPUOIUICCKON 3aaun
rpannaabivu yeaoBusivmu (9) win (10). Tlomcrapiisis B TpaHUYHBIE YCJIOBUsI COOTBETCTBYIOIIIE
BBIPAsKEHHUsI ¥ IpHUPaBHIBast KO3 hHUIMenTsl psiyioB mpu €™ | mosrydnM GeCKOHEUHYIO CHCTEMY
(n =0, £1, £2,...) JuHeAHBIX aJreOPANIECKUX yPABHEHUM, Jjisi PENIeHHs] KOTOPOH MOXKHO
HCIIO/Th30BATh METO/I PELYKIINU UIu OoJiee YIOOHBIN IJIs PEIeHNsT TOCTABJIEHHON 3a/1a91 METOT,
[OCJIEIOBATE/IbHBIX OTPazkKeHuil | 7], TO3BOJISIIONMIT IPU KaXKIOM [OCJIEI0BATEILHOM OTPAYKEHUN
pelarh CHUCTEMY JIMHEWHBIX yPABHEHUIN OJIOUHO-/MATOHAJBHOIO BUJA C OIPEIETUTESAME
Ay, (€, ¢) BIOJIb TTIABHOIL JIMATOHAJIN.
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ITocne ompenenennst KO3 UIMEHTOB, KOMIOHEHTHI HAIPIKEHHO-TePOPMUPOBAHHOTO
COCTOSIHUST MACCUBA U CJI0eB ODOJIOYKH TPHU JIEHCTBUN ITOABUXKHONW CHUHYCOWIAJILHON HATPY3KH
MOZKHO BBIYHCJIUTD 110 opmynam (18), (19).

4. PEIIEHUE AUEPUOJUYECKON 3AJAYU

Buas pemenne (18), (19) 3amaun jyist cuHyconmanbHoii Harpysku (11), peaxiuio 060g09KH
U OKpyzKallleid eé cpeabl Ha JIBUXKYIIYIOCS C IIOCTOSHHON CKOPOCTBIO All€PHOJANIECKYIO
(srokasibhyt0) HArpysky Buga P (6.,£) = p(0)p(n) (xapakTepHOro Jijisi TPAHCIOPTHBIX CPEJICTB)
MOYKHO HafiTH IIpU TOMOIIM CYNEPIIO3UIUH, UCIOIL3Ys MPEJICTABJICHIe HAIPY3KH U KOMIIOHEHT
HJIC maccuBa u obosiouku B Buje nunrerpajos Oypbe

P(0,n) = 55 [0, P*(8,8) €1de = p () p(n) = p(8) 55 [ o p* (€) M4,

P (0,0) = g5 [720 P (0,€) €47dE = py (0) p () = P (0) 5z [0 7 (€) €7dE,m = 1,6, m;

Ulk(T, 07 77) = % / u?k (T‘, 97 é)p* (f) d€7 Ulmk(ra 07 Tl) = % / Uikmk(r? 07 g)p* (5) d§7 (20)

—0o0 —0o0
l=rfdn m=r0nk=12...,N+1.

Bnecw p* (§) = [Z5 p (n) e™*Ndn.

st Beraucsiennii nepemernennii n Hanpsizkeruii (20) MOYKHO MCIIOJIB30BATH JIFOOON YNCIeHHbII
METOJ[ MHTerpupoBanusi, ecau onpeiemuresu A, (€, ¢)(n = 0,£1,42,...), BbITeKawomeit
u3 (9) wmm (10) paspematoreil cucreMbl ypaBHEHHUil, OTJIUYHBI OT HyJs, TO €CTb, KOIJA
CKOPOCTD JIBIKEHHS] HATDY3KH C MEHbIe e€ KPHTHICCKHX CKOPOCTEH C(p), .  SHaueHHs
C(n)x OTPEIENIAIOTCA W3 JMCIEPCHOHHBIX ypapHenmit A, (§,¢) = 0 [9] m moryT okasaTbes
MeHbIIe PIJIeeBCKOil ckopocT. OKOHUATE/IbHOE pelieHne OyIeT 3aBUCeTh OT KOHKPETHOI'O BH/IA
JIBIDKYIIEHiCS HAIPY3KN.

BameTnM, UTO MCKJIIOYast U3 TOCTAHOBKHU 33/[a4i TPAaHNIHbIE YCa0BuA (8) n uckmodas u3 (14)

0@

j1 » TIOJTy MM peleHue aHAJIOIMYHON 3a/1a4 JJI yIPYTrOro IpOCTPaHCTBA.

5. PACYET HANIPAXKEHHO-IE®OPMUPOBAHHOTO COCTOAHUSA CTAJIBHOM OBOJIOYKU B
ITIOPOJHOM MACCHBE

B KadgecTBe IIpuMeEpa pacCMOTPpUM JUHaAMHYIECKOE IIOBEeJeHUE II0A3E€MHOI'O O,[I;HOCJIOI'/’IHOI‘O
cramproro (vy = 0,3,z = 8,08 - 10'°1la, py = 7,8 - 103kr/M3; ¢ = 3218,54m/c,

cp2 = 6021,33M/c) TpybompoBomga upu JeificTBHN IBHKyIIeiicss B HeM Harpysku. Pasmyc
HapyKHBIX ToBepxHOcTeill Tpyd — R = R = 1w, BuyTtpenaux — Ry = 0,95M. Iybumna
3ajI0KeHns TPyOOIpoBOga B mopomHoM maccuBe — h = 2R;. Maccu mmeer ciemyromue

xapakrepuctukm: vy = 0,25 1 = p = 4,0-10%Tla, p; = 2,6 - 103xr/M3; ¢ = 1240, 35 m/c,
cp1 = 2148,34m/c, cgp = 1140,42m/c [16]. dBmkymasics B TpyGOmpoBojie ¢ JOKPHUTHIECKOM
U JIOpP3JIeeBCKOil cKopocThio ¢ = 100M/c ocecmMMeTpHYHAS IHJINHIPHIECKas HOPMAJIbHAS
Harpyska Jasienns uarencusaoctoio ¢ (I1a), paBHOMepHO pacupenesena B unrepsase |n| <
lp = 0,2R. VIHTeHCUBHOCTDb HAIPY3KH IIOJ0HMpaeM TaKuM 0Opa3oM, 4TOOLI 00Iass HATPYy3Ka 110
Bceil JijTnHe yJ9acTKa HArpyKeHus 2y paBHSIACH S9KBUBAJICHTHON COCPEIOTOUEHHON HOPMAJILHOM
KOJIBIIEBOIl HAarpyske uHTeHcusHocTbio P°° (H/M), T0 ectb g = P°° /2l .

Beenem obosnauenus: u; = uppP° (M), 0py = 099/ P° 0p, = 0y /P uy = ugp/P° (M),
Uy = uypr/ P° (M), op, = oy, /P°, tie P° = P°° /m (Ila).

Pesysbrarel pacuera B momnepedHoMm cedennu 1) = 0 Tpy6onpoBoja (B KOOpAUHATHOM
IJIOCKOCTU XY ) TpUBejieHbl B Tabiunax 1, 2 u Ha pucyHkax 2, 3.

B rabsunax 1, 2 npuBenens 3uadenns komnonenT H/IC MaccuBa npu pasimaHbIX KOHTAKTHBIX
YCJIOBUSIX C TPYOOIIPOBOJIOM.

Ha pucynke 2, va napyxuom (r = Ry ) u BuyTpennem (r = Rg ) KoHTypax TpybopoBoja,
IIOKa3aHbl SIIOPbl Pa/MAIbHBIX IIE€PEMEINeHuil U, 1 HOPMAJbHBIX HAIPSDKEHUH ogy, Op .
Kpusbie 1 cooTBeTCTBYIOT »KECTKOMY KOHTAKTY TPYOOIPOBOJA C MAaCCUBOM, KDHUBbIE 2 —
CKOJIB3SIIEMY KOHTAKTY.
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TasnunA 1 — Komnonentel H/IC maccuBa B KOHTAKTHBIX TOodKax r = Ry,n=0.

Kowm. 0, rpan

HJIC 0 \ 20 \ 40 \ 60 \ 80 \ 100 \ 120 \ 140 \ 160 \ 180
7Kécrkuit KouTakT TpyOOIIPOBOIA C MACCUBOM

u, 0,30 | 0,29 | 0,28 | 0,26 | 0,25 | 0,25 | 0,24 | 0,25 | 0,25 | 0,25
Opp 0,18 | 0,17 | 0,17 | 0,16 | 0,17 | 0,16 | 0,15 | 0,14 | 0,14 | 0,14
o |-0,351-0,36 | -0,36 | -0,36 | -0,36 | -0,36 | -0,36 | -0,36 | -0,37 | -0,37
CKOB3IIHIiT KOHTAKT TPYOOIIPOBOIa ¢ MACCUBOM
U, 0,32 | 0,32 | 0,30 | 0,28 | 0,26 | 0,26 | 0,26 | 0,26 | 0,27 | 0,27
opy | -0,081-0,06|-0,07| 0,01 | 0,0 |-0,01|-0,03]-0,06]-0,07|-0,07
oy | -1,36 [-1,36 | -1,34 | -1,30 [ -1,29 | 1,29 |-1,29 | -1,29 | -1,30 | -1,31

TabiuyA 2 — Komnonents: HIIC 3emuoii noBepxHoctu (z = h,n =0).

Kowm. y/R1
HJIC | 0,0 \ 0,4 \ 0,8 \ 1,2 \ 1,6 \ 2,0 \ 2,4 \ 2.8 \ 3,2
7Kécrkuit KouTakT TpyOOIIPOBOIA C MACCUBOM
u, 0,11 | 0,10 | 0,08 | 0,06 | 0,04 | 0,03 | 0,02 | 0,01 | 0,01
uy 0,0 | 0,02 0,030,041 0,04 | 0,03 | 0,03 | 0,02 | 0,02
oy, 1021)0,17]0,10 | 0,03 |-0,01 | -0,02 | -0,03 | -0,03 | -0,02
opy 10,2510,23 10,17 10,12 | 0,08 | 0,05 | 0,03 | 0,02 | 0,02
CKOJIB3SIIIII KOHTaKT TPyOOIIPOBOIa ¢ MACCUBOM

Uy 0,13 | 0,12 | 0,09 | 0,07 | 0,05 | 0,03 | 0,02 | 0,01 | 0,01
Uy 0,0 { 0,03 |0,04|0,04| 0,04 | 0,03 | 0,02 | 0,02 | 0,01
oy, 10,240,20 0,11 0,02 | -0,02 | -0,04 | -0,03 | -0,02 | -0,02
opy 10,290,261 0,20 | 0,13 | 0,08 | 0,05 | 0,04 | 0,02 | 0,02

N3 pucynka 2 ciemyer, dYTO NPH KECTKOM KOHTAKTE SKCTPEMAJIbHBIE paJuaJbHbIE
IIepeMeIeHus U, ¥ HOPMAJIbHbIE TAHTEHIMAJbHBIE HAIPSIXKEHUST Ogg IOJOKUTEJbHDI U
HECKOJIbKO MEHBIIle, €M IIPH CKOJIb3dAmmeM KoHTakTe. (OceBble HOpMAJbHBIEC HAIIPAMKEHUS Oy
MTOJIOXKUTE/IbHBI Ha HAPYKHOM KOHTYPE CEUEHUsT U OTPHUIATE/bHbI — HA BHYTPEHHEM KOHTYPE.
[Ipuénm, pu KECTKOM KOHTAKTe HAIPSIZKEHNS |0y, | Ha HAPY?KHOM KOHTYpe IIOYTH BI[BOE HITKE,
9eM Ha BHYTPEHHEM, & IIPHU CKOJIb34IIEeM KOHTAKTE OHU PAKTHUIECKN OJnHakoBbl. Haubosibiue
HOPMaJIbHBIE HAIPSKEHUS — Ogg MeHCTBYIOT Ha BHEITHEM KOHTYPE CEUYEHUs] U IPHU JIIOOBIX
KOHTaKTHBIX yCIOBUSAX B 2-3 pa3a IPEBLIIAIOT Oy, .

Ha pucynke 3 upejcrasiienbr kpusble mamenennit HJIC semuoii moBepxHocTu. Hymeparimst
KPUBBIX UMEET TOT K€ CMBICJI, UYTO U HA PUCYHKE 2.

Kak ciemyer u3 pucyHka 3 u Tabjurpl 2, UPU BO3PACTAHUE |y| MPOUCXOAUT ObICTPOE
saryxanue komnonenT HJIC 3emuoit moBepxuocTu, u ipu |y| > 3R nepemerreHusi 1 HalpsizKeHust
CTAHOBSATCS BeCbMa MAaJIbl HE3ABUCUMO OT YCJIOBUS CONPSI?KEHUS TPYyOOIPOBOIA ¢ MACCHBOM.

SAKJIKOYEHNE

B crporoii MareMaTH4YecKOil IIOCTAHOBKE IIOJYy4YEHO AaHAJUTHYECKOE peINIeHne 3aja4du o
JefICTBUU TMOJABUKHON HATPY3KU Ha KPYTOBYIO IUWJINHIPUYIECKYIO MHOTOCJIONHYIO 000JIOUKY B
YIPYIOM MOJIyIpOCTpaHCTBe. Pelienne mojiyueHo i JOKPUTHYECKUX CKOPOCTEH JIBUKEHUS
HAIPY3KH.

Pazpaborannyio MeTOINKY pacdyeTa PeKOMEHIYETCS MPUMEHATD I TUHAMUYECKOTO PacueTa
HOJIKPEIIEHHBIX CJIOUCTBIMU (B YACTHOM CJIydae, OJHOPOJIHBIME) ODJeJKAMU TOHHEIEeH WJIn
CJIOUCTBIX U OJHOPOJHBIX IOJ3EMHBIX TPYOOIIPOBOJIOB MEJIKOTO 3aJIOXKEHUsI IpU JIeiCTBUN
TPaHCIOPTHBIX HAIPY30K.
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PucyHok 2 — Dmiopsr u; (a), oy, (6), op, (6) B monepeunom ceyenun 7 =0 TpyGonposoaa
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PucvyHok 3 — Iamenenuns: komnonedT H/IC 3eMHOI NOBEPXHOCTA B KOOPAWHATHOM MJIOCKOCTH =y (T =
h,n=0).
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MOJEJIb IMHAMWKHW TOHHEJIA U IIOJA3EMHOI'O TPYBOIIPOBOJA MEJIKOI'O 3AJIO2>2KEHINSA ...

I[Ipu wcoosb30BaHUU IOIYIEHHOTO PEIIeHUs] WUCCASIOBAHO INHAMHIECKOE IOBEIEHUE
[0/[36MHOI'0 OJIHOCJIONHOIO (OIHOPOJIHOTO) CTAJIBLHOTO TPYOOIIPOBO/IA IPH JIEHICTBIN JIBIKY ITIEHiCst
B HEM HAIPY3KMU.
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Keulik >kykTeMesiepiHil ocepiHeH TOHHEJb MEH YCaK TOCEM/i >»KepacTbl KYObIPbI JUHAMUKACHIHBIH, MOEJIi

Awnnoranus: Kesik >kykreMesepiniy ke KabaTTsl KalTaMaMeH OEKITiIreH TyHHeJbre »KOHe YKEP aCThbl KOI KabaTThbl
KYObIpFa OJIap/IblH, Tasi3 TOCEJYIMEH 9Cep eTYAiH MaTeMaTHKaJIbIK MOZei »Kacaigpl. 2Kep acThl KypPbUIBICTAPBIHBIH €CENTiK
cXeMachl PeTiHJe CepHiMJi YKapThUIail KeHIiCTIKTe (MaCcCHBTE) OpHAJACKAH CEpIIMJI IMJIMHADJIK KOl KabaTTbl KaObIK,
KapacTeIpbliaapl. Kabblk KabarTapbl MeH cepHiM/ii »KapThliail KeHICTIKTiH KO3FaJIbIChl KBIJI?KBIMAJIbI KOODIUHATTAP
xyhecingeri Jlama tenpeynepimen cunarrtasazpl. Kesik »KyKTemeci MacCHB IEeH KaOBIKTArbl OOMJIBIK 2KOHE KOJIICHEH
TOJIKBIH/IAP/bIH TapaJjy »KbLIJIaMJIbIFBIHAH TOMEH >KbLIIAMIBIKIIEH KO3FajIaTbIH CyOCOHJIBIK »Karjailfla epKiH >KyKTeMe
JKBLIJIAM/IBIFbI KE31H 1€ MACCUB IIeH KAOBIKTHIH KepHeYJIi-1edopMalusijIaHFaH KYiHIH KOMIOHEHTTEPIH aHBIKTAaY MOICEJIECiHIH
aHAJUTUKAJIBIK, [IemiMi ajablHAbl. KOMIBIOTEPIIIK SKCIEPUMEHTTEP/IH HOTUKEJIEP] YCHIHBLIFAH, OJIAD aCUMMETPHUSJIIBIK
KOJIK »KYKTeMeCiHIH ocepiHeH KyObIp MeH »Kep OeTiHiH KepHeysi KyiiH KepceTes.

Tyiin cespep: Ceprimai »KapThllail KEHICTIK, JIbIObIC KBLIJAM/IBIFBIHA JEHIHrl Karaaiga Keaik »KYKTeMeci, Kol
KabaTTel UInHAD HinnuAl KabblK, KepHeyIi-gedopManusIaHFas Kyii.

L.A. Alexeyeva, V.N. Ukrainets
Institute of Mathematics and Mathematical Modeling of MES RK, Almaty, Kazakhstan
Toraighyrov University, Pavlodar, Kazakhstan
Model of the dynamics of a tunnel and a shallow underground pipeline under the action of traffic loads

Abstract: A mathematical model has been developed for the effect of transport loads on a tunnel reinforced with a
multilayer shell and an underground multilayer pipeline at their shallow location. As a design scheme for these underground
structures, an elastic cylindrical multilayer shell located in an elastic half-space (massif) is considered. The displacement
of the layers of the shell and the elastic half-space is described by the Lame equations in a moving coordinate system. An
analytical solution is obtained for the problem of determining the components of the stress-strain state of a rock mass and a
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shell at arbitrary loading speeds in the subsonic case, when the transport load moves at a speed lower than the propagation

velocities of longitudinal and transverse waves in the rock and shell. The results of computer experiments are presented,

which illustrate the stress-strain state of the pipeline and the earth’s surface under moving axisymmetric traffic loads.
Keywords: Elastic half-space, subsonic transport load, multilayer cylindrical shell, stress-strain state.
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PACYETHI K OTHO NJIJIFOCTPAIIUN TEOPEMBI IIM®ATOPA !

Annoramusi: Ha croponax mpsiMOyroJibHOIO PaBHOOEIPEHHOTO TPEYrOJIbHUKA ITOCTPOEHBI
BHEIITHUE 110 OTHOIIEHUIO K TOMY TPEYTOJBHUKY KBaJpaThl. 3ajada COCTOUT B IIOCTPOCHUM
TaKON MpsIMO#l Ha IIJIOCKOCTH, KOTOpas JEJUT COCTOSIIYIO U3 STUX TPeX KBaJAparoB (purypy
Ha JiBe paBHOBejinKue (T.e. paBHOW 1omaau) durypsl. [lojcuuranbl HEKOTOpBIE TAPAMETPHI,
ompejieJiieMble  9TO WPSAMON, B YACTHOCTU, IJIOMAJNA dYacTeil HCXOJHBIX KBaJIPaTOB B
oIy IIOCKOCTsX. COOTBETCTBYIOIIME PE3YJIbTAThl WIIIOCTPUPYIOTCH PA3IHIHBIMU YEPTEIKAMU,
TabIUIAMI U TPadUKaMA.

KuaodeBbie ciyoBa: Tteopema Iludaropa, maTepuperanus Teopembl Ilndaropa, menenne
burypsnl, paBHOBEIUKNE (PUTYPHI.

DOI: https://doi.org/10.32523/2616-7182/2020-133-4-40-53

BBE/JEHUE

B nmamnoit crarbe IpUBOANTCA peIleHne OHON 3a/1a9u JIeMeHTapHOl MaTemMaTuku. [loBomom
HOC/IyKUJa pacipocrpanenHass B VHrepHere anumMaiusi [1|, wumocrpupyiomasi teopemy
[Tudaropa (cm. Puc. 1). Marepuas crarbu MOXKET OKa3aThCsl HHTEPECHBIM ISl [IKOJIbHUKOB,
a TakKe JIjIs yIuTesIeil MaTeMaTHKN, KOTOPbIe PYKOBOIST CAMOCTOSATEILHON PabOTOH yIeHNKOB
WJIA IPOBOJIAT UCCJIEIOBAHUS C IEJIbIO MOBBIIIEHUs] CBOETO KBaJIN(MUKAIIMOHHOTO YPOBHS.

[Tocranoska 3agaun: PaccmarpuBaercs NPsSMOYTOJIbHBIN pPaBHOOEIPEHHBIN TPEYTOJbHUK,
JJIMHA THUIOTEHY3bl KOoToporo pasua 1. Kaxgas cTopoHa 3TOTO TPEyroJbHUKA SIBJISIETCS
CTOPOHOI BHEIITHEro IO OTHOIIEHUIO K TPEYTroJIbHUKY KBajpaTa. lIpeamosokum, 9TO 3TH
KBaJIPATHI ABJIAIOTCS IJIOCKUMHU COCYJ/IaMU, COEIUHEHHBIMU MEXKJIy COOOI C IOMOIILIO BEPIIIH
TPEyroJibHUKA. B cucreme 3TUX COCYJ/IOB COMEPKUTC 1 JI 2KUJIKOCTH.

Bormpoc:  ckoavko owcudkocmu  codeporcumcs 6 Kancdom u3 cocydos, ecau 2unomeHy3a
MPEY2ONLHUKG HAKAOHEHG N00 3A0GHHBIM Y2A0M  OMHOCUMENLHO AUHUL 20pU3OHMA T

YacTtuyHoe perieHne Takoi 3aJla4u B CIydae TPEYyTroJbHUKA CO cTopoHaMu 3, 4 u 5 IpuBeIeHo
B JIUILIOMHO{T pabore (2], a B cilydae IPOU3BOJILHOIO HIPSIMOYTOIBHOIO TPEYTOJIbHIKA — B paboTe

13].

g ovems omaromapern Hypmaany TemuprammeBy u Kapiabsmram Hypraswnoit 3a uHTepec K pabore u
MIPEIOCTABIEHHYIO CChUIKY B VHTepHeTe.
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-~
- &~

{ Ta

PucyHok 1 — IlocranoBka 3amayu.

1. MAJIBIE YTJIBI TIOBOPOTA

1/vI

PucvyHok 2 — Mauaste yrusl nosopora (§1).

O6ozunaunm LAOC = ZDOE = o, ZODB =3, |AC|=vy, |BD|==x.

Ipu o 2 0 nveem = §—a. O6osuasnm t = tga. Torma |[AO| =Y, |OB| =1-Y, |BE| =
|DE| = 7
Bulletin of L.N. Gumilyov ENU. Mathematics. Computer science. Mechanics series, 2020, Vol. 133, N4

41



PACYETHI K OTHOH UJIJIFOCTPAIIMY TEOPEMBI ITUPATOPA

N3z npamoyroasaoro Tpeyronbauka AODE HaxommM

L

V2
t Tz
1-t¢
— z. = 2(1—y). 2)
t t
Broipasum tg 8 = tg (% — a) = %—jri W3 ycioBus paBeHCTBa ILIOMAJEH MPSIMOYTOJTHHBIX
tpeyronbankoB NAOC u AFDB unmeeM:
2
Y 2 1t
== — = 3
t 14t 3

1—-t vy 1—¢2
— - — ==
t t t

Uz (2) u (4) momyuaem

1 —¢2 2.t
va-(1-9) =400 y=—2L
1—t

B urore nosryaunnn

1 V2t t

SapFrB=Spa0oc == | ———| = 2 =
22\ 5y 12 <\/§+\/§)

t2

2+ 12422t (1 —2)

2. BTOPOI1I KPUTUUYECKUI CJIYUYAU

0<t<t.

D

b

PucyHok 3 — Bropoii kpurnyeckuii ciay4aii (§2).

st naxoxgenus to noxcrasum (5) B (2) n mosmyunm

1—¢2

t t
et 3

2

o V2 - NG t

1-t¢ V2 4+ /=t 1-t¢ V2 4+ )=
VT V1
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A. A. KopeHoBCcKUl

1

N3 reomerputecknx cooOparkeHnit nmeeM x < . Nmeem

S

1—¢2

1 t

$§E<:>§21 t t 2<:>
- 1-t
V24+4/45

= V2Vt VTt >+t (3t—1). (6)

B npenesnsrom cayuae |BD| =z = % TpebyeTrcst HaliTH KOPHU YPaBHEHUS

—_

261 —t) = (t+1) (9> =6t +1) < 9> + 5> Tt +1=0. (7)

PucvyHok 4 — I'paduk KyGuueckoit napaboJibl B jieBoii yactu paseHcrsa (7).

Kopuu »3roro ypashenusi (7) MOxKHO Halitu ¢ wucnosb3oBanueM ¢opmyn Kapmiano.
[Tpubmmxkennrvie 3nadeHus Kopueir paBubl —1.249 ) 0.170, 0.524, u jaumb nocjaeqHul U3 HUX
to =~ 0,524 ynoBjeTBOpsieT yCJIOBHUIO tg > % (mpu Takom t( HepaseHcTBO (6) obpamiaercs B
pasenctso). ITpu srom y =~ 0,286, ¥ ~ 0,546, S~ 0,078.

3. IIEPBBHI KPUTUYECKUN CJIVUAN

B npenpiyiem paszesne 2 ObLIO TOJIYYEHO, YTO % ~ 0,546 > % [TosToMy ecTecTBEHHBIM

ABJIACTCs CIIelYIOMmuil Bonpoc: npu kaxom snavernuu t =ty € (0,tg) snavenue ¥ = % ¢ Ilpu
sToMm 3Havenun t; touka O neant orpe3sok AB momosam. [lis HaxoxaeHusi t(, Tpebyercs

peIuTh ypaBHEHNE

% S e 242 -1=0 < t=v2—1~0,414.

- V2 1
1 2
V2+4/5

Taknm obpasom, t) = V2 — 1, a coOTBETCTBYIONINE 3HAUCHUS I = % = \/5271 ~ 0,207, S =
V221~ 0,052.

DN |
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.

]
=]
[0 By ——

i y

PucvyHok 5 — Bropoii nocrkpurnyueckuii cayqaii (§4).

4. BTOPOM IIOCTKPUTUYECKUN CJIYUYAN

Kak u B mpempiaymem ciayuae, nycte ZAOC = /DOE = o, ZODB = 3, |AC| = vy,
|BD| = x. Ilpu arctgty < a < § chosa umeeM =7 — o, u qis t = tga nmeem |AO| =¥
|OB|=1-1Y, |BE]:|DE\:%.

Kak m B mpemplaymeMm ciaydae, B IpAMOyrojabHoOM Tpeyronbanke AODE Buaum, 49TO
pasercrBa (1) m (2) ocrarorcs B cuie, T. e.

x.$=\@(1—%). (8)

[Lnomans Tpamenun BFGH HaxoguM Kak pasHOCTDL Inromadeil TpeyroabHukos AF DB
u AGDH , a ycioBue paBeHcTBa Iomianeit Tpeyroibauka AAOC u tpameumn BFGH
MIPUHIMAET TaKON BYI:

2 2 2
g, 1t 1 1—t y? 1+t 1
t " 14t (x Vo) 1+t = V2T

). )
Kombunupys (8) u (9), Haxomaum

1 2 14t 1\ 1-—t¢
(y.++>.t:\/§(1—i)<:>

)

~+

— T =

t

—
~
N | =

1 <y2 1+t
V2

o\t 1—t 2
1+t 1 -5t
<:>y2-7+2y+7:0. (10)
BBI‘II/ICJII/IM AUCKPUMUHAHT
2
D:Z(5t2~|—6t—1).

YuurbiBas, uro y > 0, u3 ypasuenusi (10) nHaxoum
)

JEGeret-1) -2 [t VR G- 1-1

= 11
Y 3. LH 1+1 ()

ITpu sTom
S_yz_l5(5t2+6t—1)+t2—2t\/§\/5t2+6t—1_it2+2t—}l—\/g-\/5t2+6t—l
2t 2t (141¢)2 B (14 1t)? '
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e
* o

H

B

T (85).

PucvyHok 6 — Tperuii Kputudeckuii ciaydait o =

N

5. TPETUN KPUTUYECKUI CJIVUAI «
t = tga =1 nmeem |[AC| = |AO| =y, |OB| =1—

B mnpenenpnom ciydae o = %,
y, |FB| = 172?”, a yCJIOBHE paBeHcTBa momaeii Tpeyrombanka AAOC 1 npaMOyroabHUKA

BFGH upunmMmaer Takoil BU
5—1
V5ol 0,618.

2 V2 V2
NuTepecHo oTMeTuTh, 9TO B 3TOM ciiyuae orpe3ok AQ ocyimecrsiser “30/10T0e ceveHne”
‘/‘?’271,1 e.pu t =1

orpeska AB.
Bamerum takxke, uro npu t = 1 pasencrso (11) npunumaer Buj y =
) paserncTBo (11) ocraercs B cuite. Ilpu stom y = @ ~ 0,618,

(a=5
21 3-5
S:y2:8<6—2\/5>:4\[%0’191‘

6. YTOJI IOBOPOTA « 2 7

H

B

PucyHOK 7 — ¥Yroxa mosopora a2 7 (§6).
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Paccmorpum Tenepb cayqait ZAOC = ZFOB = « 2, § . Uz tpeyronpamka AOBF maxomum
ZOFB =~ =< — a, a u3 UpgMOyTroJIbHOTO TpeyroanHKa ABFJ waxommm /BJF = g =

s—y=a—7% KaK U BBIIIE, obo3HadYaeM ¢t = tga, Torma tg [ = tg (a — Z) = % . Haiee,

0603Ha‘{I/IM |AC'| =y, |BJ| = 2. Torma |[AO| = ¥, |OB| =1—-%, |[BF| = z-tgf. B

tpeyroibanke ABFQO 1o TeopeMe CHHYCOB TOJTY THM

1-4 -t 1-%  sin(3F —a
i AL YN L= (5= o) (12)
sin~y sin a x- sin

~

Tak kak

sin o 2 sin o - \ﬁ
To u3 (12) cuemyer

tga+

sin(%—a)_ﬁ.cosa—i—sina 1 ( 1 > 1 t+1
VR

1-4Y 1 t+1 t—y
o= r=V2. 13
vt V2 ot t—1 (13)

[Lromane Tpamenuun BFGH  Hajiiem Kak pa3HOCTh  ILIOMAJAEH  HIPSMOYTOJIBHBIX
tpeyrosibiukos AHJG u ABJF. Torma yciioBue paBeHCTBa ILIOMIAJEH TpPEyTrOJbHUKA
ANAOC u tpanenun BFGH npuHuMaeTr Takoil BUJ

v 42 g B—atgf —> vt + (14)
Z=(z+— -z = =
¢ J2) 8 & t o t+1
[Moxcrasus (13) B (14), noayuum
y?  t—1 t—y 1 2 t+1 1 -5t
— 2. — 4+ - | = — 42 —— =0. 15
/ t+1< P12 R A (15)

Sro ypasHeHue coBnagaetT ¢ ypasuenueM (10) u, TakuM 06pa3oM, €ro MOJIOKHUTEIBHOE PEIeHne
BbIpaXkeHo paseHcrBoM (11), T e

\/g-\/5t2+6t—1—t
1+t '

y =
[Tpu sToMm, Kak u BHIIIIE,
542 1 —
g2 gt +2t—3 \[ V/5t2 + 6t
2t (1+1)2

Hajiee ecrecTBEHHO BO3HHMKAET CJEIYIOMuUil Bopoc: ¢ pocmom t (= tga) kakasa u3 deyx
CUMYAUUT HACTRYNUT, DAHDULE

1)JAC|=1(y=1, t=t1, B=01) ww 2)|GH|= ?

Sl

7. IIECTON KPUTUYECKUN CJIVUAN
[TokazkeM, 9TO paHbIlle HACTYIUT OTMEYEHHAsI B KOHIIE IPEJBLIYIINEro pas/esa curyanus 1) .
B mpenenbaoMm ciygae y =1 (a: = \/5) paBerHcTBO (15) mpuUHEMAET BHT

t+1 15t
L+2+T:0 — 52— Tt—2=0.

t
[TostokuTE/IBHOE pellleHne 9TOr0 ypaBHEHUSA t] = 7+\ﬁ ~ 1,643. Ilpu srom 3Havenum t;
nMeeM
yGHy_tﬁ_t1—1_—7+l\g@—1 VBI-3 1
|HJ| &Pl t+1 ch@Jrl ﬁ+17 .

10 O3Ha4vaeT, 9TO OIrpaHUYCeHUd PAaCCMOTPEHHOI'O B IIPDEABIAYIIEM pa3/eJie Cloy4dasd CJICAYIOIne

1<t§t1—7+1(\)/@ <= %<a§arctg¥.
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“is

PucvHok 8 — IIlecroit kputndeckuii cay4qait (§7).

IIpu t =t; umeem y =1,

7++/89
10

Yy _

t1

10

T T+H/89

~ 0,608, S =

1 _
2t

5

T OTHV89

~ 0,304, ampu t =ty

HaCTyllaeT CUTyallld, KOTOpasd pacCMaTpUBa€CTCsd B CJACAYIOIIEM pDa3JieJsie.

8. IIATHI KPUTUYECKUN CJIVUA

Bepremcst K cirydaro, pacCMOTpEHHOMY B pasjesie 6, U M3yduM TaKOH BOIPOC: MNPU KAKOM
snauenuu t =t} € (1,t1) obe wacmu npasozo masenvrozo keadpama 6ydym umems 00UHAKOBbLE
naousady ¢ OTBETOM Ha 9TOT BOIPOC SIBJISIETCST PEIIeHNe YpaBHEHust S = i , T. €.

542 S S N T |
q° 2t — 4 \@ 5t2 + 6t !
=7

(1+1)?

DJieMeHTapHbIE TPeobpPa30BaHUsI PUBO/ISIT 9TO YPABHEHHE K TAKOMY

a ero uncsienHoe pemrenue t) € (1,t1) paeno t) ~ 1,309. Ilpu srom, nockonbky S =

)—ﬁ~0809
- 2""7 )

TO

y (t

1

44283 -T2 —4t+1=0,

1

V2]

9. YETBEPTHI1 KPUTUUYECKUN CJIVUAN

z
2]

_ ~0,618.

=

CHoBa BepHEMCS K CIyYaio, paCCMOTPEHHOMY B pasjese 6, U m3yduM eIne W TAKOH BOIPOC:

npu kaxom snavenuu t = t| € (to,t1) snavenue

Y

MaKCUMAJBHYIO JIJINHY MOXKET UMeTh oTpe3ok AQ 7
DTOT BOIPOC CBOJUTCS K HAXOXKJICHUIO MAKCUMyMa (DYHKIHN

y Vo VA6t —1-1

t

1+t

; Maxcumaavroe ¢ VlHnaue rosopsi, Kakyto

YuciieHHBIN aHAJIN3 TOKA3BIBAET, ITO 3Ta (DYHKIUS JTOCTUTAET CBOEIO0 MAKCUMAJILHOTO 3HAYEHUS
% ~ 0,620 B Touke t{ ~ 1,141 . Ilpu stom y ~ 0,707, S ~ 0,219.
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/
f /
" /
_ff H
f.
7
/

1 /0 PH:
Vi
P
J'Ilr /z

/. 1
;e

ye

JJ

PucyHok 9 — IIlecroii nocTtkpurndeckuii ciaydqaii (§10).

10. HIECTON IMOCTKPUTUYECKUI CJIYVUAN

Kak u B caywgae 2¢), oboznasaem ZAOC = /FOB = «a, ZBJF = 5, ZOFB = v,

t=tga, |[AC| =y, |BJ|=z. Torna tgp = ;_—i , paercTBo (12) ocraercst B cuiie, M, TAKUM

obpasom, B cuty (13),

t—y
r=v2. = (16)

[Lromane tpameruun  AOKI  HafiiemM Kak pa3sHOCTh  IJIOMAJEH  HPSMOYTOJIBHBIX
tpeyrosibHukoB  AAOC AIKC, a wiomags tpanenun BFGH HaliiemM Kak pasHOCTb
IIOIIAAel IPSAMOYroabHBIX TpeyrojbuukoB AHJG u ABJF . Torma yciaoBue paBeHCTBaA
wiomaaeit rpanenuit AOKI n BFGH upunuMmaer caeyIonui BI

2
PG 1 s o B (k).

t t V2 t t+1
[Moxcrasum (16) B (17) n nosmyunm
1 t—1 t—y 1 5t2 4t +2
o (y—1N="—(2. — L4 = yg=""—"_""_= 18
G t+1( t—1+2> YT i et (18)
[Tpu sTom
y 5 +t+2 -1 1 (5442 5t=3
t o 4t-(2t4+1) 72t 20\ 4t+2 42t 4 1)
yCJIOBI/IH Ha ITapaMeTpPbl IJId 3TOTO0 CIyvdasd
1 1 1 1 t—1 1
GH|< — <= |2+ (72| g8 —= <= |o+—%= | —<—F= <
GHl< 5 = (o4 5) wos 5 = (o 55) 1
t+1 2 2
= V2 1<—— <= V2.0<—— &= <.
SR =i =i

[Mogcrasum (16) u mosryunm

V2 V2 (19)

— (t—y) < — = t< 1.
oy G O =y
[Moxcrasum (18) u mosryunm
5t +1 +2 5t° +1+2
<——+1 <= t-1<{ ——
STeirn " =8t +4
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e 8P+ 4t —8t—A4<524+t+2 < 32 —5t—-6<0.
5+

?IZ(;I;pI/IMI/IHaHT KBaJIpaTHOrO Tpexwiena D = 25+72 = 97 u torja nomyvaem t < to = >
, .

2

Q

11. CEABMON KPUTUYECKUN CJIYVYAN

! H

PucvyHok 10 — Ceapmoit kpurndeckuii cay4dain (§11).
Ilpu ¢t =t2 n3 (19) umeem

y=tr—1=—7——-1= —— ~1,475.

[Tpu sTom

17 — —4
g:M%O,SQG; S:2y—12t2:ﬁ77%0,394-
t9 12 VIT+5

12. YToJ1 MOBOPOTA «a S §

Ilycrs o« 2 arctgty (¢ >t2). Kak u B cayuae 3a), obosnavaem ZAOC = LZFOB = «,
LBJF =0, t=tga, |AC| =y, |BJ|=x. Torna pasencrso (12) (a smauur u (13) n (16))
OCTAIOTCS B CHJIE U, TAKUM 00pasoM,

t —
r=v2.—Y (20)
t—1
[Lromans Saoxy Tpanemun AOKI HaiimeM Kak pPasHOCTB ILJIOMAJAEH HIPSMOYTOJIbHBIX
2 _1)2
tpeyroabHukoB ANAOC u AIKC , 1. e. 2-Ssorr = yT — % . ILmomaab IaTHyTroIbHUKA
BFGLH naiijieM Kak pa3HoCcTh wiota/eil ksajpara BM LH wu npsiMOyrojibHOTO TPEYTrOJIbHUKA
AFMG . Nneem |FB|=x-tgfB, |MF| = %—x‘tgﬁ, /MGF =8, 2Sarmc = |MF|*tg 5,
SpvMLH = % . Wrak, yciosue pasencrBa miomaaeii Tpamemun AOKI u naTHyTrOIbHUKA
BFGLH upuHMMAaeT cjeayIonuil Bu

v y-1? (1 1/1 t—1\% t+1
t‘t—2(2‘2<\@‘$'t+1> t—1>

2 2 At
'(t—l)(t+1)+y'[t+t—1_(t—1)(t+1)]+
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| M

1 1 t+1 2t 2t2
14+ Z. — =0.
S R = R R (e N ey
YupoctuMm k03D PUITUEHTBI
L2 4t 2
t—1 (-1 +1) tt+1)
1 Tt+1) 2 212 —t2 —5t—2
—— -1+ - + =
t t—1  t—1 (t—1)(t+1) 2t(t +1)
Uraxk, ypasaenne (21) npunHumaer cjieyronumii Buy
2 2 2 +5t+2

2

2t
= y 2y

t—1

VU ne+n Vs T 2+
2+5t+2

0.
2

JIMCKpUMUHAHT KBaAPATHOTO TPeX™IeHa B JIEBOU YacTH paBeH

p=g4. 1
1

t —

(+4t—1).

TakumM 06pazoM, MOJIOKHUTEIbHOE PellleHne ypaBHeHusi (22) pasHO

[Tpm sTom

Y

VEE-1)#+4—-1)+1-t

2./ V2 At —1-2
pr— & pr—

t—1

¥_

2t

VE-1)#2+4t-1)+1-t

t

22

I

g_ -1 _ V-1 +4t—-1)+1-2t

2t

2t2

(22)
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[ToaprTokuM TOJTydIeHHBIE PE3yIbTaThl B BUe TaOJMI] U rpadpUKOB.
IUIOIA/b HIZKHEH YacTH IPaBOro (HUKHEro) "MajeHbKOro” KBaJjpaTa.

Toru

CBoanasi Tabyina pe3yJibTaToB.

Yepez S obGosnauaercs

L8 | t | ACI =y \ [A0[ =7 \ S
— 0 0 — 0
0<t<ty~0,524 VoY NG 2
1 OF 452 Tt 4120 VER /S VI /152 2e1-142/26(1-17)
3 t ~ 0,414 Y21 0,207 0,5 Y2-1 (), 052
2 to ~ 0,524 ~ 0, 286 ~ 0, 546 ~0,078
A b e NN \a VEETG—T-1 | 5249, 1\ /T /EE 601
0="0= T+t 1+t (1+t)2
5 1 V5l 0,618 Vil ~ 0,618 3=v5 (), 191
6 l<t<ti= VI /EEF6 Tt VAT T-1 | 32—ty /T VBRI
— THY89 1,643 T+ T (T2
9 t’l’ ~ 1,141 ~ 0,707 ~ 0, 620 ~ 0,219
8 th ~ 1,309 ~ 0,809 ~ 0,618 0,25
7 t1 1 7_~_\ﬁ~0608 7+\ﬁNOSOZl
10 t1 < t <ty = 5t244+2 5t2 4142 5t—3
_ 55T 9 475 102641 Tt(2t+1) A(2t+1)
i
11 to VIT-L 1, 475 Y97 . 0,596 \ﬁ 1 ~0,394
V(1) (2 4+4t—1)+1—t | \/(t2-1)(E2+4t—1)+1—t | +/(t2-1)(t2+4t—1)+1-2t
12 t >t 2t 212 212
_ +00 +00 0, 5 0, 5
Tabauiia KpUTUYECKNX COCTOSAHUIA.
(S ¢ [ o [y=[AC|[}=]40[[ 5 |
- 0 0 0 - 0
§3 [, ~ 0,414 | 22,490 | 0,207 05 0,052
82 | to ~ 0,524 | 27,655 0,286 0,546 0,078
§5 1 45 0,618 0,618 0,191
§0 |7 ~ 1,141 | 48,768 | 0,707 0,620 | 0,219
88 | ] ~ 1,309 | 52,622 0,809 0,618 0,25
§7 | t1 ~ 1,643 | 58,674 1 0,608 0,304
§11 | t2 ~ 2,475 | 67,999 | 1,475 0,506 | 0,304
- Foo 90 +o0o 0,5 0,5
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L o //:
= .'.I
- / __.'
-'..
i
D& 1
.
1 O
o
3 a F] g 3 . . . . . . . .
1 v & s | L} E 11 12 i £ 15
- = 2 . ]
PucyHok 12 — I'pacduk dbysknuu y = y(t) .
[T
LEE
[ = = _—
T LoE
— '\-_\.
- ,
% \\_‘\
noa I\I\'-\..\.
Lk ey
-
& LS
- " :J ; '-_ } } } } } } } }
5% ; P i & ) & Lz 14 1E E
- - 2 - i
t
PucyHok 13 — I'padpuK OTKJIOHEHMS OT LIEHTPA I'MIIOTEHY3bI yg)
-
03 i /
LEu
[ 4 i
- L
- .
L i -
pmn f -
[
o LER Tt
vemH
; : | I
A5 : LI : ) 3 | £ ] 3 1T 14 B
__ ! A ;

PucvHok 14 — I'pacdpuk dyskuuu mutomaau S = S(t) .
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& 0.809 + a
e 0,696 1 g
® 0606 2
,-f;: 'x\
L BEdmm——mmm e m = Dl — — A ———
-\."% _.,."' , _-'-' \'\. - i
L] o4z 4 =

- 8 8 0384 1 2 '

® g @ 0.0 # s ®
o 0.2 4 &

» @ L B-16% 5 " L ]

- 0,106 4+ ' -]

- s 0078 4 @ ;

/. S __.-'"- \ ':.El'.l
— I - - - - - B -— —— } s
E 3 B BE % § E @ Eg 5 pHER % =

' & B E & (s Bk gk B

PucvHok 15 — I'pacdhuk dyskumii nuomagu S = S(a) .

Crcok aurepaTrypbl

1 http://imgl.liveinternet.ru/images/attach/c/0/119/903/119903615 math7.gif

2 Bosnoronoc C. M. Ilpo onny inrepuperario Teopemu Ilidaropa. Jurnutomua pobora. Opechbkuil HalioHAJIBLHUI
yuiBepcurer imeni [.I. MeunukoBa, dpakynbTeT MareMaTuKu, (pi3ukn Ta iHGOPMAIITHUX TEXHOJIOTIH, Kadeapa
MaTemMarudHoro anasizy. —~Ozeca, 2018. —30 c.

3 Hosak /1. B. IIpo omny inrepuperanito reopemu Ilidbaropa. II. dumiomua po6ora. Omecbkuii HarioHAJILHUI
yuiBepcurer imeni I. I. Meunnkosa, dakynprer Mmaremarnku, disnkn ta iHGopMaIiiHuX TeXHOJOrIH, Kadeapa
MaTemMaTudHOro anaiizy. — Oneca, 2020. —35 c.

A. A. KopeHoBckuii

U U. Mewnukos amuvindaev. Odecca yammuk yrusepcumem, Odecca, Yrpauna

ITudarop TeopemMachIHbIH, Oip MbIcajbl YIUIIH ecenTeyJjep

AnsoTauus: Tik GypbiniTel TeH Oyilipsi yibyphIITHIH KabbIpFaJapbl apKbLIbl OChI YIIOYPBIIIKA ChIPTTal KBaApaTTap
canmpiarad.  2Ka3bIKTBIKTa OCBI YII KBaJpaTTaH TypaTbiH (urypansl eki Oipmeil esmemzl (ArHEH ayJaHIApbl TEH)
durypanapra 6eserin Ty3yai caiy ecebi KoibuLiaabl. Ocbl Ty3yMeH aHBIKTAJIATBIH KeWbip mapaMeTpJiep, aTall aiTKaHa,
facramKpl KBaJApaTTapIblH 2KapThl Ka3bIKTBIKTapAarsl O6esikrepinin aymangapst ecenreseni. Colikec HoTHKeIep 9pTYpIIi
cbI30alapMeH, KecTeJIepMeEH KoHe IpaduKTepMeH OeliHe/IeHIeH.

Tyiiin cesmep: I[ludarop reopemacst, Iludarop reopemacsira Tycinmikreme 6epy, durypasapasl 6Ly, TEH OIIIEMIl

durypaJgap.
A.A. Korenovskyi
I.I. Mechnikov Odessa National University, Odessa, Ukraine

Calculations for one illustration of the Pythagorean Theorem

Abstract: On the sides of a right-angled isosceles triangle, squares external to this triangle are built. The task is to
construct a straight line on a plane that divides a figure consisting of these three squares into two equal-sized (that is,
equal area) figures. Some parameters determined by this line are calculated, in particular, the areas of parts of the original
squares in half-planes. The corresponding results are illustrated by various drawings, tables and graphs.
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