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Method of generalized functions in boundary value problems of thermoelastic rod
dynamics

Abstract: The method of generalized functions (GFM) has been developed to solve transient
and vibrational boundary value problems of thermoelastic rod dynamics using a model of coupled
thermoelasticity. Thermoelastic shock waves arising in such structures under the influence of
shock loads and heat flows are considered. Conditions on their fronts were obtained. The
singularity of the assigned boundary tasks taking into account shock waves has been proved.
On the basis of GFM, a system of algebraic resolving equations is built for a wide class of
boundary problems to determine their analytical solutions. Dynamics of the rod under the action
of forces and heat sources of various types, including those described by singular generalized
functions, which allow modeling the effect of pulsed concentrated sources, are studied. Computer
implementation of solutions of one edge problem at stationary oscillations was carried out, results
of numerical experiments of calculation of rod thermodynamics at low and high frequencies
are presented. These solutions and algorithms can be used for engineering calculations of rod
structures to evaluate their strength properties.

Keywords: thermoplasticity, rod, boundary value problems stress-strain state, general func-
tions method.

DOI: https://doi.org/10.32523/2616-7182/2020-131-2-8-27

Introduction. Rod structures are widely used in mechanical engineering as connecting and
transmission links for structural elements of a wide variety of machines and mechanisms. During
operation, they are subjected to variable mechanical and thermal stresses that create a complex
stress-strain state in structural elements, depending on their temperature, and affecting their
strength and reliability. Therefore, the determination of a thermal stress state of rod structures
taking into account their mechanical properties (in particular, elasticity) is one of the urgent
scientific and technical problems.

When studying thermodynamic processes in structures, equations of uncoupled thermoelas-
ticity are usually used. In this model at first the temperature problem is solved for determining
the temperature field without taking into account the deformation of medium. This reduces
a problem to constructing a solution of boundary value problem (BVP) for the heat parabolic
equation. After determining a temperature field, BVP of dynamics of thermo-elastic medium is
solved, in which a gradient of known temperature field is introduced as a mass force in motion
equations of elastic medium. This model describes thermodynamic processes well at low strain
rates and is completely unsuitable for describing high-speed dynamic processes.

Here, a problem of determining a thermostressed state of a thermoelastic rod is considered,
using a model of coupled thermoelasticity. In this case, a heat equation contains a divergence of
a velocity of material points of a medium, and a temperature gradient is included in equations
of elasticity. This connects equations into one system of differential equations of mixed type
without separating a temperature field and elastic deformations.

8
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Note that nonstationary BVPs of coupled thermoelastodynamics by plane deformation and
in 3D-space were considered by authors [1-7] and others. They elaborated analytical Boundary
Integral equations Method and numerical Boundary Elements Method for construction BVP
solutions in a space of Laplace or Fourier transformation over time. In [3] BIEM is based
on potentials theory. In [7] BIEM was elaborated by use General Functions Method which is
essentially convenient for solving hyperbolic and mixed problems of mathematical physics. The
base ideas of this method are presented in paper [8].

Here we elaborate this method for solving non-stationary BVPs and stationary vibrations
problems of dynamics of a thermoelastic rod under the action of power and heat sources of
various types, including those described by singular generalized functions. The latter allows
to simulate the impact of pulsed concentrated sources of various types. Thermal shock waves
that arise in such structures under action of shock loads and heat fluxes are considered, and
conditions at their fronts are obtained. Uniqueness of posed boundary value problem is proved,
subject to shock waves. Based on GFM, algebraic resulting equations system for wide class
of boundary value problems have been constructed for determination of analytical solutions of
BVPs. As example the computer implementation of solutions of one BVP was carried out by
stationary oscillations at low and high frequencies The results of some computer experiments
have been presented.

1. Statement of non-stationary boundary value problems of connected thermoe-
lasticity. A thermoelastic rod of length 2L are considered, which is characterized by a density
p,rigidity EJ , and thermoelastic constants -, and  [1,2].The movement of the cross sections
of the rod and the temperature field of the rod is described by a system of hyperbolic-parabolic
equations of the form:

p62u7$x —PUytt _ﬁyeaw +PF1 = O?

eul‘x _K/_laﬂ —NU,xt +F2 =0. (11)

Here u(z,t) are the components of the longitudinal displacements, 6(x,t) are the relative tem-
perature (0 = T(x,t) — T'(x,0)), T are absolute temperature, F; are a longitudinal component

of acting forces; a velocity of thermoelastic waves propagation ¢ = ,/ % . An action of heat

sources describes by the function Fy = (Aox) W (x,t), where W are amount of released (or
absorbed) heat per unit volume per unit time, A\p is a thermal conductivity coefficient.

We suppose that functions Fi(x,t), Fa(x,t) belong to a space of generalized functions (dis-
tributions) of slow growth S [9], that allows us to simulate thermodynamic processes in rods
under action of various types of concentrated heat sources. Hereinafter, we use the notation for
partial derivatives: w;,; = Ou;/0x; = Oju; . Thermoelastic stress in the rod is determined by
the Duhamel-Neumann relation [1,2]:

o = pctu,, —0 (1.2)

We consider a number of direct boundary value problems of thermoelasticity whose solutions
satisfy the following initial and boundary conditions. Initial conditions (Cauchy conditions): at
t = 0 the displacement, velocity and temperature are known:

u(z,0) =wug(z), 6(x,0)=0(z), [z<L;
O (x,0) =g (z), |z|<L
Boundary conditions at the rod ends (x =x; = —L, x = 29 = L) depend on BVP type. Here

at first we consider four classic BVPS.
BVP I. A displacement and temperature at rod ends are known:

(1.3)

u(zj,t) =w;(t), O(x;,t)=0;(t); j=1,2 (1.4)
BVP II. Stresses and heat fluxes at rod ends are known:
Bulletin of L.N. Gumilyov ENU. Mathematics. Computer science. Mechanics series, 2020, Vol. 131, Ne2
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o(xj,t) =pj(t), Oulr;t)=qt); j=1,2 (1.5)
BVP III. A displacement and heat fluxes at rod ends are known:

u($jat) = Wy (t)v 971 (1:j7t) ZQj(t); j=12 (16)
BVP IV. Stresses and temperature at rod ends are known:

U(Q?j,t) =Py (t), Q(xj,t) :gj(t); ] = 1,2 (1.7)
It is assumed that the boundary functions satisfy the following smoothness conditions:

uj(t) € €(0,00),05(t) € C(0,00), 45(t) € Ln(0,00), p;(t) € L1(0,50) (1.8)
and are regular functions from S’ (Rl) .

Remark. By n = 0 it is the model of uncoupled thermoelasticity, by v = 0 the first equation
(1.1) is the motion equation of elastic rods.

2. Shock thermoelastic waves as generalized solutions of motion equations. The
system of equations (1.1) has mixed hyperbolic-parabolic type. Due to a hyperbolic personality,
it’s possible an occurrence of thermoelastic shock waves by cause shock effects at ends of a rod.
To derive shock waves, we consider Egs (1.1) and their solutions in a space of distributions S’.

Let u(x,t),0(x,t) are classic solution of Eqs(1.1). We consider them as regular distributions,
which are differentiable between fronts of shock waves, where there derivatives are discontin-
ues . According to the rules of differentiation of such generalized functions [9], Eqs (1.1) for
thermoelastic shock waves take the form in S’:

P Uzx =Pt =10,z +F1 + ([pPuse —v0) v — p[ue vi) O (x, 1)+

+0, [pc?u] dp(,t) — O [pu] 6p(z,t) = 0,

0,20 *K'_leat — Nyt +F2 + O [0] VzOF + [eax] VgpOp—

— [/ﬁ_19 + nu,x] v — O Inu] vydp = 0.
Here, the square brackets denote the jump of functions indicated in them at the fronts of shock
waves, 0p(x,t) is singular generalized function — a simple layer on characteristic surface F' in
the set D™ = {(x,7) : |x| < L, 7 < t}, on which derivatives have jumps. As follow from (1.1),
the next determinant vanishes on F':

(2.1)

p (C2V§ — 1/3) 0
v — Ny
where v = (v, 1) are the normal to F' in D™ . It follows from (1.7) that the lines x = const
and t = const are characteristic surfaces for equations (1.1), and for shock waves ( £} ):

= —Npry (021/9% - l/t2) =0 (2.2)

v = —clvyl (2.3)
Here the wave front F; has a simple form:
Fy={(z,t) iz £ect)=2"}

It is the point of derivatives discontinuity which moves at a speed ¢ from the point 20, where
it is formed, in one direction along the rod or another.

As in a domain of differentiability, shock waves are solutions of Egs. (1.1), from (2.1), taking
into account (1.2), to be generalized solution of (1.1) it’s necessary to perform next equalities:

([,OCQU,m —70] Vg — P [ty] l/t) O + 0, { [chU] 5p} — 0 {[pu]or} =0
O {[0) vudF} + ([G,x] Uy — [/1_19 + nu,x]) vop =0
From (2.4), taking into account (2.3), it follows that at the fronts of shock waves the following
conditions for jumps must be satisfied:

(2.4)

[U]Ft =0, [U]Ft = *PC[Q}F,& (2.5)
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[H]Ft =0, ch]Ft =7 [u]Ft (2.6)
The first condition (2.5) is continuity of displacements which is necessary to conserve contin-
uity of a medium. The second condition describes a stress jump (shock), which leads to a jump
in velocity at the wave front. From the first and second conditions (2.6) it follows that the
temperature is continuous at the wave fronts but a heat flux has a jump proportional to a jump
in displacements velocity at wave front.

From these relations follow that a jump in a heat flux in the rod also forms a thermoelastic
shock wave, since it causes a jump in velocities at the front, which leads to a jump in stresses
on it. Such thermo-shock waves are always formed at the ends of rod if, until a fixed point in
time, it was in a static state, and then non-zero stresses or heat fluxes , applied to it at the ends,
create thermoelastic shock waves.

3. Uniqueness of BVP solution subject to shock waves. We show uniqueness of the
solution of the initial-boundary value problem in presence of shock waves. It is assumed that
at each fixed point in time, the domain of solution determination with respect to x are divided
into a finite number of intervals between the fronts of shock waves F} at which the solution is
continuous and differentiable according to (2.1). Denote an energy density of a rod

Bla,1) = 0,5 {p (1)” + ¢ (u.a)” + 7 ()~ 67}
and power of internal forces:
M(z,t) = uy (c Uy 70) +ny 106, .

Further we assume ||v|| = 1. From (2.2) it follows: v = (v, 14) = (1, —¢)/V/1 + ¢2. The following
theorem is true.
Theorem 1 (law of conservation of energy)

L t L
/ (E(x,t) — E(z,0))dz = /dt/ (u,e Fy + 77’}/_19F2) dx+
—-L 0 —L

t

—I—/(M(L,t) — M(—L,t))dt —ny 1O/dt

0

'n\h

Proof. We fix an arbitrary time ¢ > 0. Multiplying the first equation (1.1) in the field of dif-
ferentiability by w,; , and the second equation by af , after a series of equivalent transformations,
we obtain the equalities:

pCQUﬂf Uypr —Ust Uyt —YUst eax +PF1Uat =0=
81‘ (U,t (pCZU%E _70)) - 07 5815 {(uut)z + pCQ (u7$)2} + YUtz 0 + Uyt ﬂFl - O;

00,00 —K 100, —bU,p +0F; = 0 =
—0,567 180,02 + 8, (00,5) — MUz — (0,2)° + 0F> =0
Folding them, we have
Oy (u,t (chu,x —79) + 0499,;,;) —
0,50, {p (,0)% + €2 (w,0)? + a/{_192} —a(0,.)+
+O0u, g1 (v — an) + uy pF1 + abFy = 0.
where a =1n/v. As a result, we obtain the equality:

—1 2 —1
OB (z,t) — O M (z,t) +ny " (0,2)° = uy F1 + 1y 0F (3.1)
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Method of generalized functions in boundary value problems of thermoelastic rod dynamics

Lets integrate (3.1) over D~ with allowance for the division of integration region by the fronts
of shock waves Fj(x,t) into subdomains where the solution is differentiable. As a result, using
the Ostrogradsky-Gauss theorem, we obtain the following integral equality:

f (E(x7t) - E(xao)) dx + Odjdt f (0,$)2dx =
- t ’ t -r L
—L

+ {Ff zk: VoM (z,t) — nE(z,t)|p, dS(Fk)} -

We show that, due to conditions at the fronts of shock waves (2.5)-(2.6), the jumps on the right-
hand side of this equality are equal to zero. To do this, we make a series of transformations:

[M<x7 t)]Fk = [uﬂf U]Fk ta [997$]Fk =u [U]Fk + ot [uﬂf]Fk + b [Gﬂl’]Fk =
= (U+ —pcu +’79) [unf]Fk = pc (CU,; —U_,t) [uat]Fk

(here the signs in the upper index indicate the values of the corresponding functions on the right
or left side of the wave front). Consequently,

V1t M(z,t) — nE(2,t)]p = [M(x,t) + cE(x,t)] 5, =
= pe (cug —u” ) [l g, — pe[udlp, (cu™ 0 —uy") = pefeu.a +usd] [l g, =0
since, in virtue (2.5),

1 .
[cu,x —i—u,t] = E ([pczum —9] I + pc [U]Fz) =

1 .
= %[a—i-pcu]Ft =0
Therefore, from (3.2) we obtain the formula of the theorem.

Theorem 2. The solutions of BVPs I-1V are unique.

Proof. We carry out the opposite. Let there exist two solutions of the considered BVP from
the stated ones. Then their difference, by virtue of linearity, will also be a solution of (1.1)
for F; = 0,5 = 1,2, and satisfy zero initial and boundary conditions. We write the energy
conservation law for such solution. According to Theorem 1:

L t L t
/E(x,t)dernv_l\/l+c—2)/dt/(9,m)2dx:/(M(L,t)—M(—L,t))dt
—L 0 —L 0
But

t t
/M(iL,t) dt = / (wu (£L,t)o(£L,t) + vy '0(£L, )0, (£L,t)) dt = 0
0 0

since by one of the factors in each integrand is equal to zero, due to the zero boundary conditions

of any BVP. Therefore
t L

L
/E(x,t)da:—i—n’yl/dt/(G,x)2da::0
—L 0 —L
Due to the zero initial conditions and the positive definiteness of the integrands, we obtain
u =0, 0 =0. Then decisions are coincided. The theorem is proved.

4. Generalized solution of BVP. To determine the solution, we pose a boundary value
problem in the space of two-dimensional generalized vector functions

Sy(R?) = {f = (filw,0), folw,1)), (w,t) € R?, fj € S'(R%),j=1,2}
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Their components are generalized functions which belong to S’(R?) [3]). To do this, we intro-
duce a generalized regular vector function (mark them with a hat):

(i1, 82) = {0, 0} = {u(x,0)H (2)H(¢),0(z,t)H (z)H(t)}

Here (ui,u2) = (u(x,t),0(x,t)) are the solution of BVP, H(z) are the Heaviside function.
In Sy(R?) vector-function (dy,1s) satisfies to the next system:

iy —lgr — 70,0 +F1 = — {t10(2)0(t) + uo(z)8 ()} H(L — |z|)+
+e H () {(p1(t) — 401(t)) 0(2 + L) — (p2(t) —0a(t)) 6(x — L)} +
+etH (t ){ul( )0'(x + L) —ua(t)d'(x — L)},
eaxz —K Oat — Nyt +Fo = (41)
= H ()8 (L +2) (q1(t) = nin () — H (8) 6 (L — ) (g2(t) — miz(t)) +
+(01<t>H<t>6’<L+x>) — (a0 H ()8 (L~ 2)) = Kk o) () H (L — |a) -
b (1) H (L — [z]) Byito () ~ 1un (0)8 (£) 6 (L + ) + mua(0)5 (1) 5 (L — )
Here are 0 (t) is singular delta - function, v =/p.

Using the property of the matrix of fundamental solutions U f(aj, t), the solution of Eqs(4.1)
can be written as following tensor-functional convolution:

_|_

u(z,t)H (t) H (L — |z|) = Fl*Ull—i—Fg*UlQ—i—
(—

CZi 1)’f+1{( (t)—ryak(t))TU}(erL,t)+uk(t)>§U11,x(a:+L,t)}+
k=1

+H t)ki( 1)kt (Qk(t)—nﬂk(t))jﬁf (x—(—l)kL)+9k(t)H(t)jU12mc (x+L)= (42
— {ito(@) + U} (@, ) + o)) + U} 1 (x| H(L — [a])-
“nu(OU (L +2.0) +n1af0) 03 (2~ L.0) -
60(x)H (L — []) x UF —nH (L — [z]) dyiio() x UF
0 (x,t)H (t) H (L — |z|) = Fy « Uj + Fy « U3+
2
32 ()M () =7 () 1 UB e+ L,0) 4 wn(0) § U (2 + L) |+
RIS (<) (gu(t) — nin(0) 103 (0 — (“DRL) 4 Ou(OH (0 U (e + D)~ (43)

)
1
— {it0(@) x U3 (@) + o)) « U3 1 (1) } H(L = la)-

—u1(0)U3 (L + 2, t) + nu2(0)U3 (z — L,t) —
(z)H (L — |2|) * U3 — nH (L — |2|) dxtio(z) * Us

The matrix of fundamental solutions Uij (z,t) (i,j = 1,2) is solution (1.1) for singular
F = (Fi, Fy) = 615(x)5(t)

65 is Kronecker symbol. The integral record of convolutions (4.2), (4.3) has the next form:

w(z,t) H(|jz| — LYH (t) = Fy « U + Fy « U+

2 t
+PH()Y (- k+1/ w(T) = 305(T) U (x — (=D*L,t — 1)+
+u (DU (@ = (<)Lt = 1) dret
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Method of generalized functions in boundary value problems of thermoelastic rod dynamics

(au(r) = nig (7)) Uiz — (~1)*L,t — )+ (4.4)

+
=
—
=
(]
T
—_
=
+
—
o _
—

(TR (& = (<)Lt~ 7) }dr—

L
—H (L — |z / (o (9) UL (& — 9,t) + wo(y)) Ubs(@ — g, t)dy—
“L

—1u1(0)UF (L + ,t) + 1ua(0)UF (x — L, t)

— |z]) / {71 U2z — y, )00 (y) — nUL(z — y,)dyin(y) } dy.

0 (x,t)H (t)H (L — |z|) = Fy « U3 + Fy « U2+

+c? ’f“/{ —30,(7)) Ul (x + L, t — 7)+

0
+up (U3 2 (x + Lyt — 7) } dr+

b2
H t)/{z k:+1 (qe(T) = niug (7)) U22 (ZE—(—l)kL,t—T)+
o —

+0,(T)U2 o (x4 L, t — 7')} dr— (4.5)

L
— |z[) / {i0(y)Us (x — y, t) + uo(y))Us i (x — y, 1)+
L

+1u1(0)U3 (L + 2 — y,t) + nua(0)Uj (x —y — L,t) } dy—

— ) / [ Y0 (0) U2 (@ — 1. 8) + U2z — 4, 6)yinn(y) b dy.

For regular functions
t L
FJ*UZ]:H H(|x| — //F] x—y,t—T)dydT
0 —L

For singular Fj , wich are applied in physical applications [10], the definition of convolution
should be used [9].

If a rod was at rest and the temperature was constant until the initial time, then the initial
conditions are zero and the formulas are simplified.

u(x,t) H(|x| — L)H (t) = Fy * (711 + By % Ulz+

t

2
+HO Y (-0 [ {0 = 30 Ul o~ (-4 Lt = )+
k=1 0
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Fup(T)UL e (2 — (“1D)FL, ¢ — T)} dr+ (4.6)

+H (t)i(—l)kﬂ/{(qk(r) — g (7)) U2 (x—(—l)kL,t—T,> +

i
I

01U, (x (—1)FLt - T) } dr

0 (x,t)H(t)H (L —|z|) = F «Us + Fy = U+

+c? k“/{ — F0p(T)) U (2 + L, t — 7)+

0
tup(t) U3 0 (x + Lyt — 7 )} dr+ (4.7)

t>/t2 DM (qu(r) = i (1) U (@ = (~D)* Lt -
> (D (anlr) = i) U3 (@ = (-D)FLit —7) +
0

k=1

+0,(T)U3 0 (x + Lt — 1)} dr
Formulas (4.6) and (4.7) determine the displacement and temperature inside the rod from the
known displacements, stresses, temperature, and heat fluxes at its ends.

5. The Green matrix and its Fourier transform over time. To construct matrix of
fundamental solutions of equations of coupled thermo elastodynamics analytically it’s possible
only in Fourier or Laplace transform spaces over time. Fourier transformant over time of Green
matrix Uj(z,t) we constructed in [11]. It is fundamental solution of Eqs (1.1) which satisfied
to radiation conditions.

Its components have the form:

~ Ssgn(x) [ _, [ sinav/Ag
J _ 1 —
Ui (z,w) = 300 — M) {zw/@ < T

”\%ﬁ ) (VAvsina /A - fsmf)} (5.1)

752sgn (cosxf—cosxf) j=12

2(M —

Ug(aj,w) (igln( ))\ o {zwnéj <cosx\ﬁ—

—cosm\/g) — w? <81?1$K\{X sz%{) 5] (5.2)

c2 <\/)\Tsinx\/)\71— @sinx@) 5%} ,7=1,2

Here

A2(w) = 22 {(w +iyn) + ik~ £ \/ (w+i(yn+ 2k—1))* — 4iw02k_1} (5.3)
the roots of the characteristic equation of system, quadratic with respect to £2:
A(g,w) = (€ — ik w)(c*” — w?) —iyngw = (62 = 1) (€7 = \o)
They depend on only three thermodynamic parameters of the medium:
¢, a=n~n, [=ck1
dimension [a] = [8] = [w]. In these options
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Method of generalized functions in boundary value problems of thermoelastic rod dynamics

A2(w) = 2w2 {w—l—z(oH—ﬂ :I:\/w+z a—ﬁ))2—4aﬁ} (5.4)

Their frequency asymptotic behavior is as follows:
a) at w — 00

w? iwf
AL~ 077 A2 2 (55)
b)at w—0:
. 3iw (a+B) iw(a+ B)
A SzmT, AQ ~ T (56)

Riemann surface of the matrix w are univalent, since the values of the components U ,i are
independent of the choice of the sign of the radicals /Aj(w).

The features Ug (r,w) are clearly demonstrated in figure 1, where the calculations of this
matrix are presented for the following conditional parameters: v =0.1,c=1,k=1,n=1 the
real (blue line) and i imaginary part (green line) of each component are shown here

Remark. Matrix U J (z,w) may be used also by solving BVPs of harmonic vibrations by
action of periodic over time external forces and thermo-sources.

6. Laplace transforms over time of Green matrix. To solve non-stationary boundary
value problems, we should use the Laplace transform of the fundamental matrix U7 (x,p), which
is obtained using the connection between the Fourier transform and the Laplace transform in
time (p <> —iw, w <> ip ):

§{sgn(z)
2(A1 = A2)

o (505 ) ()

7(6;sgn (cosa:\/i— coS xﬁ) j=172
1

A2)

Ul (x,p) =

sgn ()
2(A — \2)

; S A blnx
5 o ) 2 sin zv/\1 VA > 5]
X {pn 1 (cosa:\/ 1 — COoS T/ 2) P ( T %

¢ (\/)Tlsin:c\/g— \/)Tgsina:\/);> 5%}, j=12

Uj(x,p) = —

where

Malp) =~ {prat 8 /ot (a9 +aan)

The components U g(m, p) are regular and continuous at the point z =0:

U (+0,w) = U} (0,w) =0, k,j=1,2, (6.1)
But their derivatives
8, U} (x,w) =
(A1 — iwk™1) sgn(zx)
-_— (cosx\/)\l —cosx\/)\g) + cosx\/ Ay —
(A1 —A2) 2

5 (VArsin el VAL = Vgsin fo] Ve ) 6
2(A1 — A2)
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8$[7%(x w) = _53 wr) (\/7S1n || VA — Vg sin 12| \/»)

2(A1 = A2)
: - A
—&)sgn(x) { uz)\ 1c? (cosx\/ —cosxTy/ A ) — 2 coszy/\ }
1—
at this point suffers a break of the ﬁrst kind:
9,UJ (£0,p) = £0,507, 9,03 (£0,p) = +0,5¢28, j=1,2 (6.2)

(the upper sign corresponds to the left limit at zero, the lower right).

Remark. By n =0 matrix U g (z,p) is fundamental for equations of uncoupled thermoelas-
todynamics. In this case its original has be constructed in [12].

7. Laplace transform of boundary value problems solution. Here we consider the
initial boundary value problem with zero initial conditions. By use the property of Laplace
transform of convolution we get Laplace transformants of generalized solution from (4.2)-(4.3):

u(x,p) H(lx| — L) = Fi(z,p) * Uf (x,p) + Fa(z, p) * U (x,p)+
(—1

£ X (UM (- 30 01 = (DML + )0 (o - (DL}
i (—1)51 {(ge — mpi) T2 (& — (DML, p) + 007 (2 — (~1)L,p)}
0 (937292) H (L — |a|) = Fi(z,p) * Uy (2, p) + Fa(w,p) + U (z,p)+
L2 kzl (=D {(py —0k) U3 (x + L,p) + uUs o (x + L,p) } + (7.2)

L (1) {ki( D (e — npiig) 02 (2 — (—1)FL,p) + 5,030 (2 + L,p>}

Here, a dash over a function indicates its Laplace transform.

Using the asymptotic properties of the fundamental matrix U]’f at zero (6.2), from (7.1)-
(7.2) we obtain the system of four linear equations at the boundary points to determine the
Laplace transformants of unknown boundary functions, respectively to considered BVP. It has
the following form:

0,5@(—L,p):(F1*Uf+F2*Uf) +
2

+ (=1 (brp) = 7 0(p) T (~L = (~1)*L,p)+

k=1

)

ik (p)U} o (~L = (<) L.p) p + (7.3)

+Z2: k+1{(Qk( ) + iwniig(p)) U7 (— - (_1)kL’p> +

* +0u(p) 07 (~L = (~1)"L,p) }.

0,53 (L, p) = (Fl*UerFQ*Uf) ot

[\

+2 ) (-1 {(ﬁk(p) —50k(p))

k=1
— rrl k
()0} o (L= (~1)°L,p) } + (7.4)
Bulletin of L.N. Gumilyov ENU. Mathematics. Computer science. Mechanics series, 2020, Vol. 131, Ne2

17



Method of generalized functions in boundary value problems of thermoelastic rod dynamics

2
+ 30 @) — pran() OF (L= (<) L,p) +

k=1
+0u(p)UEs (L= (-1)"L,p) }

—+

0,50 (—L,p) = (F1*021+F2*U22> )

2

+¢2 ) (=DM (Br(p) — ¥0k(p)) U3 (0,p) + ik (p)Us3 2 (0,p) } + (7.5)
k=1

2
+> (=DF (q@w(p) — pnan(p)) Us (—L -~ (—UkL,p) + 01(w) U3 (0, p)

i
I

0,50 (L, p) = <F1 + O + Fy x (72) 4
2
+ > (=DM (r(p) — 10k (p)) U3 (2L, p) + ur(p)Us 0 (2L, p) } + (7.6)
k=1

2
+ 3 (DM @lp) = prin(p) U3 (L= (<) Lop) + 0u(p) U3, (2L, ).
k=1

From this system it is possible to obtain the resolving equations for any of the four BVPs.
8. Resolving equations of BVPs in Laplace transform space. The resolving system
of linear algebraic equations (7.3)-(7.6) is represented in matrix form:

uy Uz
D1 p2 | _
{Alpx§ B b+{and B0 =b (8.1)
l 72
where
{A1} =
05 0 0 0
- (02U11>I _anlz)(QL) _62 11(2.[/,])) (?CQU% - U1271’ )(QL) - 12 (2[17]))
0 0 05 =0
- (C2U21m: _an22)(2L) _C2U21 (2L7p) (§C2U21 - U227x) (2L) - 22 (2L7p)
{42} =
(CQUllax _p’r]UlQ)(,2L) 02011(—2.[/,[)) - (%CQUll - Ulzax )(72[/) 012 (_QLap)
05 0 0 0
(62U217I _an22)(72L) ) CQUQI (_2L)p) - (%CQUQI - U227$) (—2L) U22 (_2Lap)
0 0 0.5 0

b= (Fy«Ul + FaxUP)_p, by=(FyxUf + FxU7) ),
by = (F1#Uy + +F+U3)_p),  ba= (FixUsy + Fax U3y
From this system it is necessary to construct a linear system of algebraic equations for any of
the considered boundary value problems, leaving on the left side terms with unknown boundary
values of the desired functions and transferring them to the right side with the known ones. The
solution of this system is determined by use Cramer method.

After determining the missing boundary functions using formulas (7.1), (7.2), we determine
the displacements and temperature in the rod. To determine thermoelastic stresses, we substitute
the solution into the Duhamel-Neumann law (1.3), where all incoming functions are defined
above. The obtained solutions make it possible to determine the thermally stressed state of
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bar structures with various geometric dimensions and thermoelastic parameters. In this case,
one can study the effect of concentrated heat and power sources on them, described by singular
generalized functions.

As example we present resolving boundary equations of BVP 1. In this case from (1.5) we
know stresses and heat fluxes at rod ends, but (p1,p2,q1,¢2 ) are unknowns. Then we obtain
from (8.1) resolving system of equations (RES 1):

P1 Uy
@ | 01

{A} b (= b+ {B} x i (8.2)
q2 0o

where the components of the matrices A, B are determined through the components of the
matrices A1 and A2 as follows:

A112 A114 A212 A214
A122 A124 A222 A224
A132 A134 A232 A234
A142 A144 A242 A244

Alyp Alyz A21p A2q3
Algr Algz A2y A2o3
Alzy Alsz A231 A2s
Alyr Alyz A24 A243

(P20 + P02,
. (Fs0t+ Bx02) |,
(Fs03+ RxT3) 1.,
(FI;U:; +F2§z722) L,

(8.3)

)

J

9. Problems of periodic vibrations and their solutions. Periodic action of external
vibration source is typical in practice. Their action can be presented in the form of Fourier series
of stationary harmonic vibration which periods are multiply to base period. The solutions of
such problems are determined also as Fourier series:

u(z,t) = Zaje_i“’jt, 0 (x,t) = ije_i”jt
J J

Then for every harmonic of this series we have stationary vibrations BVP by frequency w; .
Using this method we can calculates thermo stress-state state of rod for every harmonics of
this series and solve BVP. It gives possibility to investigate thermoelastic state of rods as at
big oscillation periods and so at small periods, when uncoupled model of thermoelasticity is
insufficient for application.

Let consider a rod fixed at the ends, whose temperature fluctuates with frequency w at the
ends

u(zj,t) =0, 6O(xj,t) =exp(—iwt); j=1,2
It is BVP 1 with RES (8.2).

Figures 2,4,6 (a,b) show the amplitudes of displacements and temperature along the rod
for different frequencies: w = 0 : 1;1;10. The calculations are performed for dimensionless
parameters: vy =1,n=1,k =1,c=4. In this case

In figures Fig. 3,5,7 (a,b) the real (green lines) and imaginary (blue lines) parts of complex
amplitudes of displacements and temperature are depicted, which describe the displacements
and temperature at fixed moments of time, spaced apart by a quarter of the oscillation period:
o t=2mn/w(Ru, RT) and t = 2mn/w+ 7/2w({u,IT),n =0,1,2.

The formation of standing thermoelastic waves has been observed. At low frequencies a
middle of the rod is stationary, and maximum of longitudinal displacements are observed at
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quarter of length from rod ends. Maximum of temperature is in a middle of the rod. At low
frequencies, temperature maximum in a middle of a rod is higher than temperature at its ends.
With increasing frequency, a number of local extrema increases and temperature amplitudes
increases in comparison with its value at rod ends.

The nodal points appear where both displacements and temperature are close or equal to
zero. But extrema of amplitudes of displacement and temperatures are shifted relative to each
other (where the displacements are zero, temperature amplitude maximum is observed).

10. Resonance vibrations of thermoelastic rod. One of the most important of engineer-
ing problems is to determine the spectrum of free vibrations of a thermoelastic rod (resonant
frequencies). As you know, external influences at resonant frequencies often lead to devastating
consequences for structures containing such elements.

To determine the spectrum of thermoelastic vibrations of the rod, one should study the
determinant of RES matrix. Namely, the resonant frequencies must satisfy the characteristic
equation

det (A(L,wg)) =0, k=1,2..

This is a complex transcendental equation because the components of the fundamental matrix
are expressed in terms of trigonometric functions of complex arguments. Its behavior and roots
can be determined only numerically using various standard computer programs. For the system
(8.2), the zeroes of determinant of matrix A2 determine the resonant frequencies at which
time-periodic solutions do not exist

But in figure 9 there is graphs of determinants of matrices A1 and A2. They are plotted,
depending on the frequency w. Det(A2 (w)) does not vanish anywhere. That is, in contrast
to the dynamics of elastic rods, there are no classic resonant frequencies at which stationary
periodic solutions do not exist. Such behavior of determinant of RES matrix is observed for all
considered above BVPs.

However, there is a local minima on these curves. It shows that external action on such
frequencies will cause increasing oscillation of rods, resonances in rod structures.

Table 1 presents the maximum amplitudes of displacements and temperature in the consid-
ered frequency range. With increasing frequency, the amplitude of the displacements increases
sharply, and then begins to fall. The same is observed for temperature. With temperature fluc-
tuations at the ends, the maximum amplitude of temperature fluctuations in the rod increased

by 20 % .
Table 1

w | Umax | T max
0.1 | 0.0022 | 1.001
1 0.032 1.168
10 | 0.443 1.2
100 | 0.28 1.04
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Figure 4. The amplitude (a) of temperature fluctuations and its real and imaginary part (b)
along the rod: w=1
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Figure 9. Dependence of the determinants of the matrices Al (a) and A2 (2) resolution system
of equations of frequency

Conclusion. Obviously, we can consider combined problems with one type of boundary con-
ditions at one end of a rod and other at second end, and other asymmetric conditions for a
number of defined functions at rod ends. Constructed here Resulting Eguations System (8.1)
gives possibility to solve 35 BVPs with different boundary conditions by different external ther-
mal and forces action. It needs to set 4 boundary function from 8. Then others 4 are defined
from RES (8.1). You can know 2 arbitrary boundary function from 4 at both rod ends, or 3
from 4 at one end and 1 any boundary function at other ends, or all 4 only at one ends.

Also by v =0 this system describes the dynamics of elastic rods neglecting thermal stresses
but with a glance of velocity of deformation on its temperature.

Note also that formulae (7.1)-(7.2) may be applied for engineering calculations of rods con-
structions for estimating their durability and safety without construction RES and its solving.

This work was supported by the Grant of Ministry of Education and Science of the Republic
of Kazakhstan No. AP05132272 “Boundary value problems of the dynamics of deformable solid
and electromagnetic media and their solving”.
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JI.A. AnekceeBa, M.M. AxmeTr>kaHoBa
Mamemamuxa sicorne mamemamuraivyy modeadey uncmumymot, Aamamo, Kazaxeman

TepmocepniMai e3ek JUHAMUKACBIHBIH IIIEKTIK ecenrepiHiy >kannbuiama QyHKOusIap saici

Annoranusi:  Baitanbickan TepMocepmiMzi MOZeIiH maiifjajlaHa OTBIPBINI, TEPMOCEPHIMII ©3€K JIUHAMUKACHIHBIH,
CTaI[MOHAPJIBIK, €MeC KoHe TepbesticTi meKTik ecenTepinin memnry yimin »xannansama (yHkusaaap oaici o3ipaenai. CokKbI
JKYKTeMeJslepi MeH »KbLIy afbIHIapbl OCEPiHeH KypbUIbIMIApAa Iaiijia OOJIaThIH TEPMOCEPIIMII COKKBI TOJIKbBIHIAPbI
KapacTeIpblLabl.  OJapabiy, GarbITTapbIHBIH IMapTTapbl ajdblHABL. COKKBI TOJIKBIHIAPBIH €CKepe IIeKTIK eCenTepiHiH
KAJFBIBABIFBL  JI9JIEJIIEH ], ITlexTik ecenTepiHiH KeH KJlacCTap AaHAJUTUKAJBIK, IIelmiMIepiH aHbikTay yimin MO
Herizinge osapAblH, aarebpaJsiblK IIEILy TEHAeyJIep Kyheci KypacTeIppuimbl. Typui Tumreri »KbULy Ke3AepiHiy »koHe
KYII OCepiHiH ©3€eK JUHaMUKAChl 3epTTese/li, COHBIH iIIiHJe CHHIYJISAPJIBl KajbliaMa (GOYHKIUAAJIAPbIH CHIATAUTbIH,
UMIIYJIbCTI KOHIIEHTpaUUsJIaHFAH KO3Iep OcepiH Momengeyre MyMKiHmik Oeperi. Cranuonapsisl  Tepberic kesimmge
Oip IIEKTIK ecenTep IIENIiMiH KOMIBIOTEDPJIK iCKe achIpy 2Kyprisijiefi, TOMEHIi »K9HE >KOFaprbl KUIJIIKTEpJeri e3eKk
TEPMOJUHAMUKACHIH €CEIITEY/IIH CAH/bIK SKCIIEPUMEHTTEPIHIH HoTHKejiepi Kopceriai. Ochl memimMaep MeH ajJropuTMmep
©3€K KyPbUIBIMJIAPbIHBIH OEPIKTIK KacueTTepiH H6araJjiay YIINiH OJlap/iblH WHXKEHEPJIIK ecenTeyliep YIIiH KOJIJaHybl MyMKIiH.

TyiiiH ce3aep: TepMOIIACTHUKA, O3€K, IIIEKTIK ecell, KepHeyl - nedOpMAaIUsIIbIK, KYi, 2KaanblaMa QyHKIAAIAp 97ici.

JI.A. AnekceeBa, M.M. AxmeT>kaHoBa
Hremumym mamemamury U MAmemMamuveckozo modesuposarus, Aamamot, Kasaxcman

Metoa 06001eHHbIX DYHKIUMHI B KPAaeBbIX 3a4a4aX AUHAMUKUA TEPMOYNPYTrOro CTEP>KHs

Annoranus: Paspaboran meron obmmx dynxnmit (MO®) mis penienus HECTAIIMOHAPHBIX U BUOPAIMOHHBIX KPAEBbIX
3a/la4 JUHAMHUKU TEPMOYIPYIOrO CTEPXKHSI C HCIOJb30BAaHUEM MOIEN CBI3aHHOW TEpMOYIPYrocTH. PaccMOTpeHbl
TEPMOYIIPpYTHUe yAAapPHbIE BOJIHBI, BOZHUKAIOIIME B TAKUX KOHCTPYKIMSIX IOJ JIEHCTBHEM YIAPHBIX HAIPY30K U TEILJIOBBIX
notokoB. [loJsiy4dens! yciaoBusi Ha ux ppoHTax. JlokazaHa € IMHCTBEHHOCTh IIOCTABJIEHHBIX KPAEBBIX 38/1a9 C yYETOM yIapHbBIX
Bosin. Ha ocmoBe MO® mocrpoena cucrema aarebpandecKux Paspellaominx yPaBHEHHI [JIs IMHPOKOrO KJIAacCa KPAeBbIX
3a/1a4 JJIsl ONIpeJIeJIeHUs] UX aHAJUTUYIEeCKUX perteHuii. Vcciaenyercs [uHaAMUKa CTEPXKHS MO IeCTBUEM CUJI U KICTOYHUKOB
TeIIa Pa3jIMdHOrO THIA, B TOM YHCJIE€ OMUCBIBAEMBIX CUHIYJISPHBIMU OOODOIIEHHBIMU (DYHKIUSIMU, KOTOPBIE ITO3BOJISIOT
MOJIEJIMPOBATH BO3/IEMCTBUE MMITYJIbCHBIX KOHIIEHTPUPOBAHHBIX WMCTOYHUKOB. IIpoBejieHa KOMIIBIOTEPHAsI peasin3alusi
pellleHuil OHOI KpaeBOU 3a/a4u IIPU CTAIMOHAPHBIX KOJIEOAHUSIX, NMPUBEIEHBI PE3yJIbTATHl YUCIEHHBIX YKCIEPUMEHTOB
pacdeTra TEPMOJMHAMHMKU CTEPXKHS Ha HU3KMX U BBICOKUX dYacToTax. JlaHHBbIE pENIeHHsI U AJI'OPUTMBI MOTYT OBITH
IIPUMEHEHBI JIJIsi MHXKEHEPHBIX PACYETOB CTEPXKHEBBIX KOHCTPYKIUN JIJIsI OIEHKU UX IIPOYHOCTHBIX CBOWCTB.

KiroyeBble C€JIoBa: TEPMOIIACTUYHOCTb, CTEPXKEHb, KPaeBble 3aJ1a4i, HAIPSKEHHO-1e(OPMUPOBAHHOE COCTOSHUE,
MeTOoJ, 00X (DyHKIIHIA.
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AbGcTpakTHBIEe Apob6HBIE MHTErpo-auddepeHNnaIbHbIE YPABHEHUSI C UMIYJIbCHBIMU
BO3/1€iICTBUSMMU

AnnoTanms: Hacrosimasi  pabora mocBsmieHa BOIPOCAM TEOPUH  CYIIECTBOBAHUS,
€JIMHCTBEHHOCTH U HENPEPBIBHON 3aBUCUMOCTA OT HAYAJbHBIX JAHHBIX DEIeHnil UHTEerpo-
juddepeHnuaibHbIX  ypaBHEHUI JAPOOHOIO TOPSIKa C HUMIIYJIBCHBIMU  BO3/IEHCTBUSAMEI
B 0aHaxoBOM IPOCTPAHCTBE. ITonyyennnie 37ech abCTpPAKTHBIE YTBEPXKJIEHUS HAXOJAT
IIpUMEHEHUs] IIPU  aHaJu3e PAa3PEIIUMOCTH HA4YaJbHO-KPAaeBbIX 334  JJjid  JIPOOHBIX
muddepeHnnaabHbIX, HUHTErPO-TudPEPEHITNATBLHBIX YPABHEHNH B YaCTHBIX [TPOU3BOIHBIX
U CHCTeM TakuxX ypaBHenmit. Takme 3a7ady SIBJISIOTCS OOBEKTOM BO3PACTAIONIEN0 MHTEPECA
nccJieioBaresieil B CBA3U € IMIMPOKUM CIIEKTPOM BO3MOKHBIX IPUJIOXKEHUI B (PU3WKE, MEXAHUKE,
XUMUHU, OUOJIOTUN, MEJIUIINHE W APYyTrux o0JacTdaX Hayku u TexHojoruii. Hambosee BakHBIME C
TOYKH 3PEHUS] MPAKTUIECKOTO IIPUMEHEHUS ABJISIIOTCS MHOTOMEPHBIE YPABHEHUS C UMITYIbCHBIMEI
BO3/IEHCTBUAMU  OIMUCHIBAIONINE PA3JUIHBIE IPOIECCHl C MOMEHTAJbHBIMUA H3MEHEHUSIMU
COCTOSIHUI CUCTEMBI B CJIOXKHBIX HEJIMHEHHBIX (DPAKTAIBHBIX CPEIax.

KiioueBbie cioBa: npousBojHas KamyTo, wuMIy/JbcHOe BO3jeficTBue, IPOOHBIE
juddepeHinaibHble ypaBHEHUsI, JPOOHBIE HUHTErpo-auddepeHIualibible ypaBHEHUs, CJaaboe
pertenue.

DOLI: https://doi.org/10.32523/2616-7182/2020-131-2-28-34

Bsenennue. 3a mnocienHme JecATHIETUs Teopus AuddepeHnnaIbibIX YPaBHEHUA ¢
HUMIIYJIbCHBIMU BO3IEHCTBUSIMU CTAHOBUTCS OO'LEKTOM BO3PACTAIOIIETO MHTEPECA, UCCIIEI0BATEIelH
B CBSI3H C IIUPOKHUM CIEKTPOM BO3MOXKHBIX IIPUMEHEHNH B PU3NKE, XUMUU, OMOJIOTUH, MeIUIIIHE
U MHOrUX Apyrux objactsx. Haubosiee BaKHBIME € TOYKH 3PEHUS HPUIOYKEHUI SIBJISIOTCS
HUMIIYJIbCHBIE YPaBHEHUS C APOOHBIME IOPSIIKAMI IPOM3BOIHBIX, KOTOPhIE OIICHIBAIOT IIPOLECCH
¢ MOMEHTAJILHBIMU U3MEHEHUSIMIA COCTOSIHUI CHCTEMBI B CJIOXKHBIX HEJUHEHHBIX (ppaKTaJbHBIX
cpenax.

JlagHOoe HaIpaBJICHHE WCCICJOBAHUI M HEKOTOPbIE €r0 WTOIM U3JIOXKEHBI B MOHOrpadusix
[1-4]. Hacrosimasi crarbsi sBiseTcss pasBuTHeM Iybsumkarnmii [5-7| ¥ mocBsineHa HHTErpoO-
I depeHInaIbHBIM TOYINHEAHBIM YPABHEHUSIM € JPOOHBIM ITOPSIAKOM ITPOU3BOIHON U €
UMITYJIbCHBIMU BO3IEHCTBUSIMU B OAHAXOBOM IIPOCTPAHCTBE.

Heobxomumbie onpesesieHnsa n obo3HaveHnd. [lycts R - nelicrBuresbrast och, Ry =

[0,00), X - GanmaxoBo mpocrpaHcTBO ¢ HOpMmoit || - ||. Hasee, nyers J = [0,0] € Ry u

C(J,X) 6aHaxoBO IPOCTPAHCTBO BCexX HenpepblBHbIX dyHkuuii f w3z J B X ¢ HOpMOIt

I fllc = sup||f()]]. Hycts 0 =ty < t1 < -+ <ty < tme1 = b. Bsegem mpocrpancTBO
teJ

kycouno-tenpepbiBHbIX dyukuuit PC(J, X) ={f:J — X|f € C((ti,ti+1], X),i =0,---,m+1,
cymecrytor f(t7) u f(tf),i =0,---m+1 u f(t;) = f(t;)} ocnamennoe PC - Hopmoii
YeoOwbI11eBa,

[ f[loo = sup |[f(®)]]-
teJ

Buech u(ty) = lim u(t; +¢), u(t;) = lim u(t; —€) HUPeJCTABIAIOT JIEBO U HPABOCTOPOHHHUE
e—0+ e—0+
npesensl npu ¢t = t; COOTBETCTBEHHO.
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Paccmorpum B X 3amauay Ko aj1st 1poOHOTO MMITYJIBCHOTO UHTETrPO-IuddepeHITnaIbHOTO
ypaBHEHUSA

‘Difu(t) = Au(t) + F(t,u(t), (Ku)(t)),a € (0,1),t € J, t # tg,
u(0) = uy, (1)

Au(ty) = uty) —ulty) = Ie(u(ty)), k= 1,---m
riae DY o € (0,1) - npobuasi npousBojHas B cmbiciae Kamyro [4], A - unduHUTH3EMATBHBII
rereparop C( - HOIYrpyNIbI JIXHEAHBIX OrpaHndeHHbIX oneparopos {S(t)}i>0, F : J x X X

X — X - zajgannas uamepumas dyukiusd, dyuknun I : X — X, k= 1,- .-, m orobpaxaior
OrpaHMYeHHbIE MHOXKeCTBa B cebst, onepaTrop K olpenesnsercs paBeHCTBOM

(Ku)(t):/o k(t, s)u(s)ds,

k € C(D,R")- MHOXKecTBO Beex MOOXKUTEIBHBIX HelpepbiBHbX Ha D = {(t,5) € R?,0 < s <
t < T} dynxnmit u k:+—suphmtf0 (t,s)ds < oo, up € X.

[Tpumem

Onpenenenne 1. Pynxuyusa u € PC(J,X) naswseaemes PC caabvoim pewernuem 3adauu
(1), ecau ona ydosaemeopsaem cACOYOULEMY UHTNEZDAADHO-CYMMAMOPHOMY YPAGHEHUIO

u(t) =T(t)zo+ »  T(t—t:)Li(ult;)+

o<t; <t

+/ $) OV Z(t = 5)f(s,x(s), (Kx)(s))ds, t € J.
0
3decw

/ £a(0)S(1°0)d0, £4(0) = 07w, (971/) > 0,
(0%

_ 1 n—2 an— lr(n9+1) .
wa () = - Z:l( =20~ Tsm(mre),ﬂ € (0,00),
n—=
['(z)- eamma Ppynxyus Slnepa, &q - Pynryus naomuocmu seposmuocmu na (0,00) makas,

wmo

£a(0) > 0,6 € (0, oo),/fa(H)dé’ =1
0

= / 0€.(0)S(t*0)d

Jlemma 1. Cemeticmso  onepamopos {T'(t)}i>0,{Z(t) }i>0 0bradaem caedyrougumu
ceolicmeamu.

1) das mobozo t > 0,T(t) u Z(t) Asra0omes MUHETHLMU 02PAHUNEHHBLMU ONEPAMOPAMU,
m.e. dan mobozo x € X cywecmesyem nocmoanwnas M >0 makas, wmo

T @)x]| < Ml|z||,[|Z ()] < [|[;

M
(o)
2) {T(t)}+>0, u {Z(t) }4>0 cuavno nenpepvisnoy; 3) das kaorcdozo t > 0,T(t) u Z(t) asamomes
KOMNAKMHBMYU ONEPAMOPAMU NPU YCA0sul Komnaxmmocmu S(t).

JIemma 2. ITycmo u € PC(J, R) ydosaemeopsem Hepasencmaeo

t

lu(@)]] < er(t) +62/(t— )7 u()llds + D Olulty)],

0 0<tp<t
Bulletin of L.N. Gumilyov ENU. Mathematics. Computer science. Mechanics series, 2020, Vol. 131, Ne2

29



AbcTpakTHBIE JpOOHBIE HHTErPO-AuddepeHLNAIbHbIE YDABHEHUS ...

2de c1(t) Heompuyamenrvhas HenpepuieHas u neyovsatowas Gynkyus wa J u cp > 0,0 >0
nocmoannve. Tozda

lu()]] < e1(t)(1+ 0Bs(cal(B)")* Eg(eal (B)t7), ¢ € (th, ths1] (2)
rue 6 = m;?X Or, Eg- dynwyus Mummae-Jlepprepa. danee, 1IycTb BBIIOJIHEHBI CJIEIYIONTHE
upemnonoxkenns: (H1) Oyukmus F @ J X X x X — X JIOKaapHO JIMOINHUIL - HEIPEPHIBHA
OTHOCUTEJILHO U, v, T.e. 1 joboro p > 0 cymecrByior nocrosiaubie Li(p) u Lao(p) raxue,
q9TO

[F' (¢, ur,v1) — F(t, uz,v2)|| < L1(p)|[ur — uzl| + La(p)|lv1 — vall;
(H2) CymiecrByer nocrosinnass C' Takast, 910
1E @ w,0)|] < O+ [ul] + [|v]]), w, v € X;
(H3) st dynkumit I, : X — X, k=1, -+, m cymecrByior nocrosuubie hy > 0 Takue, 410
15i(w) — Tu(w)l] < Al = ol w0 € X.

OCHOBHOI1 Pe3yJIBTAT COCTABIISIET CJIE/LYIOIIAsT

Teopema 1. IIpednonosicum, wmo ycaosus (H1),(H2) u (H3) ewnosnenw. Tozda
CNPABEIAUBDL CACOYIOULUE YMBEPHCICHUA:

1. Jna waoicdozo ug € X 3adava (1) umeem eduncmeennoe PC - caaboe pewenue u(t) .

2. Cywecmsyem nocmosawnas C1 > 0 makaa, wmo 0as HAYAALHOT YCAOBUT Ug, Vo U3
X coomeemcmeyrowue caabvie pewenusa u(t),v(t) sadawu (1) ¢ ug,u(0) = ug,vo,v(0) = v
YI0BAETNBOPAIOM OUEHKE

|lu = vl[poex) < Cilluo — voll.
st jokasarenbcrBa  TeOpeMbl  PaCCMOTDHUM  IOJIYJIMHEHHOe uHTerpo-auddepeHiaibHoe
yPaBHEHHE C JAPOOHBIM HOPSIKOM [IPOU3BO/HOM

°Difu(t) = Au(t) + F(t,u(t), (Ku)(t)),0 <a<1l,teJ (3)
U ¢ HAYAJIBHBIM YCJIOBHEM
u(0) = uo (4)
na npocrpancree C(J, X) ¢ BecoBoit HOpMOIt

— t —rt
[l = max |u(t)[]e™,

rje r oupegeisiercs Huke. Oupenennm orobpaxkenune P : C(J, X) — C(J, X) pasencrsom
¢
(Pz)(®) u0+/ (t— )% Z(t — $)F(s, uls), (Ku)(s))ds.
0

Ucrnonesys memmy 1 u upeamostoxkenne (H1) mosy i

t

|(Pu) (@] < ([T ()uol| + /(t =) H|Z(t = $)|| - |1F (s, u(s), (Ku)(s))lds <

0

INa+1) INGY!

MC o MCQA |IE|DIullr —a r

t
MC MC
< Mlfuol| + b + (lwllr + [ K wll) /(t — )0 le"ds <
0

<M t) <
MC
<M b+ MCe™ (1 + || K
< ||uor|+F(a+1) + MCE 1+ |[KIflr
e y(a,t) f 22 le - HUJKHsIsI HelloJTHast ramma - dbyskiums (em. [8], crp. 954).
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Bamernm, UTO € MOMOIIBIO 3aMeHbl '(t — §) = z MOYKHO IepeliTu K PaBeHCTBY

t
/ (t —s)* te"ds = r~ %"y (o, rt).
0

Taxum obpa3om, mmosyaaem

MC
INa+1)
U3 npuBe/IeHHBIX 3/1eCh PACCYK/IEHUI ciejtyetr, 4To Jiroboe ciaaboe perenne u(t) ypashenus (3)
YJOBJIETBOPSIET OICHKE

[[Pullr < M||uol| + 0" + MO+ [[K[ ][]l

t
MC 1+ HKH 1
P <M * ) .
(Ol < Mlfuoll + oy 5" + = =5 lias
0
Hasnee u3 nepasencrsa (2) cuejyer, 9To
MC MC(1+||K]|)
7ba Eo(——————=b%).

CuretoBaresibHO, J1I000€ perenne u ypasHeHust (3) yJIOBJIETBOPsieT OIEHKE
lulle < p.

[Tycrs Teneps ug,uz € C(J, K) rakue, uro ||ju;|| < p,i =1,2. Torga uz (H1) noxyunm
t
[(Pu1)(t) — (Pug)(t)|| < /(t —5)* Y| Z(t - 5)|Ix
0

X||F (s, ur(s), (Ku1))(s) = F(s, ua(s), (Kug))(s)[|ds <

M N . _
< @(Ll(P) + |[K|[L2(p))||z1 — xz!lr/(t —5)* 1l ds <
0
< M(L1(p + || KI[) La(p))r~*||lz1 — o |re™.
Bpomst obosHadenmns

ro = (2Mmaz{C, L1 (p) + || K||L2(p) ),

HOHy‘{I/IM
MC o, 1
[Py < M|[uol| + mb + 5\|“Hm |[(Pur)(t) — (Pu2) ()] <
< s = wal
=9 u U2||rg
Bzas MO
— oM _MC 4o
po = 2(M [|uol| + NCES) )

yBU AWM, 9TO P gaBngercsa CZKUMaIOIIM OTO6pa}K€HI/IeM Ha

BTO(pO) = {u € C(‘]vX)v HUHTO < ,00}”00 < ,5

Orciona cieyer, 9T0 ypasHeHHe (3) UMeET ¢IMHCTBEHHOE DPEIeHUE YIOBJIETBOPAIONIEE TAKIKE
HadaabHOMY yeaosmio (4). Teneps nepexo M K IOCTPOCHUIO CIA00T0 PEIICHUS ISk UMITYJIbCHOMN
sagaun (1). Jos ¢ € [0,¢1] U3 BBIIIEU3II0KEHHBIX PE3Y/IBTATOB CJIE/IYeT, UTO PEIEHIe yPABHEHHSs

u(t) =T (t)up + /(t —8) 7 Z(t — 5)F(s,u(s), (Ku)(s))ds
0
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aBisieTcss caabbiM pemtenneM ypasHenust (1) ma [0,t1]. Ckadok eJIMHCTBEHHBIM 06Pa30M
ONPEJIEJISIETCS BBIPAKEHUEM

u(t,+0) = u(t,—0) + I, (u(t, —0) = u(t1) + I(u(t1))) = u.
Hnst t € (t1,t2) mveem

u(t) =T(t)up + T(t —t1)1(u +/ V21 Z(t — 5)F(s,u(s), (Ku)(s))ds =
0

=T (t)up +T(t —t1)I1(u(ty)) + /(t1 — 8)Z(t1 — s)F(s,u(s), (Ku)(s))ds+
0

—i—/ )* 1 Z(t — s)F (s, u(s), (Ku)(s))ds =

+/ (t — ) 1 Z(t — 8)F(s,u(s), (Ku)(s))ds,

rae
t1
filt) =T uo +T(t —t1) 1 (u(tr)) + /(t —8)* 71 Z(t — 5)F(s,u(s), (Ku)(s))ds
0
Hannoe ypasuenue paspermo Ha C([t1,t2], X). VI3 U3JI0:KEHHBIX BBIIIE PE3YJIBTATOB CJIEJLYET,

9TO U siBJsiercs cyabbiM perenneM (1) Ha mnTepBasie (t1,t2). IloBropsist nmponeaypy Ha t €
(ta,ts], (t3, ta], ...(tm, b] momyunm exuncTBeHHOE caaboe pemenue (1) va J B Buje

u(t) =T(tuo+ Y T(t—t)Ti(u(t:)+
0<t;<t
+ /(t —5)*71Z(t — 5)F(s,u(s), (Ku)(s))ds,t € J.
0

ﬂanee, OpUMEHAA JIEMMY 2 YCTaHOBUM HEUPEPLIBHYIO 3aBUCUMOCTL DPE€IICHUA OT HadYaJIbHBIX
JaHHBIX. BaMeTI/HVI, 9TO

[lult) = v(@®)]] < TO)lluo —voll + D (1Tt — ta)l| - [ Li(ults)) — Li(o(t:))]|+

i=1
+/ ) HIZ(E = 9)I] - [|[F(s,uls), (Ku)(s)) — F(s,0(s), (Kv)(s))||ds <
0
. M
< Mlfuo = voll + MY S hllu(t: — ot + Fs+
=1
t
+[| K[| L2(p / Y u(s) — v(s)||ds.
0
Hrax
[u(t) —v@®)[| < Calluo — voll,t € J,
rae

Co = M1+ MEL(M(L1(p) + || K|[L2(p)b*]" Ea (M (L1(p)) + || K[| L2(p))-
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3akirouenue. llogydyennbie 37ech abCTpaKTHBIE PE3Y/IbTATHI HAXOMAT CBOE IIPUMEHEHNE
IIpu pelieHrnn KOHKPETHBIX HavaJbHO-KPaeBBIX 3adav JIJId HeJIMHEeHBIX I/IMHy.HbCHbIX nHTEerpo-
nmuddepeHnnaabHbIX yPABHEHNN B IaCTHBIX ITPOU3BOIHBIX IPOOHOTO MOPSIKA U CUCTEM TaKHX
YPpaBHEHUI.
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NMMmnynbcTtik acepdii aberpakrisii 6esuiek nHrerpo-auddepeHnnaablK TeHIeyJiep

AnsoTanusi: Makana Banax kenicriringe wuMmysbCcTiK ocepi 6ap Oesimiek perTi mHTErpo-auddepeHIuaIbK
TeHJEyJep MIemiMIaepinid, 6ap 60Jybl, OJlap/blH >KaJFbI3JbIFbl >KoHE OacTallKbl MIapTTapAaH y3iriccis Toyesai 6oty
Mocestesiepiniy ananusine apuanran. Makasaga ajJblHFaH aOCTPAKTIIL TY»KbIpbIMaap OesImexk perTi aepbec TyBIHIBLILI
nuddepeHuaNIbIK, WHTErpo-auddepeHnalIblK, TeHJAeyJIep MeH TeHJeylep Kyilejgepi yIniH 6acTalnKbl-IeKaPaJIbIK,
ecenTepiH MeNnMIUIrie 3eprreyae KoaganHbuiagpl. Pusnka, MeXaHuKa, XUMUsI, OUOJIOTUsI, MEIUIUHA YKOHE FBHIJIBIM MEH
TEXHOJIOTUAHBIH 6acKa J1a caaJapblHIa KeHIHEH KOJIAAHBICKA ue 60y bIHa 6ailIaHbICTBI MYH/Ial ecenrepre 3epTTeyIiIepIiH
KbI3BIFYIIBLIBIKTAPBI APTHIN KeJle XKaTKAH HbICAH OoJibin Tabbuiabl. Kypaesni ChI3bIKTBI emec (dpakTayabl opTaja Kyiii
JIe3/1e e3repMedti XKyiesi 9pTypIIl IPOIEeccTep/l CUMATTANTBIH UMITYJILCTI 9cepi 6ap KOmeJmeMIi TeHIeyIep TPAKTUKAIIBIK,
KOJIJIAaHBICHI TYDPFBICBIHAH AJIBIII KaparaH(a HEFYPJIbIM MaHbI3/IbICHI OOJIBII KeJIe/Ii.

Tyiiin cesmep: KamyTo TybIHABICH, MMIYILCTI 9cep, Geuimek perTi nuddepeHuaniibK TeHaeyiep, OeJlnek perTi
uHTErpo-auddepeHInaIIbIK TeHIEYIIep, 3JICI3 MIeniM.
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L Center of Innovative Development of Science and New Technologies, Academy of Sciences of the Republic of
Tagikistan, Dushanbe, Tajikistan
2 University of Central Asia, Khorog, Tajikistan

Abstract Fractional Integro-Differential Equations with Impulsive Actions

Abstract: This paper is dedicated to the problems of existence, uniqueness and continuous dependence of the solution
of fractional integro-differential equations with impulsive actions on the initial conditions in Banach space. The obtained
statements will find their applications in analysis of solution of initial-boundary value problems for fractional differential
equations and systems of such equations. These types of problems are more attractive for researchers due to the broad ap-
plications in physics, mechanics, chemistry, biology, medicine, and other areas of science and technology. Multidimensional
equations with impulsive actions, which describes a different process with immediate changes of state in complex nonlinear
fractal mediums have more real life applications .

Keywords: Caputo derivative, impulse influence, fractional differential equations, fractional integro-differential equa-
tions, weak solution.
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O pernenun obpaTHOIl 3aa49M Ha rpadye /IJisi ypaBHEHUs TEIJIONIEPEHOCA C MaMsIThIO

Annoramusi:  IlpejcraBiena HoBasi TOCTAHOBKA OOpATHON 3ajadu Ui yPaBHEHUS
TEIIoNepPeHoca, YIUTHIBAOIIAs 3 MEKT MepeHoca TeIIoThl ¢ maMsaTbio. [lomyuensr yciroBus
KOPPEKTHOMN PA3pEeIUMOCTH TIPSIMON 33JTa9N U TIOCTATOYHBIE YCIOBUST BOCCTAHOBJICHUST (OYHKITIH
BJIUSHUS Ha TEIJIOBOH mporiece ((DyHKIMM UCTOYHUKA TEIUIOTHI) HA MPHMEPE BBIPOKICHHOTO
rpacda. VYKazaHbl IIyTH I[IE€PEHOCA IOJYyYeHHBIX PE3YJIbTATOB HA ITPOU3BOJILHBIN HOCHUTEIb —
IIPOU3BOJIBHBIN Tpad.

KurodeBble cjioBa: ypaBHEHNe TEILIONEPeHOCa C MaMITbi0, BOCCTAHOBJIEHUS HCTOTHUKA
TEIJIOTHI Ha, CETEBBIX HOCHUTEJISIX, METOJ] I'PAHUYHOTO YITPABJICHUSI.

DOI: https://doi.org/10.32523/2616-7182/2020-131-2-35-41

BBenenue. TemsoBoe ypaBHeHHEe ¢ NaMsTBIO BlepBble BBeZeHO B [1| m 06006meno B
[2]. DT0 ypaBHeHme ropaszao Jydiie, deM OObIYHOE YPABHEHHE TEIJIOIMPOBOIHOCTH OIUCHIBAET
dusnygeckue ABJIEHUS B 9KCTPEMAIBHBIX CUTYAIMAX, OJIM3KUX K (ha30oBbIM Hepexojam. ObpaTHas
3aja9a BOCCTAHOBJIEHUsI KOMIIAKTHOI'O rpada I10 COOCTBEHHBIM 3HAYEHUsIM PacCMOTPEeHa B
[3]. Oxazanoch, uyro sra npobieMa ropasuo GoJsee ciloXkKHas, deM oOpaTHas 3ajada Jis
oneparopa Illrypma-Jluysuiist Ha mHTepBaje. AHAJOTMYHO, OOpaTHas 3aada PaCcCestHHs Ha
HEKOMITAKTHOM Trpade CIoXKHee, 9eM obpaTHas 3a/a4a Ha BEIeCTBEHHON OCH.

Hawubosiee KOHCTPYKTHBHDBIE IIPOIEAYPHI JJIsT PEIIeHus IIeJIOr0 KJacca OOPaTHBIX 3aatd
OTpaXkeHbl B Hay4YHBIX pesyabrarax ApnonuHa C.A., ero coaBTOPOB M €ro HayJHOH IITKOJIBI
[4-9]. Paspa6oran meron rpanuunoro ynpasienusi (Boundary Control Method — BCM),
OCHOBAHHBIN HA CBA3U MEXKJy OOpaTHON 3ajateit (I/I,J:LeHTI/Id)I/IKauHeI‘/’I) U YIPaBJISIEMOCTDBIO I
JAMHAMUYIECKUX CHUCTEM: €CJIM CUCTE€Ma YyIIpaBJideMa, TO OHa I/I,ZLGHTI/ICbI/IL[I/IpyelVIa.. 9TOT MeTO/,
6I)IJI YCIIENMTHO NTPUMEHEH IIPAaKTUYIEeCKU KO BCEM JINHEHTHBIM YpaBHEHUAM MaTeMaTUdIeCKO
¢du3uKn: BOJHOBOMY YPaBHEHUIO; ypaBHEHUAM TertonpoBomuoctu, Makcsesta, [HIperunrepa.
[Ipenmymectea BCM: oH coxpaHsieT JIMHEHOCTb Ha, BCEX dTarax; HPUMEHUM K ITHPOKOMY
Kpyry JIMHEITHBIX CUCTEM; OH B CYIIECTBEHHOM HE€ 3aBUCUT OT Pa3MEPHOCTU CUCTEMbI U, HAKOHEIT,
IIO3BOJIAET IIOCTPOUTDH ITPOCTHIC aJITOPUTMbBI 1 O6eCHe‘{I/ITb CTa,6I/I.HI)HbIe YUCJICHHbIE DeaJIn3allun.
Xapakreptasi yepra BCM B ero jokanabHocTu. /st obparHbIX 3aa49 Ha rpadax 9T0 03HAYAET,
YTO JIJIT BOCCTAHOBJIEHWSI TOIOJIOTMM U JAPYIAX IIapamMeTpoB mojarpada TpedyeTcss TOIBKO
JIaHHBIE, OTHOCSIIIHECsT K 9TOMY mojarpady. DTo cBoiicTBo obecnieunBaeT npenmyiiectso BCM
repeJi IpyruMu METOJIAMU U TO3BOJISIET PACIPOCTPAHUTD IMPE/JIAraeMblil TTOX0JI OT UHTEpPBAJIa
K rpadaM Ipu pereHnr 0OpaTHBIX 3a/a9 MaTeMaTuaecKoil usuku. HoBblil monxo/ K aHaIu3y
0bpaTHBIX 3aa4 Jisi nuddepeHInalbHbIX YPaBHEHWI ¢ AMATHIO TIPEJIJIOXKEeH B paborax [6-8].
JlokazaTeIbCTBa OMMMPAIOTCsI Ha METOJI MOMEHTOB, L-6asucHocTh u 6a3ucHocTh 110 Pruccy. 3amadn
nzeHTHUKAIIMT UCTOYHIKA Ha Tpadax uccseqoBanbl B padore [9).

B mamHOii crarbe IpelJIoXKeHa HOBas IIOCTAHOBKa OOpaTHON 3ajadd JJisi ypaBHEHUsI
TEIJIOePeHOCa, YIUThIBaomast 3(p@EKT IMepeHoca TeII0ThI ¢ MaMATbIO.
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Yupasiasemoctb u BCM. G - cBst3ubIi Tomosiorndeckmii rpad B R™, o N | V = {fui :
1<:< n} - Bepmunbl, E = {ej :1<5<N } - pebpa. Kaxkoe pebpo — :xkopraHoBa KpuBasi
B I JIOIYCKAET IIApaMeTPU3AIMIO JIJINH JIyTH T; CJIeJLYIONUM 00pa3oM.

[Tapamerpsr

i [0,l] — €5 i xj = wi(x)
nsazxkbl uddepentupyemer, T.e. w; € C2([0,1;],R™) mus Beex 1< j < N

C?-cerp T' cBazana ¢ G mocpencrBoM obbeauuenus I = EUV .

BastlenTHOCTD KaxKI0# BepHIMHBI 00O3HaYaeTcss depe3 vj. Jis KparkocTn 3aimcu Oymem
oboznavarh I, = {i € {1,...,n} : y(v;) = 1} — MHOXKECTBO MHJEKCOB, COOTBETCTBYIOIINX
BHemrHUM BepmuHaM, a Iy = {1,...,n}/lez - MHOXKECTBO BepIIHH, COOTBETCTBYIONIIX
BHYTPEHHUM BEPIITHAM.

Jlist KaxK o BepImuHbl v; BBejaeM obosnadenne N; = { j = {1, N } Tv; € ej} MHOXKECTBA,
MHJIEKCOB, COOTBETCTBYIOIMMX CMEXKHBIM K BEPIIUHAM U; . 1lpum oToM, ecimu ¢ € Iope , Torma N; —
OJIHOBJIEMEHTHOE MHOYKECTBO U 3aliChiBaeTcst Kak {j;} . st kaxnoii Beprmusbl v; u j € N; Mbl
BBEJIEM JONOJHUTEILHOE 0OO3HATECHUE

( ) 1, ecJjin Wj(lj) =V
vilv:) =
I -1, ecim m;(0) = v;

JIT BEKTOpa, HOPMAJIH pedpa e; K BEpIIHHE Uj .
Hns dynkmun v : I' - C wMbr ycranasiamBaem coorserctsue uj = wo mj : [0,1;] — C —
cy’KeHme Ha pebpo e; U HCIOJIb3yeM COKpaIleHe:

() = o (757 (0)) 0 00) = 2 (5 (00)) () = G (5 00)

IIpu sTom nuddepenposanue IPOBOJAUTCA Ha KaxKJIoM pebpe e; 110 JUIMHe Iyr'd T; U 10
BpeMeHu ¢ .

[Iycrs gana C?-cerb G . Ha kaxkiom pebpe dbukcupyem byHKIHIO q; € L>=(0,15) .

PaccmoTpum citeiyoniyo HauaJbHO-KPAEBYIO 3aJ[ady JJIsi TeIIOBOIO YPAaBHEHUS C TAMSITHIO:

( t
uj(:z:,t) — fM(t— s)uj (x,s)ds—l—qj(:c)uj(a:,t) = fj(t)gj(a:) Ha Q7,5 =1,...,N,
0
u(-,t) = 0 menpepniBua Ha ', ¢ € (O,T),
3 %(vj,t) =0, i€ Ly, te(0,T), (1)
! d’Uj
]ENJ'
uji(vi,t) =0, i€ Ly, t€(0,T),
uj(a:,O) =0 Ha (O,Zj), j=1,..., N,

I

rie Q7 = (O7 lj) X (O,T) " %(vi,t) = vj(vi)u] (vi,t) O3HA4YaeT BHEIIHIOI HOPMaJib
J

IIPOU3BOJIHOI u(-,t) no wv;. 3xpech u Hmxke f; € H 1 (O,T) — JaHHble (DYHKITUH,

YIOBJIETBOPSIIOIINE YCJIOBUIO

fi(0) #0,Vj=1,...,N. (2)

Mg kaxxnoro j=1,...,N,g; € (Hl (0, lj)) — Heu3BeCTHas (PYHKIUS TaKas, ITO

K;
9i(2) = pj(2) + D ajud(e — &), (3)
k=1
K;
e p; € L* (O,lj) . IIpu aTom <gj,cp> = Zajkgo(fjk),go € Hl(O,lj) )
k=1

’
3ajiaua BOCCTAHOBJICHUS ¢; 110 HaOIIOACHUIO U (v,t),t € [O,T] B HEKOTOPBIX BHEITHUX
BepIIMHAX ¥ U B HEKOTOPBIX BHYTPEHHUX BEPIIMHAX PEIIeHA IIyTeM IPUMEHEHUs TeopeM 00
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yupasisemoctu u BCM.

EnuncrBeHHOCTh pelteHusi npsimoil 3amadm.  UTo0bl mokasarh, 49ro cmucrema (1)
KOPPEKTHA, BBEJIEM CJIeyIommii oneparop A B ruianbeproBom mnpocrpancrse H = L2 (F) =

N
H L? (0, lj) CO CKaJIAPHBIM IIPOU3BEJIeHUEM
j=1

N

(u,0),, = Zl /0 s ()5 (2)da

Ipuaem D(A) ={u € H : uj € H*(0,1;) ynosnereopsier (4) — (6), JaHHBIM HuZKe

" N
Au= (- u; + q]'Uj)jzl , Vu € D(A) (4)
1 HernpepbiBHA Ha [
d’LLj .
Z di = 0, Vi € Iint- (5)
jEN; Y
Ujj (’UZ) = 0, Ve Ie:ct- (6)

Ormerum, 910 A SBJISIETCS CAMOCOIPSI2KEHHBIM OIIEPATOPOM C KOMIIAKTHOW PEe30JIbBEHTOI,
HOCKOJIbKY A siBjisiercst  crytaxkuBatomum  orieparopom Ppugapuxa s tpoitku  (H, V. a),
OIpe/IeJIeHHBIM IIOCPEICTBOM

N
V=< ue H H! (O, lj), YAOBJIETBOPAIONINX (4) u (6) ,
j=1

[IPeJICTABJISIIONTee COOOM IMILOEPTOBO MPOCTPAHCTBO CO CKAJISIPHBIM ITPOM3BEIEHIEM
N

L ;o
(u,v) = Z/o (ujﬁj + u;0; )d:vj,
j=1

Torya oneparopy A coorBeTcTByeT OuimHelHasT (hopma

o(mv)y =3 [ ()5 w) ) )i, woev. @

Ipu ¢ = 0 crextp A® omepaTopa aeranbro m3yden B pabore [5]. MBI HCIOMB3yeM yTBepIK IeHe

o
Beitnga:  ecan { /\(0) } obo3HaYTaeT MHOXKECTBO COOCTBEHHBIX 3HAYEHWI oleparopa B
n n=1
BO3pACTAIOIIEM ITOPSIAKE, ITOBTOPSIOMIMXCS IO CTEIEHM KPATHOCTH, TO MMEET MEeCTO (POpPMYyJIa
Beiina:
(0) 2
. Tn s
lim 5 = T3 (8)
n—oo M L2
N
roe L — nmmaa rpada, T.e. L = g l;.
=1

Ecmu ¢ # 0 , To yurem, 9To

(0) (0) .
An A+ Qow < An < A + Qup, Vn € N7,
[TOCJIEIOBATEILHOCTD 110 MPUHIIAIY MUHUMAKCA, TIE (low = i%fq U, COOTBETCTBEHHO, Qyp =
supq, a {A,}5°; — MHOXKECTBO COOCTBEHHBIX 3HAUEHUI ollepaTopa A B BO3PACTAIOIIEM IIOPSIJIKE.
r

OTcrofia MpUXOAUM K COOTHOIIEHUTO

n—oon2 L2’
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aHasiorugHoMy (8).

ITockosbky Tpad OJHOMEPHBIH, TO ACUMITOTHKHU Beilisg MOXKHO yTOUHSTH C TOYKH 3PEHUS
paBHOMepHO# mmoTHOCTH BépauHra.

O6oznaunm gepes N (a:, r) 9HCII0 TOUEK TocteoBarenbHoctn ) = {9, /7,} Ha mHTEpBasE
[:U,x + 7“) , IIOJIOZKUM, YTO

n+(7') 1= sup N(x,r), n- (7") := inf N(:U,r),
z€R zeR

U CTaHJAPTHBIM IIyTeM BepxHiolo DT (Q) U HUXKHIOIO D~ (Q) OJTHOPOJIHBIE IIJIOTHOCTH! 11O
OCIEOBATEILHOCTH ) COOTBETCTBEHHO:

DH(OQ) = lim . D~ (Q) = lim n(r).

r—00 r r—00 r

O6a npesesta CyIIECTBYIOT B CUJLY CylepaiiuTuBaocTH n' (1) u cyGammurusaoctn n™ (1) .
Ecmu Dt (Q) =D~ (Q) , TO uMeeM obIiee 0OO3HATCHUE D(Q) ¥ PABHOMEPHYIO ILJIOTHOCTH
nociefoBareabuocta : {EMN/7,} = % , V=" +0(1) upn n — 0.
B pa6ore [10] mokazano, 4ro coGCTBEHHBIE BEKTOPBI olleparopa A paBHOMEPHO OIpDAHUYIEHBI

U 9TO NMPOU3BOJHBIE PACTYT IO 1 C TOYHOCTBIO /| \n].

Jlemma 1. Jlas 8CEX MONOHCUMEALHBIL “UCEA T NYCMb ©n cobecmeennovil eexmop A,
ceaszarnvili ¢ Ny . Tozda 0603navum “epes py j cyscenue @, Ha pebpo, mozda

lon,j(25)| < C, Vaj € [0,1]

/
lom i (@) < C(L+VIAl), Va; € [0,4],
oas Hexomopotl noaoscumenvhoti nocmosnnott C |, He 3asucswetd om n .

Teopema 1. Ecau f; € L? (O,T), j=1,....,N u g - Ppynxuua na epage maxas, ¥mo cysicenue
na pebpo ydosaemsopaem (3), moeda ypasrenue (1) umeem eduncmeennoe caaboe peuwenue u
ydosaemesopaiouiee

ue C([0,T);V)nC'([0,T]; H)
Perynspuocts HabJTIOAeHUS.

Teopema 2. Jlonycmum, wmo f; € LQ(O,T) u wmo I' umeem xomsa 6v. 00HY 6HEULHION
sepwuny vj npu i € ley . To2da pewenue navarvro-xpaesot sadavu

u')j(x,t) — w;/ (m,t) +qj (a:)wj($,t) =0mnaQjr, j=1,..,N,
w(‘,t) = 0 nenpepwisna nal', t € (O,T),

> %(vi,t) =0, i€ Lt (0,7),

4 de

JEN;

wjz-(vl-,t) = f(t),t S (O,T),

wji (v, t) =0, 1€ Iy \ {i},t € (0,T)

wj(x,()) = u')j(a:,()) =0 na (O,Zj), j=1,..., N,

cywecmesyem Ha C([O,T]  L? (F)) u Mootcem bums npedcmasaeHo 8 eude

S t sinw, (t — 7
w(t) =3 s ) [ TR U P
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Teopema 3. Jlonycmum, wmo f; € L? (O,T ) , Um — 6Hympennas eepwuna 2paga I' u pebpo
€L NPUMbBKAEM K U : k € Ny, . Toeda pewenue navasvho-xpaesoti 3a0au
(u')j(x,t) — w;-/ (z,t) +qj (x)wj($,t) =0mnaQjr, j=1,..,N,

wk(vm7t) - wj(vmﬂt) = f(t), .7 € Nma ] 7& /C, te [O,T],

Wt (U, t) = W (Um, t), 1, € N, 1 j#Fk, t€]0,T],

w( ) = 0 nenpepwviena na v; € Iint, i # m, t € [0,T],

3 it’jﬂ (vi,t) =0, i € Ly, te (0,7),

jen;

wji (vi,t) =0, i € Iegy, t € (0,T),
| w; (#,0) = w;(z,0) = 0wna (0,1;), j=1,...,N,

cyuiecmeyem Ha C’([O,T] L2 (F)) U Mootcem Obimb NPedcmasaeto 8 6Ude

0 n, t i nlt— T

Wn

O6paTHaﬂ 3aJavda AJid ypaBHEHH:dA TeIlJioIlepeHoca C InaMsATbIO.

fo (t —s)u’ (z,5)ds + g(x)u(z, t) = f(t)g(z), 0<z<l, 0<t<T
(O,t)_u(l,t)_o, 0<t<T, (9)
u(z,0) =0, 0 <z <.

3necy g € L™ (0, l) usBectHas yukmus, f € H' (O,T) TaK>Ke U3BecTHast (PYHKIUs, TTPUIEM

f(0) #0.

DyHKIUA

g(z) =p(z) + > arb(z— &), 0<& <& <+ <&y <, (10)
k=1
Hem3BecTHAs, rae p € L2 (O, l)
Pemena 3ajaua BOCCTAHOBJICHHS (DYHKIUH ¢ 10 HAO/IOACHHIO U (O,t) , t € [O,T] u
JIOKA3aHO, YTO BOCCTAHOBJIEHME BO3MOXKHO Ipu 1 = [, mpwdeM 3TO MUHUMAJIBHOE BpEMSsI
HaOJIIOICHUS.

Teopema 4. Qynruua P B0CCMAHABAUBLEMCA NYyMem ceedenus K ypasreruro Boavmeppa 2-20
poda wa unmepsase 0 <t <l u npumenenus caedyroweao an2opumma: (451, al) 3adaem no

U (07 51)
fo) 7
k paccemampusaemces xax pewenue 3adavu Iypca oan ecex i > 2, noaazas

i(t) = u'(0,t) — Z am[f(t—fm)—i—/£ k(&m,s)f(t —s)ds|,

1<m<s

& =inf{t >0:4(0,t) #0}, a;=

Hnaxodum &1 U Q1 MO COOMMHOWEHUAM
pi(&1)
f(0)

Bocecmanosaerue yemotinugo, a uMeHHO CNPpasediussl CACOYOULLE OUEHKY

gi = inf{t >0: /Ll(t) 75 O}7 a1 =

Ipll 200y < Cllw (0, ) 1 0.0,
N

!
Z(|O‘k| + [&k]) < Cgrgltaécl lu (0,1)],
k=1
30€C'b C — nNocmoAHHaA, HeE SGGUCﬂmaﬂ om g u p
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Asropurm BoccranoBiienust dbyHkuuu Ha rpade-zeessie u rpade-jepese npuBejeH B [8].
Hocrarounble ycsioBusi BoCCTaHOBJIEHUsT (DYHKIUK BJIMsIHUSI HA TeIIOBOi mporecc (pyHKum
HCTOYHHKA TEIUIOTHI) JoKa3aHbl B [11].

YTBepxKaeHne TeopeMbl 4 BMecCTe C IPHUBEIEHHBIM AJTOPUTMOM peIIeHusl O0paTHOIM
3aJa4qn SIBJISIETCS OCHOBOIIOJIararonieli 6a30il i MOJyUYeHUsT PeIleHus OoOpaTHOW 3agatdnl ¢
pacIpeIe/ITHHBIMU TIapaMeTpaMu Ha rpade.

Takum oOpa3om, mnOpencTaB/eHa HOBas I[IOCTAHOBKA OOpaTHON 3ajadu Jjid ypaBHEHUS
TEIJIOIEPEHOCca, YIUThIBaomas 3P@EKT NepeHoca TEIJOThl ¢ MaMaThio. [loydeHbl ycIoBus
KOPPEKTHOW Pa3peninMOCTH PsIMOit 3891 U JIOCTATOUHBIC YCJIOBUS BOCCTAHOB/IEHUS (DYHKIII
BJIMSIHUS HA TEIIoBOil tmporiece ((byHKIMM UCTOUYHUKA TEIIOTHI) HA MPUMEPE BBIPOXKJIECHHOIO
rpada. Ilpu aTom ncmoab3yercst HOBbIi, 6osee 3PPEKTUBHBIN TOIX0T, B PEIIIEHNH [TOCTaBJIEHHON
3ajJa4uMd, OCHOBAHHLIM Ha PE3yJbTaTaX TEOPUU TPAHUIHOTO YIPABJICHUS PaCHpeIeIeHHBIMI
obbekTaMu, dYeM U3BEeCTHLIE B JIUTEPATypPEe METONbl pEeIIeHns OOPATHBIX CIEKTPAJIbHBIX
3aJlad — 3aJa4d BOCCTAHOBJICHUS Tu(EPEHINATIBHOIO OllepaTopa IO €ro CIeKTPaJIbHBIM
XapaKTEePUCTHKAM. YKa3aHbl IIYyTH IIePeHOCa IIOJYYEHHBIX pe3yJIbTATOB Ha IIPOU3BOJIbHBII
HOCHUTEJb — IPOU3BOJILHBIN Ipad.

Pabora BbimosHeHa npu (bUHAHCOBOM Imojiep:kke MuHmCTEpCTBa 00pa30BaHUA W HAyKU
Pecny6inkn Kazaxcran (IIpoekr Ne AP05136197).
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On solving the inverse graph problem for the heat transfer equation with memory

Abstract. A new formulation of the inverse problem for the heat transfer equation is presented, taking into account the
effect of heat transfer with memory. The conditions for correct solvability of the direct problem and sufficient conditions
for recovering the function of influence on the heat process (the function of the heat source) on the example of a degenerate
graph are obtained. The ways of transferring the obtained results to an arbitrary carrier-an arbitrary graph-are specified.
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HedyeTnblie aBTOMOP(dU3MBI CIIJIETEHHBIX CBOOOAHBIX ACCOIMATUBHBIX aJjredbp orT
JBYX TOPOXKJIAIOIINX

Awnnoramusa: Jlokazano, 4To HAOMOP(MU3M ( CIJIETEHHON CBOOOIHON aCCOIMATUBHON
ajreOpbl OT JBYyX TOPOXKIAIOMIMX X1, £o HAJ IMPOU3BOJBHBIM IOJIEM Kk C UHBOJIIOTUBHBIM
JaroHasbHbIM crutetenneM 7 = (—1,—1,—1,—1) 3agausblii npasmwiom @(x1) = 1, (r2) =
axy + Bz, tne o, B € k, m — HeYeTHOE 4YHCJIO, fABJIAETCA HEYETHBIM aBTOMOPMOH3MOM.
Takyke mokazaHo, ITO JIUHEHHDBIN SHIOMOPPU3M Y 3TON ajareOpbl SIBJISIETCS aBTOMOPMOU3MOM
TOTJIa U TOJILKO TOrZa, Korga 1 addUuHHBbINA. YCTAHOBJIEHO, YTO I'PYIIIa BCEX aBTOMOP(U3IMOB
JBYIOPOXKICHHON CILJIETEHHOU CBODOHON acCONMATUBHON aJredpbl HAJl MPOU3BOJILHBIM TI0JIEM
k ¢ MHBOJIIOTMBHBIM JUArOHAJBHBIM ciuierenneM 7 = (—1,—1,—1,—1) coBunajgaer ¢ rpynmnoii
HEYETHBIX aBTOMOP(MU3MOB 3TOl aaredphI.

KiroueBbie ciaoBa: Cobojinast accoluaTnuBHas ajredpa, ClieTeHrne, aBToMOPMU3M.

DOI: https://doi.org/10.32523 /2616-7182,/2020-131-2-42-50

1. BBE/IEHUE

Xoporio u3sectHo [1-4|, aro aBroMmopdusMbl aarebpbl MHOrOUIeHOB k[T1, T3] U cBOGOIHOM
ACCOIUATUBHOMN aarebpbl k(x1, To) OT ABYX I€PEMEHHBIX HAJI IPOU3BOJILHBIM HOJIEM K SIBJISIIOTCS
pyunbiMu. Bostee Toro [1,4], rpynnst aBromopdusmos anredbp klz1, xa] u k{xi, ze) nzomopdHs,
T.e.

Autgk[zy, zo] = Autik (x1,x2) .

NsBecTHO Takyke, YTO aBTOMOPQU3MBI JIBYIOPOXKIEHHLIX CBOOOAHBIX ajrebp Ilyaccona
HaJl HOJISIMU HYJIEBOH XapakTepucTuku |5 u aBroMopdusMbl JBYHOPOKIEHHBIX CBOOOIHBIX
IPABOCUMMETPUYHBIX aJrebp HaJl IPOU3BOJIbHbIMU Hosisivu [6] stBsistiorest pyganbivu. 1. Kon [7]
JIOKa3aJ1, IYTO aBTOMOP(MU3MBI CBOOOMHBIX aareOp JIn KOHEYHOTrO paHra SIBJIAIOTCS PYIHBIMHU.
Amnajior 3Toil TeopeMbl BepeH st CBOOOIHBLIX aJiredp Jiioboro OJHOPOIHOrO IIpaiiepoBoro
MHOro06pasus anrebp [8]. HamomHuM, 49TO mMmIpaiilepOBBIMU SIBJISIFOTCSI MHOIOOOpasusi BCEX
HeaCCOIUAaTUBHBIX ajrebp [9], KOMMYyTATUBHBIX M aHTUKOMMYyTATHBHBIX asreOp [10], aireGp
JIu [11,12] u cynepanre6p JIn [13,14].

CrieTeHHBIM IIPOCTPAHCTBOM V' Ha3BIBAETCsI JJUHEITHOE IIPOCTPAHCTBO V' HaJ| MPOU3BOIBHBIM
nosteM k ¢ dpukcupoBaHHBIM JIMHEHHBIM oToOpakenueM T :V @V — V ® V' (B obiiem ciaydae
He 00s13aTeJIbHO 0OPATUMBIM ), KOTOPOE YJIOBJIETBOPSIET COOMHOUEHUN) CTLAEMEHUSA

(r ®id)(id ® 7)(r ®id) = (id ® 7)( x id)(id @ 7).

9710 huKCUpoBaHHOE JIMHENTHOE 0TOOpaXkeHue T Oy/IeM Ha3bIBATH CIUIETEHUEM IIPOCTPAHCTBA V .
Ecim x1,29,- -+ ,x, sBIgeTCH 6a3uCOM JIMHEHHOTO HPOCTPAHCTBA V , TO IJIsi MPOU3BOJILHBIX
mapaMeTrpoB ;s € k, 1 <14, s < n, quHeiiHOe 0TOOparKeHWE T ONpPee/IgeMoe KaK

T IT; QTs > Qis - Ts DXy

SIBJISIETCST  CILJIETEHUEM U HA3BIBAETCS  OJUGZOHANDHUIM  CNAETNEHUEM. Jlnst ynobcTBa, 3TO
IUAroHAJIbHOE CIjleTeHne 7 OyaeM o0003HAaYaTh dYepe3 KOPTEekK (qll,qlg,...,q(n_l)n,qm).

Crererime 7:V @V — V ® V Ha3bIBaeTCs UHE0A10MUSHIM, eCIE T2 = id .
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IIyctb V' u V' — ciuleTenHble IIPOCTPAHCTBA CO CILIETCHUAMH T U T, COOTBETCTBEHHO.
Jluneitnoe orobpazkenne ¢ : V — V' HasbiBaeTcss TOMOMOP(U3MOM CILIETeHHBIX IIPOCTPAHCTB,
ecu

o /
Te@e=(p@¢)T.
ITycrs V' — smmeiinoe npocrpancTso co citerenueM 7:V @V -V @V u X = {x;)i € I}
— HEKOTOPBINl (PUKCUPOBAHHBIN JIMHEHHBIH Oasuc nmpoctparcTBa V. Ilycre X* — MHOXKECTBO
BCEX aCcCOIUATUBHBIX cJIoB B ajdasure X . OueBmyno, uro X* dopMmupyer JuHEHHbIH 6a3uc

cBOOOTHOM accormaruBHOl anrebpsl k(X) mopoxkpenHoit muoxectBom X .  Asrebpa k(X)
u3oMopdHa TeH30pHOH asrebpe

oo
T(V)=Pve
1=0
JIMHEHOrO MpOCTpaHCTBa V ¢ KOHKATEHATHUBHBIM MPOM3BeeHueM (U ®’ U)m’ = u®uv, Te.

npoussejieane m’ cobupaer napy TEH30pOB B oauH Tenszop. IssecrHo [15], uro cruterenue
T WMeeT eJMHCTBEHHOe paciupeHue 7' Ha cBobogmnyoo anrebpy k(X) takoe, uro k(X)
SIBJISIETCSI CILJIETEHHOM aJireOpoii. Bosiee TOro, cymecTByeT KaHOHIIECKAs CILJIETEHHAS CTPYKTYPa
anrebpsr Xonda Ha T(V) u sra anrebpa Xomda urpaer BaxKHYIO POJIb B KBAHTOBOIl TEOPUH
JIu [15]. CoboHyio accoruaTuBHyo aarebpy MOXKHO PACCMATPUBATHL Kak 0600IeHne agarebpbl
KBAHTOBBIX MHOI'OWJIEHOB. ['pyIiia aBToMOp(MU3MOB aJIredphl KBAHTOBBIX MHOI'OYJIEHOB OIIICAHA
k. Anesbim u M. Hamapu [16]. Crulerennbie anreGpbl 1 Koaaredpbl TakKyKe TECHO CBSI3aHbBI C
ypasaenusivu fura-Bakcrepa [17].

[Mycte A; = (k(X),7) — crierennas cBoboJHAas acconuaTHBHAs ajrebpa MOPOXK/CHHAsT
MHOXKecTBOM X HaJI IIPOM3BOJIBHBIM MOJIEM k cO ciieTeHueM 7 . HamoMHIM, 9TO aBTOMOPQU3IM
anrebpel A, — 9TO OJIHOBpeMeHHO aBroMopdusM cBoGOHOI accormaruBHoii anredbpel k (X) u
aBTOMOPGU3M CIIJIeTeHHOro npocrpancTsa k (X) co cruereHuem T .

Jlamnast paboTa  IIOCBAINIEHA OIUCAHWIO TPYIHIBl  aBTOMOP(U3MOB JIBYIOPOKICHHOM
CILIETEHHOM CBOOOIHON acCOIUATUBHON aareOpbl ¢ MHBOJIOTUBHBIM JIHATOHAIBHBIM CILIETEHHEM
T=(-1,-1,-1,-1).

Crarbst opranmsoBaHa cJjeayoiuM obpa3oM. B pazmene 2 mpuBogsTcst HEOOXOIUMbIE
ompemeneHnst U (HakKThl O CBOOOIHBIX CILJIETEHHBIX AaCCOIMATUBHBIX ajredpax. B pa3zmerne
3 JIOKA3bIBAETCsI, UTO TPYIINIa BCEX AaBTOMOP(MU3MOB CILUIETEHHON CBOOOIHON acCOnuaTUBHON
aJIreOPhI OT JIBYX TOPOXKIAIOIIIX HAJL TPOU3BOJIBHBIM MOJIEM K C HHBOJIIOTUBHBIM JIMATOHAIBHBIM
ciwieresnem 7 = (—1,—1,—1,—1) coBuajsaer ¢ rpymniol HEYETHBIX ABTOMOPMU3MOB 3TOii
areOphl.

2. CIIJIETEHHBIE AJICEBPBI

Cnaemennoc  monwoud By, [18] sBisiercss acconuaTUBHBIM MOHOUJIOM  ODPOK/ICHHBIM

CILIETEHUAMH S1, 82, ,Sp_1 C y9€TOM COOTHOIICHMI
SkSk41Sk = Sk+1SkSk+1, SiSj = Sj8i, 1 <k<n—1, |i—j| > L (1)
Eciin BMecTo MOHOUIa paccMaTpUBATh IPYIILY ¢ MHOYKECTBOM HOPOXKIAIONINX 81,892, ,Sp_1 U

MHOKECTBOM OIIPEJIeJISIIOIIUX COOTHOIIeHuit (1), To npueM K U3BECTHBIM IpyIaM Koc ApTHHA.

IIyctes k& — mpomsBosibHOe mosie. JIuneitHoe mpocTpancTtBo V' Haj mojieM k HA3bIBAETCs
CNACMEHHBIM NPOCNPAHCINEOM, €CJIA CYIECTBYeT (DUKCUPOBAHHOE JIMHEHHOE OTOOparkKeHue T :
VeV - VeV (B obumeMm ciyyae He 00si3aTebHO 00pATUMOE), KOTOPOE YIOBJIETBOPSIET
COOMHOWEHUIO CNAETMEHUSA

(rT@id)(ide7)(r®id) = (id® 7)(r ®id)(id ® 7). (2)

Ecim x1,x9,- - ,x, siBiIsteTcss 6a3WMCOM JIMHEHHOTO TPOCTPAHCTBA V, TO JJIsl IPOW3BOJIBHBIX
mapaMeTpoB ¢;s € k, 1 <i,s < n, auHeiiHOe oTOOpakeHNe T OIpeeIsgeMoe KaK

TiT QT Qs - Ts D T4 (3)
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SIBJISIETCST  CIUIETEHWEM W HAa3BIBACTCS Jua2onasvhoim cnaemenuem. Llyers Vo — jpumeitHOe
pocTpancTBO co crerenneM 7 :V ®Q V — V @ V. Paccmorpum unHelinbie 0TOOparkeHust

7, =id®0 Y @ 7 ®@id®C—iD L yen L, yen 1 << n.

CorytacHo (2) orobpaskeHusi 7; Y/IOBJETBODSIIOT BCEM OIpeJeJIsiiouM  cooTHomerusiM (1)
CILJIETEHHOTO MOHOWUJIA, T.€.

TiTitlTi = Tit1TiTit1, 1 <i<n—1; 7 =17, |i—j> 1. (4)
[Monoxkum [k; k] =1 u
[ms k] = Tk1Tk—2*+* Tmt1 T, (K3 m] = T Tinp1 - Th—2Th—1, m < k. (5)

Paccmorpum oTobpazkenue yen L yen VO k < r < n onpeienseMoe KaK CyHepIO3UIUs
T :

v =k + 1)k +Lr 4+ 2] [k+n—r—1;n]. (6)

B [15] mokazano, 4ro
R = [nir)in—1;r — 1] [n—r + ks k] (7)
Cunererne 7:V ®V — V @ V HazbBaeTcs unsomomuenvim, ecan 72 = id. V3BecTHbIM
IPUMEPOM HHBOJIIOTUBHOIO CIJIETEHUsI ABJSETCs 00biunbill daun O onpenensembrit Kak 6(x ®
y) =y ®x misa seex x,y € V. Ilyers V u V'’ — crulerennble npocTpancTBa co CILIETEHUSIMU

T u 7', coorBercrBenHo. Jluneiinoe orobpazxkenue ¢ : V. — V' maspBaercss 20momopPusmom
CNAEMEHHIT NPOCMPAHCMNE, ECIIN

. /
T(e®p) =(p@p)T". (8)
Aurebpa R ¢ ymHOXKeHneM m : R ® R — R HasbIBaercs cnaemennoll anzebpoti, ecomu R
SIBJISIETCSI CILIETEHHBIM IIPOCTPAHCTBOM U

(m®id)r = (id®@m), (id®m)r=7nn(m® id). (9)

Kak u Bbime, B 3Tux popMysaax HCIOJIb3YeTCsl TaK Ha3blBaeMasl ‘IKCIOHEHITMAJbHAS 3aIlliCh’
JUIsT JefiCTBUI OIIepaTopoB, T.€. OIEPATOPHI B CYNEPIO3UINH JHCTBYIOT CJIEBa HAIIPABO.

Tomomopdusmom cnaemeHHur anzebp HA3LIBAETCS JIMHEHHOE OTOOparkeHne, KOTOPOe
OJIHOBPEMEHHO SIBJISIETCSI TOMOMOP@MU3MOM aJIrebp U FOMOMOP(MU3MOM CILIETEHHBIX IIPOCTPAHCTB.

IIycrs V' — nummeiiHoe mpocTpaHcTBO co ciiereHneM 7 : V @V — V ® V. Badukcupyem
HeKOTOpbIii sinnHeitnblii 6asuc X = {x;|i € I} nmpocrpancrsa V. Ilycts X* — MHOXKeCTBO
BCEX acCOIMATUBHBIX cjIoB B ajdasure X . OueBmjno, uro X* dopMupyer JuHEHHBbIH Oa3uc
cBObOIHOM accoruaruBHOl anurebpbl k(X) mnopoxkiaenHoii muoxecrsom X . Ausrebpa k(X)
n30MopdHaA TEH30PHOi aredpe

(o ¢]
T(V)=Hve
1=0
JIMHEHHOrO MpoCcTpancTBa V ¢ KOHKATeHATUBHBIM HpoussejienueM (u @ v)m’' = u ® v, Te.

npousseenne m’ cobupaeT Hapy TEeH30pOB B oauH Tenzop. 1o ompenerenuio V0 = k-1, rue
1 —mycroe ciioBa B X*,1e. 1Qu=v®1=v.

Cootsercryionue TenzopaM u3 V™ ciosa MHOKecTBa X * 6GyeM CUUTATDL CJOBAMH JJIHHEI
m . Hmunry ciaosa v € X* 6ynem obosnadars depe3 d(v). s smoboro x; € X mosoxum
mdeg(z;) = g;. tae €1, ,&, — crapgaprHeii 6asuc B 2 . Ecm v = x5, x4, -1, € X¥,
to nostokuM mdeg(v) = mdeg(z;, ) + mdeg(x;,) + - - - + mdeg(z;,) . Bexrop mdeg(v) nazaBem
MYALMUCTNENEHDBIO CAOBG U .

Xoporo uzsectHo [15], 4ro crierenne 7T uMeeT eMHCTBEHHOE pACIIMpeHre 7' Ha CBOOOIHYIO
accormaTuBHyt0 anrebpy k(X) takoe, uto k(X) sBisiercs ciureTenHoit anrebpoit. s moboro
0 <r <n gepe3 0, 0b603HAUINM JUHEHHOE OTOOPAKEHUE

. n r / n—r
0, : VO - VO gf y@n-T)
olrpeaeJssieMoe Kak
/
(z129 - 2n)0r = 2120+ 2, @ Zpy1 -+ 2, 2 € X.
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Cmierenne 7' onpeneneno B [15] caemyromum o6pasom
(u® V)7 =WV Oy, uweV®, veV®nT) (10)

(Ecou 7 = 0 wmm r = n, 10 970 oupejeienne o3uadaetr, 910 (1Q@'v)7r =v®'1 wm (u®’'1)7 =
1 ®' u, cooTBETCTBEHHO).

[Iycts 7T - amaroHajbHOE CIUIETeHHe Buja (2), cieayiomas JeMMa JaeT HeoOXOuMble
dbopmyiIbl Jyist BerAucaeHuii ¢ 7.

Jlemma 1. Ilyemv V- cnaemennoe mpocmpancmeo Had nosem k ¢ 6aszucom X =
{z1,29,-+ ,2pn} u Juazonarvrom cnaemenuem T euda (3). Hycmov u, v € X*, mdeg(u) =
(s1,82,+ ", Sn), mdeg(v) = (t1,ta,- - ,tn) . Tozda

(u®@ V)T H g’ (v®u) (11)

Proof. Tlycts t = t1+ -+ ty, s = 81+ -+ 8y, Torma d(u) = s, d(v) = ¢. IIposemem
uagykiuio 1o t. Ecm ¢t =0, 10 v =1 u (u® 1)7 = 1®u. Iyers v = v'xy, Torma
mdeg(v') = (I1, 12, ,ln), te (l1,02,-- 1n) = (t1,t2, - s th1,th— 1, tpy1, -+, tn) . Coracho
(10) u (6) mmeem
(u @ v)7 = (u@ v'ap)T = (u@ v'ay)vh¥te, =
=(w® vV @xp)(TeTsm1 - T1) (Tox1Ts - T2) * + + (Tspt—2Tst—3 "+ Te—1) (Tobt—1Ts+t—2 - - - T¢) s

[To mpeamooKeHnio WH LY KITHN

(u@' V)T = (u@ VvV @xp)T = Hq (W @u®xp)(Togt1Tsat—2 - 7t)0 =
7]

—qu;]qf,;v®u quj (v®u). O

0
3. HEUETHBIE ABTOMOP®U3MBbI
[Iycrs k(X) = k(z1,z2, -+ ,z,) — cBOOOJHAs acconuaTuBHAs ajredbpa € KOHEUYHBIM
MHOYKECTBOM CBOOOAHBIX nopoxjpaonmx X = {x1,Z9, -+ ,Z,} HaJI NPOU3BOJIBLHBIM IOJEM
k. Yepes ¢ = (f1,f2, -, fn) obozmaumm aromopdusm anrebper k(X) takoil, {TO
o(r1) = fi, o(x2) = fo, - ,0(xn) = fn. Yepes Autpk(X) o0603HAYNM MHOKECTBO BCEX

aproMopdusmos anrebpst k(X). Apromopdusm Buja
(xlv T, X1, 0T+ f7 Tit1, - 7$'rz)7

e 0 #a €k, fe k(X\{z;}), naspiBaercss anemenmaprovim. OUeBHTIHO, ITO UMEET MECTO
CJIe Ly IOIIast TPay HPOBKa

EX)=A oA & A, -,

suecb Ag = k, Ay = ka1 + kxo + -+ + kxp, ..., A, dBAsercd JMHEAHON 000JI0YKOH CJIOB
nauHbl 1. ABromopdusm ¢ = (f1, fo, -, fn) HA3BIBAETCS HEUEMMHDBIM ABTMOMOPPHUSMOM, €CITA
fi, fa, o s fn €A DA3D A5 @ - -+ . I'pynmy Bcex HEUETHBIX aBTOMOPMU3IMOB 0603HAUNM Yepe3

(AutpA;),4q- Dnement f € k(X) moxuO npejcraBuTb B ciepyiomeM sujge f = fo + fi +

“+ fano1+ fn, Tme fi € A, fn £ 0, Torma f, HazsoBeM cmapwell 00HopodHotl wacmuvio [ u
obosnaunm yepes f . Crenennio saeMenTa f GyaeM CUHTATEL CTEIICHb €0 CTAPIICH OIHOPOHOMN
qactu f, Te. degf =degf, =n. Yepes ¢ = (f1, fo) obosmaunm aBromMopdusM amrebpnr A
Takoil, aro @(x;) = fi, i € {1,2}. s aBromopdusma ¢ = (f1, f2) mcio

deg p = deg f1 + deg f2

Ha30BeM creleHbio ¢ . IlpeobpasoBanue jBoiiku (f1, f2), KOTOpoe 3aMeHsieT TOJIbKO OJMH
sjIeMeHT f; Ha smeMeHT Buga af;+g, e 0 # o € k, g € k(fj|j # i) HasoBeM anemenmaprmim.
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3amuchk (¢ — 1) O3HAYAET, UYTO JBOHKa 1 IMOJydaeTcs W3 ¢ C IIOMOIIBIO OJHOIO
3JIEMEHTAPHOIO peobpas3oBaHus. ABTOMOP(MUIM ¢ HAB0BEM IAEMEHMAPHO COKPATNUMDIM, ECITH
CyIecTByeT aBToMOpdU3M Takoii, 9o  — ¢ u degy < degyp.

SadurcupyeM IByMEPHOE BEKTOPHOE IIPOCTPAHCTBO V HaJj moJjieM k ¢ JUHEHHBIM Oa3ucoM
Z1,T9 W VMHBOJIOTUBHBIM JMArOHAJBHBIM CILUIeTeHueM T = (q11,q12,q21,q22) . A = k{z1,x2) =
T(V') siBasiercst cBoboiHOI acconuaTuBHOI anrebpoit Ha npocrpancrse V. Torpa A cranoBurest
CILJIETEHHOI acCOIMATUBHOI ajrebpoil co ciulereHueM 7' oOIpeJiejleHHBIM B pasjene 2. B
JaJIbHERIIEM 3TO pacmuperue 0yaeM 0003HaYaTh TAKXKe Yepe3 T , a CIUIETEHHYIO aaredpy depe3

A= (A, T).

JIemma 2. ITyemo A = k(x1,22) = T(V) — c60600nas accoyuamuenas anrzebpa Ha 08YMepHOM

npocmpancmee V.= kxi + kxe u ¢ = (f1,f2) — asmomoppusm anzebpv, A makot, wmo
deg v = deg f1 + deg fo > 3. Toeda
fi = alazy +bxa)",  fo = Blaxy + bxa)®, (12)

2der+s>3, rlsuws|r, a,f€k a,bek u a,b odnospemerno rne pasnv, HYAI0.

Proof. Ilycrs degfi = r u degfo = s, rue deg — obbrunass PyHKIMs crenenn Ha A =
k(x1,x2) . Be3 norepn oBIIHOCTH, MBI MOYKEM MPEIOJIOKUTE, 9T0 7 < 5. [IpoBemem nHmyKIuio
m n=r+s. llyctrb n =7r+s =3, tak kak 7 < s, 70 deg f1 = 1, deg fo = 2. Ilycrp
fl = 171 + 2.

N3zBecrno, uTo aBTroMOpdU3MBI CBODOIHOI aCCOIUATUBHOMN ajaredpbl OT JBYX MOPOXKIAIOIIIX
sIBJIsTIOTCsl pyaHbIME [1,4], Toraa siro6oii aBToMopdu3M 9T0# airedGpbl ¢ TIOMOIIBIO 9JIEMEHTAPHBIX

COKPAIIEHN MOXKHO IPUBECTH K JIMHEHHOMY aBTOMOPGU3MY. YUUTHIBas ITO, CYIIECTBYET

npeoSpasosane (fi, f2) = (f1,Bf2 — 9(f1))> e B # 0, g(f1) € k{fi), maxoe, wro
deg(Bf2 — g(f1)) = 1. Tax xax deg(f2) =2, To g(f1) = vf?. Orcroma numeem

Bfy —fE = Bf2 — v (121 + asxz)® = 0.

)
Otciona Bfa = vfi.
JlokarkeM CHpaBeIMBOCTD YTBEPKIACHUSA JIEMMBI I 1 = 7 + §. Kak u BbIIIe, CyImecTByeT

upeobpazosanue (f1, f2) = (f1,8f2 — g(f1)), B # 0, g(f1) € k(f1), rakoe, aro deg(Sfo —

g(f1)) < s. Tlo npexnonoxenmo uuAyKmun fi = o (axy + bre)", Torma g = vs/rff/r +

’Ys/rflff/r_l + 470, Ys/r 7& 0,vi€ekn T’& Hamnee

Bfa—g(f1) = Bf2 = vspra” (a1 + big)® = 0.

Orcriona fo = p(axy + bxo)®, p € k*. o0
Jlemma 3. Ilyecmv V' — cnaemenwnoe npocmparcmso Had noaem k¢ 6basucom X =
{z1,22, - ,Tn} u uneosmomuervim Juazorarvrom cnaemernuem T = (—1,—1,—1,—1). ITycmo

maxorce u, v € X* r=d(u), t =d(v). Toeda
(u@v)T = (=1)"(v @ u).
Proof. CuipaBeyinBOCTb yTBePK/IEHNsI JIEMMbI HEIIOCPEJICTBEHHO CJiejyeT u3 jemMbl 1. 0O O

Jlemma 4. ITycmo A; = (k{x1, x2),T) — cnaemennas c60600HAA ACCOUUAGMUBHAA anzebpa OM,
deyxr mopootcdarowur Ti,To Ha0 MPOU3BOALHBIM NOAEM Kk € UHBOAIOMUBHBIM OUAZOHAALHBLM
cnaemenuem 7= (—1,—1,—1,—1). Tozda sndomoppusm ¢ : Ar — A; 3adarnviii npasu.som

m
p(z1) = 21, p(22) = axg + Bat’,
20e M — HEeUEeMHOE YUCAO, ACAAEMCA HEYCMHDIM AGEMOMOPPHUIMOM ar2ebpvl A .

Proof. OdeBugHO, 9TO 0TOOparKEHUE (p SIBJISIETCST aBTOMOPMU3IMOM CBOOOJHOM acCOUATUBHON
anrebpel k(r1,x2) . s j1okasaresbCTBa yTBEPXK/IEHHs! JIEMMbI HEOOXOAMMO 110Ka3aTh, 9TO T
SIBJISIETCST TAKXK€ aBTOMOP(U3MOM CILIETEHHOT'O IPOCTPAHCTBA A, , T.. BBIOJHSIETCS YCJIOBUE

TP ®p) = (p )T
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[Tposeaem mnmykmuio mo d(u) + d(v). OdeBmIHO, YTO yTBEPKJIEHHUE JIEMMBI CIIPABEIJIHBO
npu d(u) +d(v) =0.

IIycrs u = v'x; . ITo nemme 3 uveem

(w@v)r)(e® @) = (=)™ (v u)(p @ p) = (~1)1™We(v) @ p(u). (13)
Ecin x; = x1, Torma no yciaoBuio eMMbl ¢(z1) =z #
(u@v)(e@ )T = (p(u)p(z1) @ p(v))T = (p(u) @21 @ P(v))T = ((p(u) ® (1) @ (v))T)71,

e (p(u') @ (v) @ 2)11 = (e(u) ® (v))T @ z;. o meMme 3 U TPEIOIOKEHUIO UHJLYKITUN
numMeem

(w@v)(p@p)T = (1) (p(u) ® p(v) ® 21) 71 =
= (1) (=) (0) @ p(u)p(w1) = (=1 M p(v) @ p(u).
Ecmu z; = x9, Torga no ycsiosuto jeMMbl @(x2) = axs + Sz’ u
(u@v)(p @ @)1 = (p(u) ® p(22) ® p(v)) T = (p(v) @ (ax2 + faT") @ p(v)) T =
= a(p(u) ® 22 ® p(v))T + BleW) ® 21" ® p(v))T =
= a (o) @ (22 ® p(v))7) 71 + B (p(W) ® (27" @ (v))7) 72,

riae (p(u) @ p(v) @ 27)1e = (p(u') @ p(v))T @ 27" . Tlo jemme 3 U IPEIONIOKEHUIO HHJLYKIIUH
nmMeeM

(u@v)(e® @))T = a(-1)1 (o) ® p(v) ® z2)71 + B(=1)™ ) (p(v) @ p(v) ® 27"
= a(=1)40)(~1)4) o (0) @ p(u )22 + B(—1)™AO) (~1)A@O) (1) @ p(u')a2]
= a1 (0) @ p(u')as + B(—1) AT =D ) @ p(u')2 T

Tak KaK m — HEUETHOE IHCII0, TO He CJI0KHO 3aMeTUTh, IT0 derHoCcTH rcen d(u)d(v)+d(v)(m—
1) u d(u)d(v) coBmamaer. Torma u3z mocseaHero paBeHCTBa, CIEYET, YTO

(u®v)(p @ @) = (1)1 Wp(0) ® p(u')(azs + Bai") = (~1) " Pp(v) @ p(u).  (15)

N3 (13) — (15) nonyunm ((u®v)7)(e®@¢) = (u®v)(e®¢))T . CrenoBareibHO, @ SBIISETCS
HEYETHBIM aBTOMOpduU3MOM aaredbpsr A,. 0O O

(14)

JIemma 5. ITycmv A, = (k(x1, x2),T) — cnaemennas c60600HAA acCCOUUAGMUBHAA an2e0pPa O
dsYx noposrcIaoUWUT T1,Te HA0 NPOUBOALHBIM NOAEM Kk € UHBOAOMUBHVIM JUGZOHANLHBLM
cnaemenuem 7= (—1,—1,—1,—1). Oudomoppusm @ = (121 + sz + ag, f1x1 + Paxa + P3)
anzebpv,. A; ABAAEMCA GEMOMOPPUIMOM MO20a U MoAbKO Mmozda, kozda asz = B3 =10.

Proof. OueBumHO, 9TO (© SIBJISIETCS ABTOMOP(MU3MOM CBOOOJHON aCcCONMMATUBHON ajrebpbl
k{x1,x2). Tlo ompeumenenuto @ Oyler sBisiercs aBTOMOPGhU3IMOM aarebpsl A, eciau
BBITIOJIHSIETCST yCJIOBUE

T(e®p) = (p®p)T.
[Tociennme ycioBue SKBUBAJICHTHO PABEHCTBY
(i @z)T) (P @ @) = (7 @ ;) (¢ ® )7, 1st Beex 1 <4, j < 2.
To ectb,
—p(z5) ® p(xi) = (p(z:) @ @(z;))T, M Beex 1 <4, j < 2.
He CJIO2KHO 3aME€THUTb, YTO IIOCJIEIHUE PaBEHCTBO BBIIIOJIHAECT TOTJa U TOJIBKO TOTJa, KOILJda

az3=pF3=0. 00O

Teopema 1. ITyemv A; = (k{(x1, x2),T) — cnaemennas c60600HAA ACCOUUAGMUBHAA AA2EODA
om 068Yx NOPoAHCOMOWUT T1, Lo HAOD NPOUIBONLHVIM NOAEM K € UHBOAIOMUBHBIM QUAZOHANDHBIM
cnaemenuem 7= (—1,—1,—1,—1). Toeda

Autp A, = (AutpAr), -
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Proof. Tlyctb @ = (f1, f2) — moboit aBToMopdusMm anrebpsr A, u f1, f2 — cTapimme oHOPOHBIE
qactu fi u fo, coorBercrBenno. Ecin degy = 2, To oueBuznno, 4to ¢ € (AutyA,), 4, - Hycrs

deg ¢ = deg f1 + deg fo > 3, Torya corsiacHo JeMme 2
f1 = ai(azs 4 bxo)*,
= ) (16)
f2 = az(axy + bx2)*2,

e s1+ So > 3,81 | S2, wim S | s1, a1, ag € k¥, a,b € k u a, b ojHOBpEMEHHO HE PaBHbBI
Hymo. Tak kak ¢ siBiasiercst aBromopdusmom A, torga us yeaosue T(p @ @) = (¢ @ @)1
CJIEIyeT, ITO

(zi@z)T) (@) = (i ®@z;) (@ @))T, 1 <id,j < 2.
Orcrona

—pla;) ® p(ai) = (p(xi) @ ()7
C yuerom (16) umeem

—ajo(axy + bxe)® @ (axy + bxa)® = aoj(azry + br2)® @ (axy + bxa)¥7, 1 <, < 2.
Kornai =1, j = 2 nomxyuum
—ajag(azy + bx2)*? @ (axy + bxa)® = anag(axy + bxe)®™ ® (axy + bxg)*?T.

Boibepem tepumbr z7? ® i, 57 @ 23!, 21 @ 25, 257 @ 271 u cpaBHEM KOI(bQUIMEHTHI IPU HIX

(_1 _ (_1)5182)a51+82 — (_1 _ (_1)5152)b51+52

= (—1 - (~1)"%2)ab = (—1 - (~1)*2)a" b = 0. 1)
Amnasornano anst ¢ = 1, j = 1 umeem
(1= (~1)h)a™t = (=1 (=1))p
= (=1 = (=1)*Ha*b" = (=1 — (=1)*1)a*b* = 0. (18)
Anajornuno mist i = 2, j = 1 umeem
(1= (=1)"=)a™ "2 = (=1 — (=1)"=)p™F 19)
= (=1 —(=1)*")a*2b%. = (=1 — (=1)°1%2)a®1 b2 = 0.
AHajioruvHo Jist ¢ = 2, j = 2 umeem
52\ 2s 531725
(1= (~1)H)a2 = (-1 = (1) o)

= (~1— (~1)*)a*2b" = (=1 — (=1)*%)a*2b*2 = 0.

He ciioxkHO 3ameruTh, 9T0 st JI0ObIX @ n b ycsosust (17) — (20) BBIIOJHSIFOTCS TOJIBKO B
TOM CiTydae, KOTJIa S5, 8189, S5 — HedeTHble unciaa. OTCIoMa §7 W Sy — HedeTHBIe uncia. Kak
ObLIIO YKAa3aHO BBIIE S1 | So WU S | 81 .

Ecimu sy > s1, Torjga ¢ MOXKHO IIPEJICTABATH B BHJE CIIEYIONIE KOMIIO3UIIUK

© =101,

e o1 = (fi, fa— (a2/al™ ™) f2/°), v = (21, 2 + (az/a}!™)at>™) .
Ecmm s; > s9, TOrma ¢ MOYKHO IPEICTABUTH B BUIE CAEAYIONEN KOMIIO3UIINN

© = @1 o,

rie 90/1 — (fl o (al/agl/SQ) 251/827 f2)7 1/}/1 — ($1 4 (051/0431/32)33;1/82, $2) )
Yepes G* o6o3HAYIMM T'PYIIy aBTOMOP(U3MOB CJIEIYIOIIETO BUIA

G* = {p = (21, axg + Ba7")
wi ¢ = (axy + Sy, x2), tnea, B € k*,m,r — jmobble HeYeTHBIE YUCIA}.
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ITo semme 4 11 u 1)) — HeverHble aBrOMOpduU3Mbl anrebpbl A,. CienosarenbHo, @1,¢) €
Autp A W ¢ MOXKHO IIPEJICTABUTH B BUJIE

©=YmoPy_10...091,

riae ¥, — JUHeHHbI aBrOMOpdU3M, & Ypym_1,...,YP1 € G*. Otrcioma cieayer, 49To
SIBJISIETCsl HEeYeTHBIM aBroMopdusMoMm anrebpor A,. CiremoBarenbno, AutipA, coBmagaer c
O

IloarBepk1eHUE
Pabora BemoHena B pamkax mpoekta AP 08052290 MOH PK.

Cricok urepaTrypbl

—_

Czerniakiewicz A.J. Automorphisms of a free associative algebra of rank 2, I, IT // Trans. Amer. Math. Soc.
—1971. — Vol. 160. — P. 393-401; —1972. —Vol. 171.— P. 309-315.
2 Jung H.W.E. Uber ganze birationale Transformationen der Ebene // J. reine angew Math. — 1942. — Vol.184.
-P. 161-174.
3 Van der Kulk W. On polynomial rings in two variables // Nieuw Archief voor Wisk. — 1953. — Vol. 1 Ne 3. —
P. 33-41.
4 Makar-Limanov L.G. The automorphisms of the free algebra of two generators// Funktsional. Anal. i
Prilozhen. —1970.,Vol. 4. Ne 3. —P. 107-108.
5 Makar-Limanov L., Turusbekova U., Umirbaev U. Automorphisms and derivations of free Poisson algebras in
two variables // J. Algebra — 2009. — Vol. 322. Ne 9. — P. 3318 — 3330.
6 Kozybaev D., Makar-Limanov L. G., Umirbaev U. The Freiheitssatz and the automorphisms of free right-
symmetric algebras // Asian-Eur. J. Math. —2008. — Vol. 1. Ne 2. —P. 243—254.
7 Cohn P.M. Free associative algebras // Bull. London Math. Soc. -1969. — Vol.1. -P. 1-39.
Lewin J. On Schreier varieties of linear algebras // Trans. Amer. Math. Soc.— 1968. — Vol. 132. — P. 553-562.
Kypom A.T. Heacconmarusable anarebpst u cBoboanbie npousseneans anarebp // Marem. ¢6.— 1947. —T. 20. C.
239-262.
10 IMMupmos A.U. Ilomanre6psl CBOGOAHBIX KOMMYTATHBHBIX M CBOOOJHBIX AHTHKOMMYTATHUBHBIX ajrebp //
Marem. c6. -1954. — T. 34. Nel. — C. 81-88.
11 Mupmos A.U. Ioganre6psr cBo6oaHbIX ueBbIX anrebp // Marem. ¢6. —1953. — T. 33. Ne2. — C. 441-452.
12 Witt E. Die Unterringer der freien Lieschen Rings // Math. Z. —1956. — Vol. 64. — P. 195-216.
13 Muxanes A.A. Tlomanre6psr ¢cBOGOIHBIX IBETHBIX cymepanre6p Jlu // Mar.zamerkn. —1985. — T. 37. Ne5. — C.
653 -661.
14 IMItepu A.C. Cobomubie cynepanrebpst Jlu // Cub. mar. xypu. —1986. — T. 27. —C. 170-174.
15 Kharchenko V. Quantum Lie theory. A multilinear approach : Lecture Notes in Mathematics 2150. Springer,
Cham, 2015. — xiii+302 p.
16 Alev J., Chamarie M. Dérivations et automorphismes de quelques algébres quantiques // Comm. Algebra —
1992. — Vol. 20. Ne 6. — P. 1787-1802.
17 Takeuchi M. Survey of braided Hopf algebras. In: New Trends in Hopf Algebra Theory // Contemp. Math.
AMS. - 2000. Vol. 267. —P.301-324.
18 Umirbaev U., Kharchenko V. Free braided nonassociative Hopf algebras and Sabinin 7 - algebras // Journal
of Algebra — 2017. —Vol. 492. —P. 130-146.

©

P. Myranun, A.C. HaypazbekoBa
JI.H. lymunes amovimdaev, Bypasus yammows yrusepcumemsi, Hyp-Cyaman, Kasaxcman

Exi aliHpIMaJIbl ©pijireH epKiH acconmaTuBTi ajgredpajiapAplH TakK, aBToMopdu3Maepi

Ansoranus: Kes kesren k epicingeri eki adinpivanast 7 = (—1,—1,—1,—1) unBoMIOTUBTI IuaroHas bl epimi 6ap
episren epkin acconuarupTi anrebpanss, @(r1) = 1, ¢(x2) = ax2+Lz* (a, B € k, m — Tak can) epexxecimen Gepiaren ¢
3HA0MOpPdU3MI TakK, aBTOMOPdU3M 60JIaTHIHBI jajesaeHreH. COHbIMEH KaTap, OChl aJreOPaHbIH, 1) CBI3BIKTHI 9HI0MOPMU3Mi
Y addunai Gonran )Karmaiia }KoHe TeK COHIa FaHa aBTOMOPdU3M OOIaThIHABIFEL KeeTiireH. Ke3 kenren k epiciazeri exi
ajinpiMasibl T = (—1,—1,—1,—1) uHBOMIOTUBTI AMAroHAJABI ©piMi 6ap epilireH epkin acconuaTuBTi anreGpaHbIH GapIIbIK,
aBTOMOPGU3M/IEP IPYIIIACH OCBI aJrebpaHblH TaK aBTOMOPMU3MIED I'PYNIIACBIMEH CORKEC KeJIeTIHIIr KepceTimi.

Tyiin cesaep: Epkin accomuarusri anrebpa, epiM, aBropMmopdusm.

Bulletin of L.N. Gumilyov ENU. Mathematics. Computer science. Mechanics series, 2020, Vol. 131, Ne2

49



HedyeTHbIe aBTOMOpd)H3MbI CIIJIETEHHbBIX CBOﬁOﬂHbIX acconuaTuBHBIX a.nre6p OT ABYX HOPOXKJaroIux

R. Mutalip, A.S. Naurazbekova
L. N. Gumilyov Eurasian National University, Nur-Sultan, Kazakhstan

Odd automorphisms of two generated braided free associative algebras

Abstract: It is proved that an endomorphism ¢ of an braided free associative algebra in two generators over an
arbitrary field k with an involutive diagonal braiding 7 = (—1,—1,—1,—1) given by the rule ¢(z1) = z1, p(z2) =
axe+ Bz, where a, 8 € k, m is an odd number, is an odd automorphism. It is also proved that the linear endomorphism
1 of this algebra is an automorphism if and only if 4 is affine. It is shown that the group of all automorphisms of braided
free associative algebra in two variables over an arbitrary field k with an involutive diagonal braiding 7 = (-1, -1, -1, —1)
coincides with the group of odd automorphisms of this algebra.

Keywords: Free associative algebra, braiding, automorphism.
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- Pemenne 3ana9um 10/2KHO GbITH CHAGXKEHO MOAPOOHBIMUA OGOCHOBAHUSAMU (J[OKA3ATEIHCTBAMM).

IIpu HecobmOneHN XOTsI OBl OHOIO U3 3TUX TPEeOOBAHUI CTAThA HE IPUHUMAETCS K PACCMOTPEHUIO.

5. Tabaurpbl BKIIOYAIOTCS HEMOCPEJICTBEHHO B TEKCT pabOThI, OHU JOJKHBI OBITH MPOHYMEPOBAHBI W
COIPOBOK/IATHCS CCHIIIKON HA HUX B TEKCTe paboThl. Prucynku, rpadukn J0KHbBI OBITH TPEJICTABIEHBI B OJTHOM U3
crangaptbix popmaros: PS, PDF, TIFF, GIF, JPEG, BMP, PCX. Toueunble pucyHK: HEOGXOIUMO BBIMIOTHSITH
¢ paspemrernem 600 dpi. Ha pucynkax mosiKHBI OBITH sICHO TIEPEIAHBI BCE IETAJIN.

6. Cnucoxk JMTepaTypbl JIOJKEH COJEPXKATH TOJBKO T€ HCTOYHMKHA (IIPOHYMEPOBAHHBIE B IOPSJIKE
UTUPOBAHNUS WJIA B [IOPSIIKE AHIVIMICKOrO ajipaBuTa), Ha KOTOPBIE NMEIOTCSI CCBIIKK B TeKCTe paboThl. CCbLIKN
Ha, HEeOIyOJIMKOBaHHBIE pabOTHI, PE3Y/IbTATHI KOTOPHIX UCIOJIB3YIOTCS B JOKA3aTETbCTBAX, HE JTOMYCKAIOTCS.

ABropam pekomeHjryeTcsi Tpu 0(POPMJIEHUH CCHLIJIOK UCKJIIOYUTH YIOMUHAHUE CTPAHUI] U PYKOBOJCTBOBATHCS
cllefyomuM  abJIOHOM:  HOMep IVIaBbl, HOMep mnaparpada, HOMep IIyHKTa, HOMED TeopeMbl (JeMMBI,
YTBEPK/ICHUs, 3aMEIaHus K TeopeMe U T.I.), Homep (opmynsr. Hampmmep, "..., ecm. [3; § 7, memma 6]"; "...,
cM. [2; 3ameuanue K Teopeme 5|". B mpormBHOM cilydae IpU IOJArOTOBKE AHIVIOA3BITHONW BEPCUHM CTATHU MOTYT
BO3HUKHYTb HEBEPHBIE CCBHLIKU.
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