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On logarithmic derivatives of probability densities

Abstract: We construct two examples connected with the integrability of logarithmic deriva-
tives of probability densities on the real line, in particular, with the Fisher information number.
These examples show that the Fisher information of a probability density cannot be estimated
in terms of L'-norms of its first and second derivatives and the maximum of the absolute value
of the second derivative. In addition, the norm of the logarithmic derivative of the density in
L3 cannot be estimated in terms of the norms in L' of the derivatives of the density of any
order.
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1. Introduction. Let p be a probability density on the real line that is absolutely continuous
on all bounded intervals. the ratio
p'(z)
p(x)
is the called the logarithmic derivative of p. We set p/(x)/p(z) = 0 if p(xz) = 0. The expression

/ t 2
1= [ LOE,
R P(t)
is called the Fisher information number (or just the Fisher information) of density p. It is
of interest for many applications to have efficient conditions on p under which this integral is
finite. A.V. Uglanov [1] suggested the following elementary but not obvious lemma.

Lemma [U]. There exists a constant C' such that for each nonnegative twice differentiable
function p: R — R such that ¢” is absolutely continuous the following estimate holds:

_ |90/(t)|2dt / 1" m
He) = [EAE <0 [ 1001+ 10+ " 0]t

Later Krugova generalized this results as follows (see [2| and [3]):

Let recall the following know result

The Krugova inequality:
Let f be a nonnegative twice differentiable function on R such that f” is absolutely continuous.
Then for any ¢ € (0,3) holds:

/R<|:);'((f))|>3€f(t)dt§0(€) (/R\f/(t)\dt—i—/R]f”(t)\dt+/IR\f"’(t)ydt>.

In relation to Uglanov’s lemma the question arises about the validity of this estimate if we
require only the boundedness and integrability of the second derivative without the integrability
of the third derivative. It turns out that the answer is negative. We are going go construct such
a density in Theorem 1.
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What happens if f is three times differentiable? Can one obtain similar estimates with 4—¢e 7
The answer is negative! Even analyticity is not enough, as the following simple example shows:
for ¢(t) = t? exp(—t?) the function |¢'(t)|P@'~P(t) is not integrable at the origin for all p > 3.
In this example the density vanishes at the origin, but in Theorem 2 we construct a strictly

positive density with the same properties. These examples answer two questions posed by S.G.
Bobkov.

2. Main results.

Theorem 1. There exists a function f: R — [0,00] such that
1) f,f', f" are integrable on R;

2) |f"(x)] < M,z € R;

3) The Fisher information is infinite:

@R,
/R @) =

Proof. Step 1. Let us construct such a function f. We the functions f;, defined on R by

fu(x) = _MX[OJ] (z),

ninn

where n =4,6,8,....
One can readily verify the following simple properties of f, :
(i) 0 < fulz)de <

4nln’n’

1 , 1
ii dr = ———.
(i) [ 1l = 5
(iii) fo [fr(@)lde = .
(iv) [f/(z)] <1 for all n=4,6,8,....
Let us consider the following functions:

sn(2) = yin(z) + f;l(x)x(%’l_%)(:z:) + Yrn(w), n=4,6,8, ...,

( ) (1 721)2 1 ( )
xTr) = x + x
yl,n 9 (1 i) 1 2 7 2 X[fﬁ,%] ’
(1 2)2 1
n

) (p_1— .

2(1—711) In®n (w n—2> X[l_%’l 2 (z)

Loosely speaking, we removed the discontinuities of f; at the points 0 and 1 by adding Yin

and yr, , moreover, as we shall in Step 2, our modification s,, preserves some properties of f}, .
Let us consider the following functions g, , where n =4,6,8,...:

€T
gn(z) = / salt)dt. (1)
-1

Using the symmetry of s, , we can check that each function g, vanishes outside the interval
[—ﬁ, 1+ ﬁ} , therefore, in (1) the integral can be taken over [—ﬁ, 33] .

where

Yrn(T) =

Step 2. On the interval [%, 1-— TIL] the function g, is equal to f,. Indeed, let = € [%, 1-— %] .
Then

n(z) = /_ml sn(t)dt = /_1 sn(t)dt+/; sn(t)dt = 712111% <1 i) +/: £ (#)dt

n—2 n—2

|=

C n2ln’n
Step 3. It follows from our construction that

1 2
n(x)lde < ——— | 1+ .
/R]g (@)lde < 4nln2n< n—2)
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Step 4. According to the definition of s, we have the following inequalities:

1

1 _1 2 2 _1
R L 1 " 2(1-HIm*n\n n-2 1 " ’

m -3 (1- 2)2 1 1 -3
_ / 1 _ n - "
J e A A el R B AT

n—2 n

Step 5. Now we are going to prove the following assertion: the integral

o) P
4 @) *

is of order as

as n — oo. Using this absertion along with (ii), (iii) and the previous

diverges and the series Y .~ , m

nlnn

steps and taking into account that the series  °°
converges, we conclude that the function

)= gon(z — 2n)
n=2

has the properties announced in Theorem 1. So it remains to prove the assertion above.
We have the following chain of equalities:

SR lf@P 1 e Qe —1)%de
/n fn(2) AR n1n2n/711 z(x—1)

! /Pi dpdx /1—3» dde /1—i da
 oal?n \Jr  z-1 1 ozr—1 1 z(z—1)
1 -3 -2 dz
=— 4d T
nln2n</1 w+/1 z(x—1)

n

1 2 -5 -5
D)
nln®n n 1 z—1 1 T
1 1 2 1 1
= — 5 <4—8—2<lnn—|—ln<1—>>>: — 5 (4—8—2111(1—)).
nln“n n n nlnn  nln“n n n

This completes the proof of Theorem 1.
Our second example is this.
Theorem 2. There exists a function f: R — (0,+00) with the following properties:
1) f is infinitely differentiable;
2) f is integrable on R along with all its derivatives;

n=2 nlnn

=

/ T 3
R F2z) . . . _
Proof. The main idea of this example is this. We observe that if we do not require that f
be strictly positive, then, for example, the functions or 2™ are suitable, moreover,

2
x
for the first function the expression

|f/(z)]?  8sin’z
fAz) 2P
has non-integrable singularities at the points z, = 7mn, where n = £1,+2,43,... (it is impor-

tant here that they form a countable set, not finite). We are going to use it to construct the
desired function. Let us consider the following positive function on [%,+00):

(zcotx —1)3

sin?x + e~ ®
g(z) = —%5—

x
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Since our function is not integrable in a neighborhood of zero, we have to extend it to the whole

real line. Let us observe that ;
[l
1

9*(x)
Indeed, it is easy to see that

2rsinzcosx —xe® —2sin?x — 2

/
€Tr) =
g (z) 3
and 5
19" ()3 |2xsinmcosm—xe_l’ —2sinz — 26_"3‘
g (z) 25(sin? z + e~%)2
We notice that on the intervals [mn — 5,mn], where n > 1, all terms are non-positive, hence
for such x we have
. _ . —2\3 . .
g (@)]®  (—2xsinzcosz+ ze " + 2sin’ x4 2¢77) 8z3sinwcosdx 8sin® z cos® z
g% (x) 25 (sin? z + e~ )2 — 25(sin?z 4 e7)2 22(sin? z + e~%)2’
Further, for the same z it holds
8sin® z cos® S 8sin® z cos® x
r2(sinx +e~%)2 ~ (7n)2(sin? x + e_(”"_g))T
Now let z € [rn — 5,mn —e™"], where n > 1. Since sinz # 0 for such x, we have
8sin® z cos® x _ 8 cos?
N 2(qin2 —(m=2)2 ~(xn-%)\2 |
(mn)?(sin” z + e 2) (mn)? (1 + ) sin x
8 cos? _ 8 cos?
= 2 (1 —m=3) \Z 2 (14 D 2
<7Tn) =+ m Sin T (7'['71) + m SN xr
Since
6*(7"”*%)
I+ — —1 asn— oo,
sin®(e—")
—(mn-2)\ ?
we obtain |1+ —5—~ | <2 for large n > Ny.
sin®(e=")

Let us summarize our results. There exists Ng € N such that for all z € [rn — §,7mn —e™"]

and n > Ny it holds
19" (z)]3 4cos® x

2(x) = (wn)?sinz —
We observe that

mn—e~ "™ 3 —e ™ 3 —sin(e™") -1 2 020 ,—n 1
/ —cos'r, / —costr, / “i4a, _lnsme—n;m(;)_?
T

n—Z sinx z sin x 1 z

Finally, since the series

(o9} . —
Z Insine™
2
n=1 n
diverges and both series
o0 . — o
Z sin? e™" 1
2 Z n2
n=1 n n=1 n
converge, we obtain
0 | 4/ 3 e ™m—e " 3
lg'@)l” dr > Z __deosTx dr = o0
2(z) T x (mn)?sinx '
1 g n=Np ’ ™3
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To complete the construction of f we need the following function:

a2
M) = @ )+ ol — 1)

_1
where «o(z) = 601’ gigi izg Clearly, A € C*°(R) and A(z) =1 when z € [-1,1],

and A(z) =0 when z ¢ [2,2]. Finally, we reflect g evenly, and on the interval (—3,3) define
it by zero, and let

f(@) = a(z) + (1 - a(z))g(x).

This completes the proof of Theorem 2.

3. Conclusion. The density ¢ in Theorem 1 demonstrates that if we require only the
boundedness of the second derivative without the integrability of the third derivative ", it
can happen that the Fisher information of density ¢ can be infinite.

The density f in Theorem 2 gives an example of an analytic function without zeros with the
following properties:

/ 3
58 0w

/VW®W<w
R

forall n>1.
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bIkTuManapIK THIFbI3AbIKTAPABIH JIOTAPUMMIAIK TYBIHABLIAPHI TYPAaJIbl

AnHoTauusi:  BIKTUMaNABIK THIFBIBABIKTAPALIH JOrapUPMIIK TYBIHIBIIAPBIHBIH HHTErPaJIaHybIMEH, JI9JIipeK
ailtkauga Puinep aknmaparTblK CaHIapbIMEH OailJIaHBICTBI €Ki MbICaJl KypbLIAbl. KypbLiraH MbIcajJap BIKTHMAJIbIK
TBIFBI3JIBIKTBIH Duillep aKIapaTThIK CAHBIH THIFBIABIKTHIH OIPIHINI KoHE eKiHII TYBIHABLIAPBIHBIH MOYJIbiHIH, HHTErPaJIbl
MEH €KIHII TYBIHIBIHBIH MOYJIbIHIH MAKCUMYMbI aPKBUIbI Oarajiayra 60aIMaiThIHIbIFE KeopeeTiiai. CoHbIMEH KaTap, L3 -
TEri THIFBI3IBIKTHIH JIOrapudMIK TYBIHIBICHIHBIE HOPMACHIH THIFBI3IBIKTHIH KAHIAH Ja PeTTi TyblHAbIChHBIH Ll -geri
HOPMAacChl apKbLIbl Oarajayra 60JIMaNThIHIBIFBI KOPCETIII].

KuroueBsblie ciioBa: Puiep/iin akmapaTThIK, CaHbl, JIOTAPHUMMIIK TYBIHIBI, YTJIAaHOB JieMMachl, Kpyrosas TeHci3ari.
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(0} .T[Ol"apI/I(l)MI/I‘{eCKI/IX IIPOMN3BOJHBIX BEPOATHOCTHBIX IJIOTHOCTEM

Annoranusa:  Ilocrpoensl aBa mIpuMepa, CBSI3aHHbIE C HHTErPUPYEMOCTb JIOTAPU(PMUYECKUX ITPOU3BOIHBIX
BEPOSTHOCTHBLIX IJIOTHOCTEH, B YACTHOCTUA C HHMOPMAIMOHHBIM uuciaoMm PDuirepa. DTU OpUMEPHI MOKA3BIBAIOT, €UTO
nHopMaroHHoe 4ncio Puinepa BepOSTHOCTHON IIJIOTHOCTH HEJIb3sl OIEHUTHh Yepe3 MHTErpPaJibl OT MOJYJIeil I1epBOil u
BTOPO! IPOU3BOAHBIX IJIOTHOCTH M MAaKCHMyM MOIYJA BTOPO# mpouwsBommHoil. Kpome Toro, mopmy sorapudMudecKoit
HPOU3BOAHOI MIoTHOCTH B L3 HeIb3st OleHuTh depes HOpMbl B L' MPOU3BOHBIX TIOTHOCTH KaKOTO-7THOO0 TOPSAIKA.

KuroueBbie cioBa: Mudopmarmonnoe wunciao QPuinepa, gorapudMutdeckas IPOU3BOLHAA, JEMMa Y IJIAHOBA,
nepaseHcTBa Kpyrosoii
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