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1. INTRODUCTION

Let Ny denote the set of positive integers, N := Ny U{0}. Let m := (mg, m1,...) denote a
sequence of positive integers not less then 2. Denote by Z,, = {0,1,...,mj — 1} the additive
group of integers modulo my . Define the group G,, as the complete direct product of the
groups Zy,, , with the product of the discrete topologies of Z,;’s.

The direct product of the measures

iD= G € Zm)

is the Haar measure on Gy, with p(G,,) = 1. If the sequence m is bounded, then G,, is
called a bounded Vilenkin group. In this paper we will consider only bounded Vilenkin groups.
The elements of G, can be represented by sequences z := (zo, z1, ..., Zj, ...) (iL'j € ij) . The
group operation + in G, is given by

z+y = ((zog + yo ) mod mo, ..., (x + yx. ) mod my, ...)
where x := (zo,...,Zk,...) and y := (Yo, -.., Yk, ...) € Gm. The inverse of + will be denoted by
oo
.
—. For every = € G, we denote |z|:= j;) Mo (zj € Zm,).

It is easy to give a base for the neighborhoods of G, :

Iy () = Gp,

L (z) ={y € Gml|yo =20, sYn-1 = Tn-1}
for + € Gy, n € N. Define I, := 1, (0) for n € N,.
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If we define the so-called generalized number system based on m in the following Way: My =

1, Myy1:=mpMy (k€ N), then every n € N can be uniquely expressed as n = Z n; M,

7=0
where n; € Zp; (j€ Ni) and only a finite number of n;’s differ from zero. We also use the
following notation: |n|:=max{k € N :ny # 0} (that is, M, <n < M, 41 ).

Next, we introduce G,, on an orthonormal system, which is called Vilenkin system. At first
define the complex valued functions ry (z) : G, — C, the generalized Rademacher functions,
in this way:
2Ty

(i*=-1, 1€ Gp, k € N).

ri(x) := exp
Now we define the Vilenkin system 1 := (¢, : n € N) on G, as follows:

oo
Uy, () ::HTZ’“ (x), (neN).

k=0
In particular, we call the system the Walsh-Paley system if m = 2.
The Vilenkin system is orthonormal and complete in L' (G,) ( see [2]).
Now, introduce analogues of the usual definitions of the Fourier analysis. If f € L' (G,,)

we can establish the following definitions in the usual way:

Fourier coefficients:

Gm
partial sums:
n—1 R
Snf = f(k)wka (n € Ny, Sof :=0)
k=0
Dirichlet kernels:
n—1
Dy, ::Zwka (n € Ny).
k=0

The (C,—a) means of the Vilenkin-Fourier series are defined as

on (f,x) = ZAnkf Ui (x) ,

where

(0% [0 (
0= 17 A =
It is well Known that [3|
Ay =" Aph,
k=0
A — n = Aa 1

n
AL ~n®.
The norm of the space LP (G,,) is defined by

1/p

1£1l, = (c/ If @) du(z) ] (1<p<oo).
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Denote by C(G,,) the class of continuous functions on the group G, , endoved with the
supremum norm.
For the sake of brevity in notation, we agree to write L> (G,,) instead of C (Gy,) .

Let f € LP(Gy),1 <p < oo. The expression

hely,

" (A;f) —sup I (=B = £ O,

is called the modulus of continuity.

The problems of summability of partial sums and Cesaro means for Walsh-Fourier series were
studied in [4], [5]- [12], [13]. In his monography [14] Zhizhinashvili investigated the behavior of
Cesaro method of negative order for trigonometric Fourier series in detail. Goginava [5] studied
analogical question in case fo the Walsh system. The analogous results in the case of the
Vilenkin-Fourier series have been studied in [1]. In particular, the following was proved:

Theorem T. [1] Let f belong to LP (G,) for some p € [1,00] and o € (0,1). Then for
any Mg <n < Miyq1 (k,n € N) the inequality

k—2 M
lon® ()= fll, < cpa) {M,?w (1/My—1, ), + Y M,:” (1/M,, f>p}
r=0

holds true.

This result allows one to obtain the condition which is sufficient for the convergence of the
means o0, “(f,z) to f(x) in the LP— metric.

Corollary 1. [1] Let f belong to L? (G,,) for some p € [l,00] and let o € (0,1). If

1 1
(), ()

—Q

o (f)—pr—>0 as n — oo.

then

In this paper, we are going to prove the sharpness of Corollary 1. In particular, the following
Theorem holds:

Theorem 1. For every a € (0,1), there exists a function f € C(Gy,) for which

1 1
¢ <f’ Mk—l)c =0 <Mz§‘)

and

lim sup HJJT/[?: (f) — le > 0.

k—o0

Since for a continuous function we have proved divergence in the space L;, we can conclude
the following corollary:

Corollary 2. For every « € (0,1), there exists a function f € C' (G,,), for which

1 1
“(rm), -0 (i)

lim sup Haxf (f) — fH >0, for some p € [1,00].
k—o0 k P

and
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2. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1.
We define the function

where

First, we prove that

Since
|fj(@—t)—fj(x)|=0, j=0,1,..,n—-1, tel,

we get

n—1
@ —t)— f (@) <;Ajja|fj<x—t>—fj<x>|

=2 c
23 < g
j=n "7 n

After we showed that 1 holds, next, we shall prove that UX/I‘;‘ (f) diverges in the L' metric.
It is clear that

oz =1, 2| [ o (ho) = 7 @)] v, @) (o) @)

m

> | [ ot (o) o @) di )| = | F 1)

M,
1 k

— =S A ) / i (@) ng, (2) dp (2)
Gm

—
AMk i=0

1
A]sz

J?(Mk)’ - ’f(Mk)‘ :

- ‘f(Mk)‘ =

We have

So, we can write

Theorem 1 is proved.
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3. CONCLUSION

Theorem 1 gives the LP norm estimation of the difference between Cesaro means of negative
order of the one-dimensional Vilenkin-Fourier Series and functions from LP. This inequality
allows one to obtain a sufficient condition for the convergence of the Cesaro means to f(z) in
the LP— metric, as discussed in Corollary 1. In this paper we proved the sharpness of Corollary
1. In particular, for a continuous function, we showed divergence in the space Lj, from which
follows divergence in the space Lp, with p € [1,00].
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T. Tennanze
Hopseeausa Apxmuxaavk yrnusepcumemsi, Hapeux, Hopsezusn

Bip emmemai Busnenkun-®Pypbe katapbiHbIH Tepic perti Hesapo oprarnanaps!

Amnsoranus: [1]-ne 6ip emmemai Bunenkun-®ypbe kKarapsapbiabiy, Tepic perti Ye3dpo opralnaapblHbIH KybIKTay
KacuerTepiMeH OailjlaHbICTBI Keibip TeHCizmikTep mpsesnueHred. bBya rtecizaikrep LP - MerpukachiHAA y3iiccizmaik
MOIyJIb/iepi TepMuHepinge Buiienkun - @ypbe KaTapblHbIH 1e33po opTaliajapblHbIH KUHAKTAJIYbBIHBIH YKEeTKIJIIKTI
mapThIH ajJyra MyMKiHAgik Gepeni. DBysn maxkamanma 6i3 ockl mapTTBIH I9JI €KEHIH KepcereMis, aepbec »kargaiina
Butenkun-®@ypbe KaTapblHblH de3apo oprajiapbl LP MeTpUKAChIHAA KUHAKTAJIMANTBIHAAN y3lriccizmik Moysi Gesrisi
6ip mapTrapabl KaHaraTTaHIBIPATHIH y3idiccis dyHKIusa KypbLIagsl.

Tyiiin cesnep: Tencizaikrep, xKybikray, Bumenkun xyiteci, Bunenkun-®@ypoe katapsl, Ye3apo opramaanapsl , HOpMa
OOMBIHINIA YKUHAKTHLIBIK,

T. Tertnaaze
Apxmuveckuts ynusepcumem Hopseeuu, Hapsux, Hopseeusn
Cpenune Ye3apo oTpUIIATEIBHOIO MOPSAKA OAHOMEPHOro psina Buinenkuna-®Pypbe
AnHoranus: B [1] gokasaHbl HEKOTOPBIE HEPABEHCTBA, CBA3AHHBIE C ANIPOKCHMAIMOHHBIMU CBOHCTBAMM CPEIHUX

Ye3apo ¢ OTPUIIATENILHBIM OPSIAKOM OJHOMEDPHBIX psiioB Buienkunaa-Pypbe. DTU HEPABEHCTBA IMO3BOJISIOT IOJIYYUTh
JOCTATOYHOE YCJIOBUE CXOIUMMOCTH CpelHuX 4e3apo psanoB Bunenkumna — @ypbe B LP -meTpuke B TE€pMHHAX MOJLYJIS
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HENpEepLIBHOCTH. B JaHHOI cTaTbe MBI JOKaXKeM TOYHOCTH 9TOrO YCJIOBHS, B YJACTHOCTH Hal/leHA HEIPEepBbIBHAS (DYHKIUS C
HEKOTOPBIMU YCJIOBUS Ha €€ MOJLyJIb HEIIPEPBIBHOCTH, IJjisi KOTOpoi cpeanne Uezapo psaoB Bunenkuna-Pypbe pacxomsrcs
B MeTpuke LP .

KuaroueBsbie cioBa: Hepasencrsa, annpokcumanusi, cucreMa Busienkuna, psin Bunenkuna-Pypoe, cpennune Heszapo,
CXOIMMOCTD 110 HOPME.

References

1 Tepnadze T. On the approximation properties of CesA ro means of negative order of Vilenkin-Fourier series.
Studia Sci. Math. Hung. 53(4), 532-544 (2016).

2 Agaev G.N., Vilenkin N.Ya., Dzhafarli G.M., and Rubinshtejn A.I. Multiplicative systems of functions and

harmonic analysis on zero-dimensional groups (Baku, Ehlm, 1981) [in Russian|.

Zygmund A. Trigonometric series. Vol.l. (Cambridge, Cambridge University Press, 1959).

Fine N.J. Cesaro summability of Walsh-Fourier series. Proc. Nat.Acad. Sci. U.S.A. 41, 558-591 (1995).

5 Goginava U. On the approximation properties of Cesaro means of negative order of Walsh-Fourier series. J.
Approx. Theory. 115(1), 9-20 (2002).

6 Goginava U. Uniform convergence of Cesaro means of negative order of double Walsh-Fourier series. J. Approx.
Theory. 124(1), 96-108 (2003).

7 Goginava U., Nagy K. On the maximal operator of Walsh-Kaczmarz-Fejér means. Czechoslovak Math. J.
61(136), 3, 673-686 (2011).

8 Géat G., Goginava U. A weak type inequality for the maximal operator of (C,«)-means of Fourier series with
respect to the Walsh-Kaczmarz system. Acta Math. Hungar. 125(1-2), 65-83 (2009).

9 Gat G. and Nagy K., Cesaro summability of the character system of the p-series field in the Kaczmarz re-
arrangement. Anal. Math. 28(1), 1-23 (2002).

10 Nagy K. Approximation by Cesaro means of negative order of Walsh-Kaczmarz-Fourier series. East J. Approx.
16(3), 297-311 (2010).

11 Simon P., Weisz F. Weak inequalities for Cesaro and Riesz summability of Walsh-Fourier series. J. Approx.
Theory. 151(1), 1-19 (2008).

12 F. Schipp, Uber gewisse Maximaloperatoren. Ann. Univ. Sci. Budapest. Sect. Math. 18, 189-195 (1975).

13 Tevzadze V. I. Uniform (C,—«) summability of Fourier series with respect to the Walsh-Paley system. Acta
Math. Acad. Paedagog. Nyhdzi. (N.S.). 22(1), 41-61 (2006) (electronic).

14 Zhizhiashvili L.V. Trigonometric Fourier series and their conjugates. (Thilisi, 1993 [in Russian|, English transl.:
Kluwer Acad. publ, 1996).

15 Golubov B. 1., Efimov A.V., and Skvortsov V.A. Series and transformation of Walsh. (Moscow, Nauka, 1987
[In Russian], English translation, Kluwer Academic, Dordrecht, 1991).

16 Goginava U. On the uniform convergence of Walsh-Fourier series. Acta Math. Hungar. 93(1-2), 59-70 (2001).

17 Schipp F., Wade W.R., Simon P. and P4l J., Walsh Series, Introduction to Dyadic Harmonic Analysis. (Hilger,
Bristol, 1990).
Information about the authors:
Tepnadze T. — PhD student at the Faculty of Science and Technology, Department of Computer Science and Compu-

tational Engineering, The Artic University of Norway, Campus Narvik, P.O. Box 385, N-8505, Narvik, Norway.a
Tepnadze T. — P'eutbiv 2xone Texuosorus daxynpreriniy PhD crymenti, Komnbiorepsik rouibiMaap 2kone Ecemrey

uHxKeHepus nenapramenti, Hopserusi Apkrukasbik yHusepcureri, Narvik kammycer, P.O. Box 385, N-8505, Hapsuk,

Hopserusi.

B w

Received 21.06.2021



