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Introduction

Let Cj, be the set of all h-complex numbers [1-6], i.e. the set of ordered pairs of real numbers,
on which the addition and multiplication operations are given according to the rules:

Vz1 = (a;0), 22 = (¢;d) € Cy,
1. 21+22=(a+cb+d);
2. 2129 = (ac+ bd;ad + be) .

The real unit is identified by the h-complex number (1;0). A hyperbolic unit is the h-complex
number j = (0;1). Then any number from C;, can be represented in algebraic form:

z = (a;b) = (a;0) 4+ (0;0) =a-(1;0)+b-(0;1) =a+ jb=Re z+ j Hyp z,
where a = Re z is the real part of z, b= Hyp z is the hyperbolic part of z.

As shown in [7,8], the set of h-complex numbers Cj, is a zero-divisor ring. Zero-divisors are
numbers of the form a+aj. Special mention should be the case when a = % , then zero divisors
have the following properties:

o1\ 1

(a) VneN: <T> =3,

(b) the numbers % form a basis in Cj , i.e. any h-complex number a+bj can be uniquely

represented as:
. 1+ 1—3j
a—l—]bz(@%—b)%%—(a—b)Tj.

The norm of the element z = a + jb in the ring Cj, is defined as: ||z|| = |a| + |b|, and the
modulus of a h-complex number is |z] = va? + b? as usual.
Let us present the properties of the norm:

L Iz =0 & z2=0;

2. 2] = Va2 + b2 <la| + [b] = ||2]| £ V2Va? +b% = V2|z[;
3. VaeR: [laz|| = |af - ||z[];
4. V21,20 €Cpt [lz1 - 22| < [l - |22l 5
5. 2" =|=]", VYneN;
1 1
6. mp <12

On the set Cp, , the topology is introduced using the above norm.
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h-complex argument functions
Let D be a domain in C, and f: D — Cy,.
Definition 1. The function f is called h-differentiable at the point z € D if there exists a
number k € Cj, such that
f(z+h)—f(z) =kh+a(h)-h, (1)
where h € D is not a divisor of zero, and z + h € D, moreover, ]llii%a (h) = 0, k does not

depend on h.

Definition 2. The derivative of a function f of an h-complex argument z € D is called

f/(z)_}llii%f(z"i_h}z_f(z)’

where h € Cj is not a zero divisor. The limit is taken according to the norm from Cj, .

The derivative of the sum, difference, product, quotient of division, and composition of func-
tions is calculated using the same formulas as in classical analysis .

Theorem 1. The function [ is h-differentiable at the point z € D if and only if there exists
) L EEN =G

h—0 h

The proof is carried out in the same way as in the case of an analytic function of a complex
variable in this case f’(z) =k from (1).
Any h-complex function f(z) = f (x4 jy) is representable in algebraic form:

f(z) =u(z,y)+jv(z,y).

Theorem 2. Let f(z) = u(x,y) + jv(x,y) be defined in a neighborhood of the point
z =+ jy, functions u(x,y), v(x,y) are differentiable at the point (x,y). Then two state-
ments are equivalent:

1) function f(z) h-differentiable at the point z ;
2) the following equalities are true:

ou_ov ou_ov
or Oy’ OJy Oz
Proof. Let usshow that the 2) follows from the 1). Let be h = s+ jt and
) - CEN =T ),

h—0 h

We put t=0:
' (2) = lim ~
s—0

Let be s =0 then:

L. v(x+sy)—v(xz,y) Ou  Ov
1 = — —.
—1—]81_1% s oz 7oz

(I‘+S,y) _u(x7y)

t) — t) —
t—+0 jt t—0 jt oy Oy

We have:
ou Ov Ov . Ou

9z oz "oy oy
consequently equalities (2) are true.
Now we show that 2) implies 1). Let the equality (2) be true then

fl+h)—f)=u@+sy+t)—ulz,y+iv@+sy+t)—v(zy)=
- (u;s+u;t+a(h) h)—l—j (u;s+v;t+,8(h) h) =1l (s + jt)+ju. (s + j)+(a (h) + j8 (b)) h =
= (wp + vy ) b+ (B) b,
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where v (h) = a(h)+jB(h), ’1112% v (h) = 0. Consequently function f(z) h-differentiable
and
F'(2) = g + jop = v, + juy,.

The theorem is proved.

Remark 1. The equalities (2) are analogous to the Cauchy-Riemann conditions.

General form of h-holomorphic functions

Let the function f be h-differentiable in domain D .
Definition 3. The function f(z) = u(z,y) + jv(z,y) is called h-holomorphic at the point
20 = xo + jyo € D if the functions u and v have continuous second partial derivatives, and
the conditions (2) are true.

Theorem 3. The function [ is h-holomorphic at the point z € D if and only if

FE@ = f @ty g i ). )

Proof. Consider the function f(z) = u(z,y) + jv(x,y). Let the condition (2) is true
then the functions u and v satisfy the equations

0? 0? 0? 0?
gu_gu_y, gv_9v _y (4)
ox?  Oy? ox?  Oy?
Let £ =3 (x+y), n=73(z—y) and then
8—:; = %anra—Zyn:umfuy.
Mixed derivatives of functions u and v equal to zero
0? 0?
uo 0 Uy
90n onog
Thus, the equations (4) are equivalent to the following:
0%u 0%u
(5)

aeon ~ onoe "

Similarly, we obtain equations for the function v :

0*v 0%
€D ondE (6)
Let’s find a general solution (5) and (6):
ue = 11" (€)
wlen) =1 ©ds =€+ 90 =i (32 ) + 0 (5 ) = S lnla b ) 40 o).

(
v =10 ©d =30 +7n=2("3) +7 (1Y) =3+ +re-v).

From equations

Uy = Uy, v, = U
follows
{ %{u’(w+y)+¢’(fc—y)}=§{¢’(w+y)—V’(w—y)},
i (@+y) ¢ (@ -yt =5{d (@+y) +V (z-y)}
Consequently

{u’(x+y)=¢’(:v+y)7 {M($+y)=¢(x+y)+a,
Y (z—y)=v(z-y)), Y(@—y)=v(z—y) +p,
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We have:

{ [ (@)= [f(z+jy) =ulzy)+jv(zy), { f(z) =u(z,0)+ jv(z,0),
f(Z):f(CU‘i‘jy) :u(x,y)—jv(x,y), f($ :U(.CU,O)—jU(.’I,',O)
Therefore,
{U(x,0)=§{f($)+f(fv)}7 {u(x,o):%{¢(x)+¢(x)+a}7
v(z,0)=5{f(z) - f(2)}, v(z,0) = 3{¢(z) =4 () + B},

which means

then
6 (@) =3 (f@)+F @) +4(F@) - T @) - ($2).
b(a) =3 (7 @) +T @)~ 4 (@)~ T @) — ().
O (x) = B f () + 45T (@) — (*57) |
b (e) = (0) + T (@) - (%57

From this we find that

F) = uey) o (@9) = 5 9@ +9) + 0@ —y) +ak+ L {0 +y) — b (e ) + 5} =

e T e - () e B e L T -0 - (S50 )+

I e+ e - () - S a0 - L -0+ (450) + ) -
=y Tt s )+ g ) -
AT e - ey = @y + S ),

Thus, the equality (3) is true.
Conversely, let (3)be true then for the function f(z) =u(x,y)+ jv(z,y), we put y =0:
and then
{ fle+y) =u(e+y,0)+jv(z+y0),
Using the equality (3) we represent the function f(z) as:
1+ 1—j

F) =57 @ +9.0)+ v (@+9,0 + 7 fule - 9,0) +jo (e —.0)] =
= [+ 5,0 40 (@ +9,0) + (e~ 3,0) — v — y,0)] +
2 fu(x+9.0)+v (@ +9,0) —u e —y,0) +v(w—y,0)] = uz.y) +jo(.y).

Due to the fact that
ou  Ov % ov

or 9y’ 9dy Oz’

we get the proved theorem.
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Theorem 4. The function f is h-holomorphic in D C Cy, with piecewise smooth boundary 9D
and is continuous in closure D = DU 9D . Then

[ f(z)dz=0.
oD
Proof
| f(2)dz= [ [u(z,y)+jv(z,y)](de+jdy) = [ u(x,y)detv(z,y)dy+s [ u(z,y)dy+o (z,y) de.
oD oD oD oD

Using Green’s formula we obtain

ov  Ou ou  Ov
z)dz = — — — | dzd — — — | dady = 0.
’ H< y) ”ﬂg(am 0@/) =0
The theorem is proved.

Further, we need the following theorem of real analysis, which can be deduced from the second
theorem “on finite increments” [9].

Theorem 5 (on finite increments for mappings from R? into R?). Let F : D Cc R? — R?
be h-differentiable at the point (a,b) € D . Then

|F(a+s, b+t)— F(a,b)| < max |F'(a+¢&s, b—|—§t)[ ]‘ (7)
¢€fo,1] t
Proof. Weintroduce an auxiliary function
g(r)=F(a+T1s, b+ Tt), T €[0,1].

We have:

g:[0,1]] = R%  g(0)=F(a, b), g(1)=F(a+s, b+1),

g =F (a+7s, b+t [ i ]

We put

G(r)= (g9 ) ]g(1)—g(0)),
G:[0,]] >R, G'(r)= (' (t)]g(1)—g(0)).
Hence, by Lagrange’s theorem, it follows that
G(1)-G0)=G" (&) -1, where £€[0,1].
Using Cauchy’s inequality for the scalar product we obtain
G(1)-G(0)=(g(1 )!g( )—9(0)> —< ( l9(1) =g (0)) =(9(1) =g (0)]g (1) —g(0)) =
=g (1) =(d'(¢ —9(0)) <(|g"©)] 9(1) = g(0)).

Consequently

1 < .
l9(1) = g(0)] < max | (€)]

This inequality is equivalent to the following

|F(a+s, b+t)—F(a,b)| ggm[ax}
€

)

F'(a+&s,b+ &) { j ] '
The theorem is proved.

Remark 2. We represent the function F'(x,y) in vector form F (z,y) = [ Z(i’zg ] then

Fan=[ ) v |

Now from the inequality (7) and the Cauchy-Bunyakovsky inequality we obtain
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Flass o —Fen=| ST H:i[ﬁmmi
8

< max \/{u;s + u;t}z + {v,s+ v;t}2§ max\/{|u;]2 + u;|2 + vl ® + v, 2} {s2 +t2},
¢ef0,1] £€[0,1]
where all partial derivatives are calculated at the point (a + &s,b+ &t) .
Let f(z) = u(x,y) + jv(x,y) is h-holomorphic function, then u}, = vy, wuy, = v; . Conse-

quently

f(2) = uly + jul, = uly + juy, = vy, + jul, = vy + juy,

|F1 ()] = I, + [0 P < |ul| + [y | = |1 (2)]],
If (z+h) = F(2)]| = |Au+ jAv| = [Au| + |Av| < V2 -/ |Au® +|Av)?,

where |h| = |s+ jt| = V2 + 12 < |s|+ |t| = ||h] -

Theorem 6 (on finite increments for an h-holomorphic function). Let the function f
be h-holomorphic in the domain D C Cj, . Then

If (z+h) = f )l < 2 max [Fcelimizal

Proof Due to the inequality (7), we have

15 +1) — £ < VE- il + |aePs maxy 2 { s +
€€[0,1]

, /
§2C£8ﬁh]\f ()] 1Al SQCE{Qiﬁh]Hf O] 11nI-

u 2} {s2+ 12} <

The theorem is proved.

h-analyticity of h-holomorphic functions

Definition 4. A function f is called h-analytic at a point zg € D if there exists a neighborhood
of this point, where f expands into a convergent power series

F(2)=> crlz—2)". (9)
k=0

The definition implies that the function f is infinitely h-differentiable in some neighborhood
k
of the point zp and the series (9) is the Taylor series of the function f,1i. e. ¢ = % The
convergence domain of the series (9) is an open h-circle

G={llz~all<r}, r=+

lim
k— o0

ﬁr
Q
>

Theorem 7. Let the function f : D — Cj be infinitely many times h-differentiable in the
domain D C Cy,

‘f(”) (Z)H < MeAR™  WneN, Vze{|lz— x| <R} c D, (10)

M, A, m are some positive constants. Then f expands into a Taylor series
F®) (20) k
f(z):ZT(z—zo) ,  20€D,
k=0

uniformly convergent in the circle ||z — zo|| < R.
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Proof. Werepresent f(z) as
f (Z) = Tn(za ZO) + 7T (Z) )
X k)
where T),(z,20) = Y, %(z — 20)%, 7, (2) is remainder term. Let’s compose an auxiliary
k=0

function

n.rk)
F)= @) Tzt =) -3 0 o
k=0

For it we have F'(z) =0, F (z0) = ry (). Differentiate F' (¢) by variable ¢

(n+1)
roy S n
F(t)——T(z—t) .
Due to the Theorem 6 and condition (10), we obtain
F F 2 F' 2 " (1)

n = — < Jzo — 2|l < —)"|-llz0 — 2|| <

I () = I1F o) = F ) <2 (1P (@)1 z0 = 21 < 2_max | 220 6ty - 2 <
1 2 m
<2 sup | FOFD Q|| 07 - 0 - 2l < S MeART R — 0
C€lz, z+h]n' n! n—00

provided ||z —t|| < R and |z — 2| < R. From here we deduce
o f (20)
re =y
k=0

where the series converges uniformly in the circle ||z — zp|| < R. The theorem is proved.
Corollary 1. The remainder term of the Taylor formula in the Peano form is
ra(2) = o(llz = 20[")-

Definition 5. Function f is h-analytic in the domain D € Cj if it is h-analytic at all points
of this domain.
Let f be h-analytic at the point zy therefore in a neighborhood of the point zy we have

f(z)=c(z— zo)k + cpr1 (2 — zo)kJrl +..., (11)
where ¢, #0, k> 0.

Definition 6. Point z is called a zero of order k function f ifin (11) k> 1.

From (11) implies the representation

f2)=(=2)" (),
where ¢ (z) = ¢ + cg+1 (2 — 20) + ..., ¢ (z) is h-analytic in a neighborhood of the point zp,
¢ (20) = ¢ # 0. Due to the continuity of the function ¢ (z), there exists a neighborhood U (z) :
©(2)#0 Vz €U (z). This implies the following theorem.

Theorem 8. If f is expandable in a neighborhood of the point zy in a series (11), where k> 1,
and ¢ 1s not a zero divisor, then there is a neighborhood of the point zy in which f has no
other zeros, besides zg .

Theorem 9 (uniqueness theorem for h-analytic functions). Let f1 and fo are h-analytic
in the domain D C Cy, fi(2) = fa(2) Yz € E C D, where E has a limit point in D and
does not contain zero divisors. Then fi(z) = fa(z) everywhere in D .

Proof. We denote
f(2)= f1(2) = f2(2).
Let ( € D be the limit point of the set E. Let’s choose the sequence (; € F : klgrgock = (.
Due to continuity,
f(€) = lim f(¢) = 0.
k—o0
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Theorem 8 implies that f (z) =0 in some neighborhood of the point . Let M C D be the set
of zeros of the function f, ]\04 its interior. From the above it follows that ]\04 #0. If ]\04 =D,
then the theorem is proved. If Af gD, then there is a boundary point d of the set A/, which

(¢]
is an interior point of the set D . Then there exists a sequence d,, € M : lim d,, = d. Due to
n—oo

continuity,
f(d) = limd, =0.
n—o0
On the other hand, f (z) is not identically equal to zero in any neighborhood of the point d,

[0}
since d is not an interior point, but a boundary point of the set Af. Theorem 8 implies that in
some neighborhood of the point d there are no other zeros of the function f, except d. This

o
contradicts the fact that d is a boundary point of the set A . From this we conclude that
M = D . The theorem is proved.
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