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To the Theory of Non-Model Two-Dimensional Integral Equations of Volterra
Type with a Strongly Singular and Weakly Singular Line on a Strip

Abstract: In this article, we study a non-modal two-dimensional Volterra-type integral
equation with a strong-singular and a weak-singular line on a strip.

A modal two-dimensional Volterra-type integral equation with boundary strong-special and
weakly-special lines on the strip was studied earlier in the case when the parameters of the
equation are related to each other and are not related.

It is considered a non-model type two-dimensional integral equation with a strongly singular
and weakly singular line on a strip in this article in the case when the functions present in the
kernel are interconnected. Depending on signs of the given functions in special points, in one
of the cases the solution of the integral equation contains two arbitrary functions depending on
one variable, one arbitrary function depending on one variable, and the case when the solution
of the integral equation is unique.

Keywords: non-model integral equation, weakly singular line, strong-singular line, arbitrary
function.

Through D we denote the region D = {(z,y):0<a <z < 00,0 <b<y<by}. The bound-
aries of the region respectively denote:T'y = {y =b,0<a <z <0}, To={r=a,0<b<y<
bo}. In this area we consider a two dimensional integral equation of the form:

© A(t)u(t,y) Y B(s)u(z,s) < dt Y C(t, s)u(t,s)
u(x,y)—i—/x t—ap a)o’qj dt—i—/b b ds—i—/x = a)a/b PEDE ds = f(z,y) (1)

where A(z), B(y),C(x,y), f(x,y)-the given functions are respectively on T'1,Ts and D,
u(x,y)-is the desired function, 0 < a < 1,8 > 1.

The integral equation (1) will be studied in the case of A(a) # 0, B(b) # 0,C(a,b) #0.

The solution of the integral equation (1) will be found in the class of functions u(z,y) € C(D),
mlggo u(x,y) = 0 with asymptotic behavior

u(z,y) = olz™"],61 > 1 - a,

limbu(x, y) = 0 with asymptotic behavior
Yy—

u(w,y) = 0[(y - b)’ﬂ]afyl > B -1

Earlier in [1] a two-dimensional integral equation of Volterra type with a boundary weakly
singular nucleus on the first quadrant was studied.

The studing of a model two-dimensional integral equation of Volterra type with a singular and
weakly- singular line on the strip in the case when the parameters of the equation are related
and not related to each other, also obtaining a variety of solutions of a model two-dimensional
integral equation of Volterra type with a strong- singular and weakly- singular line on the strip
in the case when the parameters of the equation are related and not related to each other,
dedicated to works [2], [3], [4], [5]

Boundary value problems for two-dimensional Volterra-type model integral equations with a
singular and weakly- singular line on the strip in the case when the parameters of the equation

are related, are investigated in [6]. Boundary value problems for two-dimensional Volterra-type
67
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model integral equations with strongly- singular and weakly- singular line on the strip in the
case when the parameters of the equation are related are also investigated. For solution the
integral equation (1) suppose that C(x,y) = A(z)B(y) . In this case, according to [1], equation
(1) is represented as:
TYTEu = f(z,y) (2)

where
> A(t)u(t,

((t)_i)ay)dt, T)v = v(z,y) —|—/b st.

In integral equation (2) we introduce the notation

Tru=ulay) + |

T

Tiuw=v(z,y) (3)
then we come to the solution of the integral equation
T)v = f(z,y). (4)

Using the scheme of finding the solution, [7], it is easy to come to the conclusion that if at
B(b) < 0 the solution of the integral equation (4) exists, then it has the form:

v(z, y) = eBOXO-WEW o) (1) 4 f(2,y)—

_ /y 6[—B(b){w5(s)—wf(y)}-&-W]l;(S)—Wé(y)}Md& (5)
b (s —b)P

where ¢ (x)-is an arbitrary function of points I'y,

@ 1 Y B(S) — B(b)
)= G WA = [ s

)
According to [4], if at A(co) < 0 the solution of integral equation (3) exists, then it has the
form:

U(JZ‘7 y) = e[iA(OO)wg(x)iwg(x)}wl (y) + 'U(I', y)_

o0 [e% [e% «@ «@ A
_ / plA(0) g ()-wg @} we @ -we@) AL Y) o

(t—ap ©

where 11 (y) -is an arbitrary function of points T'y.

o _ 1 ) = OOA<t)_A(OO)
S = S EC Y M o

Substituting the value of the function v(z, y) from (5) in equality (6), we obtain::

u(x7 /y) — e[—A(oo)wg‘ (Z‘)—Wg(l‘)]wl (y) + e[B(b)wE(y)_Wé’(y)] [801 (x)_
_ / % A ws ()= (@)W () -We (@) A(WW]

(t —a)*
+flay) — / % A {we () —ws @)W m-we @) A f (6 y)dt
’ x (t — a)a
_ / ! B0 (o) wh)-wiwn B (@ 8)
b (s —b)P
L / % plA(e) g ()~ (@) +We () -we ) _AWDdL
T (t - a)a
" / Y BOf ()-wf 3+ Wh(e)-wiw)] BB s) oo
b (s —b)F
EM1[¢1($),¢1(y),f(a:,y)] (7)

From the above reasoning follows:

Theorem 1. Let’s say that, in the integral equation (1), the Jollowing conditions are satisfied:
a<1,8>1,A(0) <0,B(b) <0,C(z,y) = A(z)B(y), A(z) € C(I'1) and in the neighborhood
of the point x = oo satisfies the condition

A(z) — A(00) = o[22, 60 > 1 —a, z— 0 (8)

JI.LH. 'ymunes arsingarsl EYY Xabapmeicsl. MaTtemaruka. Komnbioreprik reubiMaap. Mexanuka cepusicel, 2019, Tom 129, Ned

Bectauk EHY uMm. JI.H. I'ymunesa. Maremaruka. Komnbiorepubie Hayku. Mexanuka, 2019, Tom 129, Ne4
68



L.N. Rajabova'!, M.B. Khushvakhtov >

B(y) € C(T'2) and in the neighborhood of the point y = b satisfies the condition
B(y) —B(b) =ol(y —=b)",72>B-1, y—b (9)
Next, let the function f(z,y) € C(D), li_>rn f(x,y) =0 with asymptotic behavior:

{e3

flax,y) = ofe”A®wa@)=0] 55 > 1 —a, z— oo (10)

lin}) f(x,y) =0 with asymptotic behavior:
Yy—

Flz,y) = o[eBOXO (y —b)B) 43> B—1, y—b. (11)

Then the integral equation (1) is solvable in class C(D), wvanishing on Ti and Ty, the
general solution contains two arbitrary functions of one variable and is represented as (7), where
p1(z) € C(T1), ¥i(y) € C(T2) - are arbitrary functions of points T1 u Ta, and ¢1(c0) = 0
with asymptotic behavior:

©1(z) = ofe” AR @) =01) 5, 51—, — o0,
P1(b) = 0 with asymptotic behavior:
i(y) =olly —0)"],7a>p -1, y—b (12)

Consequence 1. If the conditions of theorem 1 are satisfied, then the solution of integral

equation (1) of the form (7) from class C(D) wvanishes at the point (z,y) = (co0,b) and its
asymptotic behavior is determined from the equalities

u(z,y) = ole AE(@)p=%5] 5.5 1 —q, at x— oo, (13)

u(@,y) =o[(y —b)*],ys >B—1, at y—b (14)

Statements similar to theorem 1 are obtained in the cases A(oco) >0, B(b) > 0; A(co) >0,
B(b) < 0; A(c0) <0, B(b) >0.

Theorem 2. Let’s say that in the integral equation (1) the following conditions are satisfied:
a<1,8>1,A(c0) > 0,B(b) < 0,C(z,y) = A(x)B(y), A(z) € (T1),B(y) € (I'2) and in the
neighborhood of the points © = oo,y = b satisfy the conditions (8), (9), the function f(x,y) €
C(D) w lim f(z,y) =0 with asymptotic behavior (11) and

y—b

f(z,y) = o[z7%], 86 > 1 — a,z — . (15)

Then the integral equation (1) in class C(D) , vanishing on Ty and Ty, always solvable, the
general solution contains one arbitrary function of one variable and is expressed by equality:

u(z,y) = Mi[p1(2),0, f(z,y)] (16)
where 1(x) € C(T1) - is an arbitrary function of points Ty, npuuem @1(o0) = 0 with asymp-
totic behavior:

©1(z) = o[z7%], 67 > 1 — a,z — .
Consequence 2. If the conditions of theorem 2 are satisfied, then the solution of integral
equation (1) of the form (16) from class C(D) wvanishes at the point (x,y) = (00,b) and its
asymptotic behavior is determined from the equalities

u(z,y) =o[z™%],0s >1—a, at x— oo, (17)

ulw,y) = ofe POy — b)) 96 > B 1, at y b,

Teopema 3. Let’s say that in the integral equation (1) the following conditions are satisfied:
a<1,8>1,A(c0) <0,B(b) > 0,C(z,y) = A(x)B(y), A(z) € (I'1), B(y) € (I'2) and in the
vicinity of the points © = oo,y = b satisfy the conditions (8),(9), the function f(x,y) € C(D)
and lim f(z,y) = 0 with the asymptotic behavior (10) and

y—b
F(@.9) = olly ~ 07,77 > 8 Ly b (18)
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Then the integral equation (1) in class C (D), ovanishing on T'y and Ts, always solvable,
the gemeral solution contains one arbitrary function and is expressed by equality:

u(x,y) = Ml[oﬂpl(y)a f(xa y)]> (19)

where 1(y) € C(T'2) -is an arbitrary function of points T's. And 11(b) = 0 with asymptotic
behavior (12).

Consequence 3. If the conditions of theorem 8 are satisfied, then the solution of integral
equation (1) of the form (19) from class C(D) wvanishes at the point (x,y) = (co0,b) and its
asymptotic behavior is determined from the equalities (13) and (14).

Theorem 4. Let’s say that in the integral equation (1) the following conditions are satisfied:
a < 1,8 >1,A(0) > 0,B(b) > 0,C(z,y) = A(x)B(y),A(z) € (T1),B(y) € (T2) and in a
neighborhood of the point x = oo,y = b satisfy the conditions (8), (9), the function f(x,y) €
C(D) and lim f(z,y) =0 with the asymptotic behavior (15) and (18).

y—b

Then the integral equation (1) in class C(D) , vanishing on Ty and Ts , has a unique solution
which 1s expressed by equality:

u(z,y) = M1[0,0, f(z,v)]. (20)

Consequence 4. If the conditions of theorem 4 are satisfied, then the solution of integral
equation (1) of the form (20) from class C(D) wvanishes at the point © = oo,y = b and its
asymptotic behavior is determined from the equalities (17) and (14).
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L.N. Rajabova'!, M.B. Khushvakhtov >

TyiiiH ce3mep: MoJeIbIl eMec HHTErPAJIIbIK, TEHIEYIIED, SJICI CHHIYIISPJIBI CHI3BIKTAP, KATAH CUHIYJISIPJIbI CHI3BIKTAD,
Ke3 KeJIreH (pyHKIusiap.
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K Teopum HEMOJeJIbHBIX JBYMEPHbIX MHTErpajibHbIX ypaBHeHui turna BosabTreppa ¢ cniibHO-0cO60U 1
cyiabo-0co6oil IuHuel Ha 1moJioce

Anvoranusi: B gaHHOR crarbe M3ydaeTcsi HEMOJEIBHOE JIBYMEPHOE HMHTErpajibHOE ypaBHeHue Tuna Bosibreppa ¢
CUJIBHO-0CO00I U €j1ab0-0co00i JIMHUEH Ha M0JI0Ce.

Panee 6bu10 M3yueHO MOZEIBHOE JBYMEPHOE MHTErPajbHOE ypaBHEHUE TUla BoJsibreppa ¢ rpaHHYHBIMU CHIILHO-0CO00i
u c1ab0-0co60il IuHuEN Ha IOJI0Ce B CIydae, KOIJa IIapaMeTpPhbl YPaBHEHUs CBA3AHBI MEXKAY COOOH U He CBS3AHDLI MEXKIY
coboii.

B nmannoit pabore ucciegyeTcss HEMOJIEIBHOE IByMEPHOE MHTErpPaibHOE ypaBHEHHe Tuna BoJsbreppa ¢ CHIBHO-0COOOM
u ci1abo-0coboi JIMHMEH Ha MOJIoce B Clydae, Korga (OYHKIWH, NPUCYTCTBYIOIME B sApax CBA3aHBI MEXIy coboi. B
3aBUCUMOCTHU OT 3HAKOB JJaHHBIX d)yHKLlI/IfI B OCO6LIX TOYKaX, B OJHOM U3 CnyqaeB peI_HeHI/Ie I/IHTeI‘paJ[I)HOFO ypaBHeHI/IH
COZIEPKUT JBE MPOU3BOJIbHBIE (DYHKIUH, 3aBUCSIINE OT OIHON IEPEMEHHON, OJHY HPOU3BOJIbHYIO (DYHKIHIO, 3aBUCHILYIO OT
O,ZLHOP‘I HepeMeHHOﬁ ¥ BblOEJIsAeTCA cnyqaﬁ, Korga peI_HeHI/Ie I/IHTeraJILHOI‘O ypaBHeHI/IH €IUHCTBEHHO.

KJ'IIO“IBB])IQ cJioBa: HeMOJeJIbHbIE I/IHTeI‘paJ'IbHI)Ie ypaBHeHHH,CJ’IaGO CI/IHFyIIHprIe J'[I/IHI/II/I,CTpOFO CI/IHFy.J'IHpHBIe

JIMHUY,IPOU3BOJIbHLIE (DYHKITIN
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IIpaBuiia npeacTaBiieHus1 paboT B »KYPHAJI
"Becmnux Eepa3ulicko2o0 HauuoHarvbHoz20 yrusepcumema umernu JI.H.'ymuaesa.
Cepus Mamemamuxa. Komnwvromepnoie nayku. Mexanuxa"

Pedaxyus otrcyprana npocum aemopos 03HAKOMUMBCA C NPAGUAGMU U NPUIEPHCUBAMBCA UT NPU NO020MOBKe
pabom, HANPaBAAEMBT 6 oicypHan. OmKsOHEHUE OM YCMAHOBAECHHDIT MPABUA 3A0EPIAHCUBLEM NYOAUKAUUIO
cmamovu.

1. OrnpasiieHne cTaTbi B pEJIaKIHIO O3HAYAET coriacue aBTopa (aBTopoB) Ha npaso Vzxaresns, Espasuiickoro
HaIMOHaJIbHOTO yHuBepcuTera nMmenn JI.H. I'ymuieBa, usmanus craTbu B KypHAJE U MEPEU3IaHNUsT UX HA JIFOOOM
MHOCTPAHHOM SI3bIKE.

2. B pegakuuio (B 6yMarKHOM BHJe, MOJIIMCAHHOM BCEMU aBTOPAMHU U B SJIEKTPOHHOM BHJIE) IPECTABIISIOTCS
Tex- u Pdf-caitier paboTsl, moATroTOB/IEHHBIE B n31aTe1bCKOM cucTeMme LaTeX, ¢ 06s13aTeIbHBIM UCIIOIB30BAHUEM
OPUTHHAJBLHOTO CTUIEeBOro daitma xypuama. CrumeBoit daitil MOXKHO CKadaThb CcO caifiTa KypHana bul-
mathmec.enu.kz.

3. OGbeMm craTby He JOJIPKEH HpeBblnarh 18 crpanun (or 6 crpanni). PaGoTsl, IpeBbIIAIOIME yKA3AHHBII
00 beM, MPUHUMAIOTCS K IMIyOJIMKAIINN B HCKIIOYATEIbHBIX CIydasax 1Mo ocobomy permtennio Pegkosuternu xKypHasa.

4. Tekcr paborsl HaunHaeTcs ¢ pybpukaropa MPHTU (MexayHapoaHblil py6puKaTop HayIHO-TEXHUYECKO
nadopManyn), 3aTeM CJIeAyI0T HHUNUAIbL 1 dhaMuinst aBTopa(oB), OJIHOE HAMMEHOBAHUEe OPraHU3aliy, FOPOJ,
crpana, E-mail asropa(os), 3armaBue cratbu, anHoTanms. AHHOTAIMs JOJKHA cocToaTh u3 150-250 cios, He
JIOJKHA COJIEPYKATH IPOMO3IKMe (POPMYJIBL, II0 COAEPKAHUIO HE JOJI?KHA [TOBTOPSITH HA3BAHUE CTATHU, HE JOJIKHA
COJIEpKATh CCBLIKM Ha TEKCT pabOThI M CIMCOK JINTEPATYPHI, JOJIXKHA OBITH KPATKUM U3JIOXKEHUEM COJIEPIKAHUS
CTaThU, OTPaXkas eé 0COOEHHOCTH U COXPAHATH CTPYKTYPY CTaTbU - BBEJIEHUE, TIOCTAHOBKA 331291, [1€JI1, UCTOPUSI,
METO/IbI MCCJIEOBaHNsI, PE3YJILTATHI C UX OOCYK/IEHUEM, 3aKJII0UE€HUE, BBIBOJBL.

TlorenmnuanpHbIE ABTOPHI *KYPHAJIA JOJZKHBI TIOIMMYHKTHO C 3ar0JIOBKAMU MIPHUIEPYKUBATHCS CJIEIYIONINX TPABUIT
[0 CTPYKTYPE CTATHU:

- Heobxonumble 0603Hau€eHNsI U ONIPEJIeJIeHNs JjIsi 00eCIeYeH sl IOHUMAHUs TeKCTa, CTaThU;

- ITocTranoBKa 3ajatu, PEIIEHUIO KOTOPOI MOCBSIIIEHA CTAThS;

- Ucropuueckue cBejeHMs 1O IIOCTAHOBKE 3aJadd - KEM U KOTJA ObUIN IIOJYyYEHbl PEe3yJIbTAThI,
[IPEJIIIECTBYIONINE TeMe CTATHU C COOTBETCTBYIONUMU IIOJTHBIMY CCHLIKAMU;

- ObocHoBaHME HEOOXOAUMOCTH W aKTYAJHLHOCTH 3aJ[a9d CTATHHU, KAK CaMasi OTBETCTBEHHAsI 9aCTb JIIOOOi
Hay4IHOI pabOTHI;

- Tounast OpMyJIMPOBKaA ¥ ONKCAHKE IIPEJICTABICHHOIO B CTAThe PENIEHHs [TOCTABJICHHON 3a/1a4M;

- ITonpo6uoe o6ocHOBaHNE HOBU3HBI PE3yabTaTa(OB) CTATHA B KOHTEKCTE PAHEE U3BECTHOTO;

- Pemenne 3ana9um 10/12KHO 6bITH CHAGXKEHO MOAPOOHBIMU OGOCHOBAHUSAMU (J[OKA3ATEIHCTBAMM).

IIpu HecobmromeHN XOTsT OBl OJJHOTO M3 3TUX TPEOOBAHUIN CTATHS HE MPUHUMAETCS K PACCMOTPEHUIO.

5. Tabaumpbl BKIIOYAIOTCS HEMOCPEICTBEHHO B TEKCT pabOTBI, OHU JOJKHBI OBITH MTPOHYMEPOBAHBI U
COIIPOBOXK/IATHCS CCHLIKON Ha HUX B TeKCTe paboThl. Pucynku, rpaduku JOJKHBI ObITH [IPEICTABJIEHDI B OJIHOM U3
crangaptabix popmaros: PS, PDF, TIFF, GIF, JPEG, BMP, PCX. Toueuynble pucyHKu HEOOGXOIMMO BBITIOTHSITH
¢ paspemrenneM 600 dpi. Ha pucyHkax mosiKHBI OBITH sICHO TIEPEIAHBI BCE IETAJIN.

6. Cnucok JuTepaTypbl JOJKEH COIEPXKATH TOJBKO T€ HCTOYHMKA (IIPOHYMEPOBAHHBIE B IOPSAIKE
[UTUPOBAHUS WM B IIOPsIJIKE aHIVIMACKOro asdaBuTa), Ha KOTOPbIE UMEIOTCs CChIIKU B TeKcTe paborsl. Cehblikn
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7. Ilocse cuucka simrepaTypbl, HEOOXOAUMO yKa3arTh Ooubsmorpaduyeckre JaHHbIe HA PYCCKOM M AHIVIUHACKOM
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