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N. Temirgaliyev, Sh.K.Abikenova, Sh.U. Azhgaliyev, G.E.Taugynbayeva, A.Zh.Zhubanysheva

Institute of Theoretical Mathematics and Scientific Computations of L.N. Gumilyov Eurasian
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(E-mail: ntmath10@mail.ru)

Theory of Radon Transform in the Concept of Computational (Numerical)
Diameter and Methods of the Quasi-Monte Carlo Theory !

Abstract: In the paper is shown that results of C(N)D-recovery of derivatives by the value

at the point with using just only one relationships - s < |R s— implies
p gJ y P Hf”w2 (0,1) | fHW;ﬁrl(OJ)S p

Radon’s scanning algorithm of an arbitrary open (not necessarily connected) bounded set, which
is optimal among the all computational aggregates, constructed by arbitrary linear numerical
information from the considered object with indicating the boundaries of the computational
error, not affecting the final result.

Keywords: Radon transform, Sobolev space, Computational (numerical) diameter (C(N)D),
recovery by accurate and inaccurate information, computational unit, discrepancy, uniformly
distributed grids, Korobov grids, optimal coefficients.

Introduction. Let begin with the following extensive quotation of Stanislav Lem 2.

1."MADNESS, NOT A NECESSARY METHOD. Let’s imagine a madman tailor who sews
all kinds of clothes. He knows nothing about people, nor about birds, nor about plants. He is not
interested in the world, he is not studying it. He sews clothes. He doesn’t know for whom. He
doesn’t think about it. Some clothes have the shape of a ball without any holes; in others, the
tailor sews pipes, which he calls "sleeves” or "trousers". Their number is arbitrary. Clothing
consists of a different number of parts. The tailor cares about only one thing: he wants to be
consistent.

The tailor takes the finished clothes to a huge warehouse. If we could enter there, we would be
convinced that some costumes fit the octopus, others fit trees or butterflies, some fit people. We
would find clothes for a centaur and a unicorn, as well as for creatures that no one had invented
yet. The vast majority of clothes would not find any use. Anyone admits that the Sisyphean
labor of this tailor is sheer madness.

Just like this tailor, math works. She creates structures, but it is mot known whose. The
mathematician builds models that are perfect on their own (that is, perfect in their accuracy),
but he does not know what models he creates. This does not interest him. He does what he does,
since such an activity has been possible. Of course, the mathematician uses, especially when
establishing initial positions, the words that we know from everyday language. He speaks, for
example, about balls, or straight lines, or about points. But by these terms he does not mean
familiar to us concepts. The shell of his ball has no thickness, and the point has no dimensions.

IThis article was completed within of grant funding from the Ministry of Education and Science of the Republic
of Kazakhstan, the project Noe AP05132938 "Radon transform on the problem of discretization".
2Stanislaw Lem. Summa Technologiae. — Krakow, 1967.
8
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The space he constructed is not our space, since it can have an arbitrary number of dimensions.
The mathematician knows not only infinity and trans finiteness, but also negative probabilities.
If something should probably happen, its probability is one. If the phenomenon cannot happen at
all, it is equal to zero. It turns out that something less than just the non-occurrence of an event
can happen. Mathematicians know very well that they don’t know what they are doing. A very
competent person, namely Bertrand Russell, said: "Mathematics can be defined as a doctrine in
which we never know what we are talking about, nor whether what we are saying is true”.

It was in this vein that events occurred due to the invention of a technique that, when a ma-
terial object was illuminated, made it possible to obtain the beam intensity at the output equal
to the integral of the density distribution function of the substance along the beam path, which
very accurately descriptions at the event “Innovations through fundamental research.
Contribution of scientific theories and discoveries to the progress of society as a
whole(University of Vienna, 2016)3:

Rector of the University of Vienna (on the example of I.Radon). "Often things are such
that mathematical theories are in abstract form, perhaps they are considered sterile tricks that
suddenly turn out to be valuable tools for physical knowledge and, thus, unexpectedly reveal their
hidden power".

Karl Sigmund "Johann Radon investigated the abstract problems of the so-called pure math-
ematics and had no idea that today the Radon transform is the basis of computed tomography.
Their numerous applications confirm the rule: there is mothing more practical than a good the-
ory".

So, if the density distribution function of the substance is denoted by f, then the integral
along the lines, subsequently called the Radon transform, is

+o00
F(p,o)=F(—p,p+m7) = /f(pcoscp—ssingo,psing0+scos<,0)ds (0.1)
— 0o
and
2
_ 1 .
Fp(q) = %/F(mCOSsDwLySln«erq,sD)d«p.
0

Now the problem reduce to representation f by the F and F':

F(P) = —i/dFZ(Q). (0.2)
0

Definitions (0.1) and theorem (0.2) were given in 1917 by the Austrian mathematician Johann
Radon in al6-page article in the journal of the Saxon Academy of Sciences [1]

2. Johann Radon (16.12.1887-25.05.1956). Johann Radon was born in Decin (Bohemia)
in the Austro-Hungarian Empire (now Czech Republic). He received his doctor’s degree in
mathematics from the University of Vienna in 1910. He has published 45 scientific papers in
various areas of mathematics. The most famous of them relate to calculus of variations, function
theory of a real variable, functional analysis and geometry.

The supervisor is Gustav Ritter von Escherich (06.01.1849 - 01.28.1935), an Austrian mathe-
matician, studied mathematics and physics at the University of Vienna. From 1876 to 1879 he
taught at the University of Graz, in 1882 he worked at the University of Technology Graz, then
at the University of Vienna, where he was president of the university in 1903-1904. Together

3Hetzenecker K., Limbeck-Lilienau C., Schweizer D., Laufersweiler B. Innovation durch Grund lagen-
forschung. Der Beitragwissenschaftlicher Theorien und Entdeckungenzumgesamtgesellschaftlichen Fortschritt.
Begleitheft zur Ausstellungander Universitet Wien [Internet]. Wien: Universitet Wien; 2016. S. 68.
http://phaidra.univie.ac.at/0:560305Google Scholar BibTex RIS

Bulletin of L.N. Gumilyov ENU. Mathematics. Computer Science. Mechanics series, 2019, Vol. 129, Ne4
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SITZUNG VOM jo. APRIL 1917

(ber die Bestimmung von Funktionen durch ihre
Integralwerte lings gewisser Maonigfaltigkeiten.

Von
Jonaxs Basos.

Integriert man sime gecigneten Regularititsbelingungen uater-
worfene Fuaktion zweier Vers 2,y — sine i nde
f(P) in dor Ebeme — lings einer beliebigen Geraden g, 50 echills
man in den oteg Flg) cine G in Ab-
schuitt A verliegenler Abhandlung geléate Problem ist die Um.
kehrang disser linearen Fusktionaltranstormation, . b. es werden
folgende Fragen beaatwortst: kan jede, gewigectsn Regularitits-
badingusgen geatigeud nfunktion waf diese Waise eatstanden
godacht warden? Ween ja, ist dano [ darch F eindeatig bestimmt
and wie kagn e ermitislt werdea?

Im Abssénitte B gelangt das daza in gewiswr Hindicht duale
Probless der Bestimmusg siner Geradeafunktios Fig) aus ibren
Pasktmittelwerten [(P) tur Lisung.

Schlielich werden im Ahschritte C gewisse Verallgumeine-
rengen kurz besprockes, ro dene i die
nichipuklidischer Mannigfaltighiten sowie biberse Riame Ao-
a8 gibt

Die Bebsodlunyg dicser an sich interessanten Problems ge-
winpt cin erhibtes Lateresss durch die sablreichen Bosichanges, dis
rwisches diusem Gogunstande und der Theorie des logarithmischen
usd Newroxschen Potentiales besteben, anf die an den bestiglichen
Stellen cu verweisen sin wird

Jawass Buses: Burmaess vox Fosamses vescn Irsemssweare. 303

A. Bestimmung einer Punktfanktion in der Ebexs aus ihrea
geradlizigen Intagralwarton.

1. Ez s f(z, y) eine tor slle reellen Punkts F= [z, y] or °
lirte reelle Funktion, die folgecds Regularititshodingunges ecfille:
) f(x y) e statig.
by) Es konvergiere das aber die ganta Ehese s erstoeekends

Doppeliztogral . Fifm ]
i S et

©) Wind fiie sinen balishigen Pankt P— [, 7] und jedes » 20

e
Frlrym ' f,\. < reosg, y+ rsing)dy
¥

gesscat, 50 gelte flir jodon Puokt 1:
i f3(r) = ©
Dasa geltes folgende Hitze:
Sat: I: Der gevadliige Intvgralert con [ fir die Geinde g
wit der Gleicheng roosp + ysing = p, der derch

() Fip,g)=F\—p o4 21— [fipewsg s sing, puing 4 4 coag)ds -

gegeben i, (st im allgemeinen® rorbanden; dos soll heifen: anf
Jedew Kreise bilden die Berahrangspunlie jemer Tangenion, (e
‘eloke P wickt existiert, eine Menge vow linearen Mope Null:

Sate I1: Bildet man deon Micisbuert von F(p, @) fir die Tune
genten des Kreises wit dew Zewtrums P=x, y] wnel dewe Rodins q:

e
W Ere)- :‘_,J Flaemg + yting + 4, 9)45,

50 bowceryiert dieses Integrol fir ails P, g absoiut
Saiz I11: Der Wert won [ ist dvrch F cimdentig bestimuat and
gt woh folgendsrmaBen Berechen:

amy | .r{i')-g'r""-"

Brirooicye vox Fomxrioxes peac e Dereomiwears. 277
Ist » gerade, so srgibt (; - l)-m-lig‘l Differeatiieren nach

w diesslbe Gleichung wie (2) und man kann hierans

e(0)=rl0,0,...0)

finden, worn also bei gogebenem F' die Bilduog vou F, Difforen-

tistionen und eime Integraloperation uitig sind. Bei wmgeradem n

fullt diese Tategraloperation weg, denn jetzt ergibt (!'; ').,.5,,

Differentiieren: et R

o)

Besonders vinfach gestaltet sich der dreidimensionale Fall;
diesen kann man aber auch nach einer Methode behandels, die zu
5. analog ist und sebr elegante Ergebnisse liefert. Aus (7) gebt
nimlich fir g = 0 der Punktmittelwert von F hervor:

= YY)

F-L f [ L edvas,

der als das Newrosche Potential des mit der Massendichte §/
belegten Ranmes anzusprechen ist. Also folgt:

1l .5) = — 52 AF,
wo F den Punktmittelwert von F bedeutet.

findet nach der in 5. e
fanktion F, deren Punktmittelwerte / bekannt sind:

F(B) =— f f 4fds,

wo da das Flichenclement der Ebese E ist. 4 ist der Larrace-
sche Operator fiir den dreidimensionalen Ranm, die Intagration fiber
die ganze Ebene E m erstrecken.

Drackiursig ariint i X. 1087,

with Emil Weir, he founded the journal "Monatshefte fur Mathematik und Physik", as well as
the Austrian Mathematical Society together with Ludwig Boltzmann and Emil Muller.

v

ecin

Papou Woranu. Radon Johann
(16.12.1887 - 25.05.1956)

HHCTHTYT BLINHCIHTENLHON W NPHKNARHONR MaTEMATHKK kMeku V1. Panoka
The Johann Radon Instiute for Computasonal and Applied Mathemascs (RICAM)

Chronology of research activities:

JI.H. T'ymuies arbingarsl EYY Xa6apumbicel. Maremaruka. Komnbiorepiik reuibivaap. Mexanuka cepusicobl, 2019, Tom 129, Ned

Becruuk EHY um. JI.LH. I'ymunesa. Maremaruka. Komnbiorepabsie Hayku. Mexanuka, 2019, Tom 129, Ned
10



N. Temirgaliyev, Sh.K.Abikenova, Sh.U. Azhgaliyev, G.E.Taugynbayeva, A.Zh.Zhubanysheva

1910-1911: University of Gottingen (Germany).

1912: Assistant in Deutsche Technische Hoch schule Brunn (Brno, German: Brunn, Austria-
Hungary, now Czech Republic).

1912 - 1919: Assistant at Vienna Technical University.

1913-1914: Habilitated at Vienna University.

1919-1921: Extraordinary professor (professor without a chair) at the newly created University
of Hamburg (Germany).

1922-1924: Professor at the University of Greifswald (Germany).

1925-1927: Professor at the University of Erlangen (Germany).

1928-1945: Professor at the University of Breslau (Breslau, Silesia until 1945, Germany, now
Wroclaw, Poland).

1945-1946: Professor at the University of Innsbruck (Austria).

1946-1954: Professor at the Institute of Mathematics at the University of Vienna.

1954-1955: Rector of the University of Vienna.

In 1939, Radon became a corresponding member, and in 1947 a full member of the Austrian
Academy of Sciences. From 1952 to 1956 he was secretary of the Department of Mathematics
and Science at the Austrian Academy of Sciences.

From 1948 to 1950: President of the Austrian Mathematical Society.

In 2003, the Austrian Academy of Sciences founded the J.Radon Institute of Computational
and Applied Mathematics.

Radon is known as the author of a number of fundamental mathematical results, among which
the Theorem of Radon-Nicodemus and Radon’s measure and integral.

Johann Radon in 1916 married Maria Rigel, a high school teacher, they had three sons who
died in childhood, and daughter Brigitte (born in 1924). She received her doctorate in mathe-
matics from the University of Innsbruck, and in 1950 she married for the Austrian mathematician
Eric Bukovich. Brigitte Radon (Bukovich) lives in Vienna.

The information given in clauses paragraph 3-5 is published in [2-39] and in the Bibliography
available in them.

3. Another confirmation of the Rudin principle "Historical reliability of math-
ematical nomenclature". In 1961, American neuroradiologist William Oldendorf developed
the method of Computed Tomography, in 1963, the American mathematician Allan Kormakfrom
the Tufts University conducted laboratory experiments on x-ray tomography and showed the
feasibility of image recovery. Working independently, in 1973, English research engineer, Hoffrey
Hounsfield, developed the first commercial system - a brain scanner. In 1979, Hounsfield and
Cormack were awarded the Nobel Prize in Medicine for their outstanding contribution to the
development of Computed Tomography.

Another confirmation of the principle of Walter Rudin [40, 429p.] "The historical reliability
of the mathematical nomenclature" is the fact that after the publication of the formula of the
treatment of Radon in Leipzig in 1917 and until the Nobel Prize in medicine in 1979, 62 (!!)
yearbl have passed. Each of the scientists found the formula independently of each other, not
knowing the results obtained by Radon. But, this case confirms that the rapid development
of mathematical methods is dictated by practical need, in this case, the progress of computed
tomography.

There are many other "re-discoveries" of Radon’s results in applied literature, which ended
around 1972, when Soviet and American authors Stein (1972), Weinstein and Orlov (1972),
West (1973), Cormack (1973) indicated that Radon’s work was fundamental to the problem of
projection recovery. Cormack made reference to this in his 1979 Nobel speech. In a historical
observation on this subject, Marr (1982) notes that Pincus (1964) was apparently the first
person to develop a recovery algorithm with knowledge of the available material in mathematics
literature, including a 1917 article by Radon.

Although Radon’s work in 1917 was practically unknown in applied fields until the early
1970s, it was certainly appreciated by mathematicians and was already widely used in the books
of John (1955) and Gelfand, Graev and Vilenkin (1966).

The designation"Radon Transform" was given by Fritz John.
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As is often the case in science, Radon himself also had predecessors: an analog of the Radon
transform on the S? sphere was studied by Funk a year before the work of Radon appeared,
and the extension to other homogeneous spaces was the work of Sigurdur Helgason.

4. Problems leading to the theory of Radon transform. Many problems of natural
science and technology (astrophysics, plasma physics, seismology, medicine and etc.) are reduced
to solving inverse problems.

Recall the difference between direct and inverse problems. For example, let are given an ordi-
nary differential equation and additional conditions (initial or boundary). It is required to find a
solution such problem. This is a direct problem. Consider the same from different perspectives.
Let the same type of equation and the same type of conditions. But some parameters included
in the equation or in the conditions are unknown. But the solution is known. It is required to
find the corresponding parameter values. This is the inverse problem.

In the context of the Radon transform, this is when, according to the results of x-ray or
ultrasound scanning of a certain body from various directions, it is necessary to present the
structure of the interior of this body.

In the version of the mathematical formulation, this is the recovery of the value of a function
from the known values of the integrals of this function, calculated from the elements of a certain
set of surfaces, i.e. the function itself is unknown; only many linear or surface integrals of this
function obtained as a result of experiments are known.

The range of applications of the Radon transform is very wide, with a tendency toward
constant expansion: magnetic resonance imaging (MRI), radio astronomy, electron microscopy,
x-ray diagnostics, biochemistry, industry, geophysics, seismology and, etc. Another wide area
of application of the Radon transform and its various modifications is the digital processing of
images, namely the determination of the parameters of various curves and their identification,
whether it is a simple straight line, a handwritten font or a photograph of a person’s face. The
most important turned out to be the application of the Radon transform to tomography - a
method for studying the formations hidden in the body (tumors, internal hemorrhages, etc.),
which consists in obtaining a layered image of the object when it is irradiated. The Radon
transform has been studied for many years and has been applied in various fields of science.

In this connection, we note that the theory of recovery of functions is actively developing in
accordance with the achievements of computer technologies in the field of Mathematics and, of
course, in Computer Science (which, in particular, is covered in the supporting articles of all
issues of this journal 2018-2019).

5. Radon transform - 100 years later. In 2017, the mathematical scientific community
widely celebrated the 100th anniversary of the famous publication "UberdieBestimmungvon-
FunktionendurchihreIntegralwertel" angsgewisserMannigfaltigkeiten (On the definition of func-
tions by their integral values along some manifolds"). Relevant research activities have been
prepared on its many applications. In Austria (Linz) from March 27 to March 31, 2017 the
conference "100 years of Radon Transformation", which organized by the Institute of Compu-
tational and Applied Mathematicsof Johann Radon (RICAM)was held. The content of this
conference is reflected in the scientific publication [9] "The first 100 years of the Radon trans-
form", which provides an overview of the latest scientific results on Radon tranform and inverse
problems using 23 scientific papers of various authors. As reported in it, the bulk of the work is
devoted to the use of the Radon transform, in particular, by Riesz and his coauthors provided
information on the examination of the underwater pipeline with a limited x-ray of a computer
tomography, Helin et al. examined the profiling of atmospheric turbulence to reconstruct stellar
images from blurry astronomical data, Leeuwen and others examined automatic alignment for
three-dimensional tomographic reconstruction of 2D sectional image data, which is an impor-
tant practical a coding problem in medical imaging, Adler and Ock presented a new approach to
solving practical inverse problems based on deep neural networks, Grathwohl et al. considered
a numerical solution to the seismic imaging problem, Stefanov et al. studied the inverse prob-
lem of elasticography, Andersson and Boman provided new results on stability issues in limited
angular tomography; Alpers and Gritzmann report on recent developments in dynamic discrete
tomography; Holman et al. consider the development of surveying eskih and suspended x-ray
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changes. Hop and Ilmavirt presented an analysis of Abel transforms and applications to x-ray
tomography on spherically symmetric manifolds. Goncharov and Novikov gave an example of
non-uniqueness for weighted Radon transforms.

The series of works is devoted to the study of tomography along indirect paths, for exam-
ple, application in photoacoustics, where average values are calculated for spheres or circles.
Photoacoustic inverse problems are considered in Beigl et al., Frikel and Haltmeier. Gindikin
reports a curved version of the Radon inversion formula on the plane. Compton image process-
ing and cone transform are a new topic in inverse problems. The relation to generalized Radon
transformations was documented in the Terziogluetal review. The model for Compton single
scattering in positron emission tomography was presented by Kazantsev et al. Recoveryformulas
and analysis of the integral transforms of the cone were registered by Palamodov.

Vector and tensor tomography were studied in the works of Lehtonen et al. Tensor field
tomographic problems were investigated by Derevtsov et al. The exact inversion formula for
solenoidal fields in a cone beam vector tomography was developed by Katsevich et al. Numerical
methods for obtaining higher contrast in tomographic images and for recovery patterns is the
subject of Zibetti et al. Recovery of electron paramagnetic resonance and pattern recognition
with a complete change and and curve regulation studied by Durandetal. Handling nonlinear
tomographic problems reviewed by Baletal.

In general, the various applications of the mathematical apparatus under study in the real
world and the enormous influence of mathematical tomography in modern applied sciences are
demonstrated by the example of the above works.

6. Computational (Numerical) diameter in application to the Radon trans-
form.This title has a complex of three tasks (see |41] and [42]): for given T,F,Y, Dy (ex-
planations are given below)

C(N)D-1: Find order

= inf s T () = on (W) e N ()i )lly = O (03 T3 F Div)y = 8 (0 Dy)y
(1) ,on)EDN fEF

-informative power of a set of computational aggregate Dy = D (F)y ;
C(N)D-2: constructed an optimal computational aggregates (Z(N),@N> with the gradation

“deviation from the exact value of the functional is not greater than En ” and “deviation from

the exact value of the functional is equal to Gn 7 from Dy = Dy (F)y , which supporting

an order < On (0;Dn)y for which (it is the same for {Gn} only with honors 'y](\?) =1

instead of }'yj(\:)

< 1) is considered the problem of the existence and finding the sequence
EN = &N (DN; (i(N)’SEN))Y — C(N)D-2 — limiting error ( corresponding to computational
aggregates (i(N), PN ) ), such that

S (0;Tf; F; D)y = O (éN;Tf;F; (Z(N>,¢N))Y =

rer 75 )= o (1) + 28w, ctl) +2ew: )

<1(r=1,2,..,N)

0

with simultaneous execution

_On (nNEN; T F5 (1Y) oy
VN T 4+00(0 < v < nn+41, NN = +00) A ( o (0; Tf-F‘(DN) )y
S I I I Y

= 4-00.

C(N)D-3: Establish massiveness of the limiting error ény = En (DN, ([(N), @N)) : as a huge
(N)

. 5 _ . . N) _
as possible set Dy (l ,gpN> (usually associated with the structure of the source <l( ), 90N> ) of
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computational aggregates (l(N), goN) =on (L (f), .., INn(f);), is found, which are constructed
by functionals I, ...,Ix , such that for each of them the following relation holds

Sy (Nen; T £ F; (1), o))
v 0<nn < , N — 1 Y
T +00(0 <y <y, N = F00) : lim 5n (0T F; D)y
In the case ey =0 we will talk about the task of recovering by accurate information and in
the case en > 0- by inaccurate information.
Here F' is a class of functions and Y — normalized space defined on Qp and )y respec-
tively(or Y = C, where hereinafter C the field of complex numbers). T is the operator

from F toY . Numerical information {(N) = <l§\}) (f), ...,lg\]fv) (f)) of volume N (N =1,2,...)

= 4-00.

about f from class F' is taken from defined on it linear functionals lg\p, ...,l%v) (in general,
not necessary linear).By L = Ly we denote the set composed of all possible sets of N linear
functionals (I1, ..., Ix) . An information processing algorithm oy (21, ..., z2n;-) : CN x Qy = C
is a correspondence, which for every fixed (z1,...,2y) € CV as a function of () is an ele-
ment of Y. The record ¢ony € Y means that ¢y satisfies all the conditions listed above,
and {¢n}y is a set composed of all ¢ny € Y. Further, (l(N),goN) is a computing ag-
gregate of recovery from accurate information. The accurate values [ (f) are replaced

with a given accuracy E%) > 0 by approximate values zr = 2z, (f), |2 (f) —l](\}-) (f)‘ <
55\7) (r=1,..,N). Numbers z; = 2z, (f) (t =1,...,N) are prossed using the algorithm ¢y
up to the function @y (21 (f) ,...,2n (f) ;-), which will constitute the computational aggre-

gate (l(N), gZ)N) = on(z1 (f) -y 2n (f) ;) constructed according to information of the preci-

sion ey = (55\1,), ...,eg\jfv)) . Here function ¢n (21(f), ..., 28 (f); ) acquires the status of a com-

putational aggregates for approximate calculation in the metric Y operator T'f = u(-; f).
Dy = Dy (F)y — a given set of complexes (l](\}), ...,ZEVN); gpN> = (l(N)’(pN) .

Under the conditions of C(N)D-study of the Radon transform, we will talk about recovery of
functions T'f = f from the numerical information obtained from linear functionals - the Radon
transform Rf .

Note that the practical application of each computational aggregates from C(N)D-2 and -3
is carried out through the construction of a physical device for receiving (measuring) digital
information [y, ...,y on the class F with accuracy £y (it is clear that than the greater the
limiting error &y, than the device is easier in perform and cheaper to operate) and through
software @ - algorithms for computational calculation.

7. The quantitative form of the Radon theorem.The main result of the article is a

complete C(N)D-study of the Radon transform in the model case: for a space dimension equal to
s = 2, in the case of an open set ) C [— %, %} % is obtained a formula recovery of functions from the
values of its Radon transform at points, orderly exact in Sobolev space Hj (£2), unimprovable in
numerical information obtained from all linear functionals, with the establishment in the variants
of the limiting error of the calculation of the Radon transform, preserving the unimprovable error
of recovery from the exact oh information.

The following theorem holds, which could be called the Quantitative Form of Radon’s
Theorem.

Before we preface the statement of this theorem with the notation and definitions used in it
(which are fully given in §1).

Let is given an open set Q C E, = [—%, %] °. By definition, the Sobolev space Hj(Q)
consists of all functions f(z) defined on the set €, predefinedby zero to Es in the form fq(z),
which equal to f(x) or 0 depending on whether z € Q or z € E;\Q2, 1-periodic in each of the

s-variables with a finite norm

HfHHg(Q) = ||fQHW2r(ES) (r=0,s=12,..).
Also recall the definition of two-dimensional Dirichlet kernels (N = n2,n = 2,3,...)
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1|« i
Dy (x1,29) = Dy(x1) - Dy(x2), Dy (x;) = 3 + Z cos2mikx;(i = 1,2)
ki=1

Let denote by special notation F one-dimensional Fourier transform

+0o0
Fg0)= [ gr)emonan

—00

Main theorem. Let are given an open set Q) C FEo = [—%, %} , number r > 0. Then for

class HS(Y) defined by Wi (E2) and all N =n?(n=2,3,...) satisfies

C(N)D-1.
inf sup [|f (@) —on (L(f), s IN(F); 2) | p2(0) <
' l1,...,_lN—all possible FEHE(Q)
linear functionals over Hj (), on
= inf sup || f () — o (Rfa(ea, t), ..., Rfa(an, tn); )| 12 ) =

(artr)€E2(T=1,...N), oN feHF(Q)

ki k k k r
=< sup ||f (z1,72) _ZZRfQ<1 2) 1DN<$1—nl,w2—n2> ) < N™ 2,

fEHE(Q) k1=1 ko=1

where
ki k 2k 27k 27k 2k 27k 27k
Rf<1,2>5 / fQ<\[2COS 7T1—ysin ﬂl,\[QSin 7r1+ycos Trl)dy,
n’'n n n n n n n
(8 4)
and

1/2 oo | 1/2
i 2n+1 2t 2o — ysin 2
R (Dy (a,7)) = R 'Dy (21, 72) = / / / / Smw(' n+1) (V2t cos2ra .ysm ) «
2sin 27 (\/itcos27ra—y51n27ra)

TR0 PR -4 4)°

sin (2n + 1) (\/it sin 2ra + Y cos QWQ) dy eQTri'ytdt ] eZTri(;cl7003277(1—}-;82'ysinQTra),yd,yda-
2sin 27 (\/§t sin 2o + y cos 27ra)
C(N)D-2 (version "equal to & "). For a computational aggregates

NZZ Rfo (kl k2> 1DN<x1_’;17x2_’;2>, (0.3)

and for the sequences Gy = N-G+1) the following relationships holds:

Firstly,

= 3 k k .
sup ||f x1,T3) Z Z (ng < ! 2) +0N> RleN (xlnl’x27j> <N~z
f € H;(Q) 1=1kp=1 L2(Q)
Secondly, for any increasing to 400 a positive sequence {nn}x_,
5 _ o5, 1 LA kL k2 p-1p _h k2
N | nNvoN =N 2Ta)i 5 Y > Rfa (%, 2) R "Dy (21 , Ty — 3
k1=1ko=1 L2(Q)
A}im = +00.
e o (0L (H5(9)) * {on o)) o
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C(N)D-2. (version "no more éx "). For the computational operator (0.3) and for the sequence
EN = N-(5+9) satisfies:

I & k k k k
sup Hf(ml,xz) N> (ng (1 , 2) +v§51*’“2>sN> R™'Dy (xl — 3 - 2)
r n n n n
feH5Q) ki=1ko=1

’,n(vk?lka) S 1

Thus, if the Radon transform is calculated with the accuracy € = N ~(5+1) then the error of
approximation f can’t gange.

At the same time, if the calculation of the Radon transform is mistaken for a 6y = N -(5+1) ,
then there will also be no loss of final accuracy, but this will collapse for ny&n , for any arbitrarily
slowly increasing to the sequence {ny}.

The question of the finality of the error £y in the case "no moreéy ", when it is necessary to
find out whether there is or will not be 75 — 400 such that éxny =: éxy will be the limit in the
"no more &y ” version, remains open (it is known only N_(§+%) =en<én<ony= N_(%&) ).

In order to calculate the inverse Radon transform R~!g in the general case [7, V. 2. Fourier
algorithm|, a special procedure of high efficiency and with a thorough analysis of errors has
been written. It is possible that the Fourier algorithm for a specific case of the Dirichlet kernel
RilDN(:):l, x2), to the calculation of which the Basic Theorem reduces the entire Radon scan
procedure, will be acceptable.

Note that the proof of the Main theorem is completely made up of the results previously
obtained for C(N)D-study of the problem of numerical differentiation [43], the application to
the Radon transform is ensured by its feature, which is contained in the relation (in the two-

dimensional case) ||f||W2T = ||||W2T+% .
For the sake of completeness, the main theorem as an introduction to the C(N)D-approach to

the theory of Radon transforms in a model situation, the proofs of these C(N)D-results, adapted
to the two-dimensional case, are given in full.

Thus, pursuing internal goals, what is the main purpose of this journal, all the proofs of the
Main Theorem in §2, as far as possible, are given in closed form.

In doing so, we adhere to the following scheme. The upper bounds in full are given for unit
cubes, since only 1-periodic functions for each variable are studied and their integral character-
istics are the same in them - these are Sobolev classes W3 (E5) based on harmonic analysis.
Then, the results obtained are transferred to classes defined on bounded open sets 2 C Ej,
according to a chain of inequalities

sup [|f — W(Rf)HW{(Es) > sup||fa — ¢ (RfQ)HW;(Es) > sup||fa — ¢ (Rfﬂ)HHg(n) =sup|lf—¢ (RfQ)HHg(Q) :
The lower bounds are carried out in the reverse order - extreme functions ¢, with the possibil-
ity of continuation by zero to all E; while maintaining class membership H{ (€2) , are determined

on cubes ES C Q with sides of length 2§ < 1, then conclusions are made in the reverse order

HQHWQT(E;F) < HQHH(’;(Q) < ||gQ||W2T(ES)'

In §1, the notation used and the necessary definitions are stated. Section 3 is devoted to
the further development of the C(N)D -study of the Radon transform in the case of arbitrary
dimension and various classes of functions (not necessarily Hilbert).

Inparticular, theMain Theorem is carried over to the multidimensional case.

In conclusion, we note that the main ideas of the approach and illustrative results werean-
nouncedin [65].

§1. Notations and Definitions

1. Notations. Throughout the article we will use the following notations.

R = {(x1,....,xs) : 71 € R,...,xs € R} —s-dimensional Euclidean space, where R is the field
of real numbers and s =1,2,....
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Es(a) = [a — %, a+ %]8 — unit cube in R® with the center at the point (a,...,a), in partic-

ular, for s =2 we have FE5(0) = [—%, %]2 and Fy (%) =1[0,1)%.
In general, for § > 0

B2 (1 veey 1) = 1 = 8,10+ 8] % - x [ — 6,175+ 0],
= {(1, - a:s ) € RS :af + ...+ 22 < 6%} —ballin R® with center at the origin and 6 > 0.
Vo = { x1,%9) xl + x2 < 1} unit circle on the plane.
S5t ={(21,...,5) € R®: 2} + ...+ 22 =1} — unit sphere in R*.
Ss~Ix Rl = {(91, O, T) ERTL 2+ L+ 602 =1,—c0<T< oo} — unit cylinder in RSt |
for s =2 unit cylinder is {(91,02,7) ER:2+05=1,—0<T< oo} )
x-y =x1Yy1+...+xs5ys = (x,y) - scalar product of vectors x = (x1,...,zs) and y = (y1, ..., Ys)
from R?.
0 = (01,...,05) € R®, where 6% + ...+ 62 =1 - is an unit vector in R*.
6+ - unit vector orthogonal 6 : <9, 9L> =0.
For s = 2, -3 < a < % (ww0<a<l), 0, = (cos2ra,sin2ra), 5 =
(—sin2ma, cos2ma) : (04,04 ) = — cos2masin 2wa + sin 27 cos 2ma = 0.
@) () = flar-mas) — Weil derivative of f the order a = (ar, ..., as) .
A << B (B>0) means |A| <c¢B for some ¢ > 0.
A =B (A>0, B>0) means simultaneous execution of A << B and B << A.
[x] is an integer part of the number x .
{z} is a fractional part of the number =z .
Z ={0,4+1,+£2,...} —ring of all integers.
Zy =40,1,2,...} — the set of all non-negative integers.
Z5={m=(my,....ms):mi1 € Z,....mgs € Z}.
m; = max {|m;|;1} for m; € Z.
The carrier supp f of a continuous function f is the closure of the set of all points x, such

that f(z) #0.
For function f which defined on a set Q C R®, by fq(z) is denoted a function

_ [ f@),ifz €9,
fa() _{ 0, if © € R°\Q,

which defined on R®.
For f(z) € L'(R®) the direct and inverse Fourier transforms are defined by the equalities

f(€)

f(ﬁl,...,ﬁs) ::/.../f(a:l,...,ms)e_%i@’w)dml.,.dxs

and

£

Fl&r, &) ::/ /f 21, ...25) ™) dpy L dg.

2. Definitions. LP(2) is the space of all measurable on a nonempty set  functions f
1

with the finite norm ¢ynxmuii ¢ koneunoit nopmoit || f|1rq) = (f |f(z)|P dx> .
Q

C™ is the set of all infinitely differentiable on R® functions.

C§° - is the set of all infinitely differentiable on R® functions f(z), such that the carrier of
each of them forms a limited set.

Let define the norms has of in the Sobolev space W3 ([ 5 2] ) : we expand the 1-periodic
by each of their s variable function f(x) € L? ([—l 1]8) to the trigonometric Fourier series

1 178 272
on [*iai]
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L2 ¢ mi(m,x) £ —2mi(m,x
F@E ST Fm)eima) | f(m) = / £ () e~ 2mima) gy,
meZze 1178
[=3:3]
then, using the definition of the Weyl r -derivative and Parseval’s equality, for all real r > 0 we
set

(1.1)

In particular, W20 ([—%, %}S) =17 ([—%, %}s) .
By definition,
H" (R®) = {f: f— generalized functions over the Schwartz space of functions ¢ (z) €
0 (R*), for all k= (ky,...ks) € Z3, £ = ((1,....0s) € Z5 such that
ks 8(€1+...+€5)(’0 (1'1, ceey :US)

k1
x .--x
1 s 0%y ... 0%x,

H<,0||,M = sup{ cx = (21, .0y ) ERS} :ck7g<+oo},

with the finite norm

1 ll2e ey = (R/ (1+1eP) | F @) ae | (1.2)

Let is given an open set ) in R®, then

Hi (Q) ={f e H" (R®) : suppf C Q}, (1.3)

with norm
(1.2)
gy "1 ey -

Note (see [7, Chapter VII, Lemma 4.4]) that for all real r > 0 norm (1.1) for Q = (—3, %)S
is equivalent to the norm | f|| Hy () of the functions from of the space (1.3).

We note that 1l-periodic continuous functions f(z), including trigonometric polynomi-

als,which generate regular generalized functions [ f(z)¢(z)dz = [ f(z)¢(z)dx, for
Rn [_ ]S

N[
N[

all » > 0 belong to the space Hj ([—%, %}S) .
Thus, in the case of 1-periodic functions by each of their s- variable, for all real r > 0 the
following set-theoretic equalities holds

HE ({—; ;] ) =y <[—; ;D = W (0,1)°. (1.4)

In the context of the above definitions of Sobolev spaces Hj (€2), we distinguish open sets
QC [—l 1}8 to which this article is devoted.

202
In this case, according to (1.3), the space H (£2) consists of all functions f (z) defined on
the set Q, redefined by zero up to [—%, %]s in the form fq (z), 1-periodic by each of their s-
variables, with equivalent finite norms (1.1) and (1.2), providing (1.4) resulting in
120 = Wfellwy ((-1.177) (r 20, s = 1,2, (1.5)
what will be reflected in the record H{ (Q) ~ W3 ([-1, %}S) .

Of course, the transition from f defined on to Q to fq defined on R® ensures the correctness
of operating with f on R®.

Let give equivalent definitions of the Sobolev space H; ([—%, %]S) =Wy ([—%, %}S) in terms
of derivatives.

Let are given integer r > 0 and integer s(s=1,2,...), then
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2
Ol (x4, ..., x4)

OF1xy...0Fs g

lg @I (3,177 = ) / .
k= (ki,...ks) € Z5 v2
k| =ki+ ...+ ks <r

If » > 0- not an integer and r = 7 + o, where 7- integer and, 0 < ¢ < 1, then

2
O*lg (z1,..., )
2 — 1.9 ds
g @My (4.4 = 2 iy g, | Lot
k= (kl, ey k’s) S Zj_ [0,1)2
k| =ki+...+ks<r
T d 2
09 (g m) — LI ()
ok ks 1y Ls ok ks Yty Ys
+ Y oo O A dy...dzody; .. dys.
. lz —yl|5"
k1+---+k’s—7"[_l l]s [_l l]s
2772 272

To conclude the topic of the Sobolev space, we give a chain of definitions that totaly give the
definition of spaces H](2): these are paragraphs [44, 2.2.1] - the space of slowly growing gener-
alized functions S’(R?), [44, 2.3.1] - the set of functions f from S’(R®) with the requirement

<1 + ]5\2>§ f (&) € L2 (R®) for smoothness 7 of Hy(R?), [44, 4.2.1]- H}(Q) and };;(Q), [44,
432 ]-Hy(Q) = hOTI’;(Q) = I:I]’;(Q) = {f: f € H}(R®),suppf € Q} from [44] and the definition

of a slowly growing generalized function from [45, chapter VI, §1].
s-dimensional Dirichlet kernels are (N =n®*,n=2,3,...)

sinm (2n + 1) z;

1 < .
Dy (x1,...,xs) = Dy(x1) - - Dy(xs), Dy (i) = 2-1—;00527%% = Sy (1=1,..,s).
Further
i iku —inu QZTL iku —inu€(2n+1)m —1 sin %u
— 5 e — 1 sing
then for u = 27z,
1 ge. SInT (2n+ 1) x;
D N — = 2mikz; _ 7'_ 1.
n(:) 2 Z ¢ 2sinx; (1.6)

|k|<n
Radon Transform. The Radon transform (s-dimensional) of a function f(z), which are
given on the closure Q of an open set Q C R®, for each s — 1 hyperplane dimentional per-
pendicular to the vector 76, 0 := (61,...,05) € R® with 62+ ...+ 62 =1 and —00o <7 < ¢
associates the integral over it

Rf(0,7) = Rf (b1, ... 0s;7) = / f(x)de = / fa(r8 + y)dy. (1.7)
z:(x,0)=TNQ yiyeRs—1

In two-dimensional case (s = 2), the unit vector 8+ := (—sin2ma, cos2ma) is perpendicular
to the unit vector 6, := (cos2ma,sin27a), since their scalar product

<9a, 0§> = —sin2ma cos 2ma + cos 2macsin 2w = 0.

Therefore, the integral along a straight line 7, perpendicular to a vector
7 (cos 2m o, sin 2ar) with a beginning at a point (0,0) is the integral along a straight line
70 + yh+ (—o0 < T < 400, —00 < Y < +00).

Thus,
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—+o00 “+00
Rf (cos2ma,sin2wa, 7) = / f(Tor)dy = / f (7‘9 + y@L) dy =

= / f (T cos2ma — ysin 2may, 7sin 2w 4 y cos 2war) dy.
—00

When s = 2 the integral in (1.7) is actually taken over the set T, ,(|suppf, i.e.

Rf (cos2ma,sin 2w, 7) = / f (7 cos2ma — ysin 2wy, 7sin 2war + y cos 2war) dy. (1.8)
To,r () supp f

In the case of a class of functions f defined on the set 2, we will also write 75+ (€2) .
This article is devoted to the case supp f C 2 where an open set {2 is contained in a unit
cube E; = [—l 1]8 (or [0,1]*), which is equivalent for functions that are 1-periodic by each of

272
their variable.
Adapting to each of these cases, we will 7 parameterize through 7 = 7(t) where
—2 <t <L (or 0 <t <1)sothat it7(¢)6, belongs to the circle as the smallest cir-

cle {(xl,xg) 3+ 23 < 2} containing a square —%,%]2

I . Then for 7 = 7(¢) when instead
Rf (cos2m o, sin 2w, 7 = 7 (t)) we will write Rf (a,t).
) = V2t 7 ([-4,3]) = [~ %] and by

(t
So, for s =2, Q = [ % %]2 satisfies: for (¢
(1.8) satislies

Rf (a,t) = Rf (cos2m a,sin 2wy 7 (1)) =

“+oo
= / f<\/§t00827ra—ysin27ra, \/§tsin27roz+y00827roz> dy. (1.9)
—0o0
With s =2, FEy = [—%,%]2, % <a< %, % <t< %, supp f C Fo we have a more

accurate record (1.9)

Rf (a,t) = Rf <COS 21 o, sin 2 T = 7(t) = \/it) =

= / fE, <\/§t cos 2ma — ysin 27, V/2t sin 27 4 3 cos 27ra> dy. (1.10)
-2 /1-(2t)2

Note that along with "Radon Transformation", other equivalent names are used - "Radon
image", "Radon projection ( f(x) on (x,0) =t)" and etc.
Let us single out a special notation & for the one-dimensional Fourier transform

+oo
Sg (o) = / g (1) ¥ dr, (1.11)
—0o0
§2. Complete C(N)D-study of the Radon transform in the model two-dimensional
case
In the notation and definitions §1 satisfies
Theorem 1 (C(N)D-1,upper bound). Let are given v >0 and N = n? (n=2,3,...).
Then, for a computational aggregate constructed by the values at the points of the Radon trans-

form of a function f(x1,x2) from the class W3 <[_%a %]2)

JI.LH. 'ymuneB arsingarsl EYY Xabapmeicsl. MaTtemaruka. Komnbiorepiik reiabiMaap. Mexanuka cepusicel, 2019, Tom 129, Ned

Bectauk EHY uMm. JI.H. I'ymunesa. Maremaruka. Komnbiorepubie Hayku. Mexanuka, 2019, Tom 129, Ne4
20



N. Temirgaliyev, Sh.K.Abikenova, Sh.U. Azhgaliyev, G.E.Taugynbayeva, A.Zh.Zhubanysheva

1 < k k k k
AN (@1, 22; f) 722 <1 2>R1DN(ZC1—nl $2—7j>

the following relation holds

k1 k _ k k _r
Sup f xlaxQ Z Z ( ! 2>R lDN (xl_,nlax2_1> L2(—%,%)2 <<N 2’

rews(-3.4)° b
where
1/2 o
R YDy (a,7)) = R'Dy (21,29) = / /f(RDN (a,)) e2mil@rycosdmastoaysin2na) v oy oy,
~1/2 0
Consequence 1. Let are given an open set € C [—5,%]2 and r > 0. Then for class

Hy(Q) ~ W3 ([ 3 %]2) and all N =n? (n=2,3,...) the following inequality holds

ki k k k r
sup ZZng( : 2) 1DN<331_n1>$2_n2> 2() << N7z,

feHs(Q) k1 1 k=1
where
1/2 oo
Rfl (DN (Ot,T)) — R~ IDN (a;l,xg / /J—_- RDN )) eQwi(zl'yc0527ra+x2'ysin27ra),yd,yda.
~1/2 0

The subject of study in this section are the functions of two variables, 1-periodic for each
of them, therefore, are completely determined by consideration on any unit square with sides
parallel to the coordinate axes.

Those will be here Ey = [ % %]2 and Eg (%) = [0, 1]2, related by replacements:

if (x1,29) € [—%, %] , then (a:l + 2, To % and, conversely, if (x1,z2) € [0, 1]2, then
1 1 1 172
(21— 522 —3) € [-3.35]

Generally, when consider the following changing of variables (i = 1,2)

z; = pi(ti) (i <t; < i)
the following equalities holds

©1(B1) p2(B2) B1 B2
9p1 o1
g (.%‘1,:()2) dridry = //g ((pl(tl), gOg(tg)) det gfoé 3;22 dt1dty =
Ot Oty
p1(a1) p2(a2) ar az
B1 B2

_//g(Wl(t1)7S@2(t2))‘Spll(tl)'80,2(t2)‘dt1dt27

a1 a2

11
1 1
// (z1,22) dr1dzy ://g<x1—2,x2—2> dz1dzo
0 0

in particular
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and

11
//g x1,x2) dr1dry = // <:L‘1—i- , Lo + )dmldxg
0 0

=

In the case of linear functions z; = a;t; + bi(z =1,2) we have dridzy = |ajas|dtidty .
11
272
two indicated squares (for example, so as not to reformulate the known results for [0,1]%).
First, we give a number of auxiliary statements on the basis of which we will prove an upper

bound in C(N)D-1. We begin by establishing the representation of the Radon transform through

The final results will be formulated for [— ]2 , and the proofs will be formulated on the

a multiple integral. In the two-dimensional case, Q = [—%, 5] = FE5 (0) = E» to which the
main theorem being proved is devoted, the Radon transform is written in the form of a surface
integral (see §1).

Lemma 1. Let are given FEo = [—%, %]2 Then, the following relation holds

”RfHH’“ (z) = =227 HRfH ( (2.1)

SEis)
Proof. Cylinder

7 = {(é,é,r) 6R3:§2+§2:1,—oo<7-<+oo},dZ:\/EG—FQdadT,

according to Which the Sobolev space is defined through the surface integral, has a parametric
representation —% < o < 3,0, = (cos2ma,sin2ra) and —oo < T < 400.

In this notatlon, successwely applying the definitions of norms H" (RQ) from [7, I1.5] and
Hj (©) from [7, VIL4] and writing the surface integral through the double integral, for the
function ¢ (o, 7) := g (cos2m a,sin27a, 7) we obtain

lgliZ iz “E D ([ (14 7) 3 (0r) dz = //44 3 (a,7) VEG — Fdadr
Z
-3 7%
where
2 2
E=(92) +(%2) + (%) = (-2rsin2ma)® + (27 cos2ma)? + 0 = 4n%,
001 2 002 2 or
G:(W) +(W) +(Z) =040+1=1,
__ 001 00 062 00 or Ot __
Py G o,
VEG — F? = /472 . 1 = 2n,
whence
dZ =2ndadr
and in the end
+eo N defHE ()
||9||Hr =27 (1+7%) g(a,7)dadr = QWHQHHT'([_A LR - (2.2)
% —0o0 0 272

Now we apply this definition to the Radon transform (1.7)-(1. ) for Q= [-3, %]2 .
First we write the Radon transform for the unit square [—% %]

Let are given the function f(z) = f(z1,22) which defined on a unit square Ey = [—1, %]2
and numbers —3 < o < and —oo < 7 < +00.
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Moreover, the intersection T, , with domain of f for all —% <a< % is fulfilled for 7,

which modulo no larger diagonal of the square [O, %]21, i.e. quantities g .

Passing to a linear function 7(¢), when —% <t < 5 taking one-by-one all the values of the

interval [—g, @] , which are 7(t) = v/2t, we obtain the desired parameterization (1.9)

0, = cos 2ma,

. ~-1< 1 1]
0y = sin 27a, 2S*<3 {(a,t)} = [—2, 2} =Ey (2.3)
T=7(t)=V2, —3<t<j,
at which
11]°
Tos = {T(t) o 4+ Y0t - —co <y < +oo} C [—2,2} .
Thus, passing in (2.2) to (2.3)
. 1 1
g (o, 7) = Rf (cos2m a,sin 27ay, T) <—2 <a< 57 <7< +oo> ,
together with the replacement 7 = 7(¢) = v/2t, dr = 2dt (—3 <t < 1) we have (2.1)

Lemma 1 is proved.
We write out the segments Ty ¢ = [b1 (o, t), b2 (a0, )] in the local coordinate system with the

beginning at the base of the perpendicular (\/575 . GQ)J_ with the direction “counterclockwise,
from right to left”

max { Leos2ra+1/2 1/2_tsm2m‘} if —1/2 <a < =3/8,

sin 2w ’ cos 2ma
max { Leos2ratl/a JAfatsinana L e 38 < o < —1/8,
bi (o,t) = ¢ max “"jiff;‘;;l/27 71/3;;28;;2”& if —1/8 <a<1/8, (24)
max tco:iigi;1/27 1/2;)221;12”0‘} if 1/8 < a < 3/8,
12-tsin2na if 3/8<a<1/2
[ min {teosZpebl2 22l p /s <o < 38,
min { Ls2Ra /2 SR ie i 3/8 << 18,
by (a,t) = ¢ min tco:iigjr;lﬂ’ 1/2c;z;i7rrlo?ﬂa if —1/8<a<1/s,
min tcoziigizl/Q, 1/1;2;?5”“ if 1/8 < a < 3/8,
| min { Lot l2 U2 i 38 < a <12
Note that it f has an argument z = (z1,22) from a unit square [_%7 %]2 , the of variables
Radon transform Rf is («,t) from [—%,%) X [—%, %} . The inverse Radon transform R~ lg

is when for a unit operator E satisfies RR™! = E = R™'R, the function g(«,t) of variables

(a,t) from [—%,%) X [—%,%] associates a function R™'g defined [—%,%]2 on of variables
(z1,22) .

In calculations, as far as possible, these variables of different meanings will be indicated:
R
flan, @) LR (f (21,22)) = Bf (0,8) = (o 1),

-1
glast) "= B (gl 1) = R7'g (a1,0) = flan,2),
where R (f (x1,x2)) the results of applying operator R for f (x1,x2), the result Rf depends
on (a,t), in the record Rf (o, t).
And conversely, R™! (g (a,t)) — the operator R~! is applied to g (a,t), the result R~'g—
depends on (a,t), in the record (a,t), B 3ammen R~ g (x1,22) .
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Under conditions (2.4), we have Ty ¢ = Ty ¢ ([—%, %]2) = [b1 (o, t) , b2 (, )], and the Radon

transform (1.9) is written in the form

Rf (a;t) = Rf (cos2m o, sin 2ma, t) =

= J f (\/it cos 2w — y sin 2wa, /2t sin 2o + y cos 27ra) dy =

Tayt ﬂ 7%7%]2 (25)
ba(at)
= f f (\/ﬁt cos 2 — ysin 2mar, /2t sin 2 + y cos 27ra) dy,
b1(a,t)
where as the notation (1.10) for Q C (-1, %)2 leads to a different form
Rf (a;t) = Rf (cos2m o, sin2mer, t) = [ foly)dy =
Ta,t
V21442
= f fa (ﬂt cos 2mar — ysin 2war, /2t sin 27 + y cos 27T0z) dy.
N

By applying (2.4) - (2.5) to the Radon transform of the Dirichlet kernel (see (1.6), N = n?)

1 & R sinm (2n 4 1) x; sinm (2n 4 1) 2
D (a1, w2) = (2+n§1 o 27rm1x1)(2+m;1 cos 2mmais) = < 2sin 7y ) < 2sin 72 >
(2.6)
and
Py ms (X1, 22) = €08 2mmxy - cOS 2mmaTs. (2.7)

Then, we have

Lemma 2. For all —% <a<3 and f% <t< % satisfy equalities

N[

RDy (a,t) =

/ (sinﬂ (2n + 1) (V2t cos2ma — ysin 2mar) ) (sinﬁ (2n + 1) (V2tsin2ma + y cos 2mar) ) J
_ % y

N , 2s8in 27 (\@t cos 2ma — y sin 27ra) 2sin 27 (\/ﬁt sin 2ma + y cos 27ra)
ToiN[~3.3]

and

Rhy, iy (0, t) = / cos 27Ny [\/it cos 2ma — y sin 27roz] X COS 2719 [\/ﬁt sin 2ma + y cos 27roz} dy.

Taun[-5,5]"

Lemma 3. The Radon transform Rf(«a,t) has a period 1 by o and by t, and periodically

continues for all R? .
Proof. By t = —% and t = % segment

1 1
Tot = {(x,9> = 21 €08 27 + X9 Sin 27mar = V2t —3 <z1,29 < 2}

in
. (2.5)
Rf (a;t) = Rf (cos2m i, sin 27, t) = f(y)dy
Ta,t
turns to a point, therefore

1 1
Rf <cos 27, sin 27, —2> =0=Rf <cos 27, sin 27, 2) .
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The segment T, by « has period 1 and therefore the function Rf by also has period 1.
Lemma 4 (Frank Natterer [7], Theorem 5.2.). For any r > 0 and

any function f(z1,22) from Wj <[ 3 %}2>, its Radon transform Rf(a,t) belongs to

1
VV2 (—5,5 ) and, conversely, the inclusion Rf(a,t) € W;Jr? ([—%,%]2> implies
f(.?Ul,J}Q S W2 (

% % ) , moreover the following relation holds

IRF@ Oy yoy = Il (1 (28

The proof follows from the following relation (from [10, Theorem 3.1|) for abounded open
set ) C R?

IRf (Ol vy = f (21, 22) [ g o)

Hy *(2)
and Lemma 1.
The following M. Riess-Torin theorem is given in the entries from |7, VII, §4 (p. 230))|):
Lemma 5. For all 0 < v < p,for each g(z) = g(x1,...,x5) from the class WL (E) the
interpolation inequality holds

g (1, ..., x5) | WY (Es) << g (z1,.0x )H WO ||9 (T1, 0y )| ‘;ff(Es)‘

Below, the results previously obtained in [43], which were established for an arbitrary dimen-
sion, with full proofs, are presented in the two-dimensional case s = 2. In this case [0, 1]2,
a square will be kept in the reasoning, which in applications for 1-periodic functions will not
preclude use in the case [—%, ;]2
By the Weil derivative of order 8 = (1,2) of a function g, where (i, 82 are nonnegative

numbers, we mean a function g% (z) = g(#1%2)(z) which Fourier-Lebesque series is (see [46])

Z g (m) <627ri(m,z)>(51,,32) _ Z § (m1,ma) (627rz‘m1x1)(51) (e2mm2x2)(62) ’

m=(m1,mz)€Z? m=(m1,m2)EZS
(2.9)

where

2
<e27ri(ma: ) (B1,62) H 27szjx] (B5) _

_ (271'77@1)51 (27['777,2)62 61’,81 gsignmlJri,Bg%signmge%'ri(m,x). (210)

(mhm?) € Zz? (61752) € R27ﬁj > Oa 1ﬁj =1 (.7 = 1¢2)7

Note that (2.9)-(2.10) differs from the definition of the derivative ¢(#1/%2) (z) given in [47] in
that ¢(%152) (z) takes into account the Fourier-Lebesque coefficients §(my,ms) with some of

the components m; being zero.
For N =n?(n=25,6,...) we denote the operator of differentiation (E* = E\ {0})

k1 k "
A (2:9) = o ({g <n1 ;)} ;ar) = (2.11)
kj=1(j=1,2)

- % Z (f(k)) Z * (th)ﬁ1 (m)52 eﬁligsigntlwﬂgsigmzezm(t,x_gm)’
k= (kl,kz) cZ?: t=(t1,t2)EAN
kj = N
(=12
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where

¢®) = (kl k2> (2.12)

n’'n
and

Ay = {(tl,tg) Dty = [g] Yy (y=1,.,n5 =1, 2)}. (2.13)

Thereby, the operator (2.11) is the finite convolution operator (with respect to (2.12) and
(2.13))

AR (a5g) = % > g (W) - D (2 =€), (2.14)
k= (ki ke) € 22
kj=1,...,n
(] =1, 2)
where
D](\?hﬂz) (z) = Z (27Tt1)ﬁl (27Tt )62 iG Bisignti i Basignts ,2mi(t,x)

t=(t1,t2)€AN

Lemma 6(N.Temirgaliyev, A.Zh.Zhubanysheva [43]). Let are given nonnegative inte-
ger numbers r, B, B2 such that r > max {1 + P2,1}. Then for any 1-periodic by each of their
two variables and summarized on [0,1]* functions g = g(x) = g(x1, x2) with series

Z (2mimy )Pt (2mimsg )2

m=(m1,mg)€Z?

@(m)‘ < foo, (2.15)

the following inequality holds

Ag\ehﬁz) (:U;g) = g(ﬁl,/ﬁz) (w) _ A§\€1762) (x;g) _
_ Z (ﬁ),@ (27Tt ),32 ZQﬁlszgntﬁ-lWﬂQSZgnb 2mi(t,x) Z *g (T?’L + t) +
‘ (tl,tg) c 72 T=(11,T2)EZ?
te Ay
bY@ () gy ) (210)

t=(t1,t2)€Z2\ AN

Proof. From the conditions (2.15) of Lemma it follows that function ¢g and g(ﬁ1 #2) continious

n [0, 1]2. In particular, the operator (2.14) defined correctly. We have (N =n2 n=23,. )

’5 ! X (e (®)

Ag\él Bs) (1';9) = ﬁ Z Z g (m) e27rz(m,§ )><
k= (ki,ko) € Z%: m=(m1,mz)€Z2
X (ﬁ)ﬂ (27rt )ﬁz ﬁlsz‘gntlﬂgﬁgsigntge2m’(t,x,€<k)) _
t=(t1,t2)€EAN
_ Y @) @) e T s amien) S L ) oni(mmre®) _
ey m=(my,mg)€2z? " k= (ki,ke) € 2%
kj=1,..,n (j=1,2)

2
_ Z (27rt1) (27Tt )ﬁ2 zQﬁlszgntlJr’LTrﬁQszgntQ 2mi(t,x) Z g (m) H X(n) (mj _ tj) —

t=(t1,t2)EAN m=(m1,ma2)€Z? J=1
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=Y (@) ()" Esim i i il > 3 (m) =
t=(t1,l2)EAN m = (my1,mg) € Z2
mj = tj (modn)
_ Z (Tﬂ'tl)ﬂ (271'252)/82 15 Brsignt1+i7 Basignta 27rz(t x) Z g(n7+t)’

t:(tl,tz)EAN 7':(7’1,T2)6Z2
(2.17)

such that (m; = t; (modn) <& m; —t; = Tjn & m; = Tjn+t;)

- Z€Q7rzmj t] = _X(n)(

kj=1
Thus, according to (2.17), we have, respectively

) = 1, for (mj —t;) = 0(modn),
0, otherwise.

Ag\é’h@) ($7g> _ Z (ﬁ)ﬁ (27Tt2)52 z2ﬁ1szgnt1+ﬂﬁzszgnt2 2mi(t,x) Z Q(nT—i-t) _
teEAN TEZ2

_ Z (27’[’t1) (27Tt2)62 z“ﬁlszgnt1+lﬁﬁ281gnt2 2m(tm) Q(t)—i— Z *g (m-—}—t) _

teAn TEZ?
— Z (27['t )51 (27Tt2)’32 zwﬁlszgntl-i-z’fﬁgszgntg 2m(t x)g (t)—l—
teAn
+ Z (m)fh (m)@ 6igﬁlsignt1+igﬁgsignt2eQm’(t,:c) Z g (m’ —|—t)
teEAN TEZ?
and
g(ﬁlﬂs) (1;) — Z (27Tt1)’31 (27Tt )52 15 B1signti+i5 Basignta 2m(t g:)g (t)+
tEAN
+ Z 27Tt1 27Tt )52 zzﬂlszgntl—i—zwﬁzszgntg 2mi(t, .Z’)g (t)
teZ2\An

from wich follows (2.16). Lemma 6 is proved.

The following Lemma holds.
Lemma 7 (N.Temirgaliyev, A.Zh.Zhubanysheva [43]). Let are given nonnegative num-

bers r,B1,B2 such that r > max{B1 + B2,1}. Then for any function g from W3 (0,1)* the
following upper estimates holds (N = n?)

S rgnr+1) (27ty)" (2mty) 2 i Prsignia+i5 Basigntz g2milte) << NTEHAS2
teAN 7'622 L2(0,1)2
(2.18)
Proof. Denoting through I; the series in (2.18), according to the Parseval equality, we have
2
||Il||i2(0 1)2 = Z (m)ﬁ (27Tt2)/82 15 Brsignt1+ig Posignts Z *g (77/7' +t) 627ri(t,:p) dr =
0.1]? teAN TEZ?
2
= > ()7 (@)X gr )| =
teAN TeZ?2
2
1
= > @) @) g +1) ((nﬁ F0) + (1 h)7)’ L | <<
teAN rez? ((nTl + t1)2r + (nm2 + t2)2r> :
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1
<> (& ) (55)* S g (nr + 1)) ((m’l )" + (n72+t2)2") S

teAn TEZ? TEZ? (TLTl + t1)2r + (nTQ + t2)2r

Such that for any ¢ € Ay and for any j (j =1,2) satisfies [t;| < ”TH, then from 7; # 0
follows
Tin+t; =|tn+tj| =n

t] 3
T]+E Z?’n’|7—]|7

because

1 1 1 1 7 3
zlml =5 -2 2ml-35

> Iy - |2 S =lnl- 5 2 =
=17 2 2 T 197107

t
Tj+gj

From here and from the criterion

1
————- < too & 2r > 2
—\2 —\2 )
ng:z ()™ + (72)”
we have
1
* << —= e <<
=, (nTl +t1)27“ + (TlTQ +t2)27“ n2r ng (7_—1)27' + (?2)27“ n2r
So,
2
[11l[720,1)2 <<
2 2 A 2 2
> (@7 @)Y tlgr+ 0P (T 0)" + (T R)") <<
teAn TEZ?
<< nPBAR)=2r SN S G (nr ) ((m’l + tl)gr + (nm2 + tg)QT) .
teAn ’7'6Z2

As a result, according to the definition of the Sobolev class, we have

r B1+8
H]1||L2[o 12 << pBrth)—r — N5+
Lemma 7 is proved.
Lemma 8 (N.Temirgaliyev, A.Zh.Zhubanysheva [43]). Let are given nonnegative num-
bers 1, B1, B2, such that v > max {31 + Pa2,1}. Then for any function g from Wi(0,1)? the

following upper bound holds

Z (H)Bl (ﬁ)ﬁz ei%,@lsignt1+i%ﬁgsignt2627’ri(t,x)g (t) << N7—+51+52
t=(t1,t2)EZ2\AN L2[0,1]2
(2.19)
Proof. Again, denoting by I a series in (2.19), we have
2
HIQHiQ(O 1)2 = Z g( ) (27Tt1)51 (27Tt )ﬁ2 7,2/Blsigntl—i—i%,ﬁgsigntge?m’(t,x) dr =

[071]\5 mEZQ/AN

= > 1gm)P (mn)* (me)**.

mGZQ/AN

Then, by applying the inequality

B1 B2 B1+82
mlﬁlmQﬂQ < <maxm]) (maxmj> = (maxm]>
j=1,2 j=1,2 j=1,2
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satisfies
) ) 2(B1+pB2)
7‘7517B2 m€Z2/AN J=4
2(61+p2)
o ()
A J
= X [Fenf (mdremd) s
+m m
mEZQ/AN
\ 261422
o ()
< m. <
- Z ‘f(m)’ (m s ) max m32" B
meZ2?/Ay J
A 2, e 1 1 —2(5+E1182
2r 2r _
= Z )f(m)‘ (ml +m; ) 2r—(2B1+282) rﬁéﬁ n2r—B1+82)) N (2 i )
meZ2/An (maxmj) 2

Lemma 8 is proved.
Lemma 9 (N.Temirgaliyev, A.Zh.Zhubanysheva [43]). Let are given nonnegative num-
bers r,B1, P2, such that r > max{P1 + Po2,1}. Satisfies

B1+82
2 .

sup g5 () — Ag\él’&) ($§9)H 21y << N72F

geEW3(0,1)?
Proof. Let g belongs to the class W4 (0,1)2. According to the condition 2r > s satisfies
W3 (0,1)2 € C(0,1)2. Thus, the problem of approximate differentiation with respect to values
at points is posed correctly.
According to the Lemma 6 we have

AS\/;’L,BQ) (z:9) = 9(51752) (z) — Agglﬁz) (z;9) = I + I,

where
Z Z nT—l—t Qﬂ_tl)ﬁl (m)ﬁZ ei,Blgsgnt‘lei,é’ggsgnt‘ze?ﬂ'i(t,ac)7
teAn TeZ2
L= Y f(m)(@r0)™ (2rk)" dfbront cifeuonts 2t
mGZQ\AN

Further, according to the Lemma 7 and 8

v, BLtB
11l L20,1)2 << N7

and
L Bite
22| 72 0,12 << N~ R

Then,

ﬁ1+ﬂ2
972 (2) = AGY) (@3 9)| 1202 < IT I z20y2 + Il r20ye << N™EE52

After the preparation, we can begin to estimate from above in C(N)D-1 the errors of the
recovery of functions f(x1,z2) from the class W5 (0,1)? by its Radon transform.

Without loss of generality, we can assume that the amount of information is N = n?(n =
5,6,...).

Let the function f(z1,72) belong to the class Wi (0,1)?, then, according to Lemma 4, the

1

Radon transform Rf(a,t) belongs to VVQH_2 (0,1)% and the relation (2.8) holds.

By Lemma 3, the Radon transform Rf(«,t) is a l-periodic function by each of their two
variables, therefore, according to Lemma 9 applied to 51 = B2 = 0, the computational aggregate
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1 kl kg _ kl k2
AN(aat;Rf)Eﬁ Z Rf(n’n>.R 'Dy (a_n’t_n>
k= (kh ko) :
ki=1,..,n(j=12)
approximation the function Rf(«,t) € WT+2( 0,1)? with speed
r+l
IRf(a,t) — Aw(asts BRF) ooy e << N7 (2.20)

Now we estimate this difference in the metric WY (0, 1)2 for p < r, we show that, for any
function g¢(z1,z2) from Wj (0, 1)2 , the upper bound

1 < k1 ko k1 ko _r=p
g(xbl? 722 Z <’I’L TI,)DN <x1—n,x2—n) W2p(0’1)2 << N 2 R

where the constant in << is independent of g¢.
Indeed, since

2
‘|9HW‘2’(071)2 dzidzs,

/ ‘8/31+52 $1,£L'2) 2

651 x16ﬂ2x2

,31+/32<,0

then by Lemmas 6-9 we have

n n

gz, m) — 25 > 9(%7%> Dy (xl Bz - @) ‘ Wi (0,12 <<
k1=1ko=1
1 v v ki k (B1,82) k k
< ¥ ¢ @) -5 Y T (nl, 13)1) (xl _ ﬁ,m—f) L200p <<
Bi1+B2<p k1=1ko=1
L B148
<< ¥ N tTe?t << N

Bi1+B2<p
From here, for p =2 we obtain

1 =« ki k k k 2

1 2 1 2 _r=2
sup 9<$1’x2>‘7ﬂ229<n’n>%<x1‘M?—) Wi << N2
QGWQT(OJ)Q k1=1ko=1

(2.21)
Since the Radon transform Rf (v, t) of a function f(z1,22) from the Sobolev class W3 (0,1)?

1
belongs to W2T+2 (0,1)2, then from (2.21) for g = Rf we obtain

(7‘+%)—2

sup w2(0,1)2 << N~ 2

Rf (a,t) Z Z (Rf) (kl k2) (af%,tf%)

ky=1ko=1

Rfanyew] 2 0,1)2

(2.22)

Further, applying Lemma 5 for v = % and p = 2 | i.e. using the interpolation relation

between the norms of spaces W3 (0,1)% and L2(0,1)2 = WJ(0,1)? and both inequalities (2.20)
1

and (2.22), we obtain an approximation estimate in the norm of space W.2 (0, 1)2

1-3 ¥
< (I1RF (@ t) = Anlast R lwgonyz) % (IRF(0st) = Awlenti Rl ) © <<
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Nl
—
=
|
[SN
=
—~
—~
3
LM
=
+
—
[SN

_ (r+ 1 =3 1
N ( % :N_(T+ )+ , 2 . (M)% N
The inverse Radon transform R~! of the Radon transform Rf gives the function f itself

f. We construct the desired approximate computational aggregates: using Lemma 4 and the
linearity of the Radon transform:

NI

Hf($17x2) Y

' W2(0,1)2

() By (- B )
RS (a, 1) - f

n
Z

1 v k k

= K1 K2 _ k1 _ k2 -3
n2 z:: (n’ n) (Oé n’t n) Wz%(071)2 <<N

in particular,

n

= ki k k k -
f (.1‘1,$2 Z Z < ! 2) R_lDN <.%'1 — gl,xg — 7”L2> 12(0,1)2 << N~ 2, (2.23)

It remains to calculate the quantity R™'Dy <:c1 kl , Lo — %) in (2.23), for which, in the

notation (2.23), it is necessary to have at our disposal an explicit formula for R~ (g(a,t)) =
R Yg(x1,12) .

Let establish the inverse formula for the Radon transform (see also [7, V. 2. Fourier algo-
rithm]).

Lemma 10 (Fourier synthesis method). Let is given an infinitely differentiable function

g (ayt), with support Ey = [—%, %]2 . Then

1
2
R (g(a,1)) = R™'g (21, 22) / / Fg () erilaycos2matuaysin2ne) y gy da  (2.24)
_1
2
and
1 1
S 2
Rflg («TL«TQ):// /g(a,t) 2™ It 6271*1'(:131700527ra+zg'ysin27ra),yd,yda. (225)
_1 0 [=

Proof (under the assumption that all calculations are legal). Let is given the function
f(x1,x2), which belong to H" (RQ) ¢ supp f C [—5, %]2 .
The direct and inverse Fourier transforms take place, respectively:

&) = f(&,&) //fl“l,ﬂ?z ~2miET) ey dy

—00 —00

and

f(@) = flar, ) / / F(€1, €)™ de, dey.

—00 —00

In polar coordinates

& =ycos2ma, 1 1
{52:'ysin27ra, 0=y <Aoo, 2§a<2

all R? is described, on the basis of which the last equality is rewritten in the form

Bulletin of L.N. Gumilyov ENU. Mathematics. Computer Science. Mechanics series, 2019, Vol. 129, Ne4

31



Theory of Radon Transform in the Concept of Computational (Numerical) Diameter and Methods ...

f(z1,12) / / (v cos 2T, v sin 2y ) 27Ty cos 2mataysin2me) o o gy (2.26)
0

D=

This equality suggests f (ycos2may, ysin2ma) via the Radon transform Rf(a,7) = Rf(04,7),
where the role of the unit vector 6, = (cos2ma, sin2ra) (—% <a< %) and the numerical

parameter 7 (—0o < 7 < 00) consists in the fact that 76, is a vector, the perpendicular (704)"
to which is the straight line

700 + Y0+ = (Tcos2ma — ysin2ra, Tsin2wa + ycos2wa)) (2.27)

the integral of f along which is the Radon projection on (2.27).
Then, according to Theorem 1.1 of [7, p. 19], the required equality holds for a fixed —
a<%, and all —oco < 0 < 00

<

D[

+o0
f (ocos2ma, osin 2ma) = / Rf (a, 7)e*™ 7 dr =
—00
+oo 400
= / (/ f (7 cos 2ma — ysin 2mwa, T cos 2ma + y sin2wa) dy) > dr,
-0 —0

in which the variable « responsible for the unit vector 6, = (cos2wa, sin2r«) is fixed, and
the Fourier transform is carried out in the numerical (one-dimensional) variable 7 with the role
(2.27).

Thus, (2.26) in the above notation and equalities, with o replaced by ~, takes the form

o

f(x1,22) // / / f(7cos2ma — ysin 2wy, T cos 2w + y sin 2wa)dy 2T g |
10
2
oo
27rz(r17 cos 2ma+x2y sin 27ra)z7d’ydo¢ = / / / Rf (a, 7-) 2™ - e27ri(a:17 cos 2ma+x2y sin 27ro¢),7d,7da.
_1 —0

M

(2.28)

In order to reduce the records and make the statements f (v cos2ra,~ysin2wa) more infor-

mative, we express through the one-dimensional variable 7 inverse Fourier transform F (see
(1.11)) the Radon transform Rf (a,7) (-1 <a <3, —0o <7 < +00) in the record (1.8)

[e.o]

Fg0)= [ gr) o,
F(Rf (a,7)) = FRf (a,0) = / Rf (a,7) e?™oT dr.

leading to equality

f (ycos 2mar, ysin 2wa) = FRf (o, 7).
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Under these conditions, equality (2.28) takes the form

1

f(xlv 5172 / / .FRf 7’7) —27i((y cos 2wa,y sin 2mwax), (Il’IQ))’yd’ydOé
_1
2
It remains to establish the convergence of the integrals from (2.24) — (2.25). Due to the

finiteness of the function ¢ («,t) by the integration formula by parts for all integers r > 1, we
have

F — e 2Ty T _ (_1)T e (r) 2wy T
g (a,7) /OO g(a,7)e dr 2rin)” /OO gy (a,T)e dr. (2.29)
From here
—+00
[ Fg () hllr/ g (a, )‘dr, (2.30)

so when r» >3

1 1

7 1
// ]:g a ’7) 2m(m1’ycos27ra+m2’751n27ra),7d,yda << //|]_'g )|’7d’yda<</7r1d7<—|—00.
1

_1
2 2

(2.31)

As a result, by replacing in f = R™'Rf the Radon transform Rf (a,t) by g(a,t), by virtue
of (2.28) and (1.11), we obtain the desired (2.24) and (2.25), respectively.

Lemma 10 is proved.

In the practical application of formulas (2.24)-(2.25) of the inverse Radon transform, it is
necessary to follow the scheme of its proof, which, in accordance with the needs of Theorem 1,
we demonstrate step by step using the Dirichlet kernel Dy (which, by virtue of linearity Rf
and R™lg, is equivalent to finding R™'h.,, m, (see (2.6) and (2.7)).

1-step. Let establish the infinite smoothness (Lemma 3) of 1-periodic functions RDy («, T)
and R~!Dy (z1,72) by each of their variable: for all » > 0, by virtue of Lemmas 4 and 15 (the

proof is below),
r+1

N < 1D (1,22 gy = IRDx 0] ey (2.32)
and
7'+1 1
2-step. The correctness of the presentation(2.24) — (2.25) for
g(a,7)=RDy (a,T). (2.33)

By virtue of (2.32) and the definition of W3 (Es2), the norm for any r > %
supp g (a, T) = Eg,gy) (o, 7) € L*(Ey).

Again, repeating (2.29)-(2.31), we obtain the convergence of the integrals from (2.24)-(2.25)
in the case (2.33).

Thus, the problem was reduced to the calculation of specific integrals of elementary functions.

Of course, by the computational algorithm (0.3) in the Main Theorem, the question arises
of the Radon transform of the Dirichlet kernel Dy (21 — Ry, 29 — Ng) with a shift by (Ry,Ry)
argument (z1,22) .

At —3 < a,t < 1 the answer is as follows (see also (1.6))
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1 ) )
Dy (e —Nizy =Ny =+ [ 3 el gmimatea

[ma,|mz|<n

_ 2 eQﬂ'i(mlN1+m2N2) % e?ﬂ'i(mlxl-i-mzzvg)

=~ =

[mal|m2|<n

from (see (2.4)-(2.5))

1 )
R(DN (:L‘l - Nl,l‘Q — NQ) (a,t)) = Z Z eQWZ(m1N1+m2N2)X

|mal,|m2|<n

b2 (a7t)
> / 672m'[m1 (\/ﬂcos 2ma—ysin 27ra)+m2(\/ﬂsin 2ma—+y cos 27ra)]dy.
bl (aat)

Thus, the optimal Radon computational aggregate for recovery of function f(z1,z2) from a
class Wy (0,1)% is

AN(:CL:L'Q;]C):? Z Z Rf <Tz’1’L2>R 1.D]\[ <$1—n1,"1§‘2—n2> =

k1=1ko=1
o)
1 — -~ \/ik‘g 21k . 21wk \/§k2 . 21k 21k,
=— Z fa cos — ysin : sin +ycos —— | dyx
n n n n n n n

/ / / / sin 7 (2n + 1) (V2t cos 2o — y sin 2may)
X X
2sin 27 (\@t cos 2o — y sin 27ra)

Theorem 1 is proved.

Now we pass to the lower estimate.

Theorem 2 (C(N)D-1, lower bound). Let is given r > 3. Then for N =n? (n=2,3,...)
the following relationships hold

N73 << inf sup ||f (w1, 22) — o (L (f), s In(f); (@1, 2)I] L2(0,1)2 <
l1,...,In — all possible fewyg(0,1)?
linear functionals over W3 (0,1)%, on

= inf sup ||f (z1,72) — o~ (Rf (a1, t1), oy Rf (an,tn) 5 (21, 22))[ £200,1)2 X

{(en t) IR, CI0,11%, o Fewr(0,1)2

n

1 - ki k _ k k
f(:mmm)—N Z Rf (i,f)R "Dy (:cl—;l,xg—;l>

k1=1ko=1

= sup

r2(0,1)2 << N™Z.
FEW(0,1)2

Corollary 2. Let are given r > % and a set Q) C Fy = [—%,%]2 . Then for the class

H5 (Q) ~ W3 (Ey) and all N =n? (n=2,3,...) holds

N2 <<
inf sup ||f (z) — on (1L(f), - IN(F )i )| £2(0) =<
l1,...,Iny — all possible JEHF(Q)

linear functionals over Hj(SY), on

inf swp_[[£ @) = o (Rfa@®,6D), o Rfa(a™,18);2) || 12(0) =
(a(r)7t(r))€E2(T:11'“’N)7 YN fEHg(Q)

~
—~
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k1 k k k _r
= sup ||f(x1,22) — ZZRfQ< : 2> 1DN(961—nl,332—n2> ) <N 2.

feHg(©) k1=1ko=1

Proof. In this chain of inequalities, it suffices to establish the first of them (the last is Theorem

)

N7% << inf sup ||f (z1,22) — on (L (f), - IN(F); (@1, 2)) || L20,1)25
li,....In — all possible  fewz(0,1)2

linear functionals ;N
(2.34)
which is directly derived from
Lemma 11(F. Nutterer [10], Theorem 4.1). Let are given an open bounded set Q C R?,
numbers r >0 and N (N =2,3,...), linear functionals ly,....,Iy over Hj(2). Then, there is
a function g from Hg(Q2), such that the following statements hold:

lj(g) =0(=1,.,N), HgHHg(Q) <1 ||9||L2(Q) >> N3,

In this connection, we note
Theorem A (N. Temirgaliyev, A.Zh. Zhubanysheva [43]). Let are given positive
integer s and N =n®(n=2>5,6,...), function w(t) usC*>® (—o0,+00), such that

1 =[0,1],0<w(t)<1= t).
suppw = [0,1],0 S w () < 1 = max w (t)

Let denote Ay = {k=(k1,...,ks) €2°: 0<k; <4n—1 (j=1,...,5)} and let define on
[0,1]° orthogonal system

Vi () = Yy ok (21,00, @ Hw <4n (1‘3 — k;)) (k€ An).

Then, for any set of linear functionals 1y, ...,I1N , defined, at least on the set of all polynomials
by the system, {Yr(x)}yca, - there is a finite numerical sequence {bx}pca, , such that for the
function By (x) = By (51, ., IN) = D e ay Oktok (%) the following relations hold

lLi(By)=..=Iny(By)=0
and for any non-negative integers Ai,...,As and any p, 1 < p < oo
1
At HAs 1 P
HB()q.,..,)\S) _J N = pl S |oef? for1<p< oo,

NM+'§+AS 1 for p = 0.

When s =2, p=qg=2, 1 = f2 =0 Theorem ascended to Lemma 11.

Since Lemma 11 is a combined corollary [11-12], following the stated goal, we give a complete
proof of Lemma 11 in the two-dimensional case by the direct method of Theorem A.

However, we first state the following statement.

Lemma 12.  Let are given an open 2 C [0,1]* and the square ES = [n — 0,m1 + 6] x
s — 8,12 + 6] from Q.

Then for any positive integers r and N , or any system of linear functionals 1, ...,In , given
on Q ,there is a function g € Hj () such that

T

I1(g9)=0,...,In(g9) =0, HQHHS(Q) = HQQHWQ((OJ)?) <1, HQQHL2((0,1)2) > N2,

where
g(x), ifreQ

90 () :{ 0, ifr €[0,1\Q.

Without loss of generality, it is sufficient to prove this lemma for = (0, 1)2, as was said
above, by the method from Theorem A, which is devoted to
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Lemma 13 (N. Temirgaliev, A.Zh. Zhubanysheva [43]). Let a positive integer be given
N =n?(n=5,6,...) and function w(t) from C™ (—o0o,+00) such that

suppw = [0,1],0 < w (t) <1 JZnax w (t) (2.35)

Let denote Ay = {k=(ki,k2) €2Z%: 0<k;<4n—1 (j=1,2)} and let denote [0, 1]2
orthogonal system

D (%) = ry g (1, 72) = <4n (xl _ E)) w <4n <;1:1 _ E)) (ke Ady).  (2.36)

Then for any set of linear functionals lq,...,l1N , defined, at least on the set of all polynomials
by the system {Yp(2)}ca, » there exists a finite numerical sequence {by}c 4, such that for
the function By (x) = By (z;l1,...,In) = Y, bptg (x) the following relations holds

keAn
li(By)=..=Iny(By)=0 (2.37)
and for any non-negative integers A1, Ao
A1+
HB](\;\h)\z) - 142r 2+%. (2.38)
L2(0,1)2
Proof. Definitions (2.35)-(2.36) imply the set-theoretic equalities
ki ki+1 ko ko+1
T. =T, = |— — = ke A 2.
k k1,k2 |:4n7 An :| X |:47’L7 an SuPIWk ( € N) ( 39)
and that for any integer vector (A1, \2) with non-negative components, for any k € Ay
1 1
2 2
(A1,)2) _ (Ara2) ) |2 _ (ra2) ) |2 _
o g = | [ 1 @) | = | o) ar] =
0,1]? T
kj+1 % 1
4n k 9 2 1 9 2
: 1
= H / (4n)?N W) <4n <:cj - 4J)> dej | = H (4n)hi—2 / ‘wo‘f) (t)‘ at | =
Jj=1 kj " Jj=1 0
4n
(2.40)

ALt As 1
2

= pMtetATl o 2,

Let are given a set of linear functionals [1, ..., Iy defined at least on the set of all polynomials in
the orthogonal system {t(2)};c 4, - Using Lemma B from [48], we find that there exists a finite

real-valued sequence {bp}c 4, such that for the function By(z) = > bgx(z) following
keAn
relations holds

L (By) = ... = I (By) = 0, (2.41)
1
keAn keAn

From the definition of function By (x) = > ;. 4, 0k¥k (z) and (2.42) it immediately follows
that for any integer vector (A1, A2) with non-negative components (see also (2.40) )

2 2 2
[Be) L = /‘bwﬁhm(m)‘ de= 3 |b,€\2/‘¢,917A2>(x)) do = N7 37 ),
(0,1) heAn kEAN 7 kEAN
ie. NS
HB}VAW) = NS (2.43)

L2(0,1)2

Statement (2.37) and (2.38) respectively follow from (2.41) and (2.43).
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Lemma 13 is completely proved.

Now we turn to the proof of Theorem 2. Let are given a positive integer
N (N =n? n=12, ) , a set of functionals I1(f),...,In(f) and a function ¢y (21,..., 2N; )
an algorithm ¢y (21, ..., 2n; ) of processing numerical information of volume N .

Let By (z) be the function from the Lemma 13. Let define on [0,1]* the function

gn(z) = gn(z57m,p, 1, 0 IN) = N_(%Jr%)BN (x).
For any j (j =1,2) by (2.35) we have
1 0"By ()
‘ or":

J

~
—~

Lr([0,1]?)

o 43 -
= ——Nz"2 x1,
N3t32

N |=

Nzt

Lr[0,1)2

so the function gy () belongs to the class Wy (0,1)2.
Further, the relations are satisfied for the function gy (z) (see (2.35))

—(r4l —(r41 1 _r
lanllioqo,y = N™CTR Byl oo,y =< NG 2N = N3, (2.44)
According to (2.41) and the definitions of the function gy and ¢y, we have

on (Iy (9n) - Iy (gn) 32) = 0.
Therefore, due to the arbitrariness of Iy,...,Ixy and @y, and due to (2.44), we obtain the
desired lower bound

inf . sup If(x) —on (1 (f) - In (f)s2)]l £2(0,1)2 =
li,....,In — all possible fewz((0,1)?)

linear functional;pn

> HgN (x)_SON (ll (QN)7;ZN (gN) )H L2( 01 HgNHL201)2 >> N~ 2’
The lower bound in (2.34), and Theorem 2 are proved.
Now we turn to the task C(N)D-2 in its two versions "equal to én
Let’s start with the first one:

Theorem 3 (C(N)D-2,a version "equal to £y "). Let is given v > %. Then for N =

"and "no more £y "

n? (n=2,3,..) and for the computational operator

N Z ZRf <k1 k2) “'Dy (561—]{7;1,562—];2)

k:1 1ko=1

the value én = N-(5+3) s the limiting error: firstly

k1 k k k r
sup [z, 22 _72 Z( ( : 2>+5N> R 'Dy (371—7;,962—712) < N7z,

fEWT(0,1)2
5 ( k1=1ko=1 L2(0,1)2

Secondly, for any increasing to +o0o a positive sequence {nn}rn_; the equality

o (vt £, 875 (5.5 w00 - .0 )
1=tk 12(0,1)

o (0: L (W5 (0, 1)2) {soN}Lzm,l)z)

Corollary 3 (C(N)D-2, a version "equal to éy"). Let is givenan open set § C

lim
N—oo

 — 4oo. (245)

L2(0,1)2

[—%, %}2 . For a computational operator

k1 k k k
72 ZRfQ< ! 2> 1DN<J"1_T;7'C52_TL2)7

k1=1ko=1
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and for the én = N-(5+3) satisfy
Firstly,
sup f(fL“I:IQ)*i Z Z (an (lil,ki)JrfN) R™'Dy (11*]273«“2*@) < N7z,
f e HyQ) N e non n n L2(@)

Secondly, for any increasing to +o0o a positive sequence {ny}x_, holds

L n n
o (w504 5 5 (5. 8) 100 (- 5)
lim ot L) _ +00.
N o (0 L (HE(9)) x {ondiey) .,
@)
We preface the proof of Theorem 3 with the following statement
Lemma 14. For 3>0 and N =n?(n=2,3,...) and the relations
k
ZZDN<x1 )DN(Q;Q_?) < N%.
ki=1ko=1 n
wh(0,1)2
Proof. Let
1 v k 1 (1., v k
EkZ:lDN (z—%)=1 (Z 3 —&-k;lcos%rm (z — )) =
1 & 1 1 2 27rm(a:—5) 1 2rmz [ 1 < 727rz—
=n 2 3Tn22 e =542 ) e w2 e =
k=1 k=11<|m|<n 1<|m|<n k=1
D opim 1, if2e”Z
_ 1L 2wk _ ) _
“|ln kgle XZn(m> { 0’ Zf% ¢ VA H
= % +2 (62””“ + 6*2””9”) = % + cos 2mnx
n n
From here g (z1,22) = (TIL > Dy (:1:1 - ’2)) (i > Dy (xg — lff)) satisfies
k=1 ko=1
2 1 2minxy —2minxy 1 2minzo —2minx2 ?
lg @izl , =[5 +2( +e )) (5 +2(e +e ) :
© wh(0,1)2

where for all (mj, mg), other than (0,0), (0,£n), (£n,0), (£n,£n), the following equalities
hold

f] (mlamQ) = 07

fE2e ) (o)

= [ = (@ +m3)’gma,mo) =< Vi =nf = N3,
Im|-|ma|<n

where from

wh(0.1)2

Proof of Theorem 3. Applying the linearity of the Radon transform and the upper bound for

the error of recovery by exact information, we obtain

ko

k1 k k
f(x1,22) —*Z Z ( ( : 2>+€N>R1DN<«T1_nl,x2_n> <
L2(0,1)2

k1=1ko=1
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k1 k k k
< || f (z1,22) Z Z f( ! 2> Dy (361—7;,562—;) +
2

k1 1ke=1 £2(0,1)
k k
+ ||ENn Z Z R "Dy (1:1 M , Ty — 2) << (2.46)
n
k1=1 ko= 1 £2(0,1)2
k k
caNEre | Y AR 1DN<951—1 wg_n?)
k1=1ko=1 £2(01)2
Let estimate the second term
k k
IDIET R RS
k1=1 ko= 1 £2(0,1)2
. Applying Lemma 4 to the function
n n
1 __ k k
g(w,m2) =Y Y ~ I 'Dy <£U1 - gl,irz - ;)
k1=1ko=1

in the norm L?(0,1)? = W2(0,1)?, we obtain

ZZ RIDN<$1kleI;2>

~
=~

ZZ RlDN<£L'1kl£U2];2)

k1=1ko=1 HW2(J(0,1)2

k1=1ko=1 L2(0,1)?
k k k k
<ZZ RlDN<:E11:U22)>H ZZ DN(xllﬂczQ)‘
n 1 n 1
ki=1ko=1 W2 (0,1)2 k1=1k2=1 W,2(0,1)2
(2.47)

Applying Lemma 14 for g = % we obtain

| RN N k1 ko -
EN ZZNR DN<ZC1—n,.%'2—n> =

ki=1ko=1 £2(0,1)

=z 1p h1 k2 = &yN1 2.4

= EN ZZ N 7.%2_; X ENIVA. (8)
k=1 ko= 1 W%(Ol)

Equating N™2 and EvN1, by (2.46) and (2.48) we obtain € = N~ (5+%) (see also Theorem
A)
N5 << 6 (0; In(WF(0, 1)2) % {o}paoa) 2oy <<
~ —(r4l r i
<< bon(En = N-GF3); Ly (W5 (0,1)%) x {on}rz01)2)r201)2 =

= inf sup {Ilg (2) — ox (1 (9) + En sl (9) + En5 )| 120,102+ 9 € WE(O,1)? { <<
l1,...,Inall possible

linear functionals; pn

[z, 22) — — Z Z (Rf(kl kQ) N) R™'Dy (901—%17302—%2)

kl 1ko=1

<< sup
fews(,1)?
which completes the first part of Theorem 3.
Now we prove the second part that for any increasing to 400 a positive sequence {ny}x_;
we have equality (2.45)
Assuming gy (z) = 0, by virtue of (2.46), we have

L2(0,1)2 << N_g,
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L2(0,1)2

" ky k k k
= Sup f (o1, 22) — — Z Z (Rf( k 2) +6N77N> R™'Dy (331 - gl,@— 2)

L2(0,1)2

FEWI(0,1)2 n
1 ko 1 k1 ko
> gN(l’l,l‘g NZ Z (RgN< )—i—EN?]N)R Dy <x1—n,x2—n =
1=1ke=1 L2(0,1)2
EN77N Z z R D ( X1 — —,T9 — ’;2) =
k1=1ko=1 L2(0,1)2
= 1y v k k - -}
<EnnN|w 2o > Dn (iﬁl T2 — n2) >>ennnN
ki=1ko=1 W%(O 1)2
In the end,

MH

on (nNm ik 38 Ry () RD (11— B ki))
(0,1)?

k1=1ko=1
A}im >
—00 ON (O; Ly (WZ(0,1)2) x {(pN}L2(O’1)2)L2(0 12
1
= NE
> lim M: lim ny = 4o0.
N—oco N7 2 N—o0

Theorem 3 is proved.
Theorem 4 (C(N)D-2, the version of "no more £y "). Let is given r > 0. Then for
N =n? (n=2,3,...) and for the computational operator

k1 k k k
ZZRf(l 2) 1DN<$1—17$2_2>,
=1ko=1 n
where

1 < _
Dy (z1,22) = Dy (21) - Dy, (22), Dy (z;) = 3 + Z cos2rkx;(i = 1,2)
ki=1
and for the value &n = N-(5+1)
sup

1 & k1 ko (k1,ko) - -1 k1 ko2
, f(ILIz)*N E (Rf(n n>+’yN > €N>R Dy (:L’lffn,iltszn)
few;(o,1) ky=1ko=1

£2(0,1)2
|,Y§\;€1>k2)| <1

=~ N"%.

Corollary 4 (C(N)D-2, the version of "no more £y "). Let are given an open set

QCE,=[-1, %]2, r > 0. Then for the class Hj () ~ W3 (Eq) every N =n? (n=2,3,...)
and for a computing operator

A S (BB ko, (- B ),

k1=1ko=1

and for the value én = N-(5+%) satisfies:

1 = — k1 k k k r
sup ’f x1,x2) N Z Z (Rf ( ! 2) (kl’k2)€_N) R™'Dy (wl—;l,rz—f> < N72
feH(Q) ki=1ko=1 12(9)
‘,Y%Cl,kz) <1
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Proof of Theorem 4. Applying the linearity of the Radon transform and the upper bound for
the error of reconstruction from exact information (Theorem 1), we obtain

k1 k k k
P 33 (R (B2) e mny (B B)|
kl 1 ko=1 L2(0.1)2
1 — w kv k2\ 4 k1 ko
< . fi e 0 2 2.4
< || f (z1,72) NZZRf<n’n>R DN<361 D2 n) + (2.49)
k1=1ko=1 L2(0,1)2
TEN En: En: (k) Lpoipy (g = Mg - 2 <
N N ’ n -
fi=1 ko=1 12(0.1)
<N_%+&:N zn: zn: (k1k2) R_lDN l’l—ﬁ xg—@
= N N , n
fi=1 k=1 L20.)

Let estimate the second term

n n
(klkz)lRle k& _ ke
Z Z YN N N |71 " » L2 "
k1=1ko=1 L2(0,1)2
Applying Lemma 4 for a function g (x1,z2) = kzl k21 v(klkZ L ~R™'Dy (zl — B g, — k—2> in
1 2
the norm L2(0,1)? = WY(0,1)? we obtain

> 3o gy (m = 2)

k1=1ko=1

X

~ 3 3 Ry (- e - )

k1=1ko=1

L2(0,1)2 wi(0,1)2

ZZ <k1k2>1 ( “1p (xl_’ﬂm_"ﬁ))
N n, n

ki1=1ko=1

K1,k k1 ka2
N P N )
5 k1=1ko=1 n n

W2 (0,1)2

WQ% (0,1)2
(2.50)

Separately, let estimate WQﬁ (0,1)2 norm of the Dirichlet kernel:
Lemma 15. For any >0

B 1
HDN (%1 — o, T — t)HWQB(O,l)? =~ N2tz

Proof. According to the definition of the Dirichlet kernel
1 ) )
Dy (x1 —a,m9 —t) = Dy (1 — ) - Dy (22 — t) = 1 Z 2rimi (w1 —a) g2mima (w2 —t)

[mal,lma|<n

Then

- E e2mim1 (21704)627Tim2(1:27t) —

e
e

E 6727mm1a6727rzm2t627m(m121+m2:v2)

[ma|,lma|<n wf(0,1)2 Im1| < n,
|ma| <n W2 (0,1)2

whence

s 2

- 2 2\B | 1 —
IDx (21 = avme = O =< > (md+md) | D (ma,ma)| =
w5 (0,1)2
k1,k2=1
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n
= > mitmd)T= > (m+md) = (n?) n? < 0?2
k1,ka=1 5 <k1,k2<n
where from ,
B+1
IDx (21— @) - Dy (wa —t)l| ,  =<n*' =N
W) (0,1)2
Lemma 15 is proved.
Applying (2.50) and Lemma 15 for = %, we obtain
n n
= (kik) 1 o1 k1 ko -
o | 30 D0 A R Dy (11— 2y - <
k1=1ko=1 L2(0,1)2
n n
oy (k1,k2) 1 k1 ka2
<En || D D W ~ D~ <$1 el || I (2.51)
k1=1ko=1 WQ? (071)2
- - 1 k g 3 3
_ 1 N ar3ar a3
<< EN Z Z NDN (xl — ;,1‘2 — >HW7 " << WNALN =&yN1,
ki=1ko=1 )?

By virtue of (2.49) and (2.51), equating N™2 and EnNT we obtain &y = N~(371) | Fur-
ther, for &5 = N=(5+9) satisfies

N72 << én(0; Ly (W5 (0,1)%) x {entre)2)r201)2 <<

<< on(en = N-GH) I (WE(0,1)%) x {on ra0.12) 12002 =

= inf sup Hg(-"ﬂ)—WV (11 N +vPen, o ln (f)+’YJ(VN)§N )H R 5 <<
li,...,In — allpossible 4 ¢ W5 (0,1)2 L=(0,1)
linear functionals;pn | <1(r=1 N)
1 & = k1 ks _ k k
<< sup f(7017$2)—ﬁ > > (Rf <*17*2> +§N’Y§\II‘:1)IC2)>R 'Dy <931—f1,22—f2
f e wio,1)? k1=1ko=1 non n n

’y§v’“1=’“2>) <1(1< ki, ks <n)

Theorem 4 is proved.

§3 General remarks on further C(IN)D-development of the theory of Radon trans-
form

1. C(N)D is different. Lemma 11 of Frank Nutterer whichused in the proof of main
theorem in the article [10] were applied to other questions related to the coding theory - how
farfrom each other two functions can be removedin the Hilbert metric, whose Radon transforms
approximatethis function with a given accuraly [10, Theorem 4.2]:

At the same time, as it turns out, the Radon transform naturally fits into the C(N)D-scheme.

Therefore, we continue to estimate the error of recovery of functions from this class (not
necessarily Hj = W3 ) from arbitrary computational aggregates, including the values of the
Radon transform at points.

2. The C(N)D-problem of approximate differentiation and the theory of Radon
transform. The Radon transform Rf («,t) (s (s = 2,3,...)-dimensional) (see 1.7) maps a func-

tion f, defined on a unit cube [0,1]® (or, which is the same thing, on a cube [—% 5} ) to the

set of its integrals over hyperplanes (p (t)0 (a))* in R®, where

01 () = 01 (a1, ..., 5—1) = sin 2way sin rag... sin a1,
0o (o) = 03 (1, ..., is—1) = coS 2mayy Sin Tavg,
— — s—1
0(a) = (01(a), ... 0s(0)) = 0 (a) =6, (a1,...,a5-1) = cosmaj_q || sinmay, npuj =3,..,s —
[y
0s (o) = 05 (a1, ...y us—1) = cOSTOU5_1,
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A lower bound for the reconstruction error. Let y be the density of a picture in

the bounded domain (1. Suppose that all we know of y are approximate values g, for
R,y with

1 n
4.1) !Ifha'—zr,'li%;;1 (Riy —gu)’se’.
What can we say about y?

Thus we are interested in the quantity
r(a, n, €) =sup {ly1 = y2ll.c: |Ry: — gll» =&, lyill ugn =1, i = 1, 2, for some g}
=2 sup {[z]| L, IRz[l = &, |zl ngy = 1}

Obviously r(a, n, £) is a lower bound for the worst case error of any reconstruction
technique using only the erroneous data g, and ||y|nzea)=1.

Now we can find a lower bound for r(a, n, £). To fix ideas we assume the L, to be
the straight lines

(4.2) L siwj+tof, teR,

where the s;€R', i= —gq, - - -, q are arbitrary and w; = (cos ¢; sin ¢;), ¢; = 6j/p, j =0,
.«+, p—1; i.e., p is arbitrarily discretized and possibly incomplete views have been
taken from angles which are equally distributed in [0, #], 0 <8 = 7. The number n of
data is n = p(2q + 1). The validity of Theorem 4.2 below depends in no way on these
assumptions, which are made for ease of exposition.

THEOREM 4.2. Leta >3, () bounded, and assume the Ly to be the straight lines (4.2).
Then there is a constant C(a, 1) >0 such that

r(a, n, €)= Cla, Q)(n~ 2 + /=12y,

a=(a,...,as_1) € [0, 1)571,

in which the parameter 7 = p(t) and aq,ag,...,as—1 spherical angles vary within 0 < ¢t <
1,0<a;<1(j=1,2,...,s — 1) and then

Rf (a,) = / £ () dy.
(p(t)8(a))-

The inverse Radon transform R~'f over Rf naturally returns to f (see, for example, [7,
Theorem 2.1| and Lemma 10).

The effectiveness and informativeness of tomographic methods is directly dependent on the
depth and subtlety of the applied mathematical theory, but here it is the whole arsenal of
harmonic analysis involving algebraic number theory.

On the eternal problem of approximate differentiation in the framework of the C(N)D-theory,
it is established

Teorema B (N.Temirgaliyev, A.Zh.Zhubanysheva [43]). Let are given a positive in-
teger s and non-negative numbers r, 1, ...,8s such that r > max{ﬂl + ...+ Bs, %} .Then the
following statements hold (N = n®)
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C(N)D-1: dn(0; Px(W3 (0,1)%) x {on}r2(0,1)2)22(0,1)° =

= inf sup BroeBs) (2) — v (1 (f) 5 oo In (f) 5 )H L2(0,1) <
l1,...,Iny — allpossible few;(0,1)®

linear functionals;pn

/31 + +55
= sup .
fewi(o,1)s

(Br-sBe) () — A%gl’mﬁs) (; f)H r2000)s < N~ ot

C(N)D-2(version "equals n "). For the operator of approzimate differentiation

1 k ks
AR (@i f) = — > F(€W) o (v—¢®) 6™ = (; n) (3.1)
k= (i, ks) € Z° -
ki=0,1,...,.n—-1(=1,..,9)
~ ~ ~ _I+M . . cyg .
value 6y =on (Py) =on (PN(WQT) X {¢N}L2(0,1)S> =N"s s is the limitting error:
At first,
on (0; Pn(W3 (0,1)%) x {¢N}L2(0,1)S)L2(0,1)S =
- ,81+ +ﬁs
= 0NN (PN) = N"sH 5 PN(W5 (0,1)°) X {én} 120,00 ) 12(0.1) =
= in su (B1seem s) (1) — (1) G (N) G- . r s
= s {e @ e (1 () romn () + N,) oo T EWE O]

linear functionals;pn

o\ Bs _r P1t.ABs
FPeBa) () — AT B)(ﬂﬁ;f)H L2001 XNTETT

= sup
FEWS(0,1)8

)

secondly, for any increasing to +00 a positive sequence {nn}x_, the equality

51+ +Bs 1

& b J(E®) - (w = ¢®)

ki=0,1,..,n—-1(j=1,..,5) .
lim L2oL _ +00,

Nooo oN <0 Pny(W3(0,1)%) x {on}2 01) £2(0,1)5

C(N)D-2 (version "no more €y "). For the computational operator (3.1) and for the quantity
EN = N—(5+3) the following relations holds

On | wN— T

(4l
5N(0§PN(W2”. (07 1)5) X {‘PN}L2(0,1)S)L2(0,1)5 = 6N(§N (PN) =N (g 2)§PN(W2T (07 1)5) X {SDN}L2(U,1)S)L2(0,1)S =
— . (B1,:Bs) ey Mgy (W) (s . o
= Iyl lnillpossible fe WT (051111);)5 Hf ’ (@) = on (f (5 ' ) TN o f (6 " ) TN EN“)”zﬂ(o,lp -
linear functionals;¢pn } 1(r=1,..,N)
r B1t.+Bs
=~ sup (ﬁl,...763) (SU) _ Agglamvﬁs (ZU f)H L2 0, 1 s = N~ +1f
feEW3(0,1)®
secondly, for any increasing to g1 = ... = Bs = 0 a positive sequence +oo the equality
{nv}r=
_ryl
On | NNz 5 D f (€®) - Dy (2 — W)
k= (ki,...ks)€Z°:
ki=1,...,n(=1,..5s) o/n s
A;im L2(01)* _ oo,
—00 ON (0 Py (W3(0,1)%) x {¢N}L2(0’1))L2(0 1y
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Theorem B, in combination with the relation (|7, Theorem 5.2])

||f($1, "'7‘T“>’)HW2T(O,1)S = HRf(Oé,t)

HW;+351 0,1

literal repetition of the scheme of the proof of Main theorem in §2, leads to s-measurable
version of Main theorem

Theorema 5. Let are given r > 5 (s =1,2,...) and an open set Q C E, = [—%, %]S . Then
for the class H{ () ~ W3 (Es) and all N =n® (n=2,3,...) the following statements holds

C(N)D-1: The informative power of the Radon transform is

inf sup ||f (z) —on (L (f), s INC(F )i 2) || 12(0) =
l1,...,Iny — —allpossible feHF(Q)

linear functionals overH( (), pn

= inf sup Hf(x)—gaN (ng(agl),...,ai,ljl,t(1>),4..,ng(o¢§N),...,ozijj)l,t(N));x)H L2y <
({7 oD e (r=1,...,N), o FEHFE)

1O - k ks\ - k ks _r
= sup ||f(x1,...,29) — v Z Z Rfq (nl’ vy n) R 1DN (xl — zl, ey T — n) 2@ XN s.

JFEHE(R) Ei=1  ke=1

C(N)D-2 (equals "version oy "). For computational aggregate

1 — - k ks k ks
-~ > Rfg (7; > R 'Dy (m — Az — > , (3.2)

n n n
k1=1 ks=1

and for the valueoy = N-G+55)  the relations are satisfied:
Firstly,

I - k ks i _ k ks _r

sup Hf(xl,...,ms)ns S LY (ng (;;) +0N)R Dy (xlf;l,...,mf n) <N
f e Hy(Q) ki=1 ke=1 L2@)

Secondly, for any increasing to +o0o a positive sequence, {nn}x_, the following equality holds

ON nN&NEnNN’(%S;);# Z E Rfa (%,,%") RilDN (:cl—%l,...,xs—%)
ki1=1 ks=1 L2(Q)
A}im = 400
— 00 . .
KSN (07LN(H6 (Q)) X {QDN}L2(Q))L2<Q)

C(N)D-2 (version "no more En "). For the computational operator (3.2) and for the en = N-(5+55+3)
the relations:

1 & - k ks _ k ks
Hf(m,...,mNz...z(mﬂ(;,,._,nw;ﬁl »»»»» D) R Dy (o= 2 b2

ki=1 kg=1

L2()

Thus, for s > 2 and on the problemof recovery of f by the unexact information of the
r,s—1,1
Radon transform with an accuracy of no greater than &y = N ~(5+*5°+3) there is no loss of

final accuracy.
At the same time, if the calculation of the Radon transform is mistaken for a constant value

on =N -(5+5) , then there will also be no loss of final accuracy, but it will collapse for nyo N
- any arbitrarily slowly increasing to +oo the sequence {ny}.

The question of the finality of the error xn in the "no more €x " version, when it is necessary
to find My — +oo such that Enny =: En in the limiting error in the version "no more £n "
remains open, it is known only that NG +2) = EN<eéEn<on= NG5

3. Radon transform in C(N)D-statement and lower bounds. Assume (below in
addition to these brief notations, we will also use informative notations from [41-43, 48-51] )

on (F, Rf)y(n) = inf sup Hf(:v)f@N (ng(agl),...,ailjl,t(l)),...,ng(agN),...,ailj)l,t(N))
{7, oD B (r=1,...,N), o FEF ()

s

(3.3)
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Then the known lower bounds for the quantities dx (F, L)y for all possible linear functionals
entail lower bounds for the quantity(3.3)

.. KON (F;L)Y <N (F;Rf)y,
which also apply to all linear counterparts and modifications of the Radon transform.

We specify C(N)D-the statement for the Radon transform. Here we restrict ourselves to
the classes F of functions defined on the unit cube [0,1]*, abanach spaces Y and functions
©n (#1,...,2N; ) are taken as described in the Introduction (see also [41-42]).

From the results of [48] obtained for dy (F'; L)y , for the Radon transform, the following lower
bounds holds (for the definitions of the involved classes of functions, see, for examplein, [44]).

Theorem 6 (Sh.U.Azhgaliyev, N.Temirgaliyev [48]). Let are given an integer s > 2
and an open set ) Cs= [—%, %]s Then for the class Hy, () and any positive integer N the
following statements hold:

a) If 2<p<qg<oo and r >0 are such that §_<%_é>>0'

N_("‘/S_(l/P_l/Q)) <<

<< inf sup 1 (@) = on (1()s oo In (P @) | pagey <<
l1,...,INn — all possible fEHL ()

liniar funcsional overHp(2), on

<< sup Hf(x) — ON (RfQ (agl),...,agl_)l,tu)) ..., Rfa (agN), ...,aglz)l,t(N)> ,x)H La(Q)-

inf
({7 salD ) eBg (r=1,...,N), o FER(Q)

b) Let 2<p<qg<oo, 1<60<o00 and r >0 such that g—(%—%>>0.

Then the inequalities hold
N—(/s=(/p=1/0)

<< inf sup  [[f (z) —on (L) IN(f)i @) La) <<
l1,...,In — all possible FEBT,H ()
liniar funcsional over B;y(Q), ¢
< - [0 — o (s (0Dt R (s ) )|
@0l e (r=1,...,N), o FEBLG(D) L9(Q)

Theorem 7 (Sh.U.Azhgaliyev, N.Temirgaliyev [48]). Let are given an integer numbers

s>2, 1<qg<p<2, and an open set Q) C E; = [—%, %]S Then for the class Hy (2) and
any positive integer N the following statements hold:

N~/ << inf sup [|f (@) —on (L(f), s IN(F); @) || Lag) <<
l1,...,Iny — all possible feHF(Q)
liniar funcsional overH};(S2), N
o O P S Y B
[CI IR ost_l,t(T))eEs(TZI ..... N), on FEHR(Q)

Theorem 8 (Sh.U.Azhgaliyev, N.Temirgaliyev [48]). Let is given an integer numbers
s>2. Then
a) For a real T > % and any positive integer N | the inequalities hold

lnr(s—l) N

Nz << On (03 3 SW3 (2)5 Ly X ON) ooy << On (03 f3 W3 (Q); R X ¢N) o) -

b) For a real r > 0 and any positive integer N , the inequalities hold

1nr(sfl)

v << O (05 f SWE ()5 Liv X on) ) << O (03 f3. SW3 (Q); Rf X o) r2(q) -

Thus, in the C(N)D-statement, the Radon problem is reduced to upper bounds for the quantity
(3.3) (as reported in the Introduction, which consists of obtaining || f|| zr < ||Rf|| pr+2 ), with
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the subsequent finding within the framework of C(N)N-2 the limiting error of the recovery from
the numerical values of the Radon transform, with the completion of C(N)D-3.

4. Radon transform and the quasi Monte Carlo method. Each b = (aq,...,a5-1,1t) €
[0,1]° in formula (1.7) has its own hyperplane (7(£)b)~. At the same time, it is natural to
expect that than more evenly amformly on [0,1]° the sequence (grid) of points by,...,bx,
that the closer to f(z) (in Y') the function ¢y (Rf (b1),...,Rf (bn);z) (with the proper
algorithm @y (21, ..., 2N ) ).

Thus, here we can apply the quasi Monte Carlo theory, in which the degree of uniformity-
distribution is determined through the discrepancy ( xsis the characteristic function of the set
J)

1 N s s
DS (bl,bg, ...,bN) = sup N ZXJ(bk) — H(d] - Cj) J = H[Cj,dj} C [0, 1]5
k=1 j=1 j=1

In this circle of questions, the heuristic principle “Spectrum of large trigonometric coefficients.
For all classes of Sobolev, Nikolsky, and Infinite classes, there are integer points corresponding to
the dimensions of the cube with an accompanying equal grid (as in Theorem B for the Sobolev
class W3(0,1)%). However, this means that function classes are the dominant mixed derivative
or difference. “Hyperbolic crosses,” which already correspond to uniformly distributed grids with

a disk in the extreme degree of a power series log]f,N (for details, see [52-64])
So in the case of a class SWJ(0,1)?, uniform meshes are replaced by meshes (see [53] and

[55])

b, = <T, {Tc”‘l }) (r=1,2,..,N =cp(n>3)),

Cn Cn
where {c;} is a Fibonacci sequence co =c¢1 =1, ¢ =¢r-1 +cr—2 (T >2).

By K. Sherniyazov [63] (see also [64]) was obtained a series of exact in the power scale theorems
of recovers of functions from their values at grid nodes constructed on the basis of Korobov grids
and their modification (see [52]).

Valid

Theorema C (K. Sherniyazov [63]). Let is given a positive integer s. Then for every
integer positive N we have the following relations holds

1) for r>1

N~ <inf sup sup |f(z) = (Tn f) (2)| < N~O" Vil
TsS fEET zER® T8

N=(=2) < inf sup |f(:) = (ITnf) (')|L2(0 s K N_(T_%)ln(r(s_l)N,
T, feEr ) TS
2) for r>1/2

N D<inf  sup  sup |f(z) — (Inf) ()| < N_(r_%)(lnN)(”%)(S_l),
nS feSWg(0,1)c xR s

N~(=3) < inf sup  sup |f(z) — (Tnf) (z)| < N~y
™S feSHZ(0,1)s zER® ™S
Here, in all relations inf is taken over all operators of the form

Tn=(TInf) (@) =on (f (&) f(EN),2),
where o (21, .., 2n;2) : ON x R = C is a measurable function and &; € [0,1°(j = 1,2,...,N).
Moreover, upper bounds in all these relations are sharps on

0 1 _
()= ¥ X F({ens))
Te€Z®:7;>0 ke Zs: —2Mpr gy <k <2 iir,
T+t <n _QTjSk;jSQTJ'(j:Z...,S)
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Z 627ri (m,;t—(A;,IT),k)

m € Z* : 2" tmax {1, |m;|} < 27

Y

(j=1,2,...,9)
where a positive integer n is determined by N . Further, for all 7 = (71,...,7s) € Z° such that
7, >0 =1,..s) and 11,...,7s <n
omtly . —omlg{ndedT) o gm g (mebet)
A = 0 972+1 0
n,s —
. . -

where pi1,pa,...,Ps -primes such that

2nfk+25(n —k+ 1)72 <pp < 2nfk+25+1(n —k+ 1)72’
and integer a3 = 1,a§k),agk), ...,agk) are optimal coefficients by modulo p(k = 1,2,...,n) of
index B(s) > 0.

Applying this theorem to the Radon transform Rf again leads to the problem | f||p =
|Rf|| pr+z , i.e. obtaining an analogue of Theorem 5.1 from [7| for the norms F" from Theorem
C (and, in general, all classes from [44]).

In conclusion, the authors are deeply grateful to the staff of the Institute of Theoretical
Mathematics and Scientific Computation of the L.N. Gumilyov Eurasian National University
S.S. Kudaibergenov and N.Zh. Nauryzbaev for valuable advice and useful discussions.
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Teopusa npeobpazoBanusi Pagmona B KoHneniuu KoMnpoTepHoro

(BI)I‘{I/ICJ'II/ITGJ'II)HOI‘O) IIoriepeYHukKa 1 MeToJ0B TeOopuMn KBa3u MOHTe-KapJ'IO 1

Awnnoranms: Ilokasano, uro pesysnbrarel no K(B)II-3amade BoccraHOBIIEHHUS TIPOU3BOJIHBIX
byHKIHUI M0 UX 3HAYEHUSIM B TOYKAX, C HCIOJb30BAHUEM BCErO JIUIIb OJHOIO COOTHOIIEHUS

1wy 1) < IR soa BJIEKYT &JITOPUTM PaIoHOBCKOro CKAaHUPOBAHWUSI IIPOU3BOJILHOTO
2\ W2 T(O,l)s
OTKPBITOrO (He 00sI3aTeIBbHO CBS3HOIO) OIPAHUYEHHOIO MHOXKECTBA, ONTHMAJIbHBII CPe/i BCeX

BbIYUCJIUTEJIbHBIX arperaToB, IIOCTPOECHHBIX 110 HpOI/ISBOJIbHOfI JUHENHOU YUCI0BOI I/IHCI)OpMaLLI/II/I
00 n3y1acMOM O6’beKTe, K TOMY 2K€ C YKa3aHUEM I'DaHUIL BBIYUCJAUTESIBHO IIOI'PEIIHOCTH, HE
BJ/IMAIONMUX Ha OKOHYaTEeJIbHBIIT pe3yJsibTaT.

Kurouesbie ciioBa: IlpeobGpasoBanne Pamomna, mpocrpanctso CoboseBa, KoMmmbioTepHbrit
(Beramcsmrenbubiii) nonepeunnk (K(B)II), BoccranoBiienme mo TOYHONH W IO HETOYHOM
nH(POpPMAIMU, BBIYUCIATEILHBIA arperar, IUCKPEaHC, PAaBHOMEPHO pacIpeesieHHbIe CETKH,
cerku KopoboBa, onTuMasbHble KOIPMUITHEHTHI.

BBeaenue

Haunen co cieyromiero obmmproro murnposanns Crannciasa Jlema?,

1. «<BE3YMUWE, HE JIMHHTEHHOE METOZA. /[asatime npedcmasum cebe nopmmozo-
be3yMua, KOmMopull Wbvem 6ce803MonHcHble 00eotcdv. Ol HUuYe20 He 3HAEM HU O AI0OAL, HU O
nmuyazr, wu o pacmenusax. Eeo ne unmepecyem mup, on ne usywaem ez2o. On wovem 0destcovl.
He snaem, dasn xoeo. He dymaem 06 smom. Hexomopoie odestcdvr umerom dopmy wapa bes
gcaxuxr omeepcmuti, 6 dpyaue nopmmot swusaem mpybol, Komopsvie nadvieaem "pyxasamu” uiu
"wmanunamu". ucao ux npouseosvro. Odescdvl cocmoam u3 padho2o KOAUMECMEA Yacmel.
Hopmmnot sabomumcsa Auws 06 00HOM: OH TOUem ObIMD NOCACI0BAMENLHDIM.

Tomosyio odeotcdy nopmmot ommocum na 02pommvili cxaad. Ecau 60 Mol mozau myda eotimu,
mo ybeduaucs 6vl, Mo 00HU KOCTIOMYL NOOTO0AM 0COMUMHO2Y, IDPY2Uue - dePesbAM UM babOUKaAM,
Hexomopoie - A100am. Mol Hawau 6v, mam 00excdvl OAL Kenmaspa u eouHopo2a, a4 MmakxiHce OAf
€030aHUtl, KOMOPLIT NOKA HUKMO He npudyman. O2pomroe GOALWUHCNEO 00excd He HAUWLAO
OvL HuKaKk020 npumenenus. Jobol npusnaem, wmo cududos mpyd 3moz0 NOPMHO20 - “UCTNOE
besymue.

Touno max orce, xax amom nopmmot, deticmeyem mamemamuxa. Owna cozdaem cmpyxmypol,
Ho HeuzsecmHo wvu.  Mamemamukx cmpoum modeau, cosepwennvie camu no cebe (mo
ecmy  COBEPWEHHBIE MO CBOET, MOYHOCTIU), HO OH He 3Haem, MoJdesu we20 OH Co30aem.
Imo ezo He unmepecyem. Own deaaem mo, uwmo desaem, MaK Kakx MaAKas OEAMEALHOCTL
0KA3AAGCH 803MONHCHOU. Koneuno, mamemamur ynompeodasem, 0COOEHHO NPU YCMAHOBACHUU
NEPBOHAUANLHOIT NONOHCEHUL, CAOBA, KOMOPHIE HAM U3BECTHBL U3 00b10enH020 A3vika. On
2080pUM, HANPUMED, O WAPAT, UAU O NPAMBL AUHUAL, UMb 0 moukaxr. Ho nod smumu
MEPMUHAMU OH HE NOOPAYMEBAEM ZHAKOMBLL Ham nowamut. Q60aA0UKa €20 wapa HE uMeem

LCrarps Bomonmena B pamMkax rpaHToBoro ¢punancupoanus o jguaun MOH PK, mpoekt Ne AP05132938
"TIpeo6pasoBanne Panona B 3ajavuax auckperusanun'
2Crammcnas Jle: Cymma Texnosoruu. M., «Mup», 1968.
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MOAUURDL, G MOoYKe - padmepos. Tlocmpoennoe um nPOCMPAHCMBO HE ABAACMCA HAWUM
NPOCMPAHCNEOM, MAK KAK OHO MOIICEM UMEMD NPOUSBOALHOE YUCAO UudMeperud. Mamemamur
3HAEM HEe MOALKO OECKOHEUHOCTNU U MPAHCHUHUMHOCTU, HO MAKICE U OMPUUGMEALHDLE
eepoammnocmu. Ecau neumo doascho npousotimu HagepHoe, €20 8ePOAMHOCTG PABHA eOUHUUE.
Ecau orce asaenue coscem me mooicem npouzotimu, onwa pasua Hyato. Okasvieaemcs, «mo
MOHCEM, CAYHUMDBCA HEUMO MEHDUEE, “YeM NPOCMO Hernacmynaerue cobvimus. Mamemamuruy
NPEKPACHO 3HAIOM, YMO He 3Ham, wmo desarom. Becoma womnemenmmoe AUUO, G UMEHHO
Bepmpan Paccen, cxazan: "Mamemamura moorcem 6vuimsd onpedesena kax dokmpuna, 6 Komopot
MbL HUK0200 HE 3HAEM, HU O YeM 2060PUM, HU MO20, 8EPHO AU MO, 4MO Mbl 2080pUM "».

NmeHHO B 9TOM KJIFOUEe MPOUCXOJIUIN COOBITHSI, BbI3BAHHBIE H300pPETEHUEM TEXHUKH,
MTO3BOJISIFOIIEN  1IPM  [IPOCBEUMBAHUE MAaTEPUAJIBLHOTO OObEeKTa WHTEHCUBHOCTb Jiyda Ha
BBIXOJIE IOJIYIATH PABHBIM MHTErpajy (DyHKIUU PACIpEeeeHus IIJIOTHOCTH BEIeCTBa BJIOJh
TPAEKTOPUU JIy4ua, C BeCbMa TOYHBIMEU OIUCAHUSMHU Ha Mepornpusitun «VIHHOBarmuu uepes
dbyHgaMeHTATIbHBIE UCCJIefOBaHus. BKJIaj HAyYHBIX TEOPU U OTKPBITUI B ITPOTrPecC
obmecTBa B nejom (Benckmii yausepcurer, 2016) 3:

Pexmop Benckozo ynusepcumema (na npumepe H. Padona). «Hacmo eewu makoswl, wmo
MAMEMAMUYECKUE MEOPUL HATOOAMCA 8 GOCMPAKMHOT Popme, B03MONCHO, PACCMAMPUBAIOMCA
KaK CMEPUALHDIE YAOBKU, KOTOPbLE GHEZANHO OKA3LLBAIOMCA UEHHBIMU UHCTPYMEHMAMU OAA
Pusuneckur 3HAHUT U, MAKUM 00PA30M, HEONHCUIGHHO PACKPLLBAIOM UL CKDLIMYIO CUAYS.

Kapa Buemynd <«Hozann Padow uccaedosan abemparxmioie npodaemov. max Ha3v6aeMmol
YUCTOT MATMEMAMUKY U NOHAMUA HE UMEAL, MO ce200Hs npeobpaszosanue Padona seasemcs
0CHOBOUT KOMNDBIOMEPHOT momopaduu. Hx MHO20MUCAEHHBIE NPUAOHCEHUA NOOMBEPIHCIAIOM,
nPasuUN0: HEM HU“e20 boaee NPAKMUYHO20, YeM TOPOULAA MEOPUAS.

Tak BoT, eciim (QYHKINIO paclpeeseHus IIJIOTHOCTH BeIecTBa 0003HAa4INThL depe3 [, To
MHTErpaJ BJOJIb PAMBIX, BIOCIEJICTBUN HA3BAHHLIN npeobpasosaruem Padona, ectnb

+0o0
F(p,o)=F(-pp+m)= / f(pcosy — ssingp, psinp + scosp) ds (0.1)
—0o0
u
2
_ 1 )
Fp(q) = %/F(fvcow+ysmw+q,sﬂ)dsﬂ-
O —
Teneps ipobiieMa cBOaUTCsT K TipeacTaBieHuto f depes F' u F':
oo _
1 [dF,(q)
P)=-—= [ —2= 0.2
Fpy = [ 02)
0

Oupenenenus (0.1) u reopema (0.2) Gbuin ganbl B 1917 rogy aBcTpuilcKuM MaTeMaTHKOM
Norannom Pajionom B 16-cTpanndHoil crarbe B kypHaje CakCOHCKOI akajieMun Hayk [1]

2.Pagon Noranu(Radon Johann, 16.12.1887 - 25.05.1956). Moraun Pajon pojuics
B ropojge [eunmn (Boremusi) B Ascrpo-Benrepckoit wmmnepun (ubime Yexust).  Ilosmyumn
JIOKTOPCKYIO CTelleHb 1o MaremMaTuke B Berckom ynuBepcurere B 1910 romy. OmybsmkoBadst
45 HaydHbIX pabOT II0 pa3/IMYHBIM pasjeinaMm MaremaTuku. Hambosee m3BecTHbIE M3 HUX
OTHOCATCSI K BapUAaIlMOHHOMY HMCUUCJIEHUIO, Teopuu (PyHKIUN JeHCTBUTEIBLHOTO IIEPEMEHHOTO,
QyHKIIMOHAIBHOMY aHAJIN3Y W N€OMETPHH.

Hayuanbiii pykoBomuresnnb— ['ycras Purrep don Dmepux (01.06.1849 — 28.01.1935),
ABCTPUUCKUN MaTeMaThK, u3ydaj MareMaTuky u ¢usuky B yHubepcurere Benbl. C 1876
Ji0 1879 rojwr npenomaBas B yHuBepcurere ['pama, B 1882 romy paboran B TexHosmorunaeckom
yuuBepcutere 'parna, 3areM B yHHBEpcUTeTEe BeHbI, B KOTOPOM OBLI IIPE3UJIEHTOM YHUBEPCUTETA

3Hetzenecker K, Limbeck-Lilienau C, Schweizer D, Laufersweiler B. Innovation durch Grundlagen for
schung. Der Beitragwissenschaftlicher Theorienund Entdeckungen zum gesamt gesellschaftlichen Fortschritt.
Begleitheft zur Ausstellung ander Universitet Wien [Internet]. Wien: Universitet Wien; 2016. S. 68.
http://phaidra.univie.ac.at/o: 560305 Google Scholar BibTex RIS

JI.LH. 'ymuneB arsingarsl EYY Xabapmeicsl. MaTtemaruka. Komnbiorepiik reiabiMaap. Mexanuka cepusicel, 2019, Tom 129, Ned

Bectauk EHY uMm. JI.H. I'ymunesa. Maremaruka. Komnbiorepubie Hayku. Mexanuka, 2019, Tom 129, Ne4
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H. TemupraJsuwues, III.K.

AbukeHoBa, II1.Y. A>krasnues, I.E.

TayreiabaeBa, A.2K.2KybaHbIieBa

SITZUNG VOM 3o. APRIL 1917

(ber die Bestimmung von Funktionen durch ihre
Integralwerte lings gewisser Mannigfaltigkeiten.

Ven
Jomasx Bavox.

Luiegriert ma vise goeigusten B Be-hnuukdmg:nngn astec.
worfons Feaktion zwaier Vers ny—

f(P) i der Ebsne — lings siner belisbigen n..-.a.n 9, % e
man in den Tobeg Fig) eine rof . Das in Ab-
wcheitt A verlicgender Abbandlung geléate Problem ist die Um

disser linearen Fusktionaltranstormation, d. b. es werden
folgende Fragen beantwortet: kans jode, gosigasten Rogularitits-
bedingusgen geatigeuds Geradunfunktion aaf diese Waise entstandes
godacht warden? Wens ja, ist dano [ durch F eindeatig bestimmi
and wie kapn e ermitislt werden?

Im Abssbmitte B golangt das daza (a gewiesur Hinsdoht duale
Problens der Bestimmusg sine Geradeafunktion Fly) sas ihres
Panktmittelwerien /(P) sur Lisung.

Seh oBlich werden iz .\hu!hu:u C grwine Veraligueeioe-

06 onpeneaennn yHKumil N0 Wx MHTErpanan
BAOAb HEKOTOPHIX MHOrO0Bpasil

Hozann Padon

Kora nHTerpipyior (GymKiiio AByX MCPOMEHHUX X, y, T. &
dyniguo [(P) TouKU ha mAOCKS YAOUACTBOPAIOULYIO 11CKO:
TOPHM YCAOBNAM PECYAADNOCTH, BAOAL MpoLaBoabUOl npsMoit g,
suanends  wmrerpana  F(g) onpeacaswr  dynkquwo  rpamoil.
B§A ngczmamcuuﬂ PaoTs pemicHa 3afaua oGPAINCIHA STOrO

T. ¢ noayc
OTHCT na u\mymuum BOUPOE: MOAKNO A1 AGYI0 hYHKING 1ps-
MOIl, YORICTBOPMIONLYIO NOANOIUIM YEAOMIAM OrYARPHOCTI,
NPCACTABETY, TAKAM GOPAION, W ccln Ad, To ONpeRcARCTCA
T0rAa (ywKuua [ o dynkium F oanowmasio 1 kak ce na

B § B mu ncpexofim x POmCHNO B HEKOTOPOM cutiene
'Uamlmu aagaun onpeacacins dymkun F(g) no ee epeamms
Siauema [ (P).

Hakoncit, 8§ C Kopotko oleywAsioTes 1CKoTopiic obobue-
T, KACZIOUIMCCH, B HaCTHOCTH, PACCMOTPUMMA 1ICCOKANAOBMX
mitorooGpaauit it Goace oGmmx NpocTpancTn,

aYUCHHC HTHY 38701, NPCACTABARIOLLAX CAMOCTORTENLHIM
miTepee, npuobperact ocofoe Imancune GAaroAIps MHOTO4MC:
ACHHBIM CHE3NM 3TOR TCMaTRKM € Teopiiel AorapidMiueckux
HUBIOTOIONBX BOTEHIEANOR, OTMEHCUNUM B CODTHCTCTRYIONIX
PAACAAX CTATH,

A. Haxomnenne dymKuun TONKH HA NAGCKOCTH

N0 IMAYCHKAM ¢ MHTETPAIOB BAGAS NPAMBIX
1. TIyers [{x, g)— neKotopan weltcetneinas dyiiis, onpe
ACACNNAR BO BCEX BOMECTRCHIMX Toukax P=|[r,y] o yromae-

rengen YEAORNAM pery
.m-uu.-h- ullnrhlhghlel sowis biberse Riame Ao- ay) (¥, y) nenpepnma
a8 gibe

Die Bebundlung dieser an sich interessanten Probleme ge-
winot ein erbibtes Iateress durch dis sablrcichea Beziskunges, die
rwitchen dissom Gegunstande usd dee Theoris des logaritbmisel
und Newroxschen Potentiales besteben, anf die an den beetgliches
Stellen cu verweisen sein wird

b) Jtooimon murerpan §§1f(x, o))/ VEF Fdxdy, woanii
N0 BECA NAGCKOCTH, CXOAHTER.
') J. Radon. Ober die Bestmmung

werle lings gowissor ManuigiaHigheils
Leipzig, Malh = Nat. K1, 69 (1917),

M. PALOM, OB OMPEARATAIN @YIIKINA W

I, onpeacauy epegice menns Fo(g) ik F
LM THHEPILIOCKOCT I & uentpoy
W panvycom ¢, Ouo sagaerea (n—1)- ﬁ[lu an

0,90, ...,
nirerpazo
Py L
Fola) = 5= { 7 (e, @) do,
o
FAC ded — 3ACMCNT MAOULOMI TOBEPXHOCTH, £, meerir
way novepxiocti n-wepnol edopu o} 4 ... +af = 1.
Byukuino Fy MOKIO 300UCATE B BIAS M-KPATHOIO MITENPAND
ot f, a nmenno b sige

TR O W (P

L e

— a0

(f+ .. 4R g™

fan (€ MOMOIBIO MHOFOKPATHO HEROAIONANIOFO HAMH 000IA-
WEIHIA CPEANIErO INANCINN) B BHAC

% dxy . db

o @) =i § Fole) (2 = yn-it e,
:

3 popuyaa
MO DianCT
= v, @7 = [ NPIBO

18200

i gopuyne (1), 1t € o nowomo

AT K |<-rvmn.|mmy ypanuenino

® () = S @) (0 — w97 do,

Ecan n verno, 1o, 11u|n|>(-uellmv[|yn 310 ypamueune. (1/2~1)

Pan 10w, Kk n oy YN 113 1CFO, 1
'M”)*Hﬂ 0.0 0.

Takim 00pa3oM, ANH HOAYHCHIE (yHKILt | 13 387

i F onepawin

1 OUI0 WHTEFpHPORAINKC, JLAR KEUSTHDZO 1 5TO WHTCDHPODANIIC

nponaiact, no No-upoaicwy octawten (n—1)/2 olgpaunfi

e penunposari:

o (hyitk-

S GEEERe
*(0) Em-‘ Tow = 3y2)1 s )
Ocobieniio npocTo BHEARANT TpexuepuKl cayiali; ero MowID

HECACA0BATD TAKIKE ¢ MOMOULLIO METOAA, AHANOMHYHOMO HINOKENH-
Womy © 1.5, OH UPHBOANT K BECHM SAEFANTHOMY PeaynbTary,

B 1903-1904 romax. Bwmecrte ¢ Dmuiem Beupom o ocnoBas xypHas «Monatshefte fur Math-
ematik und Physik», a makxke Bmecre ¢ Jlogsurom Boabnmanom u Dmmiem Mrosutepom —
ABcrpuiickoe MaTeMaTUIecKoe OBIIECTRO.

/A

91

r. Jeunn (D

Papou WMoranu. Radon Johann
(16.12.1887 - 25.05.1956)

ecin

HIHCTHTYT BHIUHCTMTENLHON M NPHKNANHON MATEMATHIM HMeHM M. Pafoka

| The Johann Radon Insiiute for Computagonal and Appiled Mathemadics (RICAM)
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XpoHoaozus HaywHo-npenodasamesbekoti desmenvHocmu:

1910-1911 roxer: Iérrunrenckuii yausepcurer (Fepmanmst).

1912 ro:accucrent B Deutsche Technische Hochschule Brunn (Bpro, wem. Brunn, Ascrpo-
Benrpust, upine Yexwust).

1912 - 1919 romer: accucteHT B BeHCKOM TEXHUYIECKOM YHUBEPCUTETE.

1913-1914 rompr: npormesn xabunmuranuio B Berckom yHuBepcurere.

1919-1921 rompl: sKcTpaopuHapHbIil npodeccop (mpodeccop 6e3 KadeIpbl) B TOJBKO YTO
cozanHoM ['ambyprckom yuusepcurere (lepmanus).

1922-1924 roxer: npodeccop B I'paiidesarnbiackom yausepcurere (lepmanus).

1925-1927 rosibi: ipodbeccop B Dptanrenckom yausepcurere (lepmanmusi).

1928-1945 rogbi: npodeccop B yHusepcurere bpecnay (Bpecmiay, Cunesust po 1945 roga,
lepmanust, ubiae Bporyias, [osbiia).

1945-1946 rombr: nipodeccop B Nncbpykckom yruBepcurere (ABCTpust).

1946-1954 ronpr: npodeccop B Nucturyre MmaTemaruku B BernckoMm yHuBepcurere.

1954-1955 ronpl: pekTop Bemnckoro yumsepcureTa.

B 1939 rony Pajion cTaHOBUTCS WJIEHOM-KOPPECIIOHJIEHTOM, a B 1947 roay neficTBUTEIbHBIM
wieHoM Apcrpuiickoit Axkanemun wHayk. C 1952 mo 1956 rojgwr 661 cekperapem OtjesieHust
Marematuku nu Hayku B ApcTpuiickoit AkajeMun HayK.

C 1948 1o 1950 roapr:[Tpesugent ABCTpUCKOTO MATEMATHIECKOTO OOIIECTBA.

B 2003 rony Apcrpuiickasi AkajemMusi HayK OCHOBaJia VIHCTUTYT BBIYMCIUTEILHONW WU
npukJagHoi Mmaremaruku umenn . Pajona.

Pajion u3Becren kKak aBTOp psijia (DYHIAMEHTAJIBHBIX MATEMATHIECKUX DPE3YJIBTATOB,CPEIN
KoTopbiX Teopema Pajona-Hukomuma nu Mepa u naTerpas Pajona.

Norann Panon B 1916 roxy kenmicsa Ha Mapun Puresb, yauTeIbHHUIE CTAPIINX KJIACCOB, Y
HUX OBLIO TPH CBbIHA, KOTOPBIE YMEPJIU B JETCTBE, U 1049b Bpururra (pommrack B 1924 romy). Ona
[IOJIyYmJIa, JIOKTOPCKYIO CTelleHb 110 MareMaTtuke B Hncbpykckom yuusepcurere u B 1950 romy
BBINIIJTA 3aMy?K 3a aBCTPHUIICKOrO MareMaTnKa Dpuka Bykosmua. Bpurumrra Pamon (Bykosnw)
xuBeT B Beme.

[Tpusosumble B 11.3-5 cBejieHust ory6mKoBanbl B [2-39] 1 B uMerormuxcst B Hux Bubsmnorpaduu.

3. Eme omuo moarBepxkjenme npuHnmna Pynmaa «Mcropuyeckasi Hage>KHOCTb
MaTeMaTUuYecKoli HOMeHKJIaTypbl». B 1961 roay amepukanckuit HeiipopeHTreno 0r Buibsam
Ouspaenmgopd paspaboran meron Kommbioreproit Tomorpaduu, B 1963 romy aMepuKaHCKUit
maremarnk Asnan Kopmak uz Yausepcurera Tadrea (Tufts University) nposen sabopaTtophbie
9KCIIEPUMEHTDHI 10 PEHTTE€HOBCKOW TOMOrpadUu U IMOKA3aJ BBIIOJHIMOCTD PEKOHCTPYKIIUN
n3obpazkenusi. Paboras mesasucumo, B 1973 roxy auriuiickuii nH2KeHep-uccenosaresib [obpu
Xayuchuig pazpaboTasi IEePBYI0 KOMMEPUYECKYIO CUCTEMY — CKaHep T'oJioBHOro mosra. B 1979
roay Xayucdunny nu Kopmaky 3a Belgaromuiicss BKaaJ B pa3sutue KoMIbioTepHOIT ToMOTrpadun
obLTa ipucykaena HobeseBckast mpeMusi B 00J1aCTH MeTUIIMHBI.

B kadecTBe erne OJHOrO IOJTBEpXKJEHUsI NpuHIMNa Yosurepa Pymunal40, crp. 429]
«Ucropuyeckast HaIe?KHOCTh MATEMATUIECKON HOMEHKJIATYPBI» BBICTYyAeT TOT (PaKT, YTO TIOCJIE
nybsimkarnuu popmysiel obparienust Pagona B Jleftnmure B 1917 roay u g0 Hobenepckoit mpemun
1979 rona B obsactu memuiuabl, ponuio 62(!!!) roga. Kax et u3 yuenbix Hares dhopmysty
HE3aBHUCHUMO JIPYT OT JIpyra, He 3Hasd Pe3yJIbTATOB, MOJydeHHbIX Pamonom. Ho, mmenno stor
cIydail MoATBEPKIAET, YTO CTPEMUTEILHOE PA3BUTHE MATEMATHIECKUX METOIO0B IIPOJUKTOBAHO
[IPAKTUIECKON TOTPEOHOCTHIO, B JIAHHOM CJiydae mporpeccom KomibooTepHoit Tomorpadun.

Ectb m MHOTO ApYrux <«IOBTOPHBIX OTKPBITUil» pPE3YJIbTAaTOB PamonHa B NTPUKIIATHON
JTepaType, KOTOpble 3aKOHYMINCH TPUMepHO B 1972 Tomy, KOT/ia COBETCKUE U aMePUKAHCKUe
asropsl [reitn (1972), Baitamreitn 1 Opios (1972), Becr (1973), Kopmak (1973) ykazasmn,
uro pabora Pajona Obuia dyHIaAMEHTAJIBHONR JIJIsi TPOOJIEMBI PEKOHCTPYKIMK 10 ITPOEKITUSIM.
Kopmak ccputascs #a 3to B cBoeit HobesreBckoit peun 1979 roga. B ucropuueckom nabiiioieHnn
no sromy Bompocy Mapp (1982) ormewaer, uro Ilunkyc (1964), mo-Bummmomy, OBLT ITEPBBIM
YeJIOBEKOM, pPa3paboTaBIIUM AJITOPUTM PEKOHCTPYKIIUU CO 3HAHUEM JIOCTYIHOI'O MaTepuaJia B
JIMTepaType 1o MaTeMaTHhKe, BK/Iodas crarbio Pagona 1917 roga.
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Xors pabora Pamona B 1917 roay Obljia IpakKTUYeCKH HEN3BECTHA B HMPUKJIAIHBIX 0OJIACTIX
no magasga 1970-x romoB, oHa, 0Oe3yc/iOBHO, ObLIa OIeHEeHAa MaTeMaTHKaMHU U YK€ IIMHPOKO
ucnosib3oBasack B Kaurax /xxkona (1955) u Fenbdanna, I'paesa n Buenkuna (1966).

Haspanne «IIpeobpazosanne Pamonay 6w1m0 mano @puiem KoHOM.

Kak »T10 wacro ObiBaeT B Hayke, caM PaoH To)ke uMeJ IIPEIINECTBEHHUKOB: AHAJIOT
npeobpazosanns Pajona Ha cdepe S? 6b11 nzyden OyHKOM 3a IOJ JI0 HOABJICHHS PabOTHI
Pajiona, pacrnpocrpaHeHure Ha JIpyrue OJHOPOJIHBIE POCTpaHCTBa ObLIO paboroit Curypiaypa
Xe/tbracoHa.

4. 3agauym, NpPUBOALAIINE K Teopumu npeobpasoBanusi Pamona. Mmuorue mpoGiieMbl
€CTeCTBO3HAHUS U TeXHUKHU (acTpodusuku, pU3MKU IIa3Mbl, CEHCMOJIONMH, MEIUIUHBL U T.II.)
CBOJISITCST K PENIEHUI0 OOPaTHBIX 3a/1ad.

HanomuanM, B weM pasHUIla MeXKy HPSMBIMU U OOpaTHBIME 3ajadaMu. Hampumep, mycTh
JIaHO OObIKHOBeHHOE jud depeHnuaabHoe ypaBHEeHnEe W JIONOTHUTE/IbHbIE YCIOBHsI (HAYAIbHBIE
uiu kpaesble). TpeGyercst HaiiTu pernienne Takoil 3agadu. DTO OpsiMas 3ajada. PaccMorpum
TO K€ ¢ MHBbIX no3unwii. IlycTh TOT Ke TUIl ypaBHEHHS M TOT »Ke BuJ yciaoBuil. Ho HekoTopble
mapaMeTphbl, BXOISIINE B ypaBHEHHE WM B YCJIOBUsl HEHM3BECTHBLI. 3aTO M3BECTHO pEIIeHHUE.
Tpebyercst HATH COOTBETCTBYIOIIME 3HAYEHHUSI IIapaMeTPoB. DTo — obpaTHasl 3ajada.

B xonrekcre mpeobpasoBanusi PajgoHa — 9TO Korjga mo pe3yJjbTaraM PEHTI€HOBCKOI'O WJIN
VJIBTPA3BYKOBOI'O IIPOCBEYMBAHUS HEKOTOPOI'O Teja C Pa3JndHBbIX HAIPaBIeHUN Tpebyercs
[IPEJICTaBUTh CTPYKTYPY BHYTPEHHOCTH 3TOTO TEJIa.

B BapmanTe MareMaTmieckoil MOCTAHOBKHM - 9TO BOCCTAHOBJIEHHE 3HAYEHUA (PYHKIUU I10
M3BECTHBIM 3HAYEHUSIM MHTEPAJIOB OT 9TOI (DYHKIINN, BEIYUCIEHHBIM II0 9JIEMEHTaM HEKOTOPOI'O
MHOKECTBa IOBEPXHOCTe#, T.e. cama (QyHKIHMS HEN3BECTHA, W3BECTHO JIUIIL MHOYKECTBO
JINHEHHBIX MJIM TOBEPXHOCTHBIX WHTEIPAJIOB OT 3TO# (DYHKIINU, IOJYIEHHBIX B pPe3yJbrare
9KCIIEPUMEHTOB.

CrexkTp npuMeHeHus npeobpa3oBanusa PajoHa BecbMa MHUPOK C TEHACHINEH K ITOCTOSHHOMY
pACIIMPEHNIO: MArHuTHO- pe3oHaHcHas Tomorpadus (MPT), pagnoacrpornomust, 31eKTpoOHHAS
MUKPOCKOIINsI, PEHTTeHOIUATHOCTHKA, OMOXUMHUSI, IPOMBINLIEHHOCTD, Te0(U3nKa, CefiCMOI0rnsT
u T.a.  Jpyras mmpodaiinmas o0JacTh MPUMEHEHHWs Tpeobpas3oBaHusl PamoHa W pa3IMIHBIX
ero moandukanuit — mudposast 06paboTKa M300parkeHnil, a IMEHHO OIIpee/IeHne mapaMeTpPoB
Pa3IMYHBIX KPUBBIX U UX UICHTU(MUKAIN, OyIb TO IPOCTEHINas mpsaMas JTUHUs, PYKOIUCHDIN
mpudt win Qororpacdus Jmma uejoBeka.  Hambosee BaKHBIM O0Ka3a/I0Ch IMIPUJIOXKEHUE
npeobpazoBanus Pajona k Tomorpaduum — METOLY HCCAEIOBAHUS CKPBITBIX B OpPraHu3Me
o6pazoBanuil (OryxoJiell, BHyTPEHHUX KPOBOU3JIMSHUIN U T.II.), 3aK/IIOYAIOIIEMYCS B [I0JIy Y€HUN
IIOCJIOHOTO M300pazkeHusi oObekTa npu ero obsiaydenuun. I[Ipeobpasosanue Pamona msydasiocsh
HaHpI/ITH}KeHI/Iﬁ MHOT'HUX JIET U IIPUMEHAJIOCH B Pa3HbIX O6.HaCTHX HayKHU.

B cBazu ¢ uem oTMeTHM, 9TO TEOPUS BOCCTAHOBJICHUS (DYHKIUI — AKTUBHO Pa3BUBAIOIIACS
B COOTBETCTBUU C JOCTHZKEHUAMHU KOMIIBIOTEPHDBIX TEeXHOJIOT U O6.HaCTb MaTeMaTI/IKI/I u,
ecrecTBeHHO, KOMIIBIOTEPHBIX HAayK (4YeMy, B YACTHOCTH, IOCBSIIIEHbI HECYIIUE CTAThH BCEX
HOMEepOB JIaHHOTO KypHaa 2018-2019 rojos).

5. IIpeobpasoBanme Pamona — 100 jer cmyctss. B 2017 romy mareMaTuvieckoit
Hay4HOU OOIIECTBEHHOCTBIO ObLI0 MmMUPOKO orMmedeHo 100-jgeTme 3HaMeHMTOH IyOJMKaIuy
«Uber die Bestimmung von Funktionen durch ihre Integralwerte langs gewisser Mannig-
faltigkeiten (O6 ompenesnennn GyHKIMA 110 UX MHTErpajbHBIM 3HAYEHUSIM BJIOJb HEKOTOPBIX
MHOr000pasuii)». Bouin  1moaroroBeHbI  COOTBETCTBYIONIME — HAayIHO-HCCIIEI0BATE/HCKIE
MEpOIPUSITHsI, TOCBSIIEHHbIE €ro MHOTOYHCJEHHBIM npuMenerusiM.B  Ascrpun (r.Jlunm) c
27 nmo 31 mapra 2017 roma cocrosiiack KoHdepenius «100 jer npeobpaszoBanuio Pajonas,
oprann3oBanHass VHCTATYTOM BBIYUCJIUTENIbHON U NPHUKIAIHON Maremaruku uM. oramHa
Panona (RICAM). Cozxep:kanue JaHHOW KOH(MEPEHIMH OTParXKeHO B HaydHOil mybsukarmn |9
«The first 100 years of the Radon transforms, B koropom pam 00630p MOCJIEIHUX HAYIHBIX
pe3ysbTaToB 10 IpeoOpaszoBanmio Pajgona m oOpaTHBIX 3ajad Ha OpuMepe 23 HayIHBIX
paboT paszIUYHBIX aBTOPOB. Kak B HEM cOoODOIIaeTcsi, OCHOBHASI YaCTh PabOT IOCBSIIEHA
MIPUMEHEHNIo Tpeobpas3oBaHust PalioHa, B dYacTHOCTH, Pumc m ap. OblLIa IIpeacTaBiIeHa,
nHpopMaIus 0000C/I€I0BAaHNN TTOABOTHOTO TPYOOIIPOBOIA MOOIPAHUIEHHON PEHTTeHOrpaMMe
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KOMITLIOTEPHOTO ToMorpada, XeanH W IOp. PacCMOTPeIn IPOPUINPOBAHUE aTMOCHEPHOt
TYPOYJIEHTHOCTH JIJIs1 BOCCTAHOBJIEHUS 3BE3/[HBIX M300parKeHn 13 Pa3MBbITBIX aCTPOHOMIYECKUAX
JIaHHBIX, Leeuwen m ap. paccMOTpeH aBTOMATHYECKOE BBIDABHUBAHUE JJIsI TPEXMEPHOM
TOMOTpapUIeCKO PEKOHCTPYKIMN JAHHBIX 2D-CEeKIMOHHBIX H300parkeHmii, YUTO sIBJISIETCSI
BayKHOM IPAKTUUIECKON MpobJeMoit B MeIUIUMHCKON Busyaymsamun, AjjgepoMm u OxreM ObLI
[IPEJICTABJIEH HOBBIN TIOJIXOJ K peIIeHNI0 MPaKTUIeCKUX OOpaTHBIX 3aJad, OCHOBAHHBIX
Ha ©IyOOKHMX HelpoHHBIX cersix, Grathwohl u p. paccMoOTpe/in  YHCJIEHHOE peIleHne
pobJieMbl  celicMudeckoit Budyasiuzanuu, CredaHOBBIM u Jp.  ObLIa HW3yvYeHa oOpaTHAast
zajlada yupyrorpadun, AHIepccoH n BoMaH IpesocTaBIsSIIOT HOBBIE PE3YJIBTATBI B BOIIPOCAX
CTabUJIBHOCTU B OTpaHUYEHHON yTyioBO# ToMorpaduu, Asbiepc u ['purimanH coobranT o
ITOCJIETHUX COOBITUAX B JIMHAMUYECKON muckpeTHoii Tomorpaduu, Holman u np. paccmarpusaior
pa3BUTHE TeoJe3MIeCKUX U B3BEIIEHHBIX PEHTIeHOBCKUX IpeobpasoBanmii. B pabore Xoma u
NnpMmaBupra mpejcraBieH aHajan3 rnpeobpaszoBanuii AGesiss U NPUIOKEHUN K PEHTTEHOBCKOI
ToMorpadun Ha cPEePUIECKU-CUMMETPUIHBIX MHOro0Opasusix, loruapoBbiM 1 HoBUKOBBIM ObLIT
JIaH IIPUMEp He eMHCTBEHHOCTH JIJIsi B3BEIIEHHBbIX ITpeoOpasoBanmii PagoHa.

Huksi paboT TOCBAIIEH U3YYEHWIO TOMOTrpadUu 10 HENPSIMBIM IIyTsIM, HAIPUMED,
IIPUMEHEHUI0 B (POTOAKYCTHKE, TJie BBIYUCJSIOTCS CpEJIHUE 3HadeHus 1o cdepam uin
kpyram. Q@oroakycrtudeckue obpaTHble 3ajadn paccmarpuBatorcs B Beigl uw ap., Frikel n
Haltmeier. Tumamgukus coobrmaer o m3orHyTO# Bepcuu Gopmysibl obparieHus Pamona na
mwiockoctu. Obpaborka nzobpaxkenuii Compton u mnpeobpaszoBaHue KOHYCA SBJISIOTCS HOBOM
TeMoil B oOpaTHbIX 3ajadax. OTHolleHne K 0000mIeHHBIM TpeobpazoBanusiM PajoHa ObLIO
3aJ0KyMeHTHpoBaHo B o003ope Terziogluetal.  Mogenab it KOMITOHOBCKOTO OIMHOYHOI'O
paccesiHusi B IO3UTPOH-IMUCCHOHHOW ToMmorpadun Oblna upejicrapiena KazaHiesBbiM u
Jap..  DopMyJibl BOCCTAHOBJIEHUS W AHAJM3 HMHTEIPAJbHBIX IIpeoOpa3oBaHuii KOHyca ObLIN
3apeructpupoBanb! [lamamo0BbIM.

BekTopnast u Tenzopuast Tomorpadust ObLIH U3y deHbl B paborax Jlexrtonena u ap. Tensopubie
MoJIEBBIE TOMOTpadUIecKrne 3aJa9i ObLININCIEHHO nccaenoBanbl epesnopbiM n ap. Toumas
MHBePCUOHHAsT (DOPMyJIa JJjIs COJIEHOMIAJIbHBIX I10JIeil B BEKTOPHO# TOMOrpaduu KOHUYIECKOTO
mydka ObLia paspaborana Kamesudem u ap. Yuciennble MeTOIBI MOJyUeHns 00Ji€€ BBHICOKOTIO
KOHTPaCTa B TOMOTpadpuIeCKUX N300parKeHUsIX U JIJIsl PEKOHCTPYUPOBAHUSI TATTEPHOB SIBJISIFOTCSI
TeMmoil pabor 3uberTH U Ap. PeKOHCTPYKIMsT 5JIEKTPOHHOIO MapaMarHUTHOIO pPEe30HaHCA U
pacro3HaBaHnne 0O0pa30B € MOJHBIM M3MEHEHUEM U peryJsiumeil KpuBbix um3ydeHbl Durandetal.
O6paboTka HeJMHENHBIX TOMOTpadudeckux mpobyieM paccMoTpeHa Baletal.

B mesom, Ha mupuMepe BbIle YKa3aHHBIX pPabOT IPOIEMOHCTPUPOBAHBI Pa3HOOOPA3HbIE
IIPUMEHEHHUsI MCCJIEyeMOTI'0 MATEMATUIECKOT0 allllapara B PeajlbHOM MEUPe U OIPOMHOE BJIUSIHUE
MaTeMaTUIeCKONl TOMOrpapui B COBPEMEHHBIX MTPUKJIATHBIX HAyKaX.

6. KomnbiorepHsbiil  (BBIYMCINTEIbHBIN) IONEPEYHNK B I[PUMEHEHHU K
npeobpaszoBanmio Panona. Takoe HasBaHme HOCHT KOMIUIEKC u3 Tpex 3ajad (cm. [41] n
[42]):npu 3ananneix T, F,Y, Dy (nosicHeHnsT TaHbl HUXKeE)

K (B)II-1:Haxoqurcst mopsiiok =< inf sup [T () — on (Li(f), s IN(E); ) v =
(IN),on)eDN fEF
= In(0;T; F; Dn)y = 0N (0; Dn)y —undopmamusnas mousHocms HaOOPA 6blUCAUMENOHBIT

aepezamos Dy = Dy (F)y ;
K (B)II-2:IIpoussodumcs  nocmpoernue — ONMUMAGALHOZ0 — GHHUCAUMENLHOZ0 — A2PE2ATNG

~«(N) _ .
(l( )790N) us Dy = Dy (F)y c¢ epadayuel <OmKAOHEHUE OM MOYWHOZO 3HAYEHUA

Pynryuonara ne boavwe En » U <OMKAOHEHUE OM MOUHO20 3HAMEHUA PYHKUUONAAL PAGHO
N », noddeporcusarowezo nopadok < On (0;Dn)y . Hasa {En} (mo owce dasn {Gn}, auww
C MeM OMAUMUEM, HNO BMECTNO ‘7](\?)‘ < 1 o6epemcsa 7](\;) = 1) uccaedyemes 3adaua
cywecmeosanua u nazoscdenus nocaedosamenvrocmu Ey = En (D (I, @N))y — K(B)II-2

. . Z(N) _
—npedeavrol nozpewnocmu (Coomeememeyowet GulHUCAUMEALHOMY A2DE2AMY (l( ,goN) ),
maxot, 4mo
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ON (0;Tf; F; Dn)y < 6N (5N;Tf;F; (7(N),@N))Y =

f eslg,p HTf (\)— N (ll(f) +VNEN, o V() + NN ) Hy’

<1(r=1,2,..,N)

5

& 00H06p€M6HH?)LM B6bINOANHEHUEM

O (nvEns TF F; (1Y), oy
VN T —‘rOO(O < NN < 1NN+1, IN — +OO) : lim ( ( ))Y

N—oo N (0;Tf; F; Dn)y = too.

K(B)II-3: Yemanasausaemes — maccosocmsv — npedeavholi  noepewnocmu €N =

EN (DN, (Z_(N),@N)) o Haxodumces Kak MOHCHO boavwee muoxrcecmeo Dy (Z(N),@N) (0610

. “(N) _
CBA3AHHVIT CO CMPYKMYPOT UCTOOH020 (l( ),cpN) ) BLHUCAUMENOHOIT G2DE2AMOS (l(N ), % N) =

onN (L1 (f) s In(f);+), mocmpoennwxr no 6ce6o3modcHbIM (HE 00A3GMEALHO  AUHETHBLM)
dynryuonasam li,....lN , maxuz, 4mo i KaoHcdo2o U3 HUT GHINOAHEHO COOMHOULCHUE

- SN (nNEN;Tf3 Fs (1Y), ©N))y
N—00 5N (0, Tf;F; DN)Y

B ciayuae ey = 0 peub Oyjer uaru o 3ajade BOCCTAHOBJIEHHUs 110 TOYHON mHMOpMaImu, B
OCTAJILHBIX — 3TO €y > 0, 10 HETOYIHOIA.

Baech mosaraloTcst 3aJaHHbBIME Kjace Fu HOopMmmpoBaHHOe mpocrpancTBo Y (mm Y =
C, rne C 31ech u jajee — 1oje KOMIUIEKCHBIX 4ucest) yHKIWHA ¢ MHOXKECTBOM OIPEIeJICHUST
Qrp n Qy coorBercrBerHo,oneparop 1, meicrBytomumit w3 F B Y, [1,..,Ixy — HabOp
dyukunonanos [(V) (He 06s13aTeNILHO JIMHEHHBIX), [OCPEJICTBOM KOTOPBIX KaK/0i (yHKINM
f w3 FcraBurcsi B COOTBETCTBHE KOHEUHasi MOCTeI0BATebHOCTD [1(f), ..., IN(f) —uucrosan
ungopmavyua 06 f obsema N. Yepes L = Ly Oyraem 0603HAYATH MHOYKECTBO, COCTABJIEHHOE
U3 BCeX BO3MOXKHBIX Ha0opoB u3 N mHeiiHbix dypruuonanos (ly,...ly).  Aazopumm
nepepabomxu  npubAUNCEHHOT UHPOPMALUL 21(f), ey 2n(f) 06 [, WOJIydYeHHOH OT
dbyukumonanos Iy (f),...,In(f) ¢ TOUHOCTBIO €x €CTh, O ONPEJEJICHUIO, YUCIOBasT (DYHKIIUSI
©oN (21,...,2N;-), KoTopag Tpum Jmob6oM UKCHpoBaHHOM (21,..,2y) € CN  asnsgerca
npuHajyiexameii Y dynkueii nepemennoit (1) € {ly (MHOXKeCTBO, COCTABJIEHHOE W3 BCEX
TaKHX N o0bOo3Ha4MM depe3 {@n}y ). 3arem, mocie moacraHoBku 21 = 21(f),..,z2n =
an(f), | (f)—2:(f) < en(r=1,...,N)dyuxmusa ¢y (21(f),...,2n(f);-) upmobperaer
CTATYC GHIMUCAUMEADHO20 A2Pe2ama I IPUOJIMKEHHOTO BEIYUCICHAS B METPHUKE Y OIepaTopa

Vnn T +00(0 <1y < MNt1, NN — +00) = +o0.

Tf=u(sf).
B yemoBusax K(B)II-ucciemosanusi upeobpasoBanmsi Pamona pedb Oymer wuaru o
BoccTaHoBeHun GyHkuun T f = fmo 4umcioBoil mHGOPMAIWMY, TOJIYIEHHON OT JIMHEHHBIX

dyaKIMoHaJ0B R f — mpeobpaszoBanust Pasona.

OTmMeTnM, 9TO HPAKTHYECKOEe IIPUMEHEHNE KaXK/[0ro BelaucnTeapHoro arperata u3 K(B)II-2
U -3 OCYIIECTBIIsIeTCsl Yepe3 1ocTpoeHne (husmyeckoro npubopa Jyist HojrydeHns: (M3MepeHuii )
mudposoit undopmarmu 11, ..., [y Ha K1acce F ¢ TounocTbio £y (IIOHATHO, 9TO 4eM GOJIbIIe
npeJieJibHasl MOTPEeITHOCTh £, TeM HpUOOpP MHPOIe B TEXHUIECKOM HCIIOJHEHUU U JIeNIeBe
B 9KCILIyTAIlUK) ¥ 4Yepe3 MpOorpaMMHOe ODeclieueHne @y - AJrOPUTMa I KOMIIBIOTEPHBIX
BbIYUCJIEHU.

7. KomuuectBennass dopma Teopembl Pamona. OcHOBHOIT pe3y/JIbTaT CTATHU
saksouaercs B osinom K(B)IT-uccnemoannu npeobpasosanusi PajioHa B MOJIEIBHON CUTYyAIIUN:
IpA  PasMEpPHOCTH [POCTPAHCTBA PABHOIO $=2 B CJjydae OTKPBITOrO MHOXKecTBa £} C
[—%, %}2 mosrydeHa popMyJsia BOCCTAHOBJIEHUsT (DYHKIIAN 10 3HAYEHHUSM €€ MpeoOpa30oBAHUS
Panona B Toukax, HOpsiAKOBO TouHOe B mpocrpancrse CobGosesa H{ (Q2), meyrydrmaemast 1o
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IUCTOBOM MHMOPMAINH, TOJYIEHHON OT BCEX JIMHEHHBIX (PYyHKIMOHATOB, C YCTAHOBICHUEM B
BapUAHTaxX MPEIETHHON TMOTPEITHOCTH BBIMUCICHUS TpeobpazoBanus PamoHa, COXpaHSIONYIO
HEYJIy4IIaeMy0 TIOMPEITHOCTD BOCCTAHOBJIEHUSI 110 TOYHON MH(POpMAIUH.

Touno rToOBOpsi, CcIpaBeIMBA CJEAYIONAs TEOpeMa, KOTOPYID MOXKHO ObL1o Obl Ha3BaTh
KoaudyectBenHoii ¢popmoit Teopembr Pasiona.

DopMyIUPOBKE 3TOI TEOPEMBI IIPEIIONILIEM HCIIOJIb3yeMble B Heil 0003HATEHUsT U OTIPE I/ TEHHU ST
(B mosmom obbeme oHM JaHbL B §1).

Ilycrs pamo orkpbiToe MuOkecteo ) C Ey = [—3,3]°.  Ipocrpamcrso CoGomesa
H} (), no onpejenennio, cocrout u3 Bcex dyHkimit f (), onpee/eHHbIX HA MHOXKeCTBE (),
JroonpeesieHHbIX HysieM 110 Es B Buge fq (x), pasaom f (x) mau 0 B 3aBUCHMOCTH OT TOTO,
x € Q wm x € E,\Q, noHATHO 1-TI€EPHOJNYECKHUX 110 KAXKJION U3 S -IIEPEMEHHBIX, ¢ KOHEYHOMN
HOPMOI

HfHHg(Q) = ||fQHW2T(ES) (r=0,s=12,..).

Tax>Ke HATIOMHEM OTpejiesienne AByMepHbIX saep dupuxmae (N =n?n =2,3,...)

1, < _—
Dy (x1,29) = Dy(x1) - Dy(x2), Dy (x;) = 3 + Z cos2mikx;(i = 1,2)
ki=1
Cuennasnbaoe o6o3HaueHre JF BBIJIEINM OJHOMEPHOMY 0OpaTHOMY IpeobpasoBanuio Pypbe

+oo
Fg(o) = / g (1) ™7 dr.
—00
OcnoBHas Teopema. Ilycmo darv, omrpwmoe muooicecmeo Q C Ey = [—1, %]2 , qucao >
0. Tozda dan waacca Hi (), onpedeaennozo wepes W5 (Eq), u écaxozo N =n? (n=2,3,...)
CNPABECAUBDL YMBEPHCIEHUSA
K(B)II-1. Haxodumca nopadox
inf sup |If (@) —on (Li(f), - IN(F); )| L2(0) <
l1,...,ly —6ce 6o3mooicHYIE fEHT(Q)
sunetinoe dynryuonast nad Hj (Q), on
= inf sup |[|f (z) — on (Rfa(ar, t), ..., Rfa(an, tn); 2)| 12(q)

(aTytT)EEZ(TZI N) YN fEHT( )

1 &K ki k2 k k r
= s | fen) - 5 30 30 Rfa (54 2) By (01 = B = 2 gy =

fEHE () =1 o "
20e
by (1,52
ky k %%, 2k ok, V2ky | 2rk ok
Rf(l’2>E / fa \[QCOSLI—ySin Wl,f2sin " 4 yeos T2 | dy,
n n n n n n

1/2 oo | 1/2

R (D (7)) = B Dy (21, 2) / / / / sin (2n + 1) (v/2t cos 2ma — y sin 27av)

2sin 27 (\/§t cos 2o — y sin 27705)
_1/2 —1/2 T ,tm[*%,%}2
sinm (2n + 1) (V2tsin 2ma + y cos 2ma)

dy eQTri'ytdt 627ri(x1’ycos27ro¢+mzvsin27ra)
2sin 27 (\/§t sin 2wa + y cos 27ra)

~ydydao.
K(B)II-2 (sepcus «pasno N »). Jlas 6binuciumenvrozo onepamopa

LYY (2.2) ripy (0 - B - 22, (03)

n
klfl ko=1
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+1)

N3

U OAA BEAUNUHDL TN = N_(
Bo-nepswizx,

1 - v ki k _ _ k k _r
sup f(x17x2)_ﬁz Z (Rfﬂ (1,2)+0N>R 'Dy (961—1,552—2) <N77.
feH5Q) k1=1ks=1 nen K "

BHIMONHANOTNCA COOMHOUWEHUA!

Bo-emopux, 0an 6caxoll eospacmaiowets x +00 NOAOAHCUMENLHOT NOCAL00EANEALHOCTNU
oo
{nN}=1 umeem mecmo pasercmeo

- _(r,1 noon _
on [ nvon =nvN (2+4);% > 2 Rfa <%,%)R 'Dy (901—%,962—%)
k1=1ko=1 12(@)
lim = +00.

N—o0 oN <O;LN(H6(Q)) X {‘PN}L2(Q))

L2(Q)
K(B)II-2 (sepcus <«ne Goavwe En »). Jaa evuucaumesvnozo onepamopa (0.3) u das

_(r43
GEAUHUHDL, EN = N (2+4) GBINOAHANOMCA COOMMHOWEHUA!

I v ki k _ k k _r
s e - 35 (R (B2) o oy (0 - B 2)] v,

feH;Q) Fr=1kp=1 " L2 )
(k1,k2)
"YN <1

Tem camMbIM, TpH HOTI'PEITHOCTU BBIYUCACHUs IpeobpazoBanus PajoHa ¢ TOYHOCTHIO HE
_(r43 .
bosbineit ey = N (5+%) wrorosoit [IOTEPU TOYHOCTU BOCCTaHOBJIeHUs f He OyJer.

B 10 ke Bpemsi, ecqim B BbhrumcieHun peobpazoBanus PajioHa omudaTbCs Ha TOCTOSHHYIO
_(r41 . .
BeuuuHy 6y = N (5+1) , TO TaKyKe He MPOU30HIeT IOTEepH WTOrOBOI TOYHOCTH,

HO 3TO OOpymmTcess st NNON, — JI0O0H CKOJb YroJHO MEJJIEHHO BO3PACTAIoNIel
K +00 [I0CJIe/I0BATEILHOCTH { 1N } .

Bonpoc 06 oxonuameavHocmu nozpewsHocmu  EN 6 GepCul, <He boavue En », Ko20a
HEOOTOOUMO BBLACHUMD, Halidemca uau He natdemca Ty — 400 maxas wmo ENTN =: EN

6y<?em npe&e,/LmeM 6 6EPCUU <«HE boavue éN », OCTAEMCA OMmMKPLIM LM (useecmHO moavbkKo mo,
1

wmo N_(§+%) = &N < é:N < &N = N_(§+Z> )

Jlia Boraucienns oGpaTHOTO Mpeobpaszosanns Pajona R~1g B obmewm ciyuae [7, V. 2. @ypbe-
AJIrOPUTM| BBINIUCAHA CIelUaJbHas IIPOIeypa BbICOKOH 3P deKTUBHOCTH U ¢ THIATETbHBIM
aHaau3oM ommboK. He uckirouero, aro Dypbe-ajaropuT™ Jjisi KOHKPETHOTO CJIydasl sjapa
Hupuxie R™'Dy (z1,22), k¥ Boraucienmo dero OCHOBHAs TeopeMa CBOJUT BCKO MPOTEILYPY
Panonckoro ckannpoBanus, Oy1eT MPUEM/IEMbBIM.

Ormerum, 9TO J0Ka3aTeIbCTBO OCHOBHOI TEOPEMBI ITOJHOCTBHIO COCTABJISIIOT PE3YJIbTATHI,
panee nosydensuble npu K(B)II-uccienoBanun npobiemsl uunciaeHHoro uddepeHmpoBaHust
[43], mpumenenue K npeobpasoBanuio PajioHa obecrieunBaercsi e 0COOEHHOCTHIO, 3aK/IIOUEHHOI
B COOTHOIIIEHHN (B JIByMEPHOM CiIydae § = 2) ||f||W2,« = ||RfHWT+% .

2

Paxu nonuorsr nznoxenust OcHoBHON Teopembl Kak Beegenusi B K(B)II-moxxon x reopun
upeobpasoBanusi PajioHa B MOJe/NbHON cuTyaruu, jgokasaresnberBa 3tux K(B)II-pesyibraros,
aJalTUPOBaHHBIE K JIBYMEPHOMY CJIyYal0, JAHBI B MOJTHOM OObeMe.

Tem cambiM,TIpecye/iyss BHyTPEeHHHE eI, B UeM 3aKJI0UYaeTCsl IJIaBHOEe Ha3HAYUeHHe JAHHOIO
JKypHaJia, Bce JokasareinbcTBa (OCHOBHON TeopeMbl B §2, II0 Mepe BO3MOXKHOCTH, JIaHbI B
3aMKHYTOM BH/JIE.

IIpu sTOoM mpugep:xuBaemcs ciaeayoomeii cxembl.  OIEHKH CBepXy B IIOJHOM 0O0beMe
JAIOTCA JJIsT €IUHUIHBIX KyOOB, IOCKOJIBKY HM3YYalOTCA TOJIBKO 1-IIEPUOJUUIECKHe 110 KarK IO
IepeMeHHOM (DYHKIME W UX HUHTErPaJbHbIe XapaKTEPUCTUKA B HUX OJMHAKOBBI,— 3TO KJIACCHI
Cobonesa W3 (Es) Ha OCHOBE TapMOHHYECKOIO aHAJIN3a.  3aTeM, IOJIyYCHHBIE DE3y/IbTAThI
[IEPEHOCATCSI Ha, KJIACCHI, 3aJlaHHble Ha OrPAHMYEHHBIX OTKPBLITHIX MHOXKecTBax ) C FEy, mo
[IEII0YKEe HEPABEHCTB
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sup [|f = & (Rf)lwy e,y = sup lfe = ¢ (Rfe)lwg g,y = sup llfo — ¢ (Rfo)lluy ) = sup I — ¢ (Rfo)llup @) -

OnEeHKN CHU3Y TIPOBOJATCS B OOpaTHOM IOPSIJIKE — 3SKCTpeMajibHble (QYHKINA ¢, C
BO3MOYKHOCTBIO IIPOJOJIZKCHUST HyJeM Ha Bce Fg ¢ COXpaHeHHEeM INPUHAJICKHOCTH KJIACCY
H} (Q), onpenensiorest na kybax E° C Qco cropomamu juabl 20 < 1, 3aTeM BBIBOJIBI
Jeai0Tcs B 0OpaTHOM IOPSIIKe

l9llwy (22) < N9l () < l92llwy () -
5(52) 5(9) 5 (Es)

B §1 BbIHeceHBbI HCHOJIb3yeMble 0003HAUYEHUs W HEOOXOoIAuMble ompejesnenusi. Ilaparpad 3
nocestieH janbaeiiimemy passuruio K(B)II-uccinenoBanusi npeobpasosanusi Pamona B ciyuae
IPOU3BOJILHOl PA3MEPHOCTH U PA3JIMIHBIX KJIACCOB (DYHKINIT (He 00s13aTe/IbHO MMJIBOEPTOBBIX ).

B gacraocru, OcHoBHast TeopeMa IepeHeceHa Ha MHOIOMEPHBIN CJIydaii.

B sakimoueHnme oTMeTHM, YTO OCHOBHBIE WJEH TOIXOJa W HJLIIOCTPAIMOHHBIE PE3yJIbTAThI
AHOHCHPOBAHLI B [65].

§1. ObGo3HaveHUsT U OIpEaEICHUS

1. O6o3Hauenusi. Bcroay B crarbe Oy/ieM MOJIb30BATHCS CJIEAYIONMMNA 0003HAUEHUSIMHE.

S -MepHOEe €BKJINJI0BO POoCTpaHcTBO ecTh R* = {(x1,...,25) : 21 € R,...,zs € R}, rne R mouie
JIeHCTBATETLHBIX tmceﬂ us=1,2,....
Es(a)=[a—§,a+ ] — enuHIYHBIN KyO B R® ¢ nenTpoM B TOUKe (@, ...,a), B IACTHOCTH,
2
npu s = 2 umeeM E2 (0) = [—%, %} u Fo (%) = [0, 1]2

B obmem ciyuae, upu 6 > 0

ES (1, eeims) = [m — 8, + 6] X -+ X [ns — 8,5 + 9]

Vs = {(931,...,3:5) € R 1:% + ... +x§ < 62}7 map B R® c neaTpoM B Hadajie KOODJMHAT U
paamyca 6 > 0.

Vo = {(:Ul, To) 123+ a3 < 1} — eIMHUYHBINA KPYT Ha IIJIOCKOCTH.

g5l = {(371, eo®s) ERS it + L+ 22 = 1} — enuHUIHAs cdepa B R° .

S5~ x Rl = {(91, O, T)ERTFTL 2 4 402 =1, —c0<T< oo} — €JINHUYHBIN TTUJITHID
B Rt 1upu s =2 enuHuYHBI HIXHID €CTH {(01, 02, 7) € R3: 0% + 0% =1,—-oc0o<T< oo} .

Ty = x1y1 + ... + Tsys = (x,y) -CKaJsIPHOE MPOM3BEJIEHUE BEKTOPOB T = (I1,...,Ts) U
y=(y1,.-,ys) m3 R°.

0 = (01,...,05) € R*,0% + ... + 02 = 1 - epummanbiit BekTop B RS .

6 - eMHIYHBIA BEKTOD, OPTOrOHAILHEIT 6 : <9, 9L> =0.

Ipu s = 2, -2 < a < 3 (ww0<a<l), O, = (cos2mq,sin2ra), 0 =
(— sin 27ay, cos 2mar) <9a, 0% > = —cos 2masin2ra + sin 2ra cos 2ra = 0.
@) () = flar--es) — npousponmas Beitas mopsaka o = (o, ..., o) byskmam f .

A << B (B>0) osuauaer Al <cB.

A= B (A>0, B> 0)o3nauaer ojHOBpeMeHHOe BbinojiHeHne A << B u B << A.

[x] ecTh nenas JacTh Unucaa T .

{z} ecrb ApobHas yacTh UncIa T .

Z ={0,4£1,42,...} — KOJIbIIO BCEX LEJIBIX THUCEJL.

Zy ={0,1,2,...} — MHOXKECTBO BCEX HEOTPUIATEJIbHBIX IEJIBIX YUCEIL.

Z5={m=(my,....ms):mi € Z,....ms € Z}.

mj = max {|m;|;1} naa m; € Z.

Hocurenem supp f HenpepbiBHON (DYyHKINN HA3BIBAETCSA 3aMbIKAHUE MHOYKECTBA BCEX TOYEK,
rae f(z) #0.

Ecin dbynknus 3agana Ha MHOXKecTBe () C R®, To uepes fo(x) obosmauaem dyHKIMIO,
f(x), ecau x €,

oupejiesieHHyIo Ha R® nocpejcrsom paBeHcrBa fo(z) = { 0, comuz € B\Q
, :
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Ina f(x) € LY(R®) npamoe n obpaTHoe mpeobpasosanus Oypbe 3a1a10TCs PABEHCTBAMA

oo

f(g)zf(fl,...,fs) ::/.../f(xl,...,ms)e2”<§’x>da;1...dxs

—00

o0

f&) = f(&r, .., &) ::/.../f(a:l,...x5)62”i<5’x>da¢1,...,da:s.

—00
2. Omnpenenenuns. LP({)) —mpocTpaHCTBO BCeX M3MEPUMBIX Ha HEIYCTOM MHOXKecTBe {2
1

dymxmmit ¢ koneunoi mopmoit | f| 1» o) = <f |f(z)]? dx) :

C™ - beckoneuno guddepennupyembie Ha R° dyHKIun.
C§° - 6eckoneuno auddepennupyemsre Ha R® dynkimn f(x) Takue, 9T0 HOCUTEb KazKI0TO

3 HUX 00pa3yeT OrpaHuuYeHHOE MHOXKECTBO.

S
IIpeaejganM HOPMBI B — 5,5 — IIPOCTpaHCTBE 000JIEBA.: -IIepuoOaN4IEeCKYIO IIO
Onp p w3 ([-33 pocTp Cob 1-niep y
1 1

KayKJ10i U3 s nepeMenHbnix dynkmmio f (z) € L2 ([—5, 5]5) PABJIOXKUM B TPUTOHOMETPUIECKII
S
pan @ypbe HA [—%, %}

f(l') L:2 Z f-(m) e27ri(m x ]E f 727” (m x)dm

mezZs

,l l

27 2

3aTeM, I0JIb3YSICh OIpeeIeHIeM 1 -IIPOU3BOIHOIM BeI/IJIﬂ u paBeHcTBoM llapceBajist, st Bcex
HEHCTBATEILHBIX 1 > 0 IIOJIOXKUM

‘2

f(m)

@iy = Do (el +md) (11)

m=(mi,...,ms)EZ"
B wacrnoctn, Wg ([—%, %]S) =17 ([—%, %]S) .
ITo onpenenennio,
H" (R®) = {f : f— obobmmennbie dynkmun Haj npocrpancTsoM [Bapna dyukmmit ¢ (z) €
C* (R?), upu Bcex k = (ki,...,ks) € Z7, £ = (l1,...,4s) € Z3 Takux, 410

.. gjks a(£1+m+gs)90 (1'17 ) :CS)

s Ohxy...00bx,

k1

HMM@Zﬂm{xl

cx = (21, ..., x5) € RS} = Cpyp < +00 o,

C KOHEYHOI HOPpMOI

N

1l ey = (R/ (1+162) @ ae ] - (1:2)

[Tycts ) —oTkpbiTOe MHOXKeCTBO B R | TOorna

Hi (Q) ={f € H" (R®) : suppf C Q}, (1.3)
C HOpMOWA
(L2)
HfHHg(Q) = ”fHH’“(RS) :
Ormernm (cm.|7, Imasa VII, Jlemma 4.4]), uro npu Beex geiicrBurensubix r > 0 mopma (1.1)
mpn Q= (—3,1)° skeupasnentna Hopme HfHHg(Q) dbyukiwmit mpocrpancrsa (1.3).

Bamerum, uro l-nepuogmveckue HenpepbiBHble byHKImu  f (r), B uUxX uucie u
TPUTOHOMETPUUYECKHE MHOTOUJICHBI, MOPOXKIAIOIIUE peryJsipHbie  0000IIeHHbIe (DYyHKIUN
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Rf f@e@)de= [ f(z)¢(z)dr, npunanexar npocrpanctey Hy ([—3,3]7) mpu seex

[-3.3)

12
r > 0.

Takum obpasoM, B ciydae 1- MepUOANYECKHX 10 KarKIO0H M3 S- IMepeMeHHBIX (DYHKIMIA Ipu
BCeX JeHCTBUTENbHBIX T > (0 clipaBe//IUBBI TEOPETUKO-MHOXKECTBEHHBIE DaBEHCTBA,

Hy <[—; ;] > — Wy <[—; ;D = Wy (0,1)°. (1.4)

B koHTekcTe NIpuBeeHHBIX onpeaesenuii npocrpancts Cobosesa H{ (£2) BbLAenM OTKPBITHIE
mnozxecrsa Q C [—3, 3] ® | KOMM IOCBSIIIEHA HACTOSINAS CTATHS.

B srom ciyuae, cormacuo (1.3), mpocrpancrso H{ (2) cocrour u3 Bcex dyukimit f(x),
OlIpeJIeJIeHHbIX Ha MHOXKecTBe (), JI00NpEJe]eHHbIX HyleM [0 [—3, %]5 B Buje fo (z), 1-
HEPHOMIECKIX 110 KayKJION U3 § - MEPEeMEHHBIX, ¢ SKBUBAJICHTHBIMI KOHEYHBIMI HOpMamu (1.1)

u (1.2), obecnieunBaromux (1.4), B uTore mpuBOJISIMX K

SIS

oy f= > =
1Az 0y = Wfellwy 21177y (r 20, s = 1,2, ), (1.5)
aTo Gyser orpaxeno B sammucn HJ (Q) ~ Wi ([-3,3]7).
Pasymeercst, mepexon ot f, 3agaHHOIA Ha Q, kK fq, saganHoit Ha BceM R®, obecrneunpaer

KOPPEKTHOCTH onepupoBanusi ¢ f Ha Bcem R®.
S
HpHBeg:LeM SKBUBaJIeHTHBIE ompejieienus upocrpancrsa Coboresa Hi ([—3,3]°) =
Wy ([ 5 2] ) qepe3 MPOU3BOIHEIE.

Ecim r > 0- neoe u s (s =1,2,...), 10

2

o*lg (1, ..., z5)
2 1y--eybs
bols-per = 2 SRR e e
- 1y--e9 s S + \%&
k|l =ki+...+ks<r
Ecau r > 0- wenenoe n r =7+ o, r-1memoe, 0 <o <1, 10
2
o*lg (1, ..., )
2 1)y ds
, sy = dxy...d
o @l 1-3.41% 2 Forar. Gz, | Wt
k= (kl, ey k’s) S Zj_ [0,1]2
k| =ki+...+ks <7
- 2
g
3k1w1 3ka (1, ) S)_m(yla“'vys)
+ Z / / Iz —y Hs+20 dxy...dxsdy...dys.
ki+.. +kg—T s

m\»—t

l 1
2 27

m\»—t

B szakmouenne tembl COOOJEBCKOIO IMPOCTPAHCTBA NPHUBEIEM IEIOYKY OIPEIe/ICHHH,
B COBOKYIHOCTH COCTAB/IAIONIUX ONpeJesenne npoctpancts  Hp () sro mymxrer [44,2.2.1
(cTp.178)] — mpocTpancTBO MejyIeHHO pacTyiux 0600mennbix Gynknuii S'(R®), [44, 2.3.1

(cTp.199-200)]- muO)KecTBO DyHKIM [ u3 S'(R®) ¢ TpeboBanmem (1 + |§]2) ? f ) e L? (R?)
Ha 7 - Tmaakocte Hy(R®), [44, 4.2.1(cTp. 384-385)] - H)(Q2) m Hp(Q), [44, 4.3.2 (ctp. 395)]-

Hy(Q) = H)(Q) = ﬁ;(Q) = {f:f € H)(R),suppf € Q} wu3 [44] u oupesenenne mezeHHO
pacryieii 06061mennoii dbyukinuu u3 [45, rnasa VI, §1].
s-mepuble siapa Jupuxie (N =n°, n=2,3,...)

sinm (2n + 1) z;
2sin wx;

1 n
Dy (x1,...,xs) = Dy(x1) - - Dy(xs), Dy (i) = 5—1—2005 2rkx; =
k=1

(i=1,...,s).
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Hamee
e(2n+1)iu -1 sin 2n2+1u

n 2n

§ :ezku — g~ inu § :ezku — ¢~ inu — 1 — 2 ,
e — SN 5

—n 0 2

OTKYda IIpU U = 27T$Z' IIOJIyYUM

1 ke SIDT(2n + 1)z
D N — = 27‘(’&/{:331 — Z. 16
n(@:) =3 > 2 sin 7z (16)
|k|<n

ITpeoGpasoBanmne Panona. IIpeo6pasosanne Pajona (s-meproe) dyukunu f(z), 3a1anHoii
Ha 3aMBIKAHIHE ) OTKPLITOro MHOKecTBa {) C R® | KasKJIOH I'UIIepIJIOCKOCTH PA3MEPHOCTH §— 1
TepIeH KYJIsipHoOit BekTopy 7 -0, 0 := (01,...,05) € RS ¢ 03+ ...+ 602 =1 u —00 <7 < 0
CTaBUT B COOTBETCTBHE MHTErpaJ 10 Heil

Rf(0,7) = Rf(b1,....0;7) = / f(z)de = / fa(m0 + y)dy. (1.7)

z:(x,0)=TNQ yyeRs—1

B naBymepmom ciaydae s = 2 eIWHUYHBIA BEKTOP 02; ;= (—sin2ma, cos 2ma)
HEPIIEH/IUKY/ISAPEH eJINHNIHOMY BEKTOPY 0o = (cos27ma,sin2mar), MOCKOIbKY UX CKAJISPHOE
IPOU3BeIeHIE

<9a, 0§> = —sin 2ma cos 2ma + cos 2macsin 2w = 0.
09TOM UHTErpaj 110  IPSIMOM HEePIEeHAUKYISAPHO K BEKTO

1T Ta,T )

T (cos2ma,sin2ra) ¢ wmadamom B Touke (0,0), ecTb wmHTErpa’x BJOIb  HPSIMOI

70 + Y+ (—00 < T < 400, —00 < Yy < +00).
Takum obpaszom,

+oo +00
Rf (cos2ma,sin 2o, 7) = / f(Tor)dy = / f (7’9 + y9L> dy =

+oo
= / f (T cos2ma — ysin 2may, 7 sin 2w + y cos 2war) dy.
—0o0

Koneuno,ipu s = 2 unrerpasn B (1.7) dbakrudecku 6epercs o Mmuoxkectsy Ty - (|suppf , T.e.

Rf (cos2m o, sin 21, 7) = f (T cos2ma — ysin 2way, 7 sin 2w + y cos 2mar) dy.  (1.8)
Ta,r (supp f

B cinyuae xmacca dyHknwmit f, onpelesieHHBIX Ha MHOXKeCTBe §), TakxKe OylIeM IHCaTh
Tot ().

Jlannas cTaTha MOCBsAmeHa ciaydaio supp f C ), Iye OTKPBITOe MHOMKECTBO () COIEpIKUTCS
B eIUHUYHOM Kybe Fg = [—%, %]s (mma [0,1]°), uro B ciayuae l-nepuoguuecKux MO KaxKoii
epeMeHHO (DYHKIINN SKBUBAJIEHTHO.

[TpucnocabimBasich K KayKJIOMy U3 9TUX CJIydaeB, OyJeM T IapaMeTpusoBarhb uepe3 7 = T (1),

e —1 <t < f(wm 0 < ¢t < 1), rakum obpasom, urobbl T (t)0, upnnaeKana

kpyry { (z1,22) : 23 + 23 < }} xax maumenbmmit Kpyr, cosep:kamuit ksagpar [—1i, %]2 u
torga upu 7 = 7(t) BMecro Rf (cos2m e, sin 2we, 7 = 7 (t)) Gynem tmcars Rf (o, t).

Tak npu s =2, Q= [—%, %]2 umeem: s 7(t) = /2t, T ([—%, %D = [—72, g} U B CHILY
(1.8) BbIIOJIHEHO

Rf (a,t) = Rf (cos2m o, sin 2wa; 7 (t)) =
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(1.9)

—+00

= / f (\/it cos 2ma — y sin 2w, V2t sin 27a + y cos 27104) dy.

—0o0

2
<t < % , supp f C E2 umeer mecro 6osee

M\»—A

9

N~

<a<

M\»—A

IIpu s =2, Fy = [—%,%]
TovHas 3anuch (1.9)

Rf (a,t) = Rf <cos 2 a,sin2na; T = T7(t) = \/§t> =

= / fE, (\/it cos2ma — y sin 2ma, V2t sin 2 + 1) COS 27ra) dy.

Ormernm, uro Hapsay ¢ «IIpeobpasoBanue PajoHa» UCHOIB3YIOTCS U JApyTrHe PABHO3HATHBIE

)
nasBanus — «Pagonosckuit 06pas», «IIpoexknns Panona ( f (x)na (z,0) =t)» u ap.
S BBIIEJIMM OJIHOMEPHOMY IpeobpazoBanuio Pypbe

(1.10)

Crenuanbaoe obo3HadeHne
+oo
g (o) = /g(T)e%i”dT. (1.11)

—0o0

ITonnoe K(B)II-uccienoBanme npeobpasoBanusi Pamgona B MoaesbHOM

§2.
ABYMEPHOM CJIydae

B obosznauenusx u ompenenenusx §1 mmeer Mecto

Teopema 1 (K(B)II-1, ouenxa ceepxy). Ilycmv r >0 u N =n? (n=2,3,...).
ONA BHIMUCAUMENDHO20 (2DE2AMA, NOCMPOEHHO20 NO 3HAYEHUAM 6 MOYKAT NPeodbpasosarus

Padona gyrwyuu f(x1,x2) us xaacca W3 <[—%, %}2)

k1 k k k
AN (z1,29; f) = ZZRfQ<1 2) 1DN(331—nl7362—n2>

k1=1ko=1

Tozda

C’I’LpCLGE()./LUGO coomHuowerue

2de
1/2 oo
R (Dy (@7) = R Dy (ana) = [ [ 7 (RDy () ebeitressinecanssnne)y i o
~1/2 0
Caencreue 1. Ilycmw danwve omxpvmoe muosicecmeo €2 C [ % %]2 u wucao T > 0.

Tozda Odna waacca HE () ~ Wy ([ 2,;]2) u ecavozo N = n? (n=2,3,..) evinonenol

HeEpaseHCcMmea
1 - — ki k k k .
sup || f (x) — N Z Z Rfq (1, 2) R 'Dy <331 — 2wy — 2) ) << N2,
feH;(Q) k1=1ko=1 " " "
ede
1/2 oo
R~ (Dy (a,7)) = R™' Dy (21, 22) = / / F (RDy (a,)) 2z cos 2mataaysin2ma) v g ey,
~1/2 0
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ITpenveroM wm3ydeHuss B 3TOM mnaparpade aBiasgorTca (GyHKIUA JIBYX II€PEeMEHHBIX, 1-
HepuogMdecKye 10 KarKJ0il U3 HHUX, CTajlo ObIThb, IOJHOCTBIO OIpPEJENAIoTCs PacCMOTPeHHeM
Ha JI0OOM eJMHUYHOM KBaJpaTe cO CTOPOHAMU NapaJslie/bHbIMUA KOOPJMHATHBIM OCSIM.

2
TakoBbimu 3j1ech OyayT Fo = Fo (0) = [—%, %] n Ey (%) =0, 1]2, CBSI3aHHBIC 3aMEHAMU:
2 2 2
ecan (x1,x2) € [—%, %] , TO (x1 + %,$2 + %) € [0,1]7, u, naobopor, eciu (z1,z2) € [0,1]
1 1 1 172
(21— 522 —-3) € [-3.3]

Boo6ie roBopsi, ipu 3aMeHe nepeMeHHbIX (1 = 1,2)

i = @i(ti) (i <t < By)

BBITIOJIHEHbBI paBEHCTBa

©1(B1) ¢2(B2) B1 B2
9p1 o1
/ g 1‘1,172) dxldl‘g ://g(@l(tl),gpg(tg)) det g:;; ggtozz dtldtg =
Ttl Oto
p1(a1) p2(a2) ar a2
B1 B2
— [ [t eateaeit) - whie)] dnit,
a1 Qs

B 9aCTHOCTHI
1 1

11
1 1
//9($1,$2)d$1d1¢2=//9<$1—2,582—2> dridro
00

N[
NI

=

1

11

1
//g T1,To d:cldxg—// <x1+2 To + )dxldafg
0 0

2 2

B cayuae smHeitabix GyHkumit x; = a;t; + bi(i = 1,2) umeem dridrs = |ajag|dtidis .

Nroroebie pe3yabTaThl OYAyT cOOPMYIUPOBAHBI HA [—%, %] 2 , IOKa3aTe/IbCTBa K& — Ha, JIBYX
YKa3aHHBIX KBajiparaxX (Hampumep, 4To0bl He HepedOopMyIMpoBaTh UCIOJIb3yeMble M3BECTHBIE
pesyJibTarhl, u3jaraemble st [0, 1]2 ).

CrauaJta IpUBeEM psijl BCIIOMOTaTeIbHBIX YTBEPKIEHIIT, Ha OCHOBE KOTOPBIX OYET JJoKa3aHa
onerka ceepxy B K(B)II-1.Haunem ¢ ycranoBjenusi mpejcraBieHusinpeobpasoBanust Pajona
yepe3 KpaTHbIH uHTerpaji. DB aBymMepHOM ciyuae, () = [—%, %]2 = FE3(0) = Esuemy
TOCBsIIeHa JoKasbiBaeMasi OCHOBHasI TeopeMa, Ipeobpa3oBaHune PajoHa 3aluchiBaeTcsi B BUE
HOBEPXHOCTHOrO nHTerpasa (cm.§1).

Jlemma 1. Ilpu Es = [—%, %]2 UMEEM, MECMO COOMMHOULEHUE
IRf 52y = 2V2m |REIZ, 1 1p2y - (2.1)
15 ([-5.4)°)

AHoxazamenvcmeo. umuuap

Z = {(§,5,7> €R3:¢§2+0:2:1,—oo<7'<—|—oo},dZ: V EG — F2dadr,

o KoTopoMy mpocrpancTBo CoboJieBa OINpeJIe/IeHO Yepe3 MOBEPXHOCTHBIM WHTErpas, HUMeeT
mapaMeTpuvIecKoe IIpecTaB/IeHre —% <a< % , 00 = (cos2maysin2ra) u —o0 < 7 < +00.

B srux obo3HaveHusix, Mocae0BaTe/bHO IIPUMEHSS Olpeiesienns Hopm H'” (RQ) us |7, IL.5]
u Hj(Q) us [7,VIL4] un 3amich mOBEpXHOCTHONO HHTerpajia depes JBOMHON HHTErpas, st
dbyukuun g (o, 7) := g (cos 2w e, sin 27, T) MOy IUM
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1
2 +00
lally o™= [ (4 ) gtaryaz = [ [ (147 gt00m) VEG — Fodadr
Z 1 oo
2

rie
2 2
b= <a%> + (%> +(22)? = (=27 sin 27a)? + (27 cos 2m)? + 0 = 4n2,
G=(2) 4+ (22) y (2 —04041=1
—\or + or + (87‘) =0+0+1=1,
__ 0601 00 002 06 or Ot __
F=%a%+ 99 + oo =0
\/E1C:—}‘_12:\/47'('21:271-7
OTKy/Ia
dZ = 2w dadr
U B UTOTE
1
2 +oo
2 . defHE ()
”g”Hr(Z) = 271'/ / (1 +T2)Tg(0477') dadr =27 91 HgHH&"([*%,%)le)' (2.2)
_1—-00
2

2
[Iycrs dyskius f(x) = f(x1,z2) 3amaHa Ha eUHUYHOM KBajpare FEg = [— ,%] 1 JJAHBI
qUCIa, —%§a<% n —oo <7< +400.

IIpu 3TOM mHepecedenne 1, C MHO>KECTBOM 3a/JaHNA IIpu BCEX -1 <a< 1 BBITIOJIHEHO
a,T s 2 >0 >3

2
IIpUA T, TI0 MOJIYJIIO He DOJIBIIEro JUATOHAJN KBaIpaTa [(), %] , T.€. BEJIMTYUHBI g .

[Mepexojist K suHeitHOM byHKIMN 7(t) , 1pn —% <t< % IIPUHUMAIOIIEH POBHO 110 OJJHOMY BCE

3HAYCHUS OTPE3KA [—g, @} ,as1o T(t) = /2t nomydaem nckomyio napamerpusanuio (1.9)

0, = cos 2ma,
fy = sin 27a,

1 2
2Sa<y {(a,t)}:[—l,l} v (2.3)
T=1(t)=Vv2t, -i<t< 22

IIPA KOTOPOM

1172
Ta,t={T(t)6a+y6?i:—oo<y<+oo}c [—2,2} .

Tem cambiM, nepexojist B (2.2) x (2.3)
<a<

g (o, 7) = Rf (cos2m o, sin 27ay, T) <— ,—00 < T < +oo> ,

N =
N | =

BMecTe ¢ 3aMenoit T = 7(t) = V/2t, dr = V2dt (—3 <t < 1) npuxommm x (2.1)
Jlemma 1 moxkasana.

Bermumem orpesku Ty ¢ = [by (o, t) , ba (o, t)] B s1OKaIBHOI crCTEMe KOODJIMHAT C HAYAJIOM B
1 .
OCHOBAHUU TIEPIIEHIUKYJISIPa (\/it +02)" c HAIpABJEHHEM <IPOTHB YacOBOIl CTPEJIKH, CIIpaBa
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HaJIeBO» :
( tcos2ra+1/2 1/2—tsin2w«
max o ecau —1/2 < a < —3/8,
tcos2ra+1/2 —1/2—tsin27r«
max o, ecru —3/8 < a < —1/8,
_ tcos2ma—1/2 —1/2—tsin2
by (o, 1) = ¢ max e /2 /cosziz 2 ecau —1/8 < a < 1/8, (2.4)
tcos2ra—1/2 1/2—tsin2n«
max T } ecaul/8 < o < 3/8,
1/2—tsin 2mra
\ ~ cosona GC/LU3/8§OZ<]./2
. tcos2ma+1/2 1/2—tsin 2w«
min o, e ecau —1/2 < a < —3/8,
. tcos2ra—1/2 —1/2—tsin2nr«a
min oy e } ecru —3/8 < a < —1/8,
. tcos2ma—1/2 1/2—tsin2r«
by (a,t) = ¢ min g, s ecru —1/8 <a < 1/8,
. tcos2ma+1/2 1/2—tsin2ra
min e ecaul/8 < o < 3/8,
. tcos2ma+1/2 —1/2—tsin 27«
min T ecarud/8 < a < 1/2.
Ormerum, uyto f wumeer a = _1172
, prymeHToM x = (X1,X2) W3 €IMHUYHOIO KBAJPaTa 503
npeobpasosanue Pamona Rf - nepemennbivu (v, t) u3 [—%, %) X [—%, %] . Tak uro obparHOE
npeobpazosanne Pajona R™'g, sro xorna mis eaunmanoro oneparopa E somonneno RR™! =
_ p-1 11 11
E = R 'R, dyukmun g(a,t) or nepemenubix (a,t) wu3s [—5, 5) X [—5, ﬂ CTABUT B

_ 2
coorBercTBre dynkmmo R~ lg, onpenenennyio na [—%, %] OT TepeMeHHbIX (T, T2) .

B BolumcieHnsx m BBIKJIQJKaX, IO Mepe BO3MOYKHOCTEN, 3T PaA3HOIO CMBICIA IepeMeHHbIe
OyIyT YKa3bIBATHCS:

F(a1,29) P R (f (21, 22)) = R (0nt) = g(a,t),

Rty _ _
glat) =" R (glan 1)) = R™1g (a1, 12) = [(a1,22),

e R(f (x1,x2)) - omeparop R upumenen K f (x1,x32), pesyabrar Rf - saBucut or (a,t), B
sanucn Rf (o,t).

U, naobopor, e R~!(g(a,t)) — omeparop R~! mpmmenen kg (a,t), pesymsrar R~ lg —
sapucnt ot (,t), B samcn R™1g (r1,29).

B ycnosusix (2.4) umeem Ty = Tot <[—%, %]2) = [b1 (e, t), b2 (e, t)], m npeobpazoBanue
Pajiona (1.9) 3anuceiBaercst B BuIe

Rf (a;t) = Rf (cos2m o, sin 2ma, t) =
= J f (\/§t cos 2ma — y sin 2wa, /2t sin 2o + y cos 27ra) dy =

(2.5)

&

~

D

|
N|=
~— N
e
o

= [ f (\/575 cos 2ma — y sin 2wy, /2t sin 2wer + y cos 27ra) dy,
b1(a,t)

Torja Kak 3amuch (1.10) npu Q) C (—%, %)2 MPUBOJIAT K JAPYTOit popme

Rf (a;t) = Rf (cos2m a, sin2wer, t) = [ fol(y)dy =

Ta,t
V2 142
= i fa (\/it cos 2ma — y sin 2way, /2t sin 2o + y cos 27ra) dy.
2 /T4
[puvennm (2.4) - (2.5) k mpeobpaszosanmio Pajiona syipa Jupuxie (em. (1.6) N =n?)

1O 1 <
Dy (z1,29) = (§+ Z cos 27rmla:1)(§+ Z COS 2mmaTy) =

mi=1 mo=1

(sim(zn+ 1)x1>'<sin7r(2n+ 1)932)

2sin mxq 2sin mxg
(2.6)
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n
Py my (21, 22) = €08 2mmixy - cos 2mmaxs. (2.7)
Torna mmeer MecTo
Jlemma 2. [lpu scex —% <a< % U f% <t< % CNPABedAUBHL PABEHCTNEA
. sin 7r(2n+1)(\/§t cos 2ra—ysin 27roc)
RDN (Oé,t) - f 9 ( 2sin27r(\/§tc0527ra—ysin27ra) x
7im(-44]
sin(2n+1) (\/§t sin 2wa+y cos 27ra)
X - : dy
2sin 27r(\/§t sin 2wa+y cos 27ro¢)
"
Rhjgy o (a0, 1) = / cos 2mny | V2t cos 2 — 1y sin 27704] X COS 2TNo [\@t sin 2wa + y cos 27704} dy.

Toun[-4,3]"

JIemma 3. IIpeobpasosarue Padona Rf(a,t) umeem nepuod 1 no o uno t, u nepuoduyecku
npodonoicaemo na éce R? .
Jloxasamenvcmeo. Ilpu t = —% ut :% OTPE30K

)

1 1
To: = {(m,6> = x1C082mx + 9 sin 2w = Vot —= < T, T < }

Rf (a;t) = Rf (cos 27 a, sin 27w, t) @5 / fly)dy
,T(x,t

obpalnaercsi B TOUKY, [IOITOMY

1 1
Rf <cos 2ma, sin 2T, —2> =0=Rf <cos 27a, sin 2T, 2) .

Orpesok o Ty ; umeer nepuon 1 u noromy dbynknus Rf mo o Takxke nmeer mepuorn 1.
Jlemma 4 (Frank Natterer [7], Theorem 5.2.). /s ecaxoeo r > 0 u ecaxol

dynryuu  f(r1,x2) us Wy ([f%,%f), ee npeobpasosarue Padona Rf(a,t) npunadasesrcum

r+i 1 172 r+3 1172
W, [—5,5] u, maobopom, uz exmouenus Rf(o,t) € W, [—5,5] caedyem

2
fz1,22) € W ([f%, %} ) , MPU IMOM UMEEM MECTLO COOMHOULEHUE

RSOy yoy = Il (a7 (28

2

HokazaresbcrBo cotegyer u3  ciaenytoniero coorsomenust (u3  [10, Teopema 3.1]) st
OTPAHUIEHHOTO OTKPBITOTO MHOYXKecTBa ) C R?

11 f (a,t)lng+%(Z) = |f (@1, 22)ll gz e

u JlemMmer 1.
Caenyroryio Teopemy M.Pucca-Topuna npusesem B 3anucu u3 [7, VII, §4 (cTp.230)]):
Jlemma 5. Ilpu ecex 0 < v < p, daa ecaxol g(x) = g(z1,...,xs) us waacca Wi (Es)
BHINOAHAECTNCA UHMEPNOAAUUOHHOE HEPABEHCTNEO

p—v v

g @1, )l wy << 10 @ @) iy 19 @1 2] s

Hwxke panee mnosyuennbie B [43] pesyiabrarsl, yCTaHOBJIEHHbIE Jjisi IIPOU3BOJILHOMN
Pa3MEepPHOCTH, C TIOJTHBIMHU JIO0KA3aTeTbCTBAMU U3JIOXKEHBI B IByMepHOM ciaydae s = 2. IIpu satom
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2
B paccyxJeHusx Oyjer coxpaneH ksaipar [0,1]° | 4ro B npuMeHeHUsX Jyisi 1-II€PUOJANIECKIX

2
dyuKIM He OYJET HPENATCTBOBATh UCIOJIH30BAHUIO B CIIydae [—%, %} .
IMoagnpousBoguoit Beitns mnopaaka [ = (f1,02) byukium g, tae (i, P2 -

HEOTPHIATEIbHBIE YNC/Ia, [TOHUMAETC (PYHKITUST g(ﬂ) (x) = 9(51,52) , pan Oyprwe-Jlebera KoTopoit
ectb (cm. [46])

Z g (m) <e2ni(m,x))(51,,32) _ Z § (m1, m) (€2m'm1x1)(51) (e2mm2:p2)(ﬁ2) 7

m=(m1,mo)€Z? m=(m1,mz)€Z*
(2.9)
e

(eQFi(m,.Z’)) (B1,62) ﬁ 27rzm]a:] Bi) _

— (27Tm1)51 (27Tm2) B2 61,6’1 5 signmy+if2 5 signma €2m’(m,:v) . (2. 10)

((mlva) € Z27 (Blvﬁ?) € R2aﬁj > 0(] = 1,2) ’ 16] = 1)
Bamerum, uro oupezesnerne (2.9)-(2.10) owimuaercs OT OLpeJeseHUs] [IPOM3BOIHO
gPrB2) (2) | mammoro B [47] Tem, uro B ¢P1P2) (2) yuremsr Taxxe xosbbumuentsr Pypoe
G (m1,m2) , B KOTOPBIX He BCe KOIMDDUIHMEHTHI M OTIIHIHBI OT HyJIs.

Ina N = n%?(n=>5,6,...) onpeieanmM omepaTtop MPHOIHAKEHHOTO (b hepeRTHpOBAHNT

(B = E\{0})

k1 k "
A%ﬁﬂﬂ (2:9) = PN ({g <1’ 2)} ;g;) = (2.11)
oy ) ki=1(j=1,2)
1 * (57 \Pl (57 \P2 iZ signti+Bai T signts 2mi(t,a—E®)
= > g(60) Y (@) (Te)* Pt i sionts gani(ns€),
k= (ky, ko) € 22 - t=(t1,t2)€AN
kj = ]., )
(j=12)
rje
ki k
¢®) = (1,2> (2.12)
n’n
" n
Av={tnt): ty== 5] +y =1mi=1,2)}. (2.13)
Tewm cambim, oneparop (2.11) ectb oniepaTop KoHewHO# cBepTKH (oTHOCHTEBHO (2.12) u (2.13))
1
AT (259) = — > g (5(’“)) D) (x - f(’“)) 7 (2.14)
k= (k‘l,kg) S AR
ki=1,...,n
(=12
rze
D%ﬁﬁz) (z) = Z (ﬁ)ﬁ (27Tt )52 5 Bisignti+ig Basignts 2mi(t,T)

t=(t1,t2)EAN
Jlemma 6 (H. Temuprammes, A.2K. 2KybGausmmesa [43]). ITycmo  danw
HEOMPUYAMENbHbIE YucAa T, 31, By makue, wmo r > max{f1 + fo;1}. Toeda dan ecarotl 1-
nepuoduueckoti no kKaxHcool u3 06Yx nepemernus cymmupyemot na [0, 1]2 dynryuu g = g (z) =
g (x1,x2), co cxodauumecapadom

> (2rimy)” (2mimg)”

m=(m1,mz)€Z?
GBINOAHAETNCA PABGEHCTNEO

Q(m)‘ < +oo, (2.15)
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AR (w59) = o) (@) = ARM (a3.9) =
_ Z (27Tt1) (th2)52 i B1signti+ig Basignts 27rz(t x) Z *g (Tn + t) +
t= (tl,tg) A T=(11,T2)EZ?
te Ay
+ Z (ﬁ)ﬁl (27Tt2)62 z”ﬁlslgntlJr'L”ﬁzszgntz 2m(t x)g (t) ) (216)
t=(t1,t2)€Z2\AN

Jloxasameavcmeo. W3 yemosus memmbr (2.15) crenyer, wro dbymkmumg u  gf8s)
HenpepbiBEbl Ha [0, 1]2. B uacrnocru, omneparop (2.14) oupemesnen KoppekTHo. meem

(N=n? n=2.3..)

ALY (g g) = % 3 S gm) 2ri(me®)

k= (ki ko) € 72 . m=(m1,mz)€Z>
ki=1,..n (j=1,2)
% (271'751)51 (27Tt )62 z2ﬁlszgnt1+z Basignts 27rz(t$ ﬁ(k)) —
t=(t1,t2)EAN
_ Z (m)ﬁl (m) Bo ei%ﬁlsignt1+i%ﬁzsignt2 eQwi(t,z) Z g (m) % Z e27ri(7ﬂ7t’§(k)) _
t=(t1,t2)€AN m=(m1,mg)€z? " k= (ki,k2) € 2%
kj=1,...,n (j=1,2)
2
_ (727#1)5 (27Tt ),32 zgﬁlszgnt1+z7r5231gnt2 2mi(t,z) Z i (m) H X(n) (m]. _ tj) —
t=(t1,t2)€EAN m=(m1,mo)€Z?
_ Z (H)Bl (ﬁ)BQ eigﬁlsigntlJr’i%ﬁgsigntQ627ri(t,$) Z g (m) —
t=(t1,t2)€EAN m = (my,mz) € Z?
mj = tj (modn) )
— Z (27Tt )51 (27‘('752)52 126lslgnt1+zwﬂgszgnt2 2mi(t,z) Z g(’I’LT-f-t)
t=(t1,t2)€AN T=(11,T2)EZ®
(2.17)

HOCKOJIBKY (M = tj (modn) & mj —t; = jn & mj =mn+1t;)
1 omi(my—t;) L _ o\ 1, ecau (my —t;) = 0(modn),
Z € " = X(n) (M5 — ;) = { 0, 6 OCMANOHBIT CAYHAAL.

Takum 06pa30M, coracho (2.17), umMeeM COOTBETCTBEHHO

Aggl,&) (x7g) _ Z (27Tt1) (27Tt2)62 i 5 Bisignt1+ig Basignts 2m(t x) Z Q(nr—l—t) —

tEAN €72

_ Z (ﬁ)ﬁ (271'752)/82 z”ﬂ1szgnt1+z”ﬁgszgnt2 27rz(t1’) g(t)_l_ Z *f] (7’L7‘—|—t) _
teEAN

TEZ?
— Z (27rt1) (27Tt2)62 ZQﬁlszgntlJmWBgszgntg 2mi(t, m)g(t)+
tEAN
+ Z 27Tt1 51 (27‘(‘752)52 15 Brsignt1+i7 Basignta 2m(t x) Z *g (m’—}—t)
teAN Trez?

g(ﬁl,ﬁs) (z) = Z (27Tt1)’81 (27Tt )ﬁz ﬁ1signt1+i§,32signt2eQm‘(t,ﬂC)g (t) +
teAN
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+ Z 27Tt1 27T7f ),32 iy ZBisignti+iZ 5 T Basignta 27rz(t x)g (t)

tEZQ\AN
orkyza ciexayer (2.16).JIemma 6 gokazana.
Jlemma 7 (H. Temuprammes, A.2K.2Kyb6anbimesa [43]). ITycmo  danw

Heompuyamenvrvie wucaa T, 51, B2 makue, wmo r > max{B + B2,1}. Toeda dan ecaxoi
dynryuu g uz Wi (0, 1)2 enpasedausa ouenxa ceepry (N = n2)

S S a4 1) @) @) i )| o -
tGAN TGZ2 L2(0,1)2
(2.18)
Jlokazamenvemeo. Obosnaqus yepe3 7 psn B (2.18), B cuity paBencrsa [lapcesaisist mosryaaem
2
”IluiQ(g 1)2 = Z (27Tt1) (27Tt2)62 zﬂ5181gnt1+1ﬁﬁ281gnt2 Z *g (77,7' + t) 627ri(t,a:) dr =
0 1}2 tcAn TEZ?
2
=S @@ Y | =
tEAN TEZ?
2
1
= Z (t1 )2B1 (t2 )262 Z *g(nt+1t) ((m’l +t1)2T + (nm2 + t2)2T> : ! | <<
teAn rez? ((nn + t1)2r + (nm2 + tz)QT) :
<< Z 2/31 2,32 Z * |g (7’L’7’—|—t)|2 ((71’7'1 +t1)21“ + (n7_2 +t2)2r) %

teAN TEZ?

* 1
% ZTGZQ (nn-i-tl)zr-i-(nm-&-tz)%

Tax kaK st Besikoro ¢ € Ay u jyis Besikoro j (j = 1,2) soimosneno [t < 25 rous; #0

cJjemayer

til 3
mn+t;=|mn+ti|=n Tj-l-g Z?n\Tj\,
uoo
T N L [ iy P PR AP AP
T + = Tl — | = Tl —=——=2 T s —z=|Tj| — == 2 — |Tj
N I n|='"" 2 = 22 V10 =10
Orcrona, u U3 Kpurepus
1
— <40 & 2 >2
—\2 —\2 )
7.;2 ()™ + (72)”
TMOJTyIaeM
« 1 1 X
<< — ——— << —.
Tg;? (nT1+t1)2T+(TLTQ+t2)2T n2r ng:z (T—l)Qr_i_(T—z)Qr n2r

Tem cambiM,
2
[1l[72(0,1y2 <<

< B @7 @) T ool ((nF )+ ()" <<
N T

<< n2Br482)=20 S S H g (£ ((nﬁ )" + (nm + tz)”) :
t€An 7€ 22

B wurore, cornacto onpemenennio Kiaacca Cobosesa,

51+52

)

HIIHLZ[O 1]2 << n(ﬁlJrﬁQ)*T - N— 2+

9To " Tpe6OBaHOCb JOKa3aTh.
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Jdemma 8 (H. Temuprammes, A.2K.2KyGausbimena [43]). IIyemv  darwl
Heompuuamenvroe wucaa 1,01, By maxue, wmo r > max{Bi + P2,1}. Toeda dan ecaxol
dynxyuu g uz Wi(0,1)? cnpasedausa ouenka ceepry

Z (th) B1 (m) B2 eigﬁlsigntl-‘rig,@gsigntg eQm‘(t,x)g (t) << N—gﬁl‘gﬂ? .
t:(tl,tQ)GZQ\AN L2[0,1]2
(2.19)
orxasamenvCcmaeo. II4ATH 2Ke O00O3Ha'vad depe3 o psAald B . , ITMeeM
T o) 6 I 2.19
2
121220,y = D () (2nh)” (2n) ™ e stz 210D gy <

[0,1]5 mGZQ/AN

= > lgm)P m)* (mz)**.
mEZQ/AN
Jlaee, mpuMeHsisi HEPABEHCTBO

B1
miPme™? < (maxm]> ( ax 771
J

= =1, > i=1,
MOy 9aeM
2(B1+52)
2 ~ 2 __
||12HL2(0,1)2 < Z |G (m)] (j:?)émj) _
781,02 mEZ2/ Ay :
( 2(B1+P2)
ax m;
F 2 j=1,2 ]>
= X || e emd) My
meZ?/An 1 m
( 2814282
A 2 maxmj>
< X ‘f (m)’ (mi" +m3") /<
meZ2 /Ay max msj
A (m m. ! 1 _ofr4B1tB2
2r 2r B
< ZQ; )f(m)‘ ( +m2 ) o 2r—(2614282) 1”,3?62 m =N (2 2 )
meZ2/An (maxmj) N

Jlemma 8 s10Ka3ana.

Jdemma 9 (H. Temupranmes, A.2K.2KyGansimesa [43]). Iyecmy  danwl
Hneompuyamenvrle wucaa T, 31, B2 makue, wmo r > max{f1 + B2,1}. Toeda cnpasedruso
caedyrousee HEPABEHCTNBO

, B1,8 ) —rybithy

sup |[g® ) () = A (@39)|| raoye << NTEFHEE

geEW3(0,1)2

TNokazarenbcreo. [lycrs g npunaiexut kiaaccy W4 (0,1)?. Tak Kak 10 yCJIOBHIO JIEMMBI

crpasenuBo Bioxenune W3 (0, 1)2 c C(0,1)?, zamaga npubmkerHoro auddepeHTmpoBaHs
10 3HAYEHUSIM B TOUKaX ITOCTABJIEHA KOPPEKTHA.

Cornacuo JlemMme 6 nmeem

AR (:.9) = g0 (@) = A (w:9) = I + I,
rie
Z Z (nt +1) (271‘751)’81 (%)52 eiﬁlgsgntleiﬁggsgntgeQﬂ'i(t,x)’
teAN T€Z2
Iy = Z f( ) (27Tt1) (m)ﬁz eiﬂl gsgntleiﬂg gsgntge%ri(t,:v)‘
meZ2\An

Hanee, B cuty JjiemMMm 7 u 8
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IR roe << N73+722
nu
Il r2(01)2 << N2 e
OTkyna,

Hg(ﬁl’ﬁQ) () — A (m;g)H 20,2 < Ml z2(0,1)2 + 2]l 12(0,1)2 << NTEFEEE,

[Tociie TIPOBEJIGHHOl  IIOJIPOTOBKM MOXKEM HPUCTYyIUTh K oneHke ceepxy B K(B)II-1
HOT'PEIIHOCTH BoccTaHoByeHust byukuumit f (z1,x2) u3 kiaacca Wi (0, 1)2 110 e€ Ipeobpa30BaHIIO
Panona.

Bes orpanudenust OOGIIHOCTH MOYKHO CUYMTaTh, 9YTO KOJIMYeCTBO wuHpopMamuun N =
n?(n=>5,6,...).

[Iycrs dynknuus f (1, x2) npuaamiexnr kiraccy W3 (0, 1)2, torja coryacuo Jlemme 4

1
npeobpasosanne Pamona Rf («o,t) mpuaamiexuT W2T+§(O, 1)2 m mMeeT MeCTO COOTHOIIEHWE
(2.8).
B cuny semmbr 3 mpeobpasosanne Pagona Rf(a,t) ects l-mepmogmdeckast o KaxkIoil u3
JIBYX I€pEMEHHBbIX (DYHKIWS, TIO9TOMY, COIVIACHO JieMMe 9, mpumeHeHHON npu (1 = [ = 0,
BBIYUCJIUTEJIbHBIN arperar

1 ky k k k
Ay (o, t;Rf) = — > Rf (1,2> ‘R™'Dy <a—nl,t—2>

n n n

1
dyukuuo Rf(a,t) € VVQH_2 (0,1)? npubaMIKAET CO CKOPOCTBIO

1

r+35
IRF(a,t) = An(o t; R 202 << N7 2 (2.20)

Teneps oneHnM 9Ty pasHoctsb B Merpuke W3 (0, 1)2 mpu p < 7, JijId 9eT0 TMOKaXKeM, 9TO JJis
Besikoit byukin g(x1,x2) nz Wi (0, 1)2 CIIPaBEJTUBA OIEHKA CBEPXY

1 — — ki ko k1 ko e
g(.’L‘l,l'Q)—ﬁ Z Zg(n,n> DN <$1—n,$2—n) W2p(071)2 <<N 2,

IJie KOHCTaHTa B << He€ 3aBUCHUT OT (.
JleficTBUTEIBEHO, TOCKOJIBKY

dl‘ldl’Q,

HB1+B2 (33 T ) 2
2 g\, T2
oo = X [

851 x1862x2

B1+B2 SP[O 12

TO B CIJIy JIeMM 6-9 mMeeM

n n
9(371,332)—# Z Z g(%v%) DN (l’l-%,l’g—%) W5(0’1)2 <<

k1=1ko=1
n n
o 5 -k % 5 () 08 () <
61+52§,0 ki1=1ko=1
<< Y NEEZ NS
B1+B2<p

OTCIO,Z[& upm p = 2 IIoJIyd9aeM
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" k1 k _k k r—2

9eWs(0,1)° klfu@ 1
(2.21)
[MockobKy mnpeobpasosanne Pajona Rf (a,t) byakiuu f(x1,22) u3 wiacca CoboseBa

1
W3 (0,1)? npunamiesxur B I/VQH_2 (0,1)2, o m3 (2.21) ana g = Rf momyamm

o= 5 5100 (58) o o)

ky=1ko=1

(7‘+%)—2

sup w2(0,1)2 << N~ 2

R,f(a,t)ewg'+%(o,1)2
(2.22)
1

anee, mpuMenas jemmy 4 npu v = 5 U g = 2 , T.e. HCIOJb3Yysd HHTEPIOIAIIOHHOE
cooTHOmenNe Mexk 1y Hopmamu npocrpancrs W2 (0,1)? u L2 (0,1)? = WP (0,1)? u nepasencrsa
1

(2.20) u (2.22), mosryumm oneHKy TpEOIGKeRns B HopMe Tipoctpanctea W (0, 1)2

R t) — Ao, t; R
IRF(@,8) = Mot Ry <<

< (IR (@) = Mavt: RP)llygone) *  (IRF(@t) = Aati Rl o) <<

(r3)a-%  (c-2+3)% . v=3 1
2 + 2 —N- (T+7) %/\ N— (T+§)+i —N—

[SIN

\ -

N3

<< N < 2
O6parnoe mpeobpasosanme Pajgona R™'or mnpeobpasosanms Pagoma Rf naer camy
dyuknuio f. ITlocrpouM HCKOMBIH TPUOJIMKAIOMINNA BBIYUCIUTEIBHBIA arperaT: HUCIOJIb3Ys

JieMMy 4 U JIMHEHHOCTD nipeobpazoBanus Paona:

Hf(:m,x2>—,32 > 3 Rf(52) R Dy (01— Ban - 2) ' w12 =
k=1 ky=1
= |Rf (a,t) — L 33 Rf(ﬂ J)DN< ﬂ,t—k*2> 1 << N2
(@ h) = k12=1k22=1 S " RGO

B 4aCTHOCTH,

n n

1 ki1 k _ k k _r
f(xl,l‘g — z_: Z < ! 2>R 1DN (l’l—nl,wg—n2> L2(0,1)2 << N 2. (2.23)

Ocrasioch  BbrumcsiuTh B (2.23)  Beauunny R 'Dy (:171—h To — k2>, IJIsI  Yero B

0603HaueHUsIX (2.3) HEOOXOMMO B CBOEM PACIIOPSIZKEHUH UMETh IBHYIO (DOPMYJIY 71T BEJIMIMHBI
R (g(a,t)) = R g (w1, 79)  "emy u mepeiizem.

Ycranosum dopmyiny obpamiennsi npeobpasoanust Pasgona (cm. Ttakke [7, V. 2.Dypbe-
AJIropuTM™| ).

Jlemma 10 (Merox Pypbe-cunresa). [lycmov dana 6beckoneuno duddepenuupyemasn

dynxuyua g (a,t), ¢ nocumesem 6 Eg = [—l 1]2. Tozda

272
R—l (g (O[, t)) R g (331, 515'2 / /]:g 27ri(a:1'y cos 2ma+x 27y sin 27ra)’yd’}/da (224)
_1
2
n
1 1
S 2
Rflg (xh .732) _ / / / g (Oé, t) 2™ It 6271’1'(:)317005 27ra+zg'ysin27ra),yd,yda. (225)
_1 0 [=
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Joka3aTesbCcTBO (B HPEIIONIOKEHNN, UTO BCE BbIKJIa,ZLKI/I sakoHHbl). [lycrs dynkuus
2
f(x1,x2) mpunammexxur kraccy H” (RQ) ¢ suppf C [ 3 ;]
Nmeer mecTo cOOTBETCTBEHHO IIpsiMoe n obpaTHoe mpeobpasoBanusa Pypbe:

£(6) = f(ér. &) = / / Flas, w2)e 267 ds dr

—0o0 —O0

f(x) = f(x1,22) : //f&,& )2 HE) de | dey.

—00 —0O0

B monspHBIX KOOpAMHATAX

{ & = ycos2ma,

1 1
< —— < —
& = ysin27a, 0=y < oo, @<

2~ 2

OIIKMCBhIBaAaECTCd BCE R2 , Ha OCHOBaHMH Y€ro IIoCJIe/IHEE PaBE€HCTBO II€PEIIUChIBACTCA B BUIE

-

2

oo
f(@1, 22) / / (y cos 2max, 7y sin 27ey) e2THF17 008 2mat a2y SN 2ma) oy gy (2.26)
10

=

DTO pPaABEHCTBO HABOJUT HA MBICJIb Opejcrasienus [ (ycos2mwa,ysin2wa)  depes
upeobpasosanue Pajiona Rf(a,7) = Rf(04,T), Tye pPOJIb €IUHUIHOIO BeKTOpa 0, =
(cos 2ma, sin 2mav) (—% <a< %) U YHCJIOBOTO mapamMerpa 7 (—00 < 7 < 00) COCTOUT B TOM, 9TO

70, €CcTb BEKTOD, IEPIEHIUKYIISIP (7'9(1)L K 9eMy U COCTABJISIET TY MHPSIMYIO
T0q + y@l (Tcos2ma — ysin2wa, Tsin2ma + ycos2wa) , (2.27)

uHTErpas or f  BJIOJIb KOTOPOI ecTh npoeknus Pajona wa (2.27).
Torma, cormacno Teopeme 1.1 u3 |7, crp. 19|, mmeer mecTo Tpebyromeecst paBeHCTBO MPH
PUKCHPOBAHHOM —% <a< %, " Bcex —o0 < 0 < 00

+o00o
f (ocos2ra, o sin 2mar) = / Rf (a,7)e*™ " dr =
—0oQ
+oo +oo
= / (/ f (7 cos 2ma — ysin 2ma, T cos 2mar + y sin2wa) dy) > dr,
-0 —0
B KOTOPDOM IIEDEMEHHOE (v, OTBEYAlollee 3a eJIUHUYHbIA BekTop 6O, = (cos2ma,sin2mwa)

dbukcuposano, a npeobpasoanue Pypbe MPOBOIUTCS 110 IUCIOBOI (0OJIHOMEDHOIT) MepeMeHHOi
T ¢ pousio (2.27)

Tem cambiM, (2.26) B BbIIHCAHHBIX OOO3HAYEHUSIX U PABEHCTBAX, C 3aMeHOil o Ha 7,
MIPUHUMAET BUJ,

f(z1,22) = // / /frcos27ra ysin 27wa, T cos 2ra + ysin 2ra)dy | €™ dr | x

2 o0 o]
627r7,(x1’y cos 2ma+xay sin 2”0‘)7d’yda _ / / / Rf o 7_) 271'1’de7_ 627r7,<(:c1’y cos 2mra+x2y sin 27ra>")/d’}/d05.
10 Lo
2
(2.28)
B TeIsax COKpAITIeHUS 3anmcei u GoutbItieit “HOOPMATUBHOCTI

yTBep}K,ILeHI/Iﬁ f (’y COsS 271'0[, Y sin 27’['0[) BbIpa3uM qepes OHOMEPHOE 110 HepeMeHHOfI
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T obpatHOoe  mpeobpaszoBanme  Pyppe  F (cm. (1.11)) mpeobpazoBanusi  Pasmgona
Rf(a,7) (-3 <a< i, —00o <7< +400) s samucn (1.8)

[e.o]

Fg(o) = / g(r) X7 dr,
F(Rf (a.7)) = FRf (,0) = / Rf (0, 7) %7 dr,

9TO IIPUBOJUT K PaBEHCTBY

f (v cos 2ra, vy sin 2mar) = FRf (a,7) .
B s1ux ycsaoBusx paBeHCTBO (2.28) npuobperaer Bu

1

f(xla .7)2 / / J—_-Rf ’,}/) —2mi((y cos 2ma,y sin 2w ax), (xl’xz))’}/d’)’da
_1
2
Ocrajioch yCTaHOBATH CXOJMMOCTb MHTerpasioB u3 (2.24) — (2.25). B cuiy dunurHOCTH
dbyuximn g (o, t) mo dbopmysie HHTErPUPOBAHUST 110 YACTM JIJIsT BCEX IEJBIX T > 1 nmeem

+00 +0o0
. 1) ,
Fylam = [ glaniemar = S0 [0 @ myerar, (2.20)
(2mi)
Orcrona
1 i
Fo(a) < o [ [o (@] an (2:30)

TaK 4To 1pua r > 3

1 1
o0

3 00
(2.2
//}-g a, 7) 27rz(;v17c0327ra+;t2'ysm27ra),7d,7da‘ << //]fg ,ry)ydyda<</7 d’7<+00
1

1 _1
2 2
(2.31)

B urorezamensizi B f = R™!Rf upeobpazosanue Pajiona Rf (o,t) na g(a,t), B ey (2.28)
u (1.11), mosryunm nuckomsie (2.24) u (2.25) cOOTBETCTBEHHO.

Jlemma 10 mokazama.

B upakrudeckom upumenenuun dopmyn (2.24)-(2.25) obparHoro npeobpasosanusi Pajiona
HEOOXOJIMMO  CJIEIOBATD CXEME €€ JIOKa3aTebCTBa, YTO B COOTBETCTBHU C IMOTPEOGHOCTSIMU
Teopemsl 1, momaroBo IpojeMoHCTpEpyeM Ha mpumepe syipa Hupuxse Dy (dro, B cmity
muneiinoctn Rf uw R™1'g paBocmibHO HAXOXKICHUIO R hy, m, (oM. (2.6) 1 (2.7) ).

l-mmar.  YcraHoBEM OeCKOHEUHYIO IIaJkocTh (Jlemma 3) 1- mepmopmdeckoil mo Kaxkoi u3
nepemennbix bynkuuit RDy (o, 7) m R™1Dy (21, 22) :

qutst Beex > 0, B cuuty Jlemm 4 u 15 (0Ka3aTeIbeTBO - HIUKE),

r+1

N < D (@120 gy < IRDx @)y (2.32)
u
41 _
N2 =< | Dy (c, T)HWT(EQ) = HRR 'Dy (a7 HW* = HR 'Dy (xth)HWT+%(E2)
2

2-mrar. KoppekrHocts npejcrasienus (2.24) — (2.25) mis
g(a,7)=RDy (a,T). (2.33)
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B cunty (2.32) u oupenesnenust W4 (E>) — HOPMbL IpU BCSIKOM T > &

suppg (o, 7) = Ba, g\ (a, 7) € L*(Ey).

Ousith ke, nopropsisi (2.29)-(2.31), mosyuaeM cXoauMOCTh MHTerpajsoB u3 (2.24)-(2.25) B
caydae (2.33).

Takum 06pa3oM, 3aja4a CBeJIaCh K BBIYUC/ICHUIO KOHKPETHBIX HWHTEIPAJIOB OT 3JIEMEHTAPHbBIX
dyHKIHI.

Koneuno, 1mo sbrauciuresnbaomy ainropurmy (0.3) B OCHOBHOI Teopeme BO3HUKAET BOIPOC
o mpeobpazosanuu Panona sinpa dupuxse Dy (z1 — Nj,x9 —Ng) co capurom ma (N1, Ng)
aprymenTa (x1,T2) .

Ilpu —1 < a,t < orser cienyommii (em. Takxke (1.6))

1 . )
DN ($1 _ N1,$2 _ N2) — Z eQWZml(a:l—Nl) . 627r2m2(1'2—N2) —

[ma,lma|<n

—_

_ § e?wi(m1N1+m2N2) % e27ri(mla:1+m2$2)

)

[mil,|mz|<n

orkyza (cm. (2.4)-(2.5))

1 )
R(Dpy (x1 — Ny, 20 — Ng) (o, 1)) = 1 Z p2mi(m1R +maRs) o
|m1|=|m2|§n
bg(a,t)

% / 672m'[m1 (\/ﬂcos 2ma—ysin 27ra)+m2(\/§sin 2ma+y cos 27ra)]dy'

bl(aat)
Takum 00pa3oM, ONTHMAJILHBIA BBIMUCIUTENbHBLIN arperar PajoHa i BOCCTAHOBJIEHUS
2
dyuxun f(x1, zr2) u3 kaacca W3 (0,1)° ecrs

AN($17$2;f):E Z ZRf (;,;)R 1DN <:U1—nl,x2—n2> =

/ \/§k2 21k . 21wk \/§k2 . 21k 21k,
fo cos y sin , sin + y cos
n n n

7 / sinT (2n + 1) (V2t cos 2o — y sin 2may)
X
/ 2sin 2w (ﬁt €Oos 2o — y sin 27ra)

X
)
no
3
<
/
/
3
B
|
s|F

)fy cos 2ma+ (:tz - %)’Y sin 27"“) ~ydydor.

Teopema 1 mokaszaHa.
Tenepn niepeiiieM K OIEHKE CHUBY.
1

Teopema 2 (K(B)II-1, onenka cuusy). Ilycmov dano wucro v > 5. Toeda dan N =

n? (n=2,3,..) cnpasedauscv nepasencmea

NE << inf sup [1f (o1,2) — on (), Iv () @1, 22| g0y =
l1,...,In — 6ce 6o3m. fewy(o,1)?
aunetin. gyrnxyuon. nad Wy (0,1)2, PN
= inf sup ||f (z1,22) — on (Rf (a1, t1) s Rf (an, tn) 5 (21, 22))[] 1200192 X
{(en t)}R2, CI0.10%, o Fewy(0,1)2
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ki k k k _r
= sup f(z1,22) — ZZ f(l 2>R DN(arl —1:p2 ﬁ) 20,2 << N2,

FeEWr(0,1)2 kl 1 ko=1
CaencrBue 2. [Tyemv danvl wucio r > % u omxpoimoe mrootcecmeo  C FEy = [—%, %]2
Toeda das waacca HE(Q) ~ W3 (Ey) wu ecarozo N = n? (n=2,3,..) cnpasedauevl
ymeepocoenus
N73 <<
inf sup ||f (z) —on (L(f), s INC )i )| 12(0) <
l1,...., N — 6ce 803Mmo0iCHDLE JEH((Q)
aunetinoe gyrnkyuon. nadHi (), o
= inf sup Hf .Z' — YN <RfQ(a(1)7t(l))7 ,RfQ(OZ(N),t(N)),;C)H L2(Q) =
(a(T)7t(7—))eE2(7’:17...,N), YN feHT

k1 k _ k k _r
sup || f (z1,22) ——Z ZRfQ< ! 2>R 1DN (xl—nla$2—nz) ) <N 2.

JEHF(Q) =1 ko=1

Jloxazameavcmeo. B 9100 1enouke HEPABEHCTB JOCTATOYHO YCTAHOBUTH I[EPBOE U3 HUX
(mocsieaee — sro Teopema 1)

N73% << inf sup || (@1,22) — on (LL(f), s IN(F); (21, 22))]] £2(0,1)25
l1, ..., Iy — 6ce 803MODICHDIE fews(o,1)?

AUHETHDLE PYHKUUOHAADL § O N
(2.34)
KOTOPOE HEITOCPEICTBEHHO BHIBOAUTCS W3
JIemma 11 (®. Harrepep [10], Teopema 4.1). Ilycmo darve omxpovimoe ozpanuvenmoe
mmosiceemeo 2 C R? wucaa 7 >0 u N (N = 2,3,...) , aunetinvie dynxyuonanse 1y, ..., Iy nad
Hj (). Tozda natidemea dynryusa g us HE(2) ,umo enpasedausvl caedyrougue ymeeporcoenusa:

Lilg)=0(=1,...,N), ”g”Hg(Q) <1 ||9||L2(Q) >> N7z
B cBsi3u ¢ 9eM OTMETHM, YTO UMEET MeCTO
Teopema A (H. Temuprammen, A.2K. 2KybGausbiesa [43]). ITyemv darvl yeavie
noaosrcumenvroe wucaa s u N = n®(n=>5,6,...), dynkyus w(t) usC*> (—oo,+00) makas,
wmo

=[0,1],0 < <1= .
suppw = [0,1],0 S w (¢) < Orggglw(t)

Honoorcum Ay = {k=(ki,....ks) €Z°: 0<k;j<4n—1 (j=1,...,s)} u onpedeaum na
[0, 1] opmozonaavryo cucmemy

O (2) = ry b, (21, s g) = jli[lw <4n (:cj - Z{L» (k€ Ay).

Tozda das e6carxozo nabopa Aunelnvix GYHEUUOHAN06 11, ..., IN, onpedeseHnvix, no
Kpatined mepe, na muodicecmee 6cer mrozotaenos no cucmeme {Yp(T)}rea, » cywecmeyem
Komeunas “ucaosas nocaedosamenviocmv {bg}ypca, maxas, wmo daa dynkyuu By (r) =

By (x5l .., ln) = > by () evimoanens, coomnowenua
keAN
L (By) = ... = Iy (By) =0
U OAA BCAKO20 HAOOPA UEAVT HEOMPUUATNEALHBIT YUCEA N1, ...y As U 6CAK020 P, 1 < p < 00
1
At As 1 p
BOTAs) N bl npu 1 < p < oo,
N P s k;EAN
Lr(0.1) At
s T npu p = .

Ilpu s=2, p=q=2, 1 = G2 =0 Teopema A cBomuTcs k semme 11.
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[Tockosbky siemma 11 ectb kKomOGuHuHpoBaHHOe ciejicrsue [11-12], To, ciemys mocraBieHHOl
TIeJTN, TPUBEJEM TIOJTHOE JTOKA3aTeIbCTBO JeMMbl 11 B JBYMEpDHOM Cydae TPSIMBIM METOIOM
Teopembr A.

Onnako, cHadasa chOpMyIUpyeM CJIEAYIOIIee YTBEPKICHHE.

JIemma 12. Ilyemo dano omxpwmoe mmoocecmso  C [0, 1]2 U NYCMb, 6 €601 0YEPEdD,
weadpam E§ = [m — 8,m + 6] X [n2 — 6,m2 + 0] codeporcumen 6 €Y.

Tozda O0as 6cakur ueavir noasoscumesvho T u N, 0ad 6CAKOTU CUCEMDE AUHETHDIT
pynryuonanros li, ..., N , 3adannvx na Q, watidemes gynxyus g € Hi () maxas, wmo

Iy (9) =0,...,In (9) =0, HgHHg(Q) = Hgﬂng((oJ)?) <1 HQQHL2((0,1)2) > Ng»

[ g(x), ecrux e
ga (z) = { 0, ecauz € [0,1°\Q.
He ymenbmasi oOIMIHOCTH, JI0KA3aTEILCTBO 3TOM JIEMMbI JOCTATOYHO IIPOBECTH s ) =
(0, 1)2 , KaK BBIIIE OBLIIO CKa3aHO, METOJIOM U3 TeopeMbl A, deMy IOCBSIIIIEHA
Jemma 13 (H. Temumprammen, A.2K. 2Kybaunbimesa [43]). ITycmo dano uenoe
noaosicumenvnoe wucao N =n?(n=56,...) u dynxyua w(t) us C® (—oo,+00) makasa, wmo

=10,1 < <1l= . 2.
supp = [0,1],0 < w (1) < 1= a0 (1) (2.35)
Ionoorcum Ay = {k=(ki, ko) €Z%: 0<k;<4n—-1 (j=1,2)} u onpedeaum na

[0, 1]2 OPMO2OHANDHYIO CUCTIEMY

Un (2) = Ppy gy (21, 22) = w <4n (m - f)) w <4n <:c1 . ﬁ)) (k€ Ay). (2.36)

n

Tozda Odas  6caxoeo nabopa AuHeTUHBIT GYHKUYUOHAA06 1, ..., IN, onpedeseHHviT, NO
Kpatined mepe, na muodcecmee 6cer MHozovaenos no cucmeme {Yp(T)}rea, » cywecmeyem
Komeunas “wucaosas nocaedosamenviocmv {bgtypca, maxas, wmo daa dynxyuu By (v) =
By (x5l .., In) = > bty () evimoanens, coomnowenua

keAn
lLi(By)=..=Iny(By)=0 (2.37)

U ONA BCAKO20 HAOOPA UEAVIT HEOMPUUGTMEALHDLT YUCEA A1, A2

| B+ = N2+ (2.38)

L2(0,1)2
Jlokazamenvemeso. U3 onpenenennii (2.35)-(2.36) caeayioT TeOPETHKO-MHOXKECTBEHHBIE
paBEeHCTBa

ki k1 + 17 ko ko+1
T, =T, = | — —= = A 2.
k = Ty ko [ i an | % [ i an } suppyr (k € An) (2.39)

U 9TO JIJIsl BCAKOTO TIEJIOUUCIEHHOTO BeKTOPa (A1, A2) ¢ HEOTPHUIIATEIbHBIMU KOMIIOHEHTAMH, JIJIsI
BCSIKOIO k € AN BBIIOJIHEHO

V]
[SIE

= | [ 16 @) i | = | [ ) ar |
, 0,1)2 Ty
e >\ 1 :

2
= ]1:[1 / (4n) PN

1
- n>\1+~~~+>\5_1 ~ N =z "z
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[Iycts Temeph gan HAOOP JUHEHHBIX (DYHKIMOHATIOB i, ...,IN , ONpPEIEIEHHBIX, IO KpaifHeit
Mepe, Ha MHOXKECTBE BCEX MHOTOWICHOB 10 OPTOrOHasbHOM cucreme {g(r)}c Ay - Torna,
HoJIb3ysich JiemMoii B u3 [48], mosydaem, 910 cymiecTByeT KOHEYHAs! JCHCTBUTEIHLHO3HATHAST

OC/IEI0BATEIBHOCTD {b }) Ay TaKad, uTo i dbynkiun By (x) = keXA:N brr(z) nmeror mecTo
COOTHONIEHUS
I1 (By) = ... = Iy (By) = 0, (2.41)
N= Y Rl = 3 B (2.42)
keAyn keAn
N3 oupenenenust dyukuuun By () = Y. bptog (x) u (2.42) HemocpejcTBEHHO CJIEJyer,
keAn

YTO JJIsl BCSKOIO IEJIOYMCIEHHOrO BeKTOpa (A1, A2) € HEOTPUIATEIbHBIMI KOMIIOHEHTAME (CM.
TaKXkKe (2.40))

()\1)\2) ()\1)\2) >\1,/\2 2 o aitAes g 2
[ e = 2o f i o< 55l [l de < x5 5
keAn keAn
T.C.
A1+
HB](\?\L)\Z) < N7 (2.43)
L2(0,1)2

YrBepxkaenne (2.37) u (2.38) coorBeTcTBeHHO CaenyioT n3 (2.41) u (2.43).
JlemMa 13 IIOJTHOCTBIO JOKa3aHA.

Temepn nepefmeM K JIoKazaTenbcTBY Teopembr 2. IlycTh 3a/1aHbI 11€710€ TTOJIOKUTETHHOE YHUCJIO

N (N =n% n=12,. ) , Habop dyukunonanos li(f), ..., In(f) u dyakius o (21, ..., 2N; ) -
aJICOPUTM Hepepa60TK1/1 qucaoBoi nHMopMarun obbema N .
[Tycrs By (x) dyukus u3 gemmbr 13. Onpegennv wa [0, 1}2 dyHKIIO

gN(iE) = gN(x;rapa lla ) lN) = Nﬁ(%Jr%)BN (.ZE) :
Hnst Besikoro j (7 =1,2) B cuity (2.35)umeem
J"gn () _ 1 J0"Bn ()

r - r 1 r - Ty L
8'%.] LP([O,IP) N2+2 3% LP([O,I}Z) N2+2

Tak uro dynkums gy () npunasiexur kiaccy Wi (0,1)?
Hanee, qist byaknun gy () BbloHeHbI cooTHOMEHNs (cM.(2.35))

[l

—(z4+1 ryly sl _
lasllioqozy = NG 1Byl ooy < N-GF2IN2 = N (2.44)

CoruytacHo (2.41) u onpezenennii GyHKIUN gy U QN , UMEEM

oN (In (gN) - In (gn) ;7) = 0.

[TosTomy, B cuiLy IPOU3BOJILHOCTH [, ..., [N U @n , 1 B cuity (2.44) moJiyduM HCKOMYIO OIEHKY
CHU3Y

inf sup |[f (@) =N (L ()5 Iv ()5 2] 200y 2

li,...,In — sce so3mooicrvie  fewr((0,1)%)
Aunetnve  PYHRKUUOHAAbL P N

> HgN (1’) — PN (ll (gN) ; 7lN (gN) 733)” L2((0,1)2) - HQNHL2(071)2 >> N2

Ouenka cuuzy B (2.34), Bmecre ¢ Heil u Teopema 2 j0Ka3aHbI.

Teneps nepeiinem K 3amade K(B)II-2 B aByx ee BapuanTax «pasho £y » U «he boavwe En ».
Haunem ¢ nepsoit:
1

Teopema 3 (K(B)II-2, Bepcusi "paBHo én"). Ilycmo dano wucro r > 5. Tozda drs
N =n? (n=2,3,...) u 0ag 6bMUCIUMENHO20 ONEPAMOPa
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~ _(r4l .
GEAUYUHRA EN — N (2+4) ACAACTINCA np@a@./LbHOU NnozpewHoCIdvbo. 60-NEPELIT

k1 k k k
o £ 5 () o)

FEWZ(0,1)2 —
5(0,1) ki1=1ko=1 12(0,1)2

Bo-emopvix, Oas ecaxoll 603pacmaroweti % —+00 NOAOHCUMENLHOT NOCAIOEAMENLHOCTIU,
{nn}R—, umeem mecmo paserncmeo

n n
on WNéN;%kZ S Rf (%,’%) R™1Dy (ml—%,mQ—%)
1

=1 ko=1
lim LO® _ oo, (2.45)
—00 . r 2
o (0L (W (0.12) > {on a2 ) oy 1
C.J'[e,Z[CTBI/Ie 3. (K(B)II-2, Bepcusi «paBHO £y »). [ycmob dano omkpwuimoe MHoA#CECME0
Qc[-3 ] Jlaa eviuucaumensrozo onepamopa
ki k k k
722 fﬂ( : 2>R1DN<$1_17x2_2)7
n n
k1=1ko=1

~ _(ry1
u d/lﬂ GEAUMUHDL EN — N (2+4) BBINONAHANOMCA COOMHOWEHUA.

Bo-nepswix,
1 - v k1 k k k r
sup f(z1,22) — Z (ng (—1,—2) +€N) R™'Dy (11,717302,72) =N~ 2.
f € Hi(Q) k1:1 ko=1 non n n L2(9)

Bo-emopuix, dasa ecaxotli eospacmarouieti K 400 NOAOAHCUMEALHOT NOCAEIOBAMENLHOCTNY

{nN}N—1 umeem mecmo pasencmeo

o (v NG L S 8 Ria (B 5) RDy (51— B - )
k1=1ko=1 12(Q)
= +00.

lim
N—o00 . T

o (0:Lv (H3 () % {om}12@))
HoxazarenbcTBy TeopeMmbl 3 IpeIIoNieM CaeIyIoniee yTBEpKIeHIe.
Jdemma 14. Jlas B3>0 uN =n?(n=2,3,...) cnpacediusv coommouienus

(SIS

N

X

k k
n2 Z ZDN<$1_1>DN <$2—;>
=1ko=1
w2 (0,1)2

HoxkazarenbcTro. Mmeem

iZDN(x—):iQZl +Zcos27rm( )>:

k=1
1 & 1 1 2 27rm(a;—5) 2rmz [ 1 - 727rz
=a 23t X 3T2 X e Z e =
k=1 k=11<|m|<n 1<|m|<n k=1
LN 1, ecru € Z
2 k
- %,;e Tt = xza(m) = {OeCJLungZ -

1
=149 (62’””9” + 6*2”‘”‘”) = 5 + cos 2mnx.
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n

Orcroma s g (z1,x2) = % > DN< 1—ﬁ> Z DN( 2—*)

k1=1 k =
nMeemM ' .
2 o 1 92 2minTy —2minx 1 ) 2minre —2minze ?
||9(5U17CU2)”W5 s (e +e ) 5t (e +e ) ,
5 (0,1)
W§(0,1)2

rge npu Bcex (mp,mg), owmuneix or (0,0), (0,£n), (£n,0), (£n,£n), BbIIOIHEHBI
PaBEHCTBA

g (mla m?) - 07
OTKY/a

n n
1 k 1 k _
HZDN(xl_Wl> HZDN<552_W2> =
= ko=1
W§(0,1)2

= > (m%+m%)ﬁ|§(m1,m2)\2XVnw:nB:N%

[mal-|ma|<n

HoxkazarenbcrBo Teopembr 3. Ilpumensisi muHeitHOCTD NpeoOpa3oBanusi PajioHa U OIEHKY
CBEPXY MOTPEITHOCTH BOCCTAHOBJIEHUS 110 TOYHON MHMOPMAIU, Oy IUM

[z, @) — — Z Z < <k1 ljj) +5N) R 'Dy <;p1_ ]:,332_1@> <

n
—1ko=1 12(0,1)2
1 " " ]{71 k‘Q kl k2
< - = Rf(—=,=)R'D -, 2y — —
< ||f (21, 32) NZZ f(nvn Rt +
k1=1ko=1 L2(0,1)2
n n
1 -1 kl k2
£ —R D - —, Ty — — << 2.46
e XY~ N(m P (2.46)
k1=1ko=1 L2(0,1)2
n n
1 _1 kl k?
<<NTEZAEN ZZNR DN<951—7$2—n
k1=1ko=1 L2(0,1)2
Ounenum BTOpoOe cjaraemMoe Z Z LR"1Dy (:L’l — 8 opy — % . Ilpumenas
k1=1ko=1 L2(0,1)2
nemmy 4 g dymkmmm g (x1,22) = Z Z ~R™ 1Dy ( 2Loxg — %) 0 HOpMe
k1=1 ko=
LQ(O, 1)2 = WQO(O, 1), mosmyamm
k1 k k k
IDN($1_$2_TL2> ZZ RlDN(ﬂh—la?z—: H =
=1kz= L2(0,1)2 k1=1ka= W2(0,1)2
oL & k k I | k k
- -1 1 2 _ 1 2
= R(ZZN DN<.%‘1—$2— )H = ZZNDN(JJl—n,.TQ—n ‘ B
k1=1ky=1 WZ(O 1)2 k1=1ky=1 W2 (0,1)2
(2.47)

_ 1
[pumensts temmy 14 ipu 8 = 5 nosyunm
n n
- 1 R1D k1 ks
EN E E - N1 ——,22 — — =
k1=1ko=1 N " n
1=1 ko= L2(0,1)2
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L1 k k 1
- 1 2 . Ak
= EN Z Z NDN <x1—n,$2—n> ) AENN4. (248)
k1=1ko=1 W7(0 1)2
[pupasaueass N2 u éNNi , B cuiy (2.46) u
Teopemy A)

(2.48) nosyunum En = N—(5+3) (cM. TakzKe
N7z << on5(0; Ln(W35(0,1)%) x

{SDN}H(O 1 2)L2(o 12 <<
<< on(ey = NG+

1 Ly (W5 (0,1)?) % {on} 20,
inf

sup { llg () -
l1,...,Iny6Cce B03MOIHICHYLE
AUHeTHbLE

12)r2(0,1)2 =

o (11 (9) + Ens o v (9) + En3 )l 2o,y +9 € WE(0,1)2} <<
Pyrryuorasl, © N

k1 k k k
IERSEER 5D (rr (222) v ) R0y (- 2aa = 2)
N s n n

4TO 3aBEPIIAET MIEPBYIO YaCTh TEOPEMBI 3.

<< sup
fews(0,1)?

L2(0,1)2 << N_%,

Tenepb JIOKaykeM BTOPYIO YacTb, UTO JIJIs BCSKOIl BO3PACTAIONIEH K +00 IIOJOXKHUTEIHHOMN
IOCJIEI0BATENBHOCTH {7)N } N—; HMEeT MeCTO paBeHCTBO (2.45)
[omaras gy (x) =0, B cruty (2.46) mveem

£

(SN (nNN 2 % Z Z f(kl k2> 1DN (1‘1 —]:;,.’132—]{;2)>

n
k1 1ko=1 L2012
sup ’f(xla@) N Z Z (Rf (7;7 ;) +EN77N) R 'Dy (:rl — ;l,xQ — ;) >
FEWT(0,1)2 P o
1 n n k‘ k ) - k
> |lgn (1, 22) — N Z (RQN <n17 nz) +8N77N> R 'Dy (ajl - —1,332 - i)
k‘1:1 k‘g:l L2(0,1)2
~ n n
€ _ k k
— J\;\;IN R 1DN <x1— 1,332_% -
klzl k‘g:l L2(071)2
ko _ -1
= ENMN Z Z Dy xl—— 1‘2—; >>ennvN .
k1 1ko=1 W2% (0,1)2
B urore,
'r 1
‘5N<77NN (+3); & Z ZRf<IZl7’jf) 1DN<SC — B gy k2 )
=1ko=1 9
lim (0,1)
N—o0

SN (O; Ly (W3(0,1)?) x {‘PN}LQ(OJ)Q)L%OJ)Q

_— lim ny = +oo.
T N3 N3 N—o0 L
Teopema 3 mokaszaHa.

Teopema 4 (K(B)II-2, Bepcusi «He Gosbie £y »). [lycmo dano wucao r > 0. Tozda
daa N =n? (n=2,3,..) u daa euuuciumesvnozo onepamopa

1 " " k1 ko 1 k1 ko
k1=1ko=1
20e

n
1 .
Dy (z1,22) = Dy (21) - Dy, (22), Dy (z5) = B + E cos2rkx;(i =1,2)
k=1
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Teopust npeobpa3oBaunsi Pagona B kounenuun KoMnpoTepHOro (BBIYUC/INTEIHBHOIO) MONEPEIHUKA ...

) BUINOAHAIOMCA COOTMHOWEHUSA

>

_(r
U 0an seaununv, En = N (5+

sup f(:v1,332)—% Z Z (Rf(kl k2)+ (1 ,k2) ) R Dy (1’1—%,332—}%2) N—

fews(,1)2 k1=1ko=1 £2(0,1)2
‘,y(klvk2) <1

[Nb]

X

Cnencreue 4 (K(B)II-2, sepcus «hne boavwe Ey »). IlycTb maHbl OTKpPBITOE
2
mHoxkectBo () C Ey = [—3,1]", uncao r > 0. Torma mas kaacca Hf (Q) ~ W3 (Es),
Beskoro N =n? (n =2,3,...), AJisi BBIYMCIUTEIHHOTO OllepaTopa

1 n n k1 ko 1 k1 k2
il D _ _ =
P

~ _(r43
u d/Lﬂ GEAUYYUHDL EN = N ( 2 + 4 ) GbNONANHAIOMCA COOMHOWEHUSA.
13 ¥ k1 k2 (k1,k2) -1 _ ko k2 - N—5
sup flruze)— x5 X X (Rfal(7572) twn En)RT'Dn (1 — L w2 — <N~z
€ Hg () M=the=t L%(9)
),Y](\Ilclylw) <1

Lloxazameavcmeo Teopemwr 4. Ilpumensia auHeiiHOCTh mpeobpaszoBanusi PasoHa 1 OIEeHKY
CBEPXY HOIPEIIHOCTH BOCCTAHOBJIEHNUSI 110 TOUHOI mHbopMarmu (TeopeMa 1), mosyanm

ki k k k
J(z1,22) — Z Z < < ! n2> +€_N71(51k2)> R7'Dy <l‘1 - ﬁljwz - :) <

=lhko= £2(0,1)2
1 — w kv k2\ 4 k1 ko
<||f(z1,22) — = Z Z Rf <, > R™" Dy (361 — T2 — ) + (2.49)
N
k1=1ko=1 non " " L2(0,1)2
k k
+ €NZZ 1DN<$1—nl,CUz—nz> <
k=1 k=1 L2(0,1)2
r = 1 k k
<NEray || 30 STl LR Dy (1= M - 22)
k1=1ko=1 L2(0,1)2

OHeHI/IM BTOPOE CjiaracMoe
n n
(k’lkg) ]- —1 o kl o k2
Z Z Wy Dy (wl T T
k1=1ko=1 £2(0,1)2

[Tpumensiss memmy 4 11 QyHKIIANR

k k
glonm) = 30 3 A LRip, (m—?;,xQ—;)

k1=1ko=1
B nopme L%(0,1)? = W(0,1)? nomyamm

N (kka) Lo k1 ko _
I I N |

k1=1kao=1 L2(0,1)2
1 k k
Z Z (k17k2) 1DN (551 _ 7171-2 _ 2) =
n n
=1 ]{)2 WO(O 1)2

n n
(k1,k2) 1 -1 k1 kQ
S S AN ZR(R D xl——xg——
N N N n )
k1=1ko=1 W2(0 1)2
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o 1 k k
Z Z 'Y](\];l’kQ)NDN <$1 - ;1,332 - :) H . (2.50)
k1=1ko=1 W%(0,1)2
OT/iesIbHO OlIEHUM WZB (0,1)2 — mopmy sapa Jupuxie:
Jlemma 15. Jlas ar060z0 >0
B41
| Dy (21 — a, x9 — 15)||W25(071)2 = N2tz

Jlokazamenvcmeso. B cuny onpenenenus siipa JIupuxie (cm. §1)

1 ) .
Dy (-’Bl -, Ty — t) — DN (331 — Od) . DN (33‘2 _ t) — Z Z 627rzm1(x1—0c)62mm2(562—t)‘

|m1||mz|<n

Torna
1 627rim1(9317a)6277im2(x27t) _ i Z 672m‘m1ae—Qwimztezm(mlzlerzzz)
[mal,lm2[<n w£(0,1)2 |m1| < n,
fma] < n wf(0,1)2
OTKYyIa
n 2
- 2 2 3 _
IDx 1=z =l , = 37 () | Do e, ma)| =
1 k1,ko=1
n
= mQ—i—mzﬁx m2—|—m25x n? Bn2xn25+2,
1 2 1 2
k1,k2=1 5 <ki1,ko<n
B UTOI'e
B+1
| Dy (#1 — @) - Dy (22 — 1) =nftl=N"7.
w2 (0,1)2
JlemMma 15 mokazama.
[Tpumensis (2.50) u jgemmy 15 npu § = % [OJIy UM
kl,kg) -1 kl kQ
g Dyl|lx1— —, 20 — — =
N z 340 x ( L
=1ko=1 £2(0,1)2
n n
_ ki ko) 1 k1 )
=en |0 YW D <x1 — - n) << (2.51)
k’1=1 k:g_]. WQ% (071)2
"L & 1 k € 3 3
<<eny. > D (ml—l x2—>H , << WNNZN:@VNZ.
?
k1=1ko=1

B cuny (2.49) u (2.51) npupasausas N2 u eEnN1 HOJIyIUM EN = N(5+) Hasee, npu

w

EN = N_(%"'Z) nMeeM

N~z << o (0; LN(WQT((), 1)%) x {@N}L2(0,1)2)L2(0,1)2 <<

= inf sup {llg (z) —
li,...,Iln — 6ce 803m.

AUH. PYHK.; N
—on (L) +7PEn oty (D) + 987883 || 12002 9 € WE O, )2 /| <1(r =1, M) } <<
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13 ki k : _ k k _
<< sup Hf(wl,l‘z) -N X 2 (Rf (*1’ i) +6‘N7§\§1'k2>> R™'Dy (wl - = za— —2> << N
fewio,1)? ki=1kg=1 non " " £2(0,1)2
kq.k
|,y](v1, 2)’ <1
(1 <ky,k2 <n)
Teopema 4 mokaszaHa.
§3. O6umme 3amedanuss no ganpHeiimmemy K(B)II- passutuoo Tteopun
npeobpaszoBanusi Pagona
1. K(B)II — sro ngpyroe. Jlemma 11 ®panmka Harrepepa, wncmoib3oBaHHass B

Jokazareabcree OCHOBHOIN TeopeMbl, B caMmoii crarbe [10] GbLia npumeHeHa K JIpyroil 3ajade,
OJIM3KOM K TEOPUHU KOIMPOBAHMS — HACKOJBLKO JAPYT OT JPyra B T'UJILOEPTOBOI METPUKE MOTLYT
ObITH ymajieHbl aBe yHKIMU, IpeodpasoBanus PajoHa KOTOPBIX C 3aJaHHON TOYHOCTHIO
upubsmkaioT ganuyio dyskimo|10, Teopema 4.2]:

A lower bound for the reconstruction error. Let y be the density of a picture in

the bounded domain (). Suppose that all we know of y are approximate values g, for
R,y with

1 "
4.1) ”R]?—gHi:;kEl (Rey —gi)*=¢>
What can we say about y?

Thus we are interested in the quantity
r(a, n, €) =sup {|ly1 — y2ll,: |Ry: — gll» =&, [yl ugen =1, i = 1, 2, for some g}
=2 sup {|z[| L, IRz[lx =&, [ 2]l gy = 1}

Obviously r(a, n, £) is a lower bound for the worst case error of any reconstruction
technique using only the erroneous data g, and ||y|[gg@ =1.

Now we can find a lower bound for r(a, 1, £). To fix ideas we assume the L, to be
the straight lines

(4.2) Li: siwj+twj, teR',

where the s;eR', i= —gq, - - -, q are arbitrary and w; = (cos ¢; sin ¢;), ¢; = 8j/p, j =0,
.+, p—1; i.e., p is arbitrarily discretized and possibly incomplete views have been
taken from angles which are equally distributed in [0, #], 0 <8 = 7. The number »n of
data is n = p(2qg +1). The validity of Theorem 4.2 below depends in no way on these
assumptions, which are made for ease of exposition.

THEOREM 4.2. Leta >3, () bounded, and assume the L, to be the straight lines (4.2).
Then there is a constant C(a, 1) >0 such that

r(al n, E) = C(a, ﬂ){n ~ard + E‘*”“*‘L’Z}].

BMmecre ¢ Tem, Kak OKa3blBaeTcs, peobpasoBaHue PajioHa ecTeCTBEHHBIM 00pa3oM
sruceiBaercs B K(B)II-cxemy.

[TosTOMY MPOJIOJIZKMM OIEHKU MOIPEIIHOCTH BOCCTAHOBJIEHUs (DYHKIUII U3 JAHHOIO KJjacca
(me obssarensuo Hj = W3 ) mo mpousBOIBLHBIM BBIYUCIUTEIBHLIM arperaraM, BKJIIOYAIOIIX
3HavYeHus peobpasoBanus PajioHa B TOUKaX.

2. K(B)II-upobiaema upubnurkenuoro auddepeHupoBanusi U Teopus
npeobpasoBanusi Pagona. Ilpeobpasosanne Pagona Rf («,t) (s(s = 2,3,...)-mepHoe) (cm.
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1.7) orobpazkaer dbynkmmio f, onpegenennyio na exuanaaom kyoe [0, 1]° (umm, ato o ke camoe,

na ky6e [—3, 3] *) BO MHOXKECTBO €€ MHTerpasios 1o runepiiockoctsv (p (t) 0 (o))t B RS, rae
01 (o) = 01 (v, s—1) = sin 2wy sin ... sin Tas_1,
0y (o) = 03 (1, ..., is—1) = €OS 2mayy Sin Tavg,

0 () = (01(a), .., Os(a)) = 0 (o) =6; (a1, ...,5-1) = cosTaj_q Z]_[1 sinwmay, npuj =3,...,8 —
0s (o) =05 (aq, ..., 5—1) = cOSTOU5_1, -

o = (a17 "-7a8—1) € [05 1)8717

B KOTOPBIX mapamerp 7 = p (t) u cdepudeckue yribl o, g, ..., Xs—1 U3MEHSIIOTCS B MIPEJIEIax
0<t<1,0<a;<1 mpu j=1,2,...,5—1 u Torga

Rf (a,1) = / 7 () dy.
(p(H)8(a))t

O6patnoe mpeoGpasosamne Pajgona R™'f man Rf, ecrectsemno, BosspamaerT K f (cMm.,
Hanp.,[7, reopema 2.1] u Jlemmy 10).

OddekTuBHOCTL U UHPOPMATUBHOCTL TOMOI'PAMDUUECKUX METOJ0B HAXOJUTCI B IPIMOI
3aBUCUMOCTH OT IVIYyOMHBI U TOHKOCTH ITPUMEHSIEMOI MaTeMaTHIeCKON TeOpuH, a 3JIeCh 3TO BECh
apCceHaJl TapMOHUYIECKOTO aHAJIN3a ¢ IIPUBJIEIEHUEM aJreOpanvecKoil TeOPUH IuCe.

ITo Beunoit mpobieme npubsimxkenHoro muddepennuposanuss B pamiax K(B)II-reopun
yCTaHOBJIEHA

Teopema B (H. Temuprammes, A.2K. 2KyGaubmmena [43]). Hycmsy  darwy
UYEAOE NOAOAHCUMEADHOE HUCAO S U HEOMPUUAMEALHBIE “UCAG T, 1, ..., Bs maxue, wmor >
max {ﬁl + ...+ Bs, %} .Tozda cnpasedauev, caedyrowue ymeepocdernun (N = n¥)

K(B)II-1: on(0; Pn(W3 (0,1)%) x {SON}L2(0,1)S>L2(0,1)S =

= inf sup
l1,...,In — 6cesoamooicrvie  fFEWF(0,1)%
Aunetinve GYHKUUOHAAbL PN

(B1,-5Bs) ( Y—on (L (f),.iN (f);.)H L2(0,1)s =

ﬁ1+ +Bs

= sup || [P () - A (o f)H 2o X N7

fews(0,1)s

K(B)II-2: (sepcus «pasro oy »). [aa onepamopa npubaustcennozo dugdepenyuposarus

1 k ks
ALLB) (g F) = = 3 f (§(k>> COn (I _ §<k)> g — (;17“.7 ;> (3.1)
k= (ki,...,ks) € Z°:
ki=0,1,...,.n—1(=1,..,9)
seauvuna oy = on (Py) = on (PN(WQT) X {¢N}L2(0,1)s) R

npedeavroti noepewnocmvio; 60-nepeulr,
on (0; Pn(W3 (0,1)%) x {&n}p2(0,1)5) 201 =<

B1+-- +,39

= 5]\7(5]\7 (PN) N— s+ B (W2 (O 1) ) X {q{)N}LQ(O,l)S)LQ(O’l)S =

= inf sup{Hf<51 vvvvv B9 (z) — dn (f (§<1)> FEN, e f (§<N)) +&N;.)‘

l1,....,IN — 68ce B03MOOICHBLE
aunetinoe, GYHKUUOHAAbL N

L2(0,1)¢

.\ Bs r, B1t.-+Bs
f(ﬁl,...yﬁs) ((E) _Ag\[;l’ Bs) ("Evf)H £2(0,1)5 ~ N~ st——— ,

= sup
fews(o,1)¢
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60-6MOPHIT, ONA BCAKOU 603PACANWET K 400  NOAOHCUMENLHOT NOCAEI08ANENLHOCTNU
{nn}N— umeem mecmo palsercmeo

r B1t..+Bs
On [anN—FH T L > F(ER) - Qy (z—¢W)
k= (ki k) € Z° -
. kij=0,1,...,n—1(j=1,...,s) L2o1) .
N—oo 5]\7 (O,PN(WQT(O, ]_)S) X {¢N}L2(0’1)>L2(0 1)5

K(B)II-2 (sepcus «mne 6oavwe En »). [Jaa evuucaumenvrnozo onepamopa (3.1) u das

_(ryl
BEAUYUHDL EN =N (S+2) BUNONHAIOMCA COOMMHOWEHUA

-(5+3)

dn (0; Pn (W3 (0,1)%) x {en}r200,1s) 20,1y XOn(EN (PN) =N i Pn (W3 (0,1)%) x {en}r20,1)s)200,1)s =
_ inf (B1,-:85) WY 4oy (6™ My -
bty e s e |7 @ —on (7 (6M) + 2 ens o £ (E™) +987e85) | 2o 1o
awin] Gyrosis; o | <1
(r=1,..,N)
- oo Bs (B1,.-,8s) +M
= sup f(ﬁ1 ﬁ)(x) Ay (s f) r2(01)s < N7 :

FeW3(0,1)®
BO-BTOpBIX, ipu 1 = ... = [ = 0 g BCAKOM BO3pacTaoNeil K 00 IOJOXKUATETHHOM
IIocjie10BaTeJIbHOCTH {7’]]\[}?\?:1 nMeeTr MeCTO paBEeHCTBO

on | myNTite; L > F (W) Dy (- W)
k= (ko ) € 2
| ki=1,.,n(j=1,..,s) L2(0,1)
A}lm ST
—00 oN (O;PN(WQT(Oa 1)*) x {¢N}L2(o,1))L2(O 1)e

Hanbmie Teopema B, B coueranun ¢ coornomenunem (|7, Teopema 5.2|)

||f(gjl’ "'7333)HW2T(0,1)S = HRf(ayt)HWQ'ﬁL%(O’l)é 9

OYKBaJIbHBIM IIOBTOPEHUEM CXeMbI JoKazaTeabcTBa OCHOBHON TeopeMmbl B §2, MPUBOIUT K -
mepHomy BapuanTy OCHOBHOH TEOpeMbl

S
Teopema 5. Ilycmwv danve wucao r > 5 u omrpwuimoe muodcecmeo 2 C By = [—%, %]

Tozda Odns waacca  Hf(Q) ~ Wi (Es) u ecakoeo N = n® (n=2,3,..) cnpasediusoi
ymeeporclenus
inf sup |[f (@) — o (LL(f)s s IN(F); )| L2(0) <
l1,...,In — 6ce  B803MOOICHDIE FEHF(Q)

aunetnvie, gynryuornars, wadHg(Q), on

= inf sup || (@) = o (Rfa(al?, 0l t®), o Ra(al™), i)t )0 ) || 2o =
(@{7) . alD D) eEL (r=1,....N), o FEHF (D)

k _ k ks _r
= sup f(l’l,. ,1’2 Z Z RfQ <*1, )R 1DN ( 1—*1,...,.Ts—f) L2(Q) = s.
FEHE(®) Pt n n

K(B)II-2 (eepcwz «pasHo G »). Jaa ulUUCAUMENbHOZ0 ONEPAMOPG
k k k k
— § § Rfq ( Lo ) R'Dy <x1 L - > , (3.2)
n n
ki=1  ke=1

s—1
U aﬂﬁ GEAUMUHDLON = N— ( T 2s ) SN OSAHANOMCA COOTMHOWEHUA.
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Bo-nepswix,
I - k ks ~ , k ks _r
sup f(a:l,...,ms)fg z Z (ng (ﬁ,,;) +UN)R Dy (xl—;l,...,xsf;> =N 5.
f e Hy(Q) ki=1 ke=1 L2@)

Bo-smopuix, daa scaxol eospacmarwed K +00 noaoscumenvhol nocaedosamesvrocmu {Nn}a_, umeem
MECMOo PasenHcmeo

)ik 353 Rfa (B B RODx (11— B — )

k171 ko=1

OnN | NN =nn N~ (5+
. L2(Q)
lim

N-—oo ON (0;LN(H6(Q)) X {@N}LQ(Q))

= +o00.
L2(Q)
K(B)II-2 (sepcus «ne Goavwe En »). [asn svuucaumeavnozo onepamopa (3.2) u dan seaununv, En =

— ( ryps—1,.1 )
N s s 2 B8YINONHAIOMCA COOMHOUWEHUAS

1 ¢~ v R K |tk ) gt k1 ks
sup f(z1,..xs) — N Z Z Rfq + EN)R "Dy lxz1— —, .5 — —
f € Hy(Q) ki=1 ks=1 n

L2()
k1,...ks
i

=< N~5s.

Takum obpasom, mpu § > 2U IPHU IOTPEITHOCTU BBIYKC/IeHU:A IpeobpaszoBanus Pamona c
s—l 1
+3)

TOYHOCTBIO He OosbIneit &y = N~ (5+
Oyer.
B 10 ke Bpemsi, ecii B BBIYHMCJIEHHN IpeobpasoBaHusi PaloHa ommdaThcss HA ITOCTOSHHYIO

UTOTrOBOI ITOTEPU TOYHOCTH BOCCTAHOBJIeHU:A f He

BejmunHy o = N 7(§+52;51), TO TakK)Ke He IIPOU30UJIET IOTEePH HUTOrOBOH TOYHOCTH,
HO 3TO OOpYyIIUTCS it NNON ,— JIODOH CKOJIb yIOJHO MEJIJIEHHO BO3pacTarolieil K 400
HOCJIeIOBATEILHOCTH {7)N } .

Bonpoc 06 oxonuwamesvrhocmu noezpewmnocmu  En 6 Gepcuu  «He boavuie EN », K020a
HE0OTO0UMO BBLACHUMD, Halidemca uau He natdemcsa Ty — 400 maxas wmo ENTN =: EN
6ydem npedeavrvim 6 sepcuu <he boavwe En », OCMAEMCA OMEPLIMVM (U3BECTNHO MOALKO MO,

r,s—1,1 r . s—1
wmo N—(5+5 +3) — EN<Env<bony= N+
3. IlpeoGpazoBanme Panona B K(B)II-mocranoBke m oreHkmu cuu3sy. Ilosoxunm

(moMuMO 3THX KpaTKuxX 0DO3HAYEeHWil, HUXKe TakyKe OyjeM MOJIb30BAThCs MH(MOPMATUBHBIMU
oboznavenusiMu u3 [41-43, 48-51])

o (FLRf)y () = inf sup |1 (@) = e (Bfa(al?, ol t™), s Ria (@™, 0 t):2) | vca).
ol el M eE, feF(Q)

(r= N) PN

(3.3)
Torma usBecTHBIE OlEHKH CHu3y BeanmduHbl Oy (F, L)y 111 BCeX BO3MOXKHBIX JIMHEHHBIX
dbyHKIMOHATIOB BIIEKYT 3a COOOM OIEHKHU CHU3Y I BeJUIUHBI (3.3)

L ON(F;L)y <on(F;Rf)y,

KOTOPBIE TAKXKe OTHOCATCS U KO BCEM JIMHEHHBIM aHAJOraM U MOIUMUKAIUAM ITPEOOPA30BaAHUsT
Panona.

Konkperusupyem K(B)II- nocranosky st npeobpasosanusi Pajona. 311ech OrpaHUIHMCs
kiaaccamu F - dbynknmit, saganupix na egqununanom kybe B [0, 1] ,6anaxossl npocrpanctea Y u
dyukmuu oy (21, ..., 285 ) GepyTes TakuME, KaK 3T0 cka3aHo BO Beejenun(cum. Takke [41-42]).

13 pesyabraTos [48], nosmydennsix nis Oy (F; L)y , auis npeobpasobannsi Paona BeITEKAIOT
CJIJIYIONIE OLEHKN CHU3y (OIpeJiesieHnsl TIPUBJIEIEHHBIX KJIACCOB (DYHKIUIT CM., HAIpUMED, B
j44]).

Teopema 6 (II1.0.AxxranueB, H.Temupranues [48]).[Iycmo darv yenoe wucio s > 2
u omKpwuimoe muootcecmeo ) C Eg = [—%, %]S Tozda dns waacca Hp, () u ecarozo yenozo
noaootcumenvro2o N cnpasedisusul YmeepiHcoeHus:
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a) Ecau 2 <p<qg<oo ur> 0 maxoso, 4wmo

mo umerom MeCcimo HEPaABEHCTNEA

NT/em(/pma) <o inf sup [If (@) = on ((F), - In (i D) Lage) <<
l1,...,IN — 8ce 803mooicHYBLE FEHE(Q)
auHetinve GYHKUUOHAAbL Had H;(Q), PN

<< inf sup Hf@) —@N (an (aﬁl), -~~7(¥.(<1_>1>t(1)> s R (a§N’,..-,aﬂi,t(N)) 730)H L9(Q)-
(ag") ..... a_(:_)l,t("'))eES(rzl ..... N), on FEHF(Q)

6) Hyemv 2 <p<qg<oo, 1<0<o0 ur>0 maxosw, wmo

Tozda umerom mecmo HeEpaceHCMEa

N/ << inf sup [If (@) = on (W) IV (Fi @) Lagey <<
l1,...,IN — 8ce 803MmO01CHDLE feB;s(Q)
aunetinve Gynryuonaavs nad Bpy(Q), on

<< inf sup Hf(x) —oN (RfQ (oz(ll), ...,ailjl,t(l)) ..oy Rfa (agN), ...,ailf)l,t(N)) ,Jt)“ L9(Q)-
(M., cy(;;)l,t(T))EES(‘r:L...,N), on FEBLG(Q)

Teopema 7 (II1.O.Axxranues, H.Temupranmes [48]).[Tycmo danve wucaa — uyeaoe s > 2 u
1 <qg<p<2, omgpuumoe muooicecmeo ) C Ey = [—%, %]6 To2da dasn waacca Hj () u scaxozo
UEN020 NOA0HCUMENDH020 N CNPABEIAUBDL COOMHOULEHUS

N~ << inf sup ||f (z) — e~ (L(f), - IN(f); @)l La(o) <<
l1,...,ln — 8ce 803Mmo001CHBLE feHT(Q)
aunetinoe GYHKUUOHAABL uadH;(Q)7 ©N
<< inf sup ||f(1)*<PN (an(agl),u-,ail_)l,t(l)),»m,Rffz(Oé(lN)y~~,aijz)1’t(N));x)|| L9(Q)-
@{, oD M eBg(r=1,....N), oy TEHR()

Teopema 8 (III.O.Axxrammes, H.Temupramnues [48])./Iycmv dano yeaoe wucao s > 2.
Tozda

a) Jlas deticmeumenvnozo T > % U BCAK020 UEA020 Noaodcumervhozo N umerom mecmo
Hepasercmea

lnr‘(sfl) N
iz <<ON (0 f3 SWa (Q)5 Ly X o) g (@) << ON (05 f3 SW3 (Q) 5 Bf X oN) ooy -

6) Zlas awbozo wucaa r > 0 u 6cakoeo uyeaozo nososcumesvnozo N umerom mecmo
HEPABGEHCEBA

lnr(sfl)

N
Nt << ON (05 f3 SW5 (2); Ly x ‘PN)L2(Q) << ON (05 f3 W5 (Q); Rf x SON)LQ(Q) .

Takum obpaszom,s K(B)II-nocranoeke PajonoBckasi npobiemaTika CBOJUTCS K OIEHKaM
cBepxy Besmumibl (3.3) (kak coobmiasock BO BBejieHnn, 3ak/ovaomiedicss B IOy 9€HUU
coorrommennss || f||pr =< ||Rf||pr4z ), ¢ mocremytommm HaxoxkaenumeM B pamkax K(B)IT-2
peJIe/IbHOI TIOrPENTHOCTU BOCCTAHOBJIEHUSI 110 YUCIOBBIM 3HAUEHUsIM peobpasoBanus Pajona,
¢ 3aBepiennem BK(B)II-3.

4. IIpeobpazoBanme Pamona m wmeron kBasu Monrte-Kapmgo. Kaxaomyb =
(o1, ..., 5-1,t) € [0,1]° B dopmyre (1.7) coorsercrByeT cBOsi rumepmiockocth (7 (£)b) .
BMmecre ¢ TeMm, eCTECTBEHHO OXKWJATh, 4YTO 4YeM 0ojiee PaBHOMEDHO DaCHpPEeJe/ieHa Ha
[0, 1]° nocrenoBarenbaocTh (ceTKa) TOYEK by, ...,by, Tem Gmmxke K f(x) (B YY) dbynknus
onN (Rf (b1),..., Rf (bn);x) (mpu HajyrexkameM ajaropurye @y (21, ..., ZN; ) ).

Tem cambIM, 3J€Chb MOXKHO IPUMEHHTL Teopuio ksasu Monte-Kapio, B KoTopoMm
CTelleHb PABHOMEPHOCTU PACIIPEJIeJICHUs ONPEJIe/ISeTCs Yepe3 BeJInuuny auckpernanca (X.j-
XapakTepucTudeckas OyHKIMsT MHOXKeCTBa J )
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N S s
1
Ds (bl,bg, ...,bN) = sup N ZXJ(bk) — H(dj - Cj) :J = H[Cj’dﬂ C [0, 1]8
k=1 J=1 7j=1

B sTOM Kpyre BOIIPOCOB OPUEHTHPOM CJIY>KUT SBPUCTHUYECKHit npuHIui «Cnexmp 60avwux
mpuzoHomempuyeckur Koappuyuernmos Dypve danwnozo waacca Gynkuyuld Hecem 6 cebe
ungopmayuro, onpedeasrouyto ochosHvie ceolicmea  Pynkuul kaaccas. st (OOBIYHBIX)
kitaccoB CobosieBa, Hukosbeckoro u bBecoBaTakoil cleKTp COCTABJISAIOT IEJIOYUC/IEHHBIE TOYKU
COOTBETCTBYIOIIEH Pa3MEPHOCTH Kyba ¢ COIPOBOXK IAIOIIEH pPaBHOMEPHOH ceTKoii (kak B Teopeme
B s kiacca Cobosesa W5(0,1)° ). Opuako, Jyist Tex ke (0 HA3BaHUIO) KJIacCoB YHKIHIL ¢
JIOMUHUPYIOIIEH CMEIAaHHOM MPOU3BO/IHOM MJIM PA3HOCTHIO O3HAUYEHHBIH CIIEKTP COCTABJISIIOT T.H.
«2UNEPOOAUMECKUE KPECMDLY , KOTOPLIM y2K€ COOTBETCTBYIOT PABHOMEPHO PACIIPEIEICHHLIE CETKH

¢ JIUCKPEIAHCOM IPEeIeIbHOrO B CTEIIHHO IIKaje IOPIKa, log” N / N (moapobrocru B [52-64]).
Tax B caydae kiracca SW3(0,1)? paBHoMepHble ceTKH 3aMensioTcs Ha cerku(cm.[53] u [55])

b, — (T, {”"1 }) (r=1,2,...,N = cp(n > 3)),

Cn Cn
rae {c;} ecrb mocienoBarenbrocTh Pubonauuancy = c1 =1, ¢ =1 + ¢r—2 (T > 2).

Onsrp 2Ke NPUXOIUM K HOJJIEKAIIUM JAJBHEHRIIIM UCCIIeIOBAHNSAM HEPCIEKTUBHBIM CB3SM
MeXKIy mpeobpasoBanusiMu Pasiona n merona kBasu Monre-Kapiio.

K. HlepuuszoBeiM [63](cMm. Takke [64]) mosrydena cepust TOUHBIX B CTEIEHHOI IIKAJIE TEOPEM
BOCCTAHOBJICHHsT (DYHKIIMA 110 WX 3HAYCHUSAM B y3J1aX CETOK, HOCTPOCHHBIX HA OCHOBE CETOK
Kopobosa u sistionuxcs nx Moaudukanumeii(cm. [52]) .

CupaseyimBa

Teopema C (K. IIlepuusizos [63]). [Tycmo 3adaro yeroe nososrcumenvroe wucao s. Tozda
OAA BCAKO20 U4EA020 NONOHCUMENLHO020 N UMENM MECTNO COOMHOWEHUS

1) npu r>1

N0 inf sup sup |f(x) — (T f) (1)) S N~ DICCDIN,
™S feEr zeRs T

N2 <inf sup [£(-) = (Tnf) ()l 2oy < N0 Dn DN,
r,8 feE:;‘ ’ r,8
2) npu r>1/2

N D«inf  sup  sup |f(z) — (Tnf) (2)| < Nf(T*%)(lnN)(H%)(S*l),
8 fESWQT(O,l)S TERS 7,8

N2 <inf  sup  sup |f(z) — (ITnf) (2)| < N==D Dy
8 fESHE(0,1)s zERS 7,8
3decv 60 scex coommoweHuAx inf bepemes no ecem onepamopam 8uda

Tn = (Inf)(x) =on (f (1), f(EN),2),
2de oN (21, 2n;2) + ON x R C -usmepuman dynxyus u & € [0,1°( = 1,2,...,N).
IIpu smom eeprHue OUEHKU 80 BCET IMUL COOMHOWEHUAT OOCTNULAIOMCA NPU BOCCTNAHOBAEHUL

onepamopom
1 /
£01) - . (o)
( o) Z detAy, , Z f(1(4n7)
TELS: Tj >0 ke Z%: —2T1p7-1+...+7-s < kl < 2T1p71+"'+737
44 <n 9T < k; <27 (j=2,...,5)

Z e27ri<m,x7(AfL,1T)/k>
m € Z%: 2" tmax {1, |m;|} < 27
j=12,...,5)
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2de uenoe nosodtcumenvroe wucio n onpedeaeno no N . [anee dna eécex T = (T1,...,7s) € Z°
makuz, wmo 7; > 0(j =1,2,...,8) u T1,...,Ts <N NOA0KHCEHO
1 1, (T14+7s) 1, (71t +7s)
2n+ Pri+-trs —2nt 0’12 L. —2ont ag :
T2+
Aps = 0 2 0
0 0 PACRE

20e P1,P2, ..., Ds - MPOCMBIE HUCAL TAKUE, YMO
2n—k+28(n —k4+ 1)—2 <pp < 2n—k+25+1(n —k+ 1)—2’

k k k
a ueavie a; = 1,ag ),ag ),...,ag) ecmv onmumarvhvie Koaphuyuernmo, no modymo p(k =

1,2,...,n) undexca B(s)>0.

[Ipumenenue 3Toit TeopeMbl K IpeobpaszoBanuio Pajgona Rf cHOBa HpUBOIUT K 3ajave
| fll zr =< |Rf||pr+z , T.€. mOIydenmio amasora rteopemsl 5.1 u3 [7]| mast Hopm F” u3 TeopeMbl
C(u, Boobie, Becex KiraccoB u3 [44]).

B 3akioueHune, aBTOPBI BBIPAXKAIOT INIyOOKYIO OJIArogapHOCTh cOTpyaHukKam HucTuTyTa
TEOPeTUYIeCcKOll MaTeMaTuku U HaydHbix Bberuucienuit EHY wumenn JI.H.'ymuiena
C.C.KynaitbeprenoBy u H.2K. HayprizbaeBy 3a IleHHBIE COBETBIM IOJIE3HBIE 0OCY K ICHUSI.
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H. Tewmipranues, III.K. AbukenoBa, II1.Y. OxranueB, I.E. TayrbinbaeBa, A.2K. 2Ky6ausbiieBa

JI.H.lymunes amundaev, Eypasus yammork yrusepcumeminiyy, Ipeeni mamemamura sHcoHe 2ulaviMU eCENMEYAED
uncmumymaot, Hyp-Cyaman, Kasaxceman

Kowmnsiorepaik (ecenreyim) auamerp KoHuencusicblHaarsl kBasu-Moure Kapuo aaicingeri Pagon
TypJieHaipyi

Annoranus. QDyHKIUA TyBIHIBICBIH OJIADABIH HYKTeZeri MoHzaepi GoiibiHma »kybikray ecebinmin K(E) Goiibrama

aJIbIHFaH HOTHXKEJIEpI TeK Oip ||fHW27‘(071)5 = RfIl ,yps=1 KATBIHACBIH FaHa KOJIJAHY AapPKbUILI Ke3 KeJIeH
w. 2 (0,1)¢

LIEHEJINeH allbIK KUbIHAa (MiHAETTI Typae GailylaHbICThI eMec) 3epTTey OObEKTICIHEH aJIbIHFaH GapJIbIK MYMKIH CHI3BIKTBIK,
dYyHKIMOHAIIAD apKbUIbl KYPBLIFAH €CEITey arperaTTapblHbIH, apacblHAa ONTHUMaJsbIi OosiaTeiH PagoHAbIK cKaHepJiepy
anropuTiMin 6epeTinairi kepceriired. COHbBIMEH KaTap COHFbI HOTHMXKETE €Il KeJIepri KeJTIpMEATIH ecenrey KaTeiKTepiHiH
mekapaJjapbl KOPCETIITeH.

Tyiiin cespep: Pauon rypuenuipyi, Co6osnes kenicriri, Komnbiorepaik (ecenreyim) muamerp (K(E)I), mon xone
IIRJ1 eMec MaJliMeTTep OOMBIHINA »KYBIKTAY, €CelITeK arperaThl, JUCKPenaHc, 6ipKabInThl yiecripiiren Top, Kopobos Topsi,
onTuMaJi bl Koddduimenrrep.

N. Temirgaliyev, Sh.K.Abikenova, Sh.U. Azhgaliyev, G.E.Taugynbayeva, A.Zh.Zhubanysheva

Institute of Theoretical Mathematics and Scientific Computations of L.N. Gumilyov Eurasian National University,
Nur-Sultan, Kazakhstan

Theory of Radon Transform in the Concept of Computational (Numerical) Diameter and Methods of the
Quasi-Monte Carlo Theory

Abstract. In the paper is shown that results of C(N)D-recovery of derivatives by the value at the point with using just
only one relationships HfHW2r(0 ns < [IRf]l implies Radon’s scanning algorithm of an arbitrary open (not

rySzL

W, 2 (0,1)s
necessarily connected) bounded set, which is optimal among the all computational aggregates, constructed by arbitrary
linear numerical information from the considered object with indicating the boundaries of the computational error, not
affecting the final result. adon transform, Sobolev space, Computational (numerical) diameter (C(N)D), recovery by
accurate and inaccurate information, computational unit, discrepancy, uniformly distributed grids, Korobov grids, optimal
coefficients.

Keywords: radon transform, Sobolev space, Computational (numerical) diameter (C(N)D), recovery by accurate and

inaccurate information, computational unit, discrepancy, uniformly distributed grids, Korobov grids, optimal coefficients.
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«JI.H. T'ymunes arbiugarbl Eypasusi YIITTBIK, YHUBEPCUTETIHIH xabapiibickl. MaTremaTuka.
KowmmbroTepiik reumbiMagap. Mexanuka cepusicbl» >KypHaJIblHA »KibepisteTin >xyMmbIicTapra
KOMBLIATBIH TAJIANTAD

2Kypraa pedaxuyuaco, a8mopaapea ocvl WY CKGYABIKNEH MOABEK MAHICHIN, IHCYDPHANZA MAKAAL O3IPAEY MEH
dativi MAKAAAHBL HCYPHAAQ dicibepy Kedinde 6acwbiivikka aryovt yeonads,. Bya wyckayavk masanmapoiio
OPBIHOAAMAYDL Ci30TH, MAKAAAGHBL30DH, AHCAPUANAGHYDIH KIDTPMED.

1. Asropabiy Ko/KaszbaHbl pefakisra Kibepyl Makaja aBTOpBIHBIH 6Gacein mbrapymsl, JI.H. I'ymuies
aTbIHIaFbl Eypasusi y/ITTBIK YHUBEPCUTETIHE MaKaJaCblH 0acyFa KeJiCiMiH »KoHe Ke3 KeJIeH IIeTesl TiTiHe
ayIapbUIBII KaiiTa OachLTybIHA Kemicimin Olimipesmi.

2. Bacnara (6apJiblk »Kapuslaylibl aBTOPJIAPIBIN KOJI KONBLIFAH Kara3 HYCKACHI YKOHE 3JIEKTPOHJIbI
HYCKACBIH/IQ) YKy PHAJJ(bIH TYIHYCKAJIbI CTUIIbIK dailibiHbIH MiHgeTTi Kosanbicbimer LaTeX Gacna kyitecinme
naipiaganrad Tex- men Pdf-dainbiamars kyMmbicTap yebHBLIAAbL CTuabaik daitiaer bulmathme.enu.kz
JKYPHAJI CAalThIHAH YKYKTEIl ajIyFa OO0JIaIbl.

3. Maxkananbiy, Kejemi 6 6erreH Kem KoHe 18 GeTTeH apThIK OomMaybl Twic. Tajanm jeHreiliHeH acKaH
JKYMBICTAP PEIAKIMSIIBIK, a7IKa OTBIPBICHIHA KAPAJIBIIl, OacIara epeKiie KarIaiaa raHna PpyKcaT eTiIeIl.

4. 2Kywmbicreiy Morini XFTAP (XanblkapaJsblK FBUIBIMA-TEXHUKAJBIK aKIapaT PyOPUKATOPHI) KOJILIHBIH,
KepceTKintiMeH GacTaJblll, KeiliH aBTop(s1ap)/plH, aThl YKOHE Teri, »KYMbIC ODHBIHBIH TOJIBIK aTaybl, KaJachl,
memiekeTi, E-mail-bl, MakaJaHBIH TOJBIK aTaybl, AHHOTAIIUSICHI KOPCETiIemd. Amnnoramus  150-200 ces
KeJjleMiHZle OOJIybl THIC, COHBIMEH KaTap MOTiHIe KypZesi ecenTik dopmysangap 00JMaybl, MaKaJIaHBIH TOJIBIK,
aThl KaliTajgaHbaybl, »KYMBICTBIH MOTiHI MeH ojebuerTep Ti3iMiHme KepceTiseTiH cliremesep GOIMaybl Kepek.
AHHOTAIINST MaKAJIAHBIH E€PEKINEJIKTepiH KOPCETETIH KOHE OHBIH, KyPbUIBIMBIH (Kipicre, ecenTiH KOWBLIBIMBI,
MaKCaTbl, TAPUXBI, 3€PTTEy OSJiCTepi, HOTHXKEIEp XKOHE OJIap/bIH TaIKbLIAyJIapbl, KOPBITHIH/bI) CAKTAHTHIH
MaKaJIaHBIH, KBICKAIIIa, MAa3MYHBI OOJTyBI THIC.

?KypHaaabiy TOTEHITHAIBI ABTOPJIAPHI MaKaIa KYPBLIBIMBI OOMBIHIIIA KeJIeCl TaJanTapbl YCTaHyIaphbl KayKeT:

- MakaJjia MoTiHIH TYCiHY/I KaMTaMacbhl3 €TeTiH KaxKeTTi Oesirijiep MeH aHbIKTaMaJiap;

- MakaJsaia KapacThIPBLIATHIH €CEeNTiH KOWBLITBIMBI;

- KapacToIpbliaTbiH ecen OOMBIHINIA TAPUXU MOJIMETTED - MaKaJa TaKbIPLIObIHA CONKeC OYPBLIH aJIbIHFaH
HOTHUKeJIep KIMMeH »KoHe KAlllaH aJIbIHFaHIBIFBI TyPaJIbl TOJIBIK CijiTeMesiepiMeH OepijiraH akiapar;

- Kes kenren fpuIbIME KYMBICTBIH €H YKayanThl OeJIiri peTiHe MaKaJaHBIH KayKeTTLTr MeH ©3eKTiTiriH
Herizzey;

- Makasaga KOMBLIFaH €Cell IIeNIMiH HAKThl TY2KBbIPBIM/IAY KOHE CHUIIATTAY;

- Bypoia Gesrini MoHMOTIHIHIE MaKaIa HOTHZKECIHIH(HOTHKEIEPIHIH) KAHAJBI?BIH €r2KeH-Ter>KeiIi Herisaey;

- Ecenrrig memimi ToJbIK HerizaeynepMen (piiesgemMenepMen) xKababIKTagybl THiC.

Ocsl Tasanrrap/ibiy, ey 6osiMaraszga Oipeyl cakrajMaraH »Kariaiiga Makaja KapacThIpyFa KadbLIIaHOa b

5. 2KyMBICTBIH MOTIHIHJAE Ke31eceTiH Tab/uIajap MOTIHHIH INIHAE >KeKe HOMIpJIEHIN, MOTIH KeJeMiHJe
cisrremeniep Typinge kepcerinyi kepek. Cyperrep men rpadukrep PS, PDF, TIFF, GIF, JPEG, BMP, PCX
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IIpaBuiia npeacTaBiieHus1 paboT B »KYPHAJI
"Becmnux Eepa3ulicko2o0 HauuoHarvbHoz20 yrusepcumema umernu JI.H.'ymuaesa.
Cepus Mamemamuxa. Komnwvromepnoie nayku. Mexanuxa"

Pedaxyus otrcyprana npocum aemopos 03HAKOMUMBCA C NPAGUAGMU U NPUIEPHCUBAMBCA UT NPU NO020MOBKe
pabom, HANPaBAAEMBT 6 oicypHan. OmKsOHEHUE OM YCMAHOBAECHHDIT MPABUA 3A0EPIAHCUBLEM NYOAUKAUUIO
cmamovu.

1. OrnpasiieHne cTaTbi B pEJIaKIHIO O3HAYAET coriacue aBTopa (aBTopoB) Ha npaso Vzxaresns, Espasuiickoro
HaIMOHaJIbHOTO yHuBepcuTera nMmenn JI.H. I'ymuieBa, usmanus craTbu B KypHAJE U MEPEU3IaHNUsT UX HA JIFOOOM
MHOCTPAHHOM SI3bIKE.

2. B pegakuuio (B 6yMarKHOM BHJe, MOJIIMCAHHOM BCEMU aBTOPAMHU U B SJIEKTPOHHOM BHJIE) IPECTABIISIOTCS
Tex- u Pdf-caitier paboTsl, moATroTOB/IEHHBIE B n31aTe1bCKOM cucTeMme LaTeX, ¢ 06s13aTeIbHBIM UCIIOIB30BAHUEM
OPUTHHAJBLHOTO CTUIEeBOro daitma xypuama. CrumeBoit daitil MOXKHO CKadaThb CcO caifiTa KypHana bul-
mathmec.enu.kz.

3. OGbeMm craTby He JOJIPKEH HpeBblnarh 18 crpanun (or 6 crpanni). PaGoTsl, IpeBbIIAIOIME yKA3AHHBII
00 beM, MPUHUMAIOTCS K IMIyOJIMKAIINN B HCKIIOYATEIbHBIX CIydasax 1Mo ocobomy permtennio Pegkosuternu xKypHasa.

4. Tekcr paborsl HaunHaeTcs ¢ pybpukaropa MPHTU (MexayHapoaHblil py6puKaTop HayIHO-TEXHUYECKO
nadopManyn), 3aTeM CJIeAyI0T HHUNUAIbL 1 dhaMuinst aBTopa(oB), OJIHOE HAMMEHOBAHUEe OPraHU3aliy, FOPOJ,
crpana, E-mail asropa(os), 3armaBue cratbu, anHoTanms. AHHOTAIMs JOJKHA cocToaTh u3 150-250 cios, He
JIOJKHA COJIEPYKATH IPOMO3IKMe (POPMYJIBL, II0 COAEPKAHUIO HE JOJI?KHA [TOBTOPSITH HA3BAHUE CTATHU, HE JOJIKHA
COJIEpKATh CCBLIKM Ha TEKCT pabOThI M CIMCOK JINTEPATYPHI, JOJIXKHA OBITH KPATKUM U3JIOXKEHUEM COJIEPIKAHUS
CTaThU, OTPaXkas eé 0COOEHHOCTH U COXPAHATH CTPYKTYPY CTaTbU - BBEJIEHUE, TIOCTAHOBKA 331291, [1€JI1, UCTOPUSI,
METO/IbI MCCJIEOBaHNsI, PE3YJILTATHI C UX OOCYK/IEHUEM, 3aKJII0UE€HUE, BBIBOJBL.

TlorenmnuanpHbIE ABTOPHI *KYPHAJIA JOJZKHBI TIOIMMYHKTHO C 3ar0JIOBKAMU MIPHUIEPYKUBATHCS CJIEIYIONINX TPABUIT
[0 CTPYKTYPE CTATHU:

- Heobxonumble 0603Hau€eHNsI U ONIPEJIeJIeHNs JjIsi 00eCIeYeH sl IOHUMAHUs TeKCTa, CTaThU;

- ITocTranoBKa 3ajatu, PEIIEHUIO KOTOPOI MOCBSIIIEHA CTAThS;

- Ucropuueckue cBejeHMs 1O IIOCTAHOBKE 3aJadd - KEM U KOTJA ObUIN IIOJYyYEHbl PEe3yJIbTAThI,
[IPEJIIIECTBYIONINE TeMe CTATHU C COOTBETCTBYIONUMU IIOJTHBIMY CCHLIKAMU;

- ObocHoBaHME HEOOXOAUMOCTH W aKTYAJHLHOCTH 3aJ[a9d CTATHHU, KAK CaMasi OTBETCTBEHHAsI 9aCTb JIIOOOi
Hay4IHOI pabOTHI;

- Tounast OpMyJIMPOBKaA ¥ ONKCAHKE IIPEJICTABICHHOIO B CTAThe PENIEHHs [TOCTABJICHHON 3a/1a4M;

- ITonpo6uoe o6ocHOBaHNE HOBU3HBI PE3yabTaTa(OB) CTATHA B KOHTEKCTE PAHEE U3BECTHOTO;

- Pemenne 3ana9um 10/12KHO 6bITH CHAGXKEHO MOAPOOHBIMU OGOCHOBAHUSAMU (J[OKA3ATEIHCTBAMM).

IIpu HecobmromeHN XOTsT OBl OJJHOTO M3 3TUX TPEOOBAHUIN CTATHS HE MPUHUMAETCS K PACCMOTPEHUIO.

5. Tabaumpbl BKIIOYAIOTCS HEMOCPEICTBEHHO B TEKCT pabOTBI, OHU JOJKHBI OBITH MTPOHYMEPOBAHBI U
COIIPOBOXK/IATHCS CCHLIKON Ha HUX B TeKCTe paboThl. Pucynku, rpaduku JOJKHBI ObITH [IPEICTABJIEHDI B OJIHOM U3
crangaptabix popmaros: PS, PDF, TIFF, GIF, JPEG, BMP, PCX. Toueuynble pucyHKu HEOOGXOIMMO BBITIOTHSITH
¢ paspemrenneM 600 dpi. Ha pucyHkax mosiKHBI OBITH sICHO TIEPEIAHBI BCE IETAJIN.

6. Cnucok JuTepaTypbl JOJKEH COIEPXKATH TOJBKO T€ HCTOYHMKA (IIPOHYMEPOBAHHBIE B IOPSAIKE
[UTUPOBAHUS WM B IIOPsIJIKE aHIVIMACKOro asdaBuTa), Ha KOTOPbIE UMEIOTCs CChIIKU B TeKcTe paborsl. Cehblikn
Ha, HEOMyOJIMKOBaHHBIE pabOTHI, PE3Y/IbTATHl KOTOPHIX UCIOJB3YIOTCS B JOKA3aTEIbCTBAX, HE JTOMYCKAIOTCS.

ABropam pekomeHiyeTcsi Tpu 0POPMIIEHUH CCHLIJIOK UCKJIIOYUTh YIOMUHAHUE CTPAHUI] U PYKOBOJCTBOBATHCS
cllefyomuM  MabJOHOM:  HOMep IVIaBbl, HoMep mnaparpada, HOMep IYHKTa, HOMEp TeopeMbl (JeMMBI,
YTBEPK/ICHUsI, 3aMEIaHus K TeopeMe U T.I.), Homep dbopmyasr. Hampmmep, "...; cm. [3; § 7, memma 6]"; "...,
cM. [2; 3ameuanue K Teopeme 5|". B mpormBHOM ciiydae IpU IOAIOTOBKE AHIVION3BITHONW BEPCUHM CTATHU MOTYT
BO3HUKHYTBH HEBEPHBIE CCBHIIKHU.

IIpumeps! odopMieHUsI CIIMCKA JINTEPATY PbI

1 Bopouun C. M., Kapamy6a A. A. Izera-dyukuus Pumana. -M: @usmaraur, -1994, -376 crp. - kKHura

2 Bamos E. A., Cuxos M. B., Temuprasues H. O6 ob1iem ajiropurme 9ucC/IEHHONO MHTErPUPOBaHUsT DyHKITUT
MHOIMX IepeMeHHbIX // 2K ypHaJ BBIYMCINTEILHON MaTEeMATUKH B MaTeMaTudeckoii dbusukn -2014. -T.54. Ne 7.
-C. 1059-1077. - craTrba

3 ?Ky6anbimesa A.2K., A6ukenosa I1I. O HopMmax Ipou3BOIHBIX PYHKIWI C HYJIEBBIMU 3HAYECHUSAMY 33IaHHOTO
Habopa JIMHEHHBIX (YHKIMOHAJIOB W HMX IPUMEHEHHsI K IIOINEPEYHUKOBLIM 3atadaM // DyHKIMOHAJILHBIE
MPOCTPAHCTBA ¥ Teopusi mnpubsmkeHust Gyukmmit:  Te3uchl m0KIa10B MeXayHaApOomHON KOHMEpeHInH,
nocesiienHon 110-sernio co gaust poxienus akagemuka C.M.Hukombckoro, Mocksa, Poccus, 2015. - Mocksa,
2015. -C.141-142. - Tpyapl koHdEpEeHIN

4 Hyprasuna K. Poijaps maremaruku u undopmaruku. -Acrana: Kaz.mpasnma, 2017. 19 anpens. -C.7. -
ra3eTHas CTaTbs

5 Keipos B.A., Muxaitnuuenko I'I. AHanuTudeckuil Meroj| BJIOXKEHHsI CHUMIUIEKTUYECKOH reomerpuu //
Cubupckue 7eKTpoHHbIe MaTeMaTnaeckue n3pectusa -2017. -T.14. -C.657-672. doi: 10.17377/semi.2017.14.057.
- URL: http://semr.math.nsc.ru/v14/p657-672.pdf. (nara obpamenus: 08.01.2017). - 37IeKTPOHHBI >KypHAJI

JI.LH. 'ymunes arbiagarsl EYY Xabapmbicsl. MaTtemaruka. Komnbiorepaik seiabiMaap. Mexanuka cepusicel, 2019, Tom 129, Ne4

Becruuk EHY um. JI.H. I'ymunesa. Maremaruka. Komnbiorepubsie Hayku. Mexanuka, 2019, Tom 129, Ned
140



7. Ilocse cuucka simrepaTypbl, HEOOXOAUMO yKa3arTh Ooubsmorpaduyeckre JaHHbIe HA PYCCKOM M AHIVIUHACKOM
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8. Adpec pedaxyuu: 010008, Kazsaxcran, r. Hyp-Cynran, ya. Carmnaesa, 2, Espasuiickuil HanmoHaIbHBIM
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