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Γ -supercyclicity for Bilateral Shift Operators and Translation Semigroups

Abstract: We characterize the Γ -supercyclicity of bilateral shift operators and translation
semigroups in weighted Lp spaces in terms of the weight and Γ . We survey the notion of
S -density introduced by E. Abakumov and Y. Kuznetsova. Finally, we present without proof
some characterization of a supercyclic version for the S -density of translation operator.
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1. Introduction

In this note we will deal with hypercyclicity and supercyclicity of an important class of
operators in dynamics of linear operators. More precisely, we discuss some characterization of
hypercyclicity and supercyclicity of translation operator in weighted Lp space. Let us assume
that X is an infinite-dimensional Banach space, let L(X) be the space of bounded linear
operators on X , and let Γ be a subset of the complex plane such that Γ \ {0} is non-empty.
An operator T ∈ L(X) is said to be hypercyclic if there exists some vector x ∈ X whose orbit
under T , i.e., Orb(x, T ) := {Tnx : n ∈ N} is dense in X . Similarly, T is called supercyclic if
the projective orbit of some vector x ∈ X under T , i.e., Orb(Cx, T ) := {λTnx : n ∈ N, λ ∈ C}
is dense in X , more generally, T is said to be Γ -supercyclic if there exists a vector x ∈ X
such that the orbit of Γx under T , i.e., Orb(Γx, T ) := {λTnx : n ∈ N, λ ∈ Γ} is dense in
X . The vector x is called a Γ -supercyclic vector for T and the set Γ - SC(T ) stands for the
set of all Γ -supercyclic vectors for T . It easy to check that the set of Γ -supercyclic vectors
for T is either empty or dense in X . Indeed, if x is a Γ -supercyclic vector for T , then the
orbit of Γx is contained in Γ - SC(T ) . The notion of Γ -supercyclicity was introduced recently
in [4]. For more information about hypercyclicity and supercyclicity, see [3, 10]. Hypercyclicity
and supercyclicity of strongly continuous semigroups have also been considered. Recall that
a strongly continuous semigroup of operators - or C0 -semigroup - on X is a family (Tt)t>0

of bounded linear operators on X that satisfies T0 = I , Tt+s = TtTs for all t, s > 0 , and
such that the map R+ −→ X; t 7−→ Ttx is continuous for every x ∈ X . Hypercyclicity
and supercyclicity of C0 -semigroups are defined in a way similar to the discrete case. A C0 -
semigroup T = (Tt)t>0 on X is hypercyclic if there exists a vector x ∈ X whose orbit under
T , Orb(x, T ) := {Ttx : t > 0} , is dense in X , and T is supercyclic if there exists x ∈ X
such that the set Orb(Cx, T ) := {λTtx : t > 0, λ ∈ C} is dense in X . Finally Γ -supercyclicity
for strongly continuous semigroups is defined in a natural way as in [2]. Characterizations for
hypercyclicity and supercyclicity for weighted shift operators were obtained by Salas in [12,13],
while hypercyclicity of translation semigroups was characterized by Desch, Schappacher and
Webb [8]. Moreover, Matsui, Yamada, and Takeo gave a characterization of supercyclicity of
translation semigroups [11]. In this paper, we will characterize the Γ -supercyclicity of bilateral
shift operators (see Theorem A, see Section 2) and of translation semigroups (see Theorem B,
see Section 3). Next, after a short survey on some of the results of Abakumov and Kuznetsova
in [1] (Section 4), we state several results obtained jointly with Y. Kuznetsova which generalize
some of those contained, e.g., in [6, 9, 11, 13] (Section 5). These results will be fully developped
and proved in a forthcoming paper.

73



Γ -supercyclicity for Bilateral Shift Operators and Translation Semigroups

2. Γ -supercyclicity of bilateral shift operators

As mentioned above, characterizations of hypercyclicity and supercyclicity of weighted shift
operators were obtained by Salas in [12, 13]. In this section, we suppose that ω = (ωn)n∈Z

is a sequence of positive numbers such that sup
n∈Z

ωn
ωn+1

< +∞ , 1 6 p < +∞ , and B is the

unweighted backward shift acting on `p(Z, ω) defined by

B : `p(Z, ω) −→ `p(Z, ω)
(xk)k∈Z 7−→ (xk+1)k∈Z

, (1)

where
`p(Z, ω) := {x = (xk)k∈Z ∈ CZ : ‖x‖pp,ω =

∑
k∈Z
|xk|pωpk < +∞}.

We quote below characterizations of hypercyclicity and supercyclicity of the backward shift
obtained in [3, Theorem 1.38].

Theorem 1 (Salas). Let B be given by (1)
1. B is hypercyclic if and only if for any q ∈ N , lim inf

n→+∞
ω±n+q = 0 .

2. B is supercyclic if and only if for any q ∈ N , lim inf
n→+∞

ωn+qω−n+q = 0 .

Inspired by the proof of Salas´ theorem, we obtain the following more general characterization
of Γ -supercyclicity for backward shift operators.
Theorem A. Let Γ ⊂ C be such that Γ \ {0} is non-empty. Then B is Γ -supercyclic if

and only if for any q ∈ N , there exist (λk)k∈N ⊂ Γ \ {0} and (nk)k∈N ⊂ N ,with nk → ∞ as
k →∞ , such that

lim
k→+∞

max

{
1

|λk|
ωnk+q , |λk|ω−nk+q

}
= 0.

Proof. (⇒) : Fix q ∈ N and 1 < δ < min{1, ωq} . Since the set Γ - SC(B) of Γ -supercyclic
vectors of B is dense in `p(Z, ω) , there exist x ∈ Γ - SC(B) , λ ∈ Γ\{0} and an integer n > 2q
such that:

‖x− eq‖p,ω < δ and ‖λBnx− eq‖p,ω < δ,

where eq = (δq,k)k∈Z with δq,k the Kronecker delta. Regarding the q -th and (n + q) -th
coordinate in the first inequality, we obtain:

|xq − 1|ωq < δ and |xn+q|ωn+q < δ.

Similarly, regarding the q -th and (−n+ q) -th coordinate in the second inequality, we obtain:

|λxn+q − 1|ωq < δ and |λ||xq|ω−n+q < δ.

Combining these inequalities, we get

max

{
1

|λ|
ωn+q , |λ|ω−n+q

}
<

δωq
ωq − δ

.

Since δ is arbitrary, this establishes the necessary condition.
(⇐) : Fix C > max{1, sup

ωn
ωn+1

} . We can find two sequences (nk)k∈N ⊂ N and (λk)k∈N ⊂

Γ \ {0} such that, for any l ∈ Z

lim
k→+∞

max

{
1

|λk|
ωnk+l , |λk|ω−nk+l

}
= 0. (2)

Indeed, it is clear that there exist two sequences (nk)k∈N ⊂ N and (λk)k∈N ⊂ Γ \ {0} such that
max

{
1
|λk|ωnk+k , |λk|ω−nk+k

}
< C−3k . Fix l ∈ Z and let k ∈ N such that k > |l| . Since

ω±nk+l =
ω±nk+l

ω±nk+l+1
...
ω±nk+k−1

ω±nk+k
ω±nk+k,

we obtain max
{

1
|λk|ωnk+l , |λk|ω−nk+l

}
< C−k −→

k→+∞
0 .
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Let Y := {yj : j > 1} ⊂ c00(Z) (the linear span of the basis vectors ei ) be a dense subset
of `p(Z, ω) . We can assume that for every j > 1 , yj :=

∑
|m|6qj yj(m)em where qj ∈ N and

yj(m) ∈ C . Let also S : Y −→ `p(Z, ω) be the map defined by S(xn)n∈Z = (xn−1)n∈Z (i.e.,
Sen = en+1 ). We will construct by induction a sequence (kj)j>1 ⊂ N such that for every j > 1 :

(a)
1

|λkj |
‖Snkj yj‖p,ω < 2−j .

(b) For every l = 1, ..., j − 1 ,
|λkj |
|λkl |

‖BnkjSnklyl‖p,ω < 2−j .

(c) For every l = 1, ..., j − 1 ,
|λkl |
|λkj |

‖BnklS
nkj yj‖p,ω < 2−j .

Assume that k1, ..., kj−1 have been chosen. For all n ∈ N and l ∈ {1, ..., j − 1} , an easy
computation gives that ‖Snyj‖pp,ω 6 ωpn+qj

Cj , where Cj is a constant (depending only on yj ,
C and p ) and

‖BnSnklyl‖pp,ω 6 ωp−n+nkl+ql
Cl and ‖BnklSnyj‖p 6 ωpn−nkl+qj

Cj .

Combining the last three inequalities with (2), we can then choose kj sufficiently large in order
to satisfy the conditions (a) , (b) and (c) .

From (a) , we get that the series
∑

l>1

1

λkl
Snklyl converges. Moreover x :=

∑
l>1

1

λkl
Snklyl

is a Γ -supercyclic vector for B . Indeed, for every j > 1 , and by (b) and (c) , we have

‖λkjB
nkjx− yj‖p,ω 6

j−1∑
l=1

|λkj |
|λkl |

‖BnkjSnklyl‖p,ω +
+∞∑
l=j+1

|λkj |
|λkl |

‖BnkjSnklyl‖p,ω

6
j − 1

2j
+

+∞∑
l=j+1

1

2l
=
j + 1

2j
−→
j→+∞

0.

This finishes the proof.
Another way to prove the sufficient condition of the previous Theorem without constructing

a Γ -supercyclic vector is by using the following result. It can be proved by extending the proof
of the supercyclicity criterion [3, Theorem 1.14].

Theorem 2 (Γ -supercyclicity criteria). Let X be an infinite-dimensional Banach space, T ∈
L(X) and let Γ ⊂ C be such that Γ \ {0} is non-empty. Assume that there exist an increasing
sequence of integers (nk)k∈N , a sequence (λk)k∈N ⊂ Γ \ {0} , two dense subsets X0 and Y0 in
X and a family of applications Snk : Y0 −→ X such that, for any x ∈ X0 and any y ∈ Y0 ,
the following conditions hold:

1. λkT
nkx −→

k→+∞
0 ;

2.
1

λk
Snky −→

k→+∞
0 ;

3. TnkSnky −→
k→+∞

y ;

Then T is Γ -supercyclic.

3. Γ -supercyclicity of translation semigroups

Hypercylicity and supercyclicity of translation semigroups are characterized respectively in
[8, 11]. In this section, we assume that ω : R −→ R is an admissible weight, i.e., a positive
measurable function such that there exist M > 1 and a ∈ R such that ω(x) 6 Meatω(x + t)
for all x ∈ R and t > 0 . For 1 6 p < +∞ , we now consider the weighted Lebesgue space

Lp(R, ω) :=

{
f : R −→ C : f measurable ,

∫
R
|f(t)|pω(t)p dt <∞

}
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endowed with the norm

‖f‖p,ω :=

(∫
R
|f(t)|pω(t)p dt

)1/p

.

The translation semigroup T = (Tt)t>0 on Lp(R, ω) is defined by:

(Ttf) (x) = f(x+ t), f ∈ Lp(R, ω), x ∈ R and t > 0.

Note that the translation semigroup on Lp(R, ω) is a strongly continuous semigroup [8, Lemma
4.6]. Hypercyclicity of translation semigroup was characterized in terms of the weight by Desch,
Schappacher and Webb:

Theorem 3 ( [8, Theorem 4.8]). Let T = (Tt)t>0 be the translation semigroup on Lp(R, ω) .
Then T is hypercyclic if and only if for each θ ∈ R , there exists a sequence (tj)j>0 ⊂ R+

( tj −→
j→+∞

+∞ ) such that

lim
j→+∞

max{ω(tj + θ), ω(−tj + θ)} = 0.

Similarly, the supercyclicity of translation semigroup was characterized by Matsui, Yamada
and Takeo.

Theorem 4 ( [11, Theorem 1]). Let T = (Tt)t>0 be the translation semigroup on Lp(R, ω) .
Then T is supercyclic if and only if for each θ ∈ R , there exists a sequence (tj)j>0 ⊂ R+

( tj −→
j→+∞

+∞ ) such that

lim
j→+∞

ω(tj + θ)ω(−tj + θ) = 0.

Inspired by the proof of [11, Theorem 1] or [8, Theorem 4.8] and by using [2, Proposition
3.6 and 3.7], we obtain the following characterization of Γ -supercyclicity of the translation
semigroups, similar to Theorem A.
Theorem B. Let T = (Tt)t>0 be the translation semigroup on Lp(R, ω) and let Γ ⊂ C

with Γ \ {0} non-empty. Then T is Γ -supercyclic if and only if for each θ ∈ R , there exist
two sequences (tj)j>0 ⊂ R+ , tj →∞ as j →∞ , and (λj)j>0 ⊂ Γ \ {0} such that

lim
j→+∞

max

{
1

|λj |
ω(tj + θ) , |λj |ω(−tj + θ)

}
= 0

We finish this section by asking the following open question.
Question. Can we characterize the subsets Γ of the complex plane such that the following

condition holds: For every separable complex Banach space X and for every C0 -semigroup
T = (Tt)t>0 on X , T Γ -supercyclic implies that for every t > 0 , Tt is Γ -supercyclic?

This question has a positive answer when Γ = {1} (see [7]) and Γ = C (see [14]).

4. S-density of translates operators on Lp(G,ω)

All the results in this section were obtained by E. Abakumov and Y. Kuznetsova in [1]. In
the remainder of this note, let us assume that G is a locally compact group with identity e
and associated left Haar measure µ . Let 1 6 p < +∞ and let ω : G −→ R+ be a weight on
G , i.e., a positive locally p -integrable function (i.e., ω ∈ Lp(K) for all compact subsets K of
G ). Consider the weighted Lp -space

Lp(G,ω) :=

{
f : G −→ C : f measurable , ‖f‖pp,ω :=

∫
G
|f(t)|pω(t)p dµ(t) <∞

}
.

For every s ∈ G , if ess sup
t∈G

ω(st)

ω(t)
< +∞ , then the left translation operator Ts defined on

Lp(G,ω) into itself by
(Tsf)(t) = f(s−1t); t ∈ G, f ∈ Lp(G,ω)
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is continuous and

‖Ts‖ = ess sup
t∈G

ω(st)

ω(t)
.

In the following, fix S ⊂ G , and assume that ω is an S -admissible weight on G , i.e.,

ess sup
t∈G

ω(st)

ω(t)
< +∞ for all s ∈ S .

Definition 1 ( [1]). A function f ∈ Lp(G,ω) is called S -dense if its S -orbit

OrbS(f) := {Tsf : s ∈ S}

is dense in Lp(G,ω) .

Remark that if S is the subsemigroup generated by s0 ∈ G , then the S -density is equivalent
to the hypercyclicity of the operator Ts0 . Before giving the complete characterization of the
existence of S -dense vectors in Lp(G,ω) , let us denote ‖ω‖pp,K :=

∫
K ω

p(t)dµ(t) for any
compact K of G . We note that without any condition on the subset S of G , we have the
following S -density criteria.

Theorem 5 ( [1, Theorem 5]). The following conditions are equivalent.
1. There is an S -dense vector in Lp(G,ω) .
2. For every increasing sequence of compact subsets {Fn}n>1 of G and for every sequence

(δn)n>1 of positive numbers, there is a sequence (sn)n>1 ⊂ S and a sequence of compact
subsets Kn ⊂ Fn such that s−1

n Fn are pairwise disjoint, µ(Fn \Kn) < δn and,∑
n,k>0;n 6=k

‖ω‖p
p,sns

−1
k Kk

< +∞.

with s0 = e and K0 = ∅ .

If the subgroup generated by S is abelian, then we have the following result:

Theorem 6 ( [1, Theorem 10]). The following conditions are equivalent:
1. There is an S-dense vector in Lp(G,ω) for every (resp. some) p, 1 6 p < +∞ .
2. For every compact set F ⊂ G and any given δ > 0 , there exist s ∈ S and a compact

set K ⊂ F such that µ(F \K) < δ and

ess sup
sK∪s−1K

ω < δ.

This Theorem generalizes Theorem 1 (1) and Theorem 3. Indeed, if G is an infinite countable
discrete group, then condition (2) of the above Theorem becomes the following: For every finite
subset F of G and any given δ > 0 , there exists s ∈ S such that

max
t∈sF∪s−1F

ω(t) < δ.

The following result extends the characterization of hypercyclicity for invertible bilateral
weighted shifts given by Feldman [9].

Proposition. Assume that G is abelian and ω is a G -admissible weight. There exists an
S -dense vector in Lp(G,ω) if and only if inf

s∈S
max{ω(s), ω(s−1)} = 0 .

5. Γ -supercyclic version of S -density

The results of this section are part of a joint work with Y. Kuznetsova and they will be dis-
cussed in details in a forthcoming paper. Here we will present some extension of the supercyclic
version of the S -density. Under the hypothesis of the previous section, we will assume that G
is not compact and ω is a continuous S -admissible weight. To give an extension of Theorem
5, we will introduce the following definition.
Bulletin of L.N. Gumilyov ENU. Mathematics. Computer Science. Mechanics series, 2019, Vol. 129, №4
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Definition 2. Let Γ ⊂ C be such that Γ \ {0} is non-empty. We say that f ∈ Lp(G,ω) is a
(Γ, S) -dense vector in Lp(G,ω) if its (Γ, S) -orbit

OrbS(Γf) := {λTsf : s ∈ S, λ ∈ Γ}
is dense in Lp(G,ω) .

We clearly have the following chain of implications:

S-density ⇒ (Γ, S)-density ⇒ (C, S)-density.

We are now able to present the (Γ, S) -density criteria.

Theorem 7. The following conditions are equivalent:
1. There is a (Γ, S) -dense vector in Lp(G,ω) .
2. For every increasing sequence of compact subsets {Fn}n>1 of G and for every sequence

(δn)n>1 of positive numbers, there are sequences (sn)n>1 ⊂ S , (λn)n>1 ⊂ Γ \ {0}
and a sequence of compact subsets Kn ⊂ Fn such that s−1

n Fn are pairwise disjoint,
µ(Fn \Kn) < δn and, ∑

n,k>0;n6=k

|λn|p

|λk|p
‖ω‖p

p,sns
−1
k Kk

< +∞.

with s0 = e , λ0 = 1 and K0 = ∅ .

The following Theorem extends Theorem 1 (2) .

Theorem 8. If the subgroup generated by S is abelian, then the following conditions are equiv-
alent:

1. For every (some) p > 1 , there is a (C, S) -dense vector in Lp(G,ω) .
2. For any compact subset F ⊂ G and δ > 0 , there are s ∈ S and a compact subset
K ⊂ F such that µ(F \ E) < δ and

sup
t∈K

ω(st) sup
t∈K

ω(s−1t) < δ. (3)

The following result extends the characterization of supercyclicity for invertible bilateral
weighted shifts obtained by Feldman [9].

Proposition 1. If G is abelian and ω is a G -admissible weight, then there exists a (C, S) -
dense vector in Lp(G,ω) if and only if inf

s∈S
ω(s)ω(s−1) = 0 .
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Екiжақты ығысулар операторлары мен жартылай топтар трансляциясы үшiн Γ -суперциклдылық

Аннотация: Мақалада салмақты Lp кеңiстiгiнде салмақ және Γ терминдерi мағынасында екiжақты ығысу
операторы мен трансляция жартылай топтарының Γ -суперциклдылығына сипаттау берiлдi. Э. Абакумов
және Ю. Кузнецова енгiзген S -тығыздық қарастырылады. Трансляция операторының S -тығыздығы үшiн
суперциклдiлiк нұсқасының бiр сипаттамасы дәлелдеусiз берiледi.

Түйiн сөздер: Керi ығысу, S -тығыздық, гиперциклдiлiк, суперциклдiлiк, Γ -суперциклдiлiк, трансляциялар
жартылай тобы.
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Γ -суперцикличность для операторов двусторонних сдвигов и полугрупп трансляции

Abstract: В статье в весовых пространствах Lp в терминах веса и Γ проведена характеризация Γ -
суперцикличности операторов двустороннего сдвига и полугрупп трансляции. Рассматривается понятие S -
плотности, введенное Э. Абакумовым и Ю. Кузнецовой. Приводится без доказательства некоторая характеристика
суперциклической версии для S -плотности оператора трансляции.

Keywords: Обратный сдвиг, S -плотность, гиперцикличность, суперцикличность, Γ -суперцикличность,
полугруппа трансляций.
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