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Linear Differential Evasion Game with Locally Inertial Controls

Amnnoramus: Linear differential evasion game with two players, the pursuer and the evader, is
considered. New classes of controls for both players are introduced, which called locally inertial
controls. In these classes the evasion problem from any initial position that does not belong to
the terminal set is solved. Effective sufficient conditions of evasion and algorithms for building
the evasion control are obtained. The results demonstrated on the well-known in the theory of
differential games example.

KuroueBbie cjoBa: evasion, pursuer, evader, control functions, locally inertial control, ter-
minal set.

1. Introduction. Statement of the evasion problem
Let the motion of an object z is described by linear system of differential equations

t=Cz—u+v+a, (1)
where 2z € R™, control parameters u € P C R", v € @ C R*, Cis an n x n constant
matrix, P and () are nonempty compacts, a € R" is a fixed vector.

Terminal set M is a subspace of R™, Z is the derivative with respect to time. The object z is
controlled by two sides, traditionally called players. The first player (pursuer) acts on the system
(1) by selecting some function u = wu (t) € P, t > 0 from the specified allowed class of functions
U . The second player (evader) chooses his controls in the form of some function v = v(t) € Q
from his allowed class of functions V.

The following evasion problem is considered: for each initial position zp ¢ M it is necessary
to specify (find) the algorithm of such a choice of control v*(¢) € @,t > 0 and v*(-) € V, which
provides for the evader avoiding of trajectory z(t),z(0) = zp, from terminal set M for all
allowed admissible controls w = u (t) € P,u(-) € U and t > 0. The goal of the pursuer is
generally opposite.

Here the trajectory z (t) of the system (1) is the solution of (1) corresponded to the selected
controls. At any given moment ¢ > 0 the evader may use the values z (¢) and pursuer’s control
u(t) at the same moment, but does not know the control of the pursuer in future moments of
time. Certainly, the evader knows system (1), P, @ and M.

2. Purpose of the work

1) Development of effectively verifiable sufficient conditions to ensure a solving of evasion
problem in the classes of locally inertial controls.

2) Algorithms of design of locally inertial evasion control.

3) Demonstration of obtained results on example well known in differential games.

3. Short history of differential games and evasion problems in inertial controls

The statement of the evasion problem formulated above belongs to L.S.Pontrjagin and
E.F.Misc¢henko [1]. In that work first fundamental results were obtained and represented the
proof of solve of evasion problem in linear differential games (1) with control functions selected
from the classes of measurable functions.

The theory of differential games was born in the late 50-th of the last century, when the
first articles on differential games began to appear in the open press (|2-10]). The founder of
the theory of differential games is Rufus Isaacs, which issues in 1965 fundamental monograph
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“Differential Games” [11]. The theory of differential games (this term belongs to R.Isaacs) is
a natural generalization of the problems of the theory of optimal control, complicated by the
presence of conscious opposition of rivals, as well as obstacles, uncertainties, etc.

Ideas of the theory of differential games rapidly spread around the world, but developed
mostly by Soviet and American researchers and continue to develop in the Post-Soviet space.
One of the first in the USSR was L.S.Pontrjagin, the creator of the Pontrjagin’s Maximum
Principle, an outstanding mathematician of the 20th century. On his initiative, the first book
on differential games, published in 1965 by R. Isaacs [11], was translated to Russian in 1967,
which may consider as extremely short period for that time.

Unlike the American mathematicians (including R.Isaacs) who studied and solved the dif-
ferential game for two players at once or mainly pursuit problem, L.S. Pontrjagin divided the
differential game into two separate problems: the problem of pursuit and the problem of eva-
sion(or avoiding). He was the first to receive fundamental results for each of the problems [12-14].
In particularly, significant results were obtained by L.S. Pontrjagin on the evasion problem [12].

On his initiative, a lot of scientists were involved in the study of differential games. In-
dependent scientific schools for the study of differential games were established in the of
Moscow (L.S.Pontrjagin and E.F.Mi s¢ henko), Ekaterinburg (N.N.Krasovsky), St. Petersburg
(L.A.Petrosjan), Kiev (B.N.Pshenychnii and A.A.Chikrii) and Tashkent (N.Satimov), which
are still functioning. Representatives of these schools received significant results in the wide
directions. Because of too long list of published papers in differential games, we introduce to
your attention very small part of them, including main papers and monographs concerning our
investigations (see, for example, [15-25]).

4. Methods of researching

The theory of ordinary differential equations, functional analysis and linear algebra are used
in researching evasion problem (1).

5. Main results in solving of evasion problem in locally inertial controls

5.1. Locally inertial controls

Definition 1. Let D — is the set of such continuous functions w(t), 0 < ¢t < oo, with
values from P, that for any & > 0 there exists ¢ (¢) > 0, such that |u(t;) — u (t2)] < e for any
t1,t9 € [0,00), ‘tl — t2’ < 1) (6) .

Definition 2. D (r,A) is the set of all measurable functions w(¢) € P, 0 < ¢ < oo, such
that |u (t1) —u (t2)| <, for any ti,t2 € [0,00),|t1 — t2| < A, where r and A are constants.

Classes of functions D and D(r,A) was introduced by N. Satimov in [26, §2] and called as
classes of inertial functions, which was introduced for pursuer only.

Remark 1. The evasion problem (1) with inertial controls for pursuer and measurable
controls for evader is considered and solved in [26].

Definition 3. Lp (tp,4\) is the class of measurable functions of pursuer u = (t) € P, t >
to, such that in any interval [tg,to + A] holds

A)u (tz) =u; € P,

B) |u(t) — u(ti) |< |t — ti|“, t € [ti,tiy1], where ¢ = 1,2,...,p,p € N,t; € T =
{to<ti<ta<---<tp,=to+A},T is any split of an interval [ty,to+ A],y > 0,0 >
0 and A > 0 are constants. Similarly, class of controls Lg (g, A) for evader is introduced.

Definition 4. D, (P) is the class of piecewise constant functions with values from P such
that every function from it has on the length [to,to + A],t9 > 0,2 > 0, finite number of first
type discontinuity points.

Similarly the class of controls D, (Q) for evader is introduced.

Definition 5. Classes of controls D.(P),D.(Q),Lp(to,A) and Lg(to, ) are called as
locally inertial.

Definition 6. The positive real numbers, depending on known parameters of the game
(1) only (C, P and Q, M, vector a etc.), and not depending on the controls we will call as
constants.

Remark 2. Classes of functions D.(P) C Lp(tp,/) and D.(Q) C Lg (to, D).

5.2. Lemmas about zeroes of functions and maneuvering

Bulletin of L.N. Gumilyov ENU. Mathematics. Computer Science. Mechanics series, 2019, Vol. 129, Ne4
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First result on function’s zeroes was obtained by L.S. Pontrjagin, who proved a lemma about
zeroes for analytical functions [13, §4, n.A)|. Later that lemma named as L.S.Pontrjagin’s lemma
on zeroes.

N. Satimov significantly improved results of L.S. Pontrjagin by extending it on additional
classes of non-analytical functions.

Lemma of N. Satimov (about zeroes of non-analytical functions) (|25, §1.3; [28]). Let
is assume that ¢; (-),7 = 1,2,3,...k, are real scalar functions well defined and analytical on
interval of [0,1]; a1 ,a9,...,q, and § are non-negative numbers, X, ¥; and Y9 are linear finite
dimensional sets of functions defined as follows:

Y ={p() ZCM t),0<t<1,¢ €R' }
Y1 =A{e( Zt cii (t) +cr1,0 <t < 1,¢; € R}
k+m
B2 ={A() chSOk + 3 et 0<t<1.¢e€R,
i=k+1

i=1,2,....k+m}

Let N (f()) is a number of geometrically different zeroes of function f(-) on a closed
interval I C [0,1]. Then there exists a natural number N, dependent only on the sets of
functions X, ¥jand Y5 such that

N(f()) <N, forany f(-)€X U UX;.

Remark 2. Case f(-) € ¥ proved in [13, §4], and for f(-) € 31 U Xy in [25, §1.3]; [28]).

Let us formulate Lemmas on maneuvering (or on bypass maneuver). These lemmas are the
base in differential evasion games for organizing the evasion process. They allow to show local
evasion of moving point z(t) from terminal set M on a closed interval [0,6],where § > 0 is a
constant. For the first time lemma on maneuvering was proved in [13, §4]. Different modifications
of this lemma in two dimensional case are proved in [25, §1.3; 29-30], multidimensional case was
considered in [31-32].

Let’s introduce the following definitions:

5 = {go(-) co(t) = SF e (), e € RYi=1,2,... k), () are analytical on [0, 1]
functions and {¢; (t), i =1,2,...k } is a basis of ) , (1/1, 1/2) is the orthogonal coordinate
system in R%; T is a square defined as ‘VZ‘ <wu,t=1,2,u>0,

ditkr  dsthits
Q(t) = ( thk2 d4tk2+5

kiand ko are natural numbers, 0 < k; < ko, 8 € (0,1] u didy — dads # 0.
Lemma 1 on maneuvering ([25], §1.3, Lemma 1.3.3)

) is a (2 x 2) —matrix,

Let ¢ (-) = (¢ (-),9?(:)) is any function with components from . Then there exists a

square I' C T with the side p; > 0, such that the function v (t) = ¢ (t) — Q(t)@, satisfies
the inequality

v (t)] > dst? TP 0 <t <0y, (2)

forall 0 <t <6;,a=(a,a) € I, where 6; > 0 and ds > 0 are constants.
Lemma 2 on maneuvering ([25], §1.3, Lemma 1.3.4)
Let ¢ (-) = (¢ (-),¢*(-)) is any function, whose components are from s,
h(-) = (h*(-),h* (")) is continuous on [0,1] function, satisfying inequality

W (1) < dt’,j =1,2;t €[0,1];6 € (0,1] and dg > 0 are constants.
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Then there exists a point ag = (aé,a%) € I and a constant 6 € (0,1] such that for the
function

p(t)=p(t)—Q@t)[ao+h(t)],0<t<1,
an inequality

Ip ()] > drt"* 77,0 < t <6y, (3)
is fulfilled, where d7 > 0 and 6y are constants.
Remark 4. Lemma 1 for the case 8 =0 proved in ([13], §4).
A proof of Lemma 2 based on Lemma 1. In the Lemma 2 squares I and T are the same as

1
in Lemmal on maneuvering, o is the center of the square I, 0y = min{l, (%) ’ }>0isa

constant.

Remark 5. Lemmas about zeroes of function and maneuvering play important role in differ-
ential evasion games. They are allowing to organize local avoiding(evasion) process of trajectory
from terminal set. Inequalities (2) and (3) are fundamental in evasion theory, because by its
using the possibility of local evasion proved, extended to infinite time interval.

5.3. Sufficient Conditions and Theorem of Evasion

Let the differential evasion game (1) starts from z(0) = z9 ¢ M at the moment ¢ty = 0.
Further let L is the orthogonal complement to M in R"™ , W is any two dimensional subspace
in L, 7 is orthogonal operator from R"™ on W . We will assume that an orthogonal system
(wy,wz) is introduced in R? and let [w] j»J = 1,2,are coordinates of vector w € R? with

respect to (wy,ws). Further let’s denote D : R™ — R? some linear mapping; [D]j is j-row
of D, ie. [D];z=[Dz];,j=12.

Assumption 1. There exists W C L, linear mapping F : W — RZ?, natural numbers
k1 < ko such that

A) [F?TCiP]j = [F?TCiQ]j =0 forall i =0,1,2,...,k; —2;55 =1,2;;

B) The set R = D@ comprises inner point (with respect to W), where

D= ([Fﬂ'ckl_l]l, [chk2_1]2)T is a 2 X n matrix, mapping R"on R?, T is transposition
operation.

Assumption 2. There exist W < L, linear mapping F : W — R?, natural
numbers ki ko, k1 # ko, such that

A) [FmiP}j = [ch’Q]j =0,i=0,1,2,...,k;j — 2,5 =1,2.

B) The set R = DQ is an interval, which is not parallel to coordinate axis [w], = 0 and [w], =
0.

Theorem of evasion. If at least one of above mentioned assumptions is fulfilled then in
(1) evasion is possible from any starting point zgp € R"\M for any t > 0 in classes of locally
inertial controls.

The proof of the theorem is split into two parts.

5.3.1 Proof of the Theorem of evasion(case of the Assumption 1)

Let in the evasion game (1) the Assumption 1 is fulfilled and zy = 2 (0) € R™\M. Further,
let origin O € R™ is an inner point of the set R (we can achieve this by moving inner point R
with vector a € R"™, included in equation (1)). For the sake of simplicity and without loss of
generality we will set

to=0,A =1,a € (0, 1],then Dp (tg,N) = Dp(0,1) = Dp and Dg (to, D) = Dg (0,1) =
Dg.

QLet players choose their locally inertial controls w(t) € Dp and v(t) € Dg,t €
[0,1] and zp € R™ \ M. Then we will have from Cauchy formula [33, Chapter 3, §4| for
the trajectory z(t) next representation

t

m2(t) = metC 20 + / 7e=9C (u(s) + v (s) + a) ds. (4)
0

Let
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u(s) = (u(0)+1ug(s))€ Dp, wv(s)=wvo+7Tg(s)€ Dg,sel0,1], (5)
where u (0) = up € P,v(0) = vp € Q. Then functions ug(s) and Tp(s) will satisfy the
following inequalities:

[wo (s)] < 5%, [vo (s)] < vs%,5 €[0,1].
By inserting (5) in (4), we get:

[Frz (1)), = [Fﬂ'etCZO]j + /Ot [Fwe(t_s)c (uo + a)]j ds+

—i—/ot [Fwe(t_s)cﬂo (s)} ‘

J
where j=1,2;t € [0,1].
Let’s estimate integrals in (6).
From condition A) of Assumption 1 and exponent expansion

ds + /Ot [Fwe(t_s)c(vo + 7o (S)L ds (6)

=E+tC+- +/<;|Ck ,

where E— identity (n x n)— matrix, it is easy to get

/Ot [Fﬂe(t_s)cﬂo (s)Lds = /Ot i (t _' S)WCiﬂo (s)| ds = h} (t), (7)

) 7!
i=kj—1

Moreover,
B} (1)| < ittt e [0,1], (8)

where o € (0,1] (see Dp or Dg),j =1,2 and d; > 0 is a constant.
Like in (7), after simple transformations we get

/t [Fﬂ'e(t_s)cvo}jds =

= bty t_SFCZ R n3 (¢ 9
=yl z wolds = 17 [FRC™ oo | 405 (too), ()
where
|12 (t,v0)| < dothi ™, j = 1,23t € (0,1] ,dy > 0. (10)
Further
! (t—s5)C'~ s (E—s) 3
/ |:F7T€ U (s)} ds = / Z ——mC" (s) | ds = hj(t),
0 J 0 |iZg 1 " :
J

and it is easy to get

|75 ()] < dst®™,j =1,2;50 € (0,1, € [0,1], (11)
ds > 0 is a constant.
According to B) of Assumption 1 the set R = D@ contains inner point and let /1 is one of

them. Then, there exists a constant ; > 0 and square 'y = {v € R? : ‘[V]]‘ <mv,j =12}

such that {1 +I'1 C R.
Consider the equation with respect to v
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Dv=h+w,veQ,weTl]. (12)

In general, there are more than one solutions for this equation, let us choose the smallest
in lexicographic sense, it will uniquely define an algorithm for solving (12). We will set the
smallest lexicographical solution of (12) as v* € @, it will obviously depend on w. Further,
we offer to evader use special control ¥ (s) = (v* +v* (s)) € Dg, s € [0,1] and [v* (s)| < vs°,
corresponding to given w € I';. Then inserting o (s) in (6) and (9) instead of v (s) we will get

k;

t _
[Frz (t)]; = [ (£, 20, uo)]; + ) [w+hi(t)] . (13)
where
t tkj
[ (20, t, Uo)]j = [Fﬂ'etCZ()]j + / [Fwe(t_s)o (up + a)} ds+ ? [11]j , (14)
0 j '
7 th T, 3
[ha (D)) = (k‘T!) [hj + hj (£) + hj (£))]-
It is easy to get from (8), (10), (11), that
[P )] < dat®,j =1,25d0 >0, te0,1], (15)
In vector form (13) will look like (since I'y = —I'y) :
Frz (t) = 1(t, z0,u0) — Q1 (¢) [w+ b (8)] ,0< < 1, (16)

— — — T :
where hy (t) =([h1 ()], [h1 (t)]5) » @1 (L, 20,u0) = (@ (¢, 20,u0)1, ¢ (¢, 20, u0)2)T, T is transpo-

sition and (2 x 2) matrix
(AR
O (t) = ( B ) . (17)

U

Let us use to (16) the Lemma 2 on maneuvering. First for that it is necessary to choose in
(16) suitable vector w € R, and then control function of evader corresponding w.

We can see that matrix e'C is fundamental for the system
2=Cz, z(0)= 2, (18)
that’s why all the solutions of (18) are linear combinations of solutions from fundamental sys-
tem. For example, if the system of functions {¢1 (t),..., ¢, (t)} is the fundamental system of
solutions (18) (columns of €!“ can be solutions ), then
n
etCZO = Z zoigoi(t) (19)
i=1
Further, each function ¢; (t),7 =1,2,...,n is analytical. Similarly, we can infer the same for

other terms in ¢ (20,%,ug) (see (14)). Thus, each component of [ (20,%,u0)];, j = 1,2, of func-
tion ¢ (20,t,ugp) is an element of a finite dimensional linear set of analytical functions. Let define
it as 3. Then we add to Y finite number of functions t*2=%1py (t),... ,t*27F1p, (t) and t*2 .
The obtained set of functions will be also finite dimensional, let define it as ) ;.

We will use now the Lemma 2 on maneuvering to the relation (16). First of all we set
B =0 (see (17)). Then put

S=) T =100 =%),0()=¢1(~20,u0), p()=Frz(), h()=h (), §=a.
1

We obtain fulfillment all conditions of Lemma 2, hence according to it there exist a vector
w = wp € 1 such that from (16) we get inequality
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|Frez (t)| = ‘901 (t, 20, ug) — Q1 (¢t) [wo + H(t)] ‘ > dqth? (20)

for all t € (0,6p], where 6y > 0 and d7 > 0 are constants.
From (20) one has the inequality

|z (t)| > dgt™?, t € (0,00], dg >0 isa constant. (21)

Inequality (21) provides local avoiding trajectory z(t) from terminal set M in time interval
[0,6p] by using the control o (t). If ¢ =0, then |7z (0)] = |7zo| > 0,since zo € R"\M,( 7
is the projection on orthogonal complement to M). If t € (0,0p], then from (28) we get, that
|7z (t)] > 0, which means z(t) ¢ M. What evasion control from D¢ will provide (21)7 Now
we will explane a way of chosing of this evasion control.

For a vector wy we can determine correspondence vector vy € Q as a lexicographic solution
of equation (12) with w = wp. Then it is recommended to evader to use the admissible control
function as vy (t) = vo+wvo (t) € Dg with |vg (¢)| < ~t*,t € [0,00]. This control function o (),
t € (0,6p] depends on u (0) = ug too (see (20)).

The evader have to use vg (t) , t € (0,6p] till the first moment ¢; , when will | u (t1) —ug| >
~vt1®. From the moment t; pursuer uses some admissible control u(t) € Dp with known for
the evader value w(t;) = wjonly. If ¢; < 6, then evader changes his control function by
substitutions: t; to tg, z(f1) to zp,u; to ug,w; to wp and builds corresponding control
functio 1 (t) = (01 + v1 (t))€ Dg (received like ¥g(t)), where |vi (t)] < yt* and 7 is the
lexicographic solution of equation (12), corresponding to wj.

After these substitutions we get inequality (like (21))

|72 ()] >doth t € (t1,t1 + 01],dy and 0 are constants,

that provide evasion from M on [t1,t; + 61] . The pursuer may change his control function
from Dp finite times only at [0,1], that is why the evader provides avoiding process on [0,1].Re-
peating this process step by step, we get avoiding z (¢) from terminal set for all ¢ > 0.

5.4.3. Proof of the Theorem of evasion (case of the Assumption 2)

Let in the evasion differential game (1) the Assumption 2 is fulfilled. In this case, set R is a
closed interval which is not parallel to axis of orthogonal coordinate system (wy,ws) , introduced
in R?. Let Iy is the center of the R, then coordinates [v];and [v], of any point v € R — Iy
satisfies the condition

V] = Alv];, A # 0, [[V];] < e, (22)

where |A| > 0 and cjare constants.
Let us consider for given v € R — ls an equation with respect to v € @ :

Dv =1y +v. (23)

For any v € R — [y there exists at least one solution of (23).The smallest in lexicographical
sense solution of equation (23) we will define as v = v* € @, obviously, it depends on v. Let
z (t) is the solution of system (1), corresponding to pursuer’s control u(t) = ug + u(t) €
Dp and evader's control (we give the rul of choosing later)

0(t) =vo+7g(t) € Dq, (24)
where [w(t)] < ~t* and [Up ()] < ~t%, t € [0,1],a € (0,1].
Then, using conditions A) and B) of Assumption 2 and (23)-(24) we get

t
Frz(t) = ¢o (t, z,up) + / Q(t)vdr + ho (t), (25)
0
kq
oa_( ®mr O (.
where Q-( 01 7:2'>,1/—()\[V]11),
2!
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kj

t
t
[z (¢, 20, u0)]; = [Fre'“ 2] + / [F'me’a]jds + [la] ;-
0 5.

[ha / {;;J ch"* (s)],}ds

It is easy to see that functions [hs (t)];,7 =
eqation

1,2;; t € [0,1], are continous and satisfy the

([hz ’ < epthite te0,1], = 1,2.
Let Ty = {1/ € R?: ‘[y]]‘ <Z,j=1 2} and let vy = ([, [7/0]2)T is some point from I's.
Let set in (25) a vector v = ([v]; [V], )T, T is transposition, as follows:

V] = vl +t*[woly, (26)

W]y = A([vo]; +t%[oly), 0 <t < 1. (27)
Then, from definition of I'y for any vy € I's we have:

[[v1]1] = [[vo]y + % [voly| < [[voly| + |[0]o] < c2,
for any t € [0,1].
Now let insert in (25) a functions (26) and (27), then we get:

! (t B S)klil a

[Fmz ()], = [02 (£, 20, w0)], + A/O = (olu £ s volp)ds + s (O], (28)
t s ko—1

P (@) = loa o,y 4 A [ o (ol + sl ds + a0 (29)

Integral in the right part of (28) may compute directly by applying Newton-Leibnitz formula:

Lt —s)h2! th k1 k|
for ds = tliroz
A (]{32—].)' ([V0]1+8 [VO]Z) S [VO]1k1! +[V0}2(2k1+1)|

Integral in (29) is computed similarly.
After simple calculation we have, that

Frz(t) = @a (t, z0,u0) — Qo () [vo + hs ()] ,0 <t < 1, (30)
where
tkil' 22k k1! tk1+a
k1! 2k 1
ol (2k2+1)

and hg(t) is continuous function on |0,1] satisfying inequality

|hs ()] < c3t®,0 <t <1,c3 >0 is a constant.

We can prove, like in 25, §4], that if &k # ko, then det Q9 (t) #0 for any ¢ € (0, 1].

Let us show that above mentioned results give the possibility to evader use Lemma 2 on
maneuvering. Each component of a function ¢a(¢, z0,ug) is an element of a linear finite dimen-
sional family of analytical functions ¥ . Now we can apply to the equation (30) the Lemma 2
by setting there

Y =3, =2, Q (t) =0 (t) y P () = ¥2 ('7207u0) ;v () = Fmz () )
h(.))=hs(-), 0 =a, vy = ap(center of square, giving by Lemma 2).
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|72 (t)] > eat®, (31)

where k = maz {k1,ko} + a.

t € (0,6p], 6o >0 and ¢4 >0 are constants.

Now, we will give a way of building of special evasion control, providing local evasion from
terminal set. For a vector 1y from (26) we can determine corresponding vector 75 € @ as a
solution of equation (23). Then it is recommended to evader to use the admissible special control
function

0(t) = (w0 + 70 (1) € Do with [vg (£)] < 2%t € (0,60].

Inequality (31) provides local avoiding trajectory z(t) from terminal set M in time interval
[0,6p] by using the control v (t). If ¢ = 0, then |7z (0)| = |7rzo| > 0,since zg € R"\M,( =
is the projection on orthogonal complement to M). If ¢ € (0,6p], then from (31) we get, that
|mz (t)] > 0, which means z (t) ¢ M.

Inequality (31) is obtained with assumption that

u(t)=(u(0)+7g(t))e Dp, v(t)= To+7g(t) € Dg, t 0,6 ,

If at some moment ¢; > 0 (which is not known to the evader), pursuer decides to change
control u(t) on @(t) fort > ¢, and considering @ (t) = u (t1)+4p (t) € D, where [ (t)| < 7t°.
In that case we make substitutions: ¢ to to,z (1) to 20,71 to g , v1 to vy and setting
0(t) = v1 +01(t)e Dg, where [v7(t)] < 4t*is any function and 77 is the solution of
equation (23), corresponding to vj(see (25)).

After these substitutions we get inequality

w2 (t)] > est® t € [ty,t1 + 01]

providing evasion from M on [t1,t; + 61].

Due to finite number of changes of pursuer’s control u (¢)of on the segment [0,1], avoiding
of trajectory of the system (1) is possible firstly on [0,1] and then step by step for all ¢ > 0.
Theorem of evasion is proved.

6. Discussion

6.1. About u— problem of L.S.Pontrjagin

In the fundamental work [13] the evasion problem was solved by L.S. Pontrjagin when the
pursuer had some geometric advantage in control over the evasion player(evader). He formulated
evasion conditions in one of the following form [13,§1]:

1. Rotation condition

There is no one dimensional linear subspace W' C L such that

7e'“Q c W' for any small ¢ > 0.

2. Advantage condition
There exists a constant g > 1 such that

pe™CP c me“Q for any small ¢ > 0.

The Advantage condition contains a constant g > 1. In 1977 the u— problem of L.S. Pontr-
jagin was formulated so: is it possible to solve the evasion problem (1) by g =17 A number of
researchers started in order to solve the pu— problem of L.S. Pontrjagin in general case, when
players use measurable control functions. But it was shown later, that there were examples when
the problem of evasion was solved with p = 1 and on the other hand there were also counter
examples.

Some of researchers tried to restrict the possibilities of the pursuer by offering him to use
controls from narrower classes of functions, while the evader could use controls from more wide
classes of measurable functions. With such restrictions Pontrjagin’s p - problem ( evasion
with = 1) was solved in [26-27|, where pursuer used inertial controls introduced for the first
time by N.Satimov in [26] and approximately same controls by M.S.Nikolskii in [27] for special
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differential game. The problem of evasion was solved in [26] for all x> 0 (including case p =
1).

In this paper for both players the classes of locally inertial controls are introduced, different
from inertial controls [26-27|, and in these classes the evasion problem (1), in particular pu—
problem, is investigated and solved for all p > O(including p = 1) .

6.2. Example

In the theory of differential evasion games the main checking example is well known Control
Example of L.S.Pontrjagin [12,§6]. Let us set an evasion problem for it.

Motions of point z (pursuer) and point y (evader) is described by equations

F+at=pu,x € R ,uec R",P={u:|u/<1},p>0, a >0,

J+py=ov,ye R, ve R",Q ={v:|v|<1},06 >0, 5> 0}.

After introducing new variables

. e e s T 3v
lex—yazé—xwZS—?JHZ—(Z’l,Z?’Z?)) GR .

we get equations of linear differential game (see (1)):

Z1 = 29 — 23,
29 = —azg + pu, (32)
z3 = —fBz3 + ov,

Terminal set is

M={2z€R":z =0}

It’s easy to check that Assumption land 2 of the Theorem of evasion is fulfilled if

1)v > 2 and o > 0 (Assumption 1), (33)

2) v > 2 and @ contains in some coordinate system (vq,12) € R?2 C RY. an interval, not
parallel to axis

v1 = 0 and vy = 0 (Assumption 2). (34)

As we can see evasion conditions (33) or (34) do not depend on P , hence they do not have an
influence on ability of evasion of object y from object x, if players use locally inertial controls.

In both cases (33) and (34) the absence of influence of P over @ tell us that pu— problem
of L.S.Pontrjagin is solvable for v > 2 and any g > 0 (including p = 1).

The conditions v > 2 and p > 0 are not enough for solving evasion game (32) by using of
sufficient conditions and methods represented in [1;2;23-27;29-31;34;35].

7. Conclusion

In this work, evasion problem in linear differential games is considered. New classes of control
function, named locally inertial controls for pursuer and evader are introduced. In these classes,
which are used by both players, sufficient conditions for solving of evasion problem are repre-
sented and corresponding theorem of evasion is proved. Conditions of evasion does not contain
any advantage condition of evader’ s control parameters over pursuer’s (in some geometrical
since). This fact allows to solve, in particulary, well-known p — problem of L.S. Pontrjagin in
the classes of locally inertial controls. Results illustrated by example.

Part of results of this paper was announced in 36| (formulation of Assumption 1 and defini-
tions of locally inertial controls).
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L.P. Yugay

JL.II. ¥Oraii
"MHUCuC" eviavimu-3epmmey MeTHON02UANBLE, YHUBEPCUMEMIHIH, Aamarvik, puauanve, Aamanvir, O3bexcman

JIoKanai-nHepuUMsJIbIK, 6ackapyMeH GepijireH ChIBBIKThI AudepeHInaabIK, KAllly OMbIHbI

AnsoTauusi: Kyyibl >KoHe Kalllylibl €Ki ONBIHINBICHI 0ap ChI3BIKTHI Aud depeHnuaIbK, obIHIapAa Kalry ecebi
KapacThIPbLIaAbl. JIoKaJI1i-nHePIUsJIBbIK, JIell aTaJlaThlH OUWBIHINBLIAPIbI O0ACKApPYIbIH KaHa KJaccTrapbl eHrisiseni. Byur
KJIacCTap/la TEPMUHAJIAbI YKUBIH/IA YKATIANTBIH Ke3 KeJreH 6acTalKbl MO3UIUsIaH bacTan Kalry ecebi KapaCThIPbLIaIbl.
Karryabig Trim/1i TeKcepisieTiH XKeTKIIKTI mapTTaphl ajblHbII, KAITYIIbl OMBIHIIBIHBI OACKAPYIbIH aJITOPUTMIEP] KYPBHLIIbL.
AJbIHFaH HOTHXKEJEP/IH apThIKIIBLUIBIFGL AuddepEeHIMAIBIK, OWBIHIAD TEOPUSICHIHIA GesIriji MbICaJIIapblH/a KOPCEeTLI .

TyitiH ce3mep: Kaily, Kyyllbl, KAIILyIIbl OWBIHINGI, JIOKAJI-MHEPIUIBIK Oackapy, Oackapy IapaMerpJepi,
TEPMUHAJIIbI »KUBIH.

JI.II. FOrait

Asamanvikekuti puavan Hayurno-uccaedosamenncrozo mexnonoeuneckozo yrusepcumema (HUTY) "MUCuC", Aamanvix,
Yabexucman

JIuneiinaa nuddepeHnmanpHas urpa yoeranms ¢ JIOKAJIbHO - MHEPIUOHHBIMYU yIPaBJICHUSIMU

Awnnoranusi: PaccmarpuBaercss 3amada yberaHusi B JIMHEHHBIX AuddEepeHIUaIbHBIX HIPpaX C ABYMsl HUI'DOKaMH,
npecjegoBaTesieM U yoeraomuM. BBomsATCS HOBBIE KJIACCHI YIIPABJIEHUN UIPOKOB, Ha3bIBA€MbIE JIOKAJILHO-MHEPIIMOHHBIMU.
B osrux kjaccax ympaBieHHil pemaercss 3afada yberaHums u3 000 HadaJbHOM IIO3WIMM, HE NPHHAJJIEXKANEH
TEPMUHAJILHOMY MHOXKECTBY. ITosydensr 3 dEKTUBHO MpOBeEpsieMble JOCTATOYHBIE YCJIOBUS yOeraHus U yKa3aHbI
aJICOPUTMBbI IIOCTPOEHUs yIpaBJIeHus1 yberaroiiero urpoka. IIpeummyliecTBa IOJIyYeHHBIX Pe3YJIbTATOB IIOKA3aHBI Ha
U3BECTHOM Teopuu JauddepeHnaabHbIX UI'D IPUMepPE.

KiroueBrnle ciioBa: yOeraHue, IpecieloBaTeNlb, yOeraoluii UrpokK, ylIpaBjeHne, JJOKAJIbHO-NHEPIIMOHHOE yIIPaBJIEHNE,
YIPaBJIAONINE TapaMeTPbl, TEPMUHAJIBHOE MHOXKECTBO.
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KOMBLIATBIH TAJIANTAD
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ayIapbUIBII KaiiTa OachLTybIHA Kemicimin Olimipesmi.

2. Bacnara (6apJiblk »Kapuslaylibl aBTOPJIAPIBIN KOJI KONBLIFAH Kara3 HYCKACHI YKOHE 3JIEKTPOHJIbI
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aThl KaliTajgaHbaybl, »KYMBICTBIH MOTiHI MeH ojebuerTep Ti3iMiHme KepceTiseTiH cliremesep GOIMaybl Kepek.
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MaKCaTbl, TAPUXBI, 3€PTTEy OSJiCTepi, HOTHXKEIEp XKOHE OJIap/bIH TaIKbLIAyJIapbl, KOPBITHIH/bI) CAKTAHTHIH
MaKaJIaHBIH, KBICKAIIIa, MAa3MYHBI OOJTyBI THIC.

?KypHaaabiy TOTEHITHAIBI ABTOPJIAPHI MaKaIa KYPBLIBIMBI OOMBIHIIIA KeJIeCl TaJanTapbl YCTaHyIaphbl KayKeT:

- MakaJjia MoTiHIH TYCiHY/I KaMTaMacbhl3 €TeTiH KaxKeTTi Oesirijiep MeH aHbIKTaMaJiap;

- MakaJsaia KapacThIPBLIATHIH €CEeNTiH KOWBLITBIMBI;

- KapacToIpbliaTbiH ecen OOMBIHINIA TAPUXU MOJIMETTED - MaKaJa TaKbIPLIObIHA CONKeC OYPBLIH aJIbIHFaH
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Ocsl Tasanrrap/ibiy, ey 6osiMaraszga Oipeyl cakrajMaraH »Kariaiiga Makaja KapacThIpyFa KadbLIIaHOa b

5. 2KyMBICTBIH MOTIHIHJAE Ke31eceTiH Tab/uIajap MOTIHHIH INIHAE >KeKe HOMIpJIEHIN, MOTIH KeJeMiHJe
cisrremeniep Typinge kepcerinyi kepek. Cyperrep men rpadukrep PS, PDF, TIFF, GIF, JPEG, BMP, PCX
dopMaThIHIAFBI CTAaHIAPTTAPFa cail 601ybl Kepek. Hykresnik cyperrep keneitrriimi 600 dpi kem GoJiMaybl KasKer.
CyperTepin 6apJIbIFbl Ja afiKBIH 9pi HAKTHI OOyl KEPEK.
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IIpaBuiia npeacTaBiieHus1 paboT B »KYPHAJI
"Becmnux Eepa3ulicko2o0 HauuoHarvbHoz20 yrusepcumema umernu JI.H.'ymuaesa.
Cepus Mamemamuxa. Komnwvromepnoie nayku. Mexanuxa"

Pedaxyus otrcyprana npocum aemopos 03HAKOMUMBCA C NPAGUAGMU U NPUIEPHCUBAMBCA UT NPU NO020MOBKe
pabom, HANPaBAAEMBT 6 oicypHan. OmKsOHEHUE OM YCMAHOBAECHHDIT MPABUA 3A0EPIAHCUBLEM NYOAUKAUUIO
cmamovu.

1. OrnpasiieHne cTaTbi B pEJIaKIHIO O3HAYAET coriacue aBTopa (aBTopoB) Ha npaso Vzxaresns, Espasuiickoro
HaIMOHaJIbHOTO yHuBepcuTera nMmenn JI.H. I'ymuieBa, usmanus craTbu B KypHAJE U MEPEU3IaHNUsT UX HA JIFOOOM
MHOCTPAHHOM SI3bIKE.

2. B pegakuuio (B 6yMarKHOM BHJe, MOJIIMCAHHOM BCEMU aBTOPAMHU U B SJIEKTPOHHOM BHJIE) IPECTABIISIOTCS
Tex- u Pdf-caitier paboTsl, moATroTOB/IEHHBIE B n31aTe1bCKOM cucTeMme LaTeX, ¢ 06s13aTeIbHBIM UCIIOIB30BAHUEM
OPUTHHAJBLHOTO CTUIEeBOro daitma xypuama. CrumeBoit daitil MOXKHO CKadaThb CcO caifiTa KypHana bul-
mathmec.enu.kz.

3. OGbeMm craTby He JOJIPKEH HpeBblnarh 18 crpanun (or 6 crpanni). PaGoTsl, IpeBbIIAIOIME yKA3AHHBII
00 beM, MPUHUMAIOTCS K IMIyOJIMKAIINN B HCKIIOYATEIbHBIX CIydasax 1Mo ocobomy permtennio Pegkosuternu xKypHasa.

4. Tekcr paborsl HaunHaeTcs ¢ pybpukaropa MPHTU (MexayHapoaHblil py6puKaTop HayIHO-TEXHUYECKO
nadopManyn), 3aTeM CJIeAyI0T HHUNUAIbL 1 dhaMuinst aBTopa(oB), OJIHOE HAMMEHOBAHUEe OPraHU3aliy, FOPOJ,
crpana, E-mail asropa(os), 3armaBue cratbu, anHoTanms. AHHOTAIMs JOJKHA cocToaTh u3 150-250 cios, He
JIOJKHA COJIEPYKATH IPOMO3IKMe (POPMYJIBL, II0 COAEPKAHUIO HE JOJI?KHA [TOBTOPSITH HA3BAHUE CTATHU, HE JOJIKHA
COJIEpKATh CCBLIKM Ha TEKCT pabOThI M CIMCOK JINTEPATYPHI, JOJIXKHA OBITH KPATKUM U3JIOXKEHUEM COJIEPIKAHUS
CTaThU, OTPaXkas eé 0COOEHHOCTH U COXPAHATH CTPYKTYPY CTaTbU - BBEJIEHUE, TIOCTAHOBKA 331291, [1€JI1, UCTOPUSI,
METO/IbI MCCJIEOBaHNsI, PE3YJILTATHI C UX OOCYK/IEHUEM, 3aKJII0UE€HUE, BBIBOJBL.

TlorenmnuanpHbIE ABTOPHI *KYPHAJIA JOJZKHBI TIOIMMYHKTHO C 3ar0JIOBKAMU MIPHUIEPYKUBATHCS CJIEIYIONINX TPABUIT
[0 CTPYKTYPE CTATHU:

- Heobxonumble 0603Hau€eHNsI U ONIPEJIeJIeHNs JjIsi 00eCIeYeH sl IOHUMAHUs TeKCTa, CTaThU;

- ITocTranoBKa 3ajatu, PEIIEHUIO KOTOPOI MOCBSIIIEHA CTAThS;

- Ucropuueckue cBejeHMs 1O IIOCTAHOBKE 3aJadd - KEM U KOTJA ObUIN IIOJYyYEHbl PEe3yJIbTAThI,
[IPEJIIIECTBYIONINE TeMe CTATHU C COOTBETCTBYIONUMU IIOJTHBIMY CCHLIKAMU;

- ObocHoBaHME HEOOXOAUMOCTH W aKTYAJHLHOCTH 3aJ[a9d CTATHHU, KAK CaMasi OTBETCTBEHHAsI 9aCTb JIIOOOi
Hay4IHOI pabOTHI;

- Tounast OpMyJIMPOBKaA ¥ ONKCAHKE IIPEJICTABICHHOIO B CTAThe PENIEHHs [TOCTABJICHHON 3a/1a4M;

- ITonpo6uoe o6ocHOBaHNE HOBU3HBI PE3yabTaTa(OB) CTATHA B KOHTEKCTE PAHEE U3BECTHOTO;

- Pemenne 3ana9um 10/12KHO 6bITH CHAGXKEHO MOAPOOHBIMU OGOCHOBAHUSAMU (J[OKA3ATEIHCTBAMM).

IIpu HecobmromeHN XOTsT OBl OJJHOTO M3 3TUX TPEOOBAHUIN CTATHS HE MPUHUMAETCS K PACCMOTPEHUIO.

5. Tabaumpbl BKIIOYAIOTCS HEMOCPEICTBEHHO B TEKCT pabOTBI, OHU JOJKHBI OBITH MTPOHYMEPOBAHBI U
COIIPOBOXK/IATHCS CCHLIKON Ha HUX B TeKCTe paboThl. Pucynku, rpaduku JOJKHBI ObITH [IPEICTABJIEHDI B OJIHOM U3
crangaptabix popmaros: PS, PDF, TIFF, GIF, JPEG, BMP, PCX. Toueuynble pucyHKu HEOOGXOIMMO BBITIOTHSITH
¢ paspemrenneM 600 dpi. Ha pucyHkax mosiKHBI OBITH sICHO TIEPEIAHBI BCE IETAJIN.

6. Cnucok JuTepaTypbl JOJKEH COIEPXKATH TOJBKO T€ HCTOYHMKA (IIPOHYMEPOBAHHBIE B IOPSAIKE
[UTUPOBAHUS WM B IIOPsIJIKE aHIVIMACKOro asdaBuTa), Ha KOTOPbIE UMEIOTCs CChIIKU B TeKcTe paborsl. Cehblikn
Ha, HEOMyOJIMKOBaHHBIE pabOTHI, PE3Y/IbTATHl KOTOPHIX UCIOJB3YIOTCS B JOKA3aTEIbCTBAX, HE JTOMYCKAIOTCS.

ABropam pekomeHiyeTcsi Tpu 0POPMIIEHUH CCHLIJIOK UCKJIIOYUTh YIOMUHAHUE CTPAHUI] U PYKOBOJCTBOBATHCS
cllefyomuM  MabJOHOM:  HOMep IVIaBbl, HoMep mnaparpada, HOMep IYHKTa, HOMEp TeopeMbl (JeMMBI,
YTBEPK/ICHUsI, 3aMEIaHus K TeopeMe U T.I.), Homep dbopmyasr. Hampmmep, "...; cm. [3; § 7, memma 6]"; "...,
cM. [2; 3ameuanue K Teopeme 5|". B mpormBHOM ciiydae IpU IOAIOTOBKE AHIVION3BITHONW BEPCUHM CTATHU MOTYT
BO3HUKHYTBH HEBEPHBIE CCBHIIKHU.
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7. Ilocse cuucka simrepaTypbl, HEOOXOAUMO yKa3arTh Ooubsmorpaduyeckre JaHHbIe HA PYCCKOM M AHIVIUHACKOM
sa3bIKax (ecam crarbsa OOPMIIEHA HA KA3aXCKOM sI3BIKE), Ha KA3aXCKOM WM AHTJIMHCKOM S3bIKaX (€CJU CTaThs
odopMIIeHA HA PYCCKOM $I3BIKE) W HA PYCCKOM M KA3aXCKOM s3bIKax (ecsm cTaTbs oopMIIeHA HA AHIIAHCKOM
S3BIKE). 3aTeM NIPUBOAUTCS KOMOWHAIMS AHIVIOA3BIYHON M TPAHCJIUTEPUPOBAHHON YACTEN CIHCKA JINTEPATYDPDI
W CBEJICHWs 110 KaXKJIOMy M3 aBTOpOB (Hay9HOEe 3BaHuWe, CIIyKeOHbIH anpec, TenedoH, e-mail - Ha KazaxckoMm,
DPYCCKOM M QHIJIMICKOM SI3BIKAX).

8. Adpec pedaxyuu: 010008, Kazsaxcran, r. Hyp-Cynran, ya. Carmnaesa, 2, Espasuiickuil HanmoHaIbHBIM
yausepcuter uvern JI.H.Tymmiesa, yaebHO-aIMAHEACTPATHBHBIN Kopryc, kab. 402. Tem: (7172) 709-500 (BH.
31-428). E-mail: vest math@enu.kz. Caitr: bulmathme.enu.kz.
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