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On the Reduction of the Linear System of the Differential Equations to the
Bi-Diagonal Kind

Abstract: For the linear homogeneous differenrial system, whose coefficients are represented
as an absolutely and uniformly convergent Fourier-series with slowly varying coefficients and
frequency, the existence of the transformation which leads it to bi-diagonal kind, are proved.
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Introduction. In the theory of linear systems of differential equations is well known problem
is a problem of the consruction for the linear homogeneous system of the differential equations

dx

dt
= A(t)x, (1)

where x = colon(x1, ..., xn) , P (t) = (pjk(t))j,k=1,n , Lyapunov’s transformation

x = L(t)y,

which leads the system (1) to the kind
dy

dt
= Λ(t)y,

where Λ(t) = diag(λ1(t), ..., λn(t)) , means the problem of the full separation of the system (1)
[1–3].

In this paper, we assume, that matrix of the system (1) close to the Jordan block:

J(t) =



λ(t) 0 0 ... 0 0
1 λ(t) 0 ... 0 0
0 1 λ(t) ... 0 0
... ... ... ... ... ...
0 0 0 ... 0 0
0 0 0 ... λ(t) 0
0 0 0 ... 1 λ(t)


,

and the coefficients of the system are represented as an absolutely and uniformly convergent
Fourier-series with slowly varying coefficients and frequency. We consruct the transformation of
the analogous structure, which leads the system (1) to the bi-diagonal kind:

dy

dt
=



d11(t) 0 0 ... 0 0
d21(t) d22(t) 0 ... 0 0

0 d32(t) d33(t) ... 0 0
... ... ... ... ... ...
0 0 0 ... 0 0
0 0 0 ... dn−1,n−1(t) 0
0 0 0 ... dn,n−1(t) dnn(t)


y.

Basic notations and definitions.
Let G(ε0) = {t, ε : 0 < ε < ε0, t ∈ R, } .
Definition 1. We say, that a function p(t, ε) belongs to a class S(m; ε0)

34
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(m ∈ N ∪ {0} ), if
1) p : G(ε0)→ C , 2) p(t, ε) ∈ Cm(G(ε0)) with respect t ;
3) dkp(t, ε)/dtk = εkp∗k(t, ε) (0 ≤ k ≤ m) ,

‖p‖S(m;ε0)
def
=

m∑
k=0

sup
G(ε0)

|p∗k(t, ε)| < +∞.

Under the slowly varying function we mean the function of the class S(m; ε0) .
Definition 2. We say, that a function f(t, ε, θ(t, ε)) belongs to a class F (m; ε0; θ) (m ∈

N ∪ {0}) , if this function can be represented as:

f(t, ε, θ(t, ε)) =

∞∑
n=−∞

fn(t, ε) exp (inθ(t, ε)),

and:
1) fn(t, ε) ∈ S(m; ε0) ;
2)

‖f‖F (m;ε0;θ)
def
=

∞∑
n=−∞

‖fn‖S(m;ε0) < +∞,

3) θ(t, ε) =
t∫

0

ϕ(τ, ε)dτ , ϕ(t, ε) ∈ R+ , ϕ(t, ε) ∈ S(m; ε0) , inf
G(ε0)

ϕ(t, ε) = ϕ0 > 0 .

State some properties of the functions of the classes S(m; ε0) , F0(m; ε0; θ) (the proofs are
given in [4]). Let k = const , p, q ∈ S(m; ε0) , u, v ∈ F (m; ε0; θ) . Then kp , p± q , pq belongs
to the class S(m; ε0) , ku , u± v , uv belongs to the class F0(m; ε0; θ) , and

1) ‖kp‖S(m;ε0) = |k| · ‖p‖S(m;ε0) .
2) ‖p± q‖S(m;ε0) ≤ ‖p‖S(m;ε0) + ‖q‖S0(m,ε0) .
3) ‖pq‖S(m;ε0) ≤ 2m‖p‖S(m;ε0)‖q‖S0(m;ε0) .
4) ‖ku‖F (m;ε0;θ) = |k| · ‖u‖F (m;ε0;θ) .
5) ‖u± v‖F (m;ε0;θ) ≤ ‖u‖F (m;ε0;θ) + ‖v‖F (m;ε0;θ) .
6) ‖uv‖F (m;ε0;θ) ≤ 2m‖u‖F (m;ε0;θ) · ‖v‖F (m;ε0;θ) .
For f(t, ε, θ) ∈ F (m; ε0; θ) we denote:

Γn[f ] =
1

2π

2π∫
0

f(t, ε, θ) exp(−inθ)dθ (n ∈ Z).

In particular

f(t, ε, θ) = Γ0[f ] =
1

2π

2π∫
0

f(t, ε, θ)dθ.

We denote for the matrix A = (ajk)j,k=1,N :

(A)jk = ajk, j, k = 1, N.

Statement of the Problem. We consider the next system of differential equations:
dx

dt
= (J(t, ε) + µP (t, ε, θ))x, (2)

where x = colon(x1, ..., xn) ,

J(t, ε) =



λ(t, ε) 0 0 ... 0 0 0
1 λ(t, ε) 0 ... 0 0 0
0 1 λ(t, ε) ... 0 0 0
... ... ... ... ... ... ...
0 0 0 ... λ(t, ε) 0 0
0 0 0 ... 1 λ(t, ε) 0
0 0 0 ... 0 1 λ(t, ε)


,
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λ(t, ε) ∈ S(m; ε0) , P (t, ε, θ) = (pjk(t, ε, θ))j,k=1,n, pjk(t, ε, θ) ∈ F (m; ε0; θ) (j, k = 1, n) ,
µ ∈ (0, µ0) – the real parameter.

We study the problem of the existence of a transformation of kind

x = (E + µU(t, ε, θ, µ))y, (3)

y = colon(y1, ..., yn) ,

U(t, ε, θ, µ) =



0 u12 u13 ... u1,n−2 u1,n−1 u1n

0 0 u23 ... u2,n−2 u2,n−1 u2n

u31 0 0 ... u3,n−2 u3,n−1 u3n

... ... ... ... ... ... ...
un−2,1 un−2,2 un−2,3 ... 0 un−2,n−1 un−2,n

un−1,1 un−1,2 un−1,3 ... 0 0 un−1,n

un1 un2 un3 ... un,n−2 0 0


,

ujk = ujk(t, ε, θ, µ) ∈ F (m1; ε1; θ) (0 ≤ m1 ≤ m, 0 < ε1 ≤ ε0) , which leads the system (2) to
kind:

dy

dt
= (J(t, ε) + µB(t, ε, θ, µ))y, (4)

where

B(t, ε, θ, µ) =



b11 0 0 ... 0 0 0
b21 b22 0 ... 0 0 0
0 b32 b33 ... 0 0 0
... ... ... ... ... ... ...
0 0 0 ... bn−2,n−2 0 0
0 0 0 ... bn−1,n−2 bn−1,n−1 0
0 0 0 ... 0 bn−1,n bnn


,

bjk = bjk(t, ε, θ, µ) ∈ F (m1; ε1; θ) (j, k = 1, n) .
Auxiliary results.
Lemma 1. Let we have the system

dx

dt
=

(
JN +

q∑
l=1

Dl(t, ε, θ)µ
l

)
x, (5)

x = colon(x1, ..., xN ),

JN =



0 0 0 ... 0 0 0
1 0 0 ... 0 0 0
0 1 0 ... 0 0 0
... ... ... ... ... ... ...
0 0 0 ... 0 0 0
0 0 0 ... 1 0 0
0 0 0 ... 0 1 0


– (N ×N) -matrix, q ∈ N , µ ∈ [0, µ0] , Dl – (N ×N) -matrices with elements from the class
F (m; ε0; θ) . Then there exists µ1 ∈ (0, µ0) , such that for all µ ∈ (0, µ1) there exists the
Lyapunov’s transformation of kind

x =

(
E +

q∑
l=1

Ψl(t, ε, θ)µ
l

)
y, (6)

where elements of matrices Ψl belongs to the class F (m; ε0; θ) , which leads the system (5) to
kind

dy

dt
=

(
JN +

q∑
l=1

Ul(t, ε)µ
l + ε

q∑
l=1

Vl(t, ε, θ)µ
l + µq+1W (t, ε, θ, µ)

)
y, (7)

where Ul – the matrices with elements from S(m; ε0) , Vl,W – the matrices with elements from
F (m− 1; ε0; θ) (l = 1, q) .
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Proof. We substitute the expression (6) into system (5), and require that the transformed
system has the kind (7). We obtain the next chain of matrix differential equations for detemining
matrices Ψ1, ...,Ψq :

dΨ1

dt
= JNΨ1 −Ψ1JN +D1(t, ε, θ)− U1(t, ε)− εV1(t, ε, θ), (8)

dΨl

dt
= JNΨl −ΨlJN +Dl(t, ε, θ)−

l−1∑
ν=1

DνΨl−ν−

−
l−1∑
ν=1

ΨνUl−ν(t, ε)− ε
l−1∑
ν=1

ΨνVl−ν(t, ε, θ)− Ul(t, ε)− εVl(t, ε, θ), l = 2, q. (9)

Then the matrix W at sufficiently small values µ is determined from the equation:(
E +

q∑
l=1

Ψlµ
l

)
W =

q−1∑
s=0

 ∑
σ+δ=s+q+1

(DσΨδ −ΨσUδ

µs−
−
q−1∑
s=0

 ∑
σ+δ=s+q+1

ΨσVδ

µs. (10)

We consider first the equation (8). In the component form it looks like this:
d(Ψ1)1k

dt = −(Ψ1)1,k+1 + (D1(t, ε, θ))1k, k = 1, N − 1,

d(Ψ1)1N
dt = (D1(t, ε, θ))1N ,

d(Ψ1)jk
dt = (Ψ1)j−1,k − (Ψ1)j,k+1 + (D1(t, ε, θ))jk, j = 2, N, k = 1, N − 1,

d(Ψ1)jN
dt = (Ψ1)j−1,n + (D1(t, ε, θ))j−1,N , j = 2, N

(11)

Define the elements of the matrices Ψ1 , U1 , V1 by the following expression:

(Ψ1)1n =

∞∑
n=−∞
(n 6=0)

Γn[(D1(t, ε, θ))1n]

inϕ
einθ,

(Ψ1)1k =

∞∑
n=−∞
(n6=0)

(
Γn[−(Ψ1(t, ε, θ))1,k+1 + (D1(t, ε, θ))1k]

inϕ

)
einθ, k = 1, N − 1,

(Ψ1)1N =

∞∑
n=−∞
(n 6=0)

(
Γn[(Ψ1(t, ε, θ))j−1,N + (D1(t, ε, θ))jN ]

inϕ

)
einθ, j = 2, N,

(Ψ1)1k =

∞∑
n=−∞
(n 6=0)

(
Γn[(Ψ1(t, ε, θ))j−1,k − (Ψ1(t, ε, θ))j,k+1 + (D1(t, ε, θ))jk]

inϕ

)
einθ,

j = 2, N, k = 1, N ;

(U1)jk = Γ0[(D1)jk], j, k = 1, N,

(V1)jk = −1

ε

∞∑
n=−∞
(n6=0)

Γn[(Ψ1(t, ε, θ))jk]

inϕ
einθ, j, k = 1, N. (12)

The elements of the matrices Ψ2, ...,Ψq we define from equations (9) similar to formulas (12).
The matrix W at sufficiently small values µ is expressed by the formula (10)

Lemma 1 are proved.
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Consequence. Consider the next system

dx

dt
=

(
JB +

q∑
l=1

Rl(t, ε, θ)µ
l

)
x, (13)

where JB has a block-diagonal kind:

JB =


JN1 0 ... 0
0 JN2 ... 0
... ... ... ...
0 0 ... JNk

 ,

N = N1 + ... + Nk , Rl – (N × N) -matrices with elements from the class F (m; ε0; θ) . Then
there exists µ2 ∈ [0, µ0] , such that for all µ ∈ (0, µ2) there exists the Lyapunov’s transformation
of kind:

x =

(
E +

q∑
l=1

Φl(t, ε, θ)µ
l

)
y, (14)

where Φl – (N ×N) -matrices with elements from the class F (m; ε0; θ) , which leads the system
(13) to the kind:

dy

dt
=

(
JB +

q∑
l=1

U1
l (t, ε)µl + ε

q∑
l=1

V 1
l (t, ε, θ)µl + µq+1W 1(t, ε, θ, µ)

)
y, (15)

where U1
l – (N×N) -matrices with elements from the class S(m; ε0) , V 1

l ,W
1 – the (N×N) -

matrices with elements from F (m− 1; ε0; θ) (l = 1, q) .
Problem solving method.
Based on the type of system (4) we obtain the next matrix equation for defined of matrix U :

dU

dt
= J(t, ε)U − UJ(t, ε) + P (t, ε, θ) + µP (t, ε, θ)U −B(t, ε, θ, µ)− µUB(t, ε, θ, µ), (16)

where elements of the matrix B depends on U also and has the kind (function arguments are
omitted for brevity):

b11 = −u12 + p11 + µ

n∑
j=3

p1juj1 − p21u12 − µ
n∑
j=3

p2juj1u12, (17)

bkk = uk−1,k − uk,k+1 + pkk − µpk+1,kuk,k+1+

+µ

n∑
j=1

(j 6=k;j 6=k+1)

pkjujk − µ2
n∑
j=1

(j 6=k;j 6=k+1)

pk+1,jujkuk,k+1, k = 2, n− 1, (18)

bnn = un−1,n + pnn + µ

n−1∑
j=1

pnjujn, (19)

bk+1,k = pk+1,k + µ

n∑
j=1

(j 6=k;j 6=k+1)

pk+1,jujk, k = 1, n− 1. (20)

Together with the system (16) we consider the auxiliary system

ϕ(t, ε)
dU

dθ
= J(t, ε)U −UJ(t, ε) +P (t, ε, θ) + µP (t, ε, θ)U −B(t, ε, θ, µ)− µUB(t, ε, θ, µ), (21)

where ϕ(t, ε) – the function in the definition of class F (m; ε; θ) , and t, ϕ are considered as
constants.
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Having written the matrix equation (21) in the components, taking into account relations
(17)–(20), we obtain (function arguments are omitted for brevity also):

ϕ
du1k

dθ
= −u1,k+1 + p1k + µ

n∑
j=1

(j 6=2;j 6=3)

p1jujk − µpkku1k + µpk+1,kuk, k + 1u1k−

−µ(uk−1,k − uk,k+1)u1k − µpk+1,ku1,k+1 − µ2
n∑
j=1

(j 6=k;j 6=k+1)

pk,jujku1,k−

−µ2
n∑
j=1

(j 6=k;j 6=k+1)

pk+1,jujku1,k+1 + µ3
n∑
j=1

(j 6=k;j 6=k+1)

pk+1,jujkuk,k+1u1k, k = 2, n− 1, (22)

ϕ
du1n

dθ
= p1n + µ

n−1∑
j=1

p1jujn − µpnnu1n − µun−1,nu1n − µ2
n−1∑
j=1

pnjujnu1n, (23)

ϕ
dulk
dθ

= ul−1,k − ul,k+1 + plk + µ

n∑
j=1

(j 6=k;j 6=k+1)

pljujk − µpkkulk + µpk+1,kuk,k+1ulk−

−µ(uk−1,k − uk, k + 1)ulk − µpk+1,kul,k+1 − µ2
n∑
j=1

(j 6=k;j 6=k+1)

pkjujkulk−

−µ2
n∑
j=1

(j 6=k;j 6=k+1)

pk+1,jujkul,k+1 + µ3
n∑
j=1

(j 6=k;j 6=k+1)

pk+1,jujkuk,k+1ulk,

l = 2, n− 2, k = l + 1, n+ 1, (24)

ϕ
dukn
dθ

= uk−1,n + pkn + µ

n−1∑
j=1

pkjujn − µpnnukn−

−µun−1,nukn − µ2
n−1∑
j=1

pnjujnukn, k = 1, n− 1, (25)

ϕ
du31

dθ
= p31 + µ

n∑
j=3

p3juj1 − µp11u31 + µu12u31 + µp21u12−

−µ2
n∑
j=3

p3juj1u31 + µ3
n∑
j=3

p2juj1u12u31, (26)

ϕ
dul1
dθ

= ul−1,1 − ul2 + pl1 + µ

n∑
j=3

pljuj1 − µp11 + µu12ul1 − µp21ul2+

+µp21u12ul1 − µ2
n∑
j=3

p1juj1ul1 − µ2
n∑
j=3

p2juj1ul2 + µ3
n∑
j=3

p2juj1u12ul1,

l = 4, n− 1, (27)

ϕ
dulk
dθ

= ul−1,k − ul,k+1 + plk + µ

n∑
j=1

(j 6=k;j 6=k+1)

pljujk − µ(uk−1,k − uk,k+1)ulk−

−µpkkulk = µpk+1,kuk,k+1ulk − µ2
n∑
j=1

(j 6=k;j 6=k+1)

pkjujkulk − µ2
n∑
j=1

(j 6=k;j 6=k+1)

pk+1,jujkul,k+1+
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+µ3
n∑
j=1

(j 6=k;j 6=k+1)

pk+1,jujkuk,k+1ulk, l = 4, n− 1, k = 2, l − 3, (28)

ϕ
dun−3,n−3

dθ
= pn−3,n−3 + µ

n∑
j=1

(j 6=n−3;j 6=n−2)

pn−1,juj,n−3 − µ(un−4,n−3 − un−3,n−2)un−1,n−3−

−µpn−3,n−3un−1,n−3 − µpn−2,n−3un−1,n−2 − µ2
n∑
j=1

(j 6=n−3;j 6=n−2)

pn−3,juj,n−3un−1,n−3−

−µ2
n∑
j=1

(j 6=n−3;j 6=n−2)

pn−2,juj,n−2un−1,n−2, (29)

ϕ
dun1

dθ
= un−1,1 − un2 + pn1 + µ

n∑
j=1

(j 6=1;j 6=2)

pnjuj1 + µu12un1 − µp11un1+

+µp21u12un1 − µp21un2 − µ2
n∑
j=1

(j 6=1;j 6=2)

p1juj1un1 − µ2
n∑
j=1

(j 6=1;j 6=2)

p2juj1un2+

+µ3
n∑
j=1

(j 6=1;j 6=2)

p2juj1u12un1, (30)

ϕ
dunk
dθ

= un−1,k − un,k+1 + pnk + µ

n∑
j=1

(j 6=k;j 6=k+1)

pnjujk − µ(uk−1,k − uk,k+1unk−

−µpkkunk + µpk+1,kuk,k+1unk − µpk+1,kun,k+1 − µ2
n∑
j=1

(j 6=k;j 6=k+1)

pkjujkunk−

−µ2
n∑
j=1

(j 6=k;j 6=k+1)

pk+1,jujkun,k+1 + µ3
n∑
j=1

(j 6=k;j 6=k+1)

pk+1,jujkuk,k+1unk, k = 2, n− 3, (31)

ϕ
dun,n−2

dθ
= pn,n−2 + µ

n∑
j=1

(j 6=n−2;j 6=n−1)

pnjuj,n−2 − µ(un−3,n−2 − un−2,n−1)un,n−2−

−µpn−2,n−2un,n−2 + µpn−1,n−2un−2,n−1un,n−2 − µ2
n∑
j=1

(j 6=n−2;j 6=n−1)

pn−2,juj,n−2+

+µ3
n∑
j=1

(j 6=n−2;j 6=n−1)

pn−1,juj,n−2un−2,n−1un,n−2. (32)

In vector form, the system (22) – (32) can be written as

ϕ(t, ε)
dξ

dθ
= Aξ + f(t, ε, θ) + µΞ1(t, ε, θ, ξ) + µ2Ξ2(t, ε, θ, ξ) + µ3Ξ3(t, ε, θ, ξ), (33)

where ξ = colon(u12, u13, . . . , un,n−2) , A – square constant matrix of dimension (n− 1)2 , f –
vector of dimension (n− 1)2 , Ξ1 , Ξ2 , Ξ3 – vector-function of dimension (n− 1)2 , dependent
on (t, ε, θ, ξ) .
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We seek an approximate solution of the system (33) according to the small parameter method
[4] in the form of a partial sum of a series in degrees of a small parameter µ :

ξ̃(t, ε, θ, µ) =

2q−1∑
s=0

ξ(s)(t, ε, θ)µs, (34)

where vector-functions ξs(t, ε, θ) are defined from the next chain of the differential equations:

ϕ(t, ε)
dξ(0)

dθ
= Aξ(0) + f(t, ε, θ), (35)

ϕ(t, ε)
dξ(1)

dθ
= Aξ(1) + Ξ1(t, ε, θ, ξ(0)), (36)

ϕ(t, ε)
dξ(2)

dθ
= Aξ(2) +

∂Ξ1(t, ε, θ, ξ(0))

∂ξ
ξ(1) + Ξ2(t, ε, θ, ξ(0)), (37)

· · ·

ϕ(t, ε)
dξ(2q−1)

dθ
= Aξ(2q−1) +

∂Ξ1(t, ε, θ, ξ(0))

∂ξ
ξ(2q−2) + F2q−1(t, ε, θ, ξ(0), ..., ξ(2q−3)), (38)

where F2q−1 – polynomial from ξ(0), ..., ξ(2q−3) with coefficients from the class F (m; ε0; θ) .
For µ = 0 we get a generating system (35). In the component form it has a kind:

ϕ(t, ε)
du

(0)
1k

dθ
= −u(0)

1,k+1 + p1k(t, ε, θ), k = 2, n− 1, (39)

ϕ(t, ε)
du

(0)
1n

dθ
= p1n(t, ε, θ), (40)

ϕ(t, ε)
du

(0)
lk

dθ
= u

(0)
l−1,k − u

(0)
l,k+1 + plk(t, ε, θ), l = 2, n− 2; k = l + 1, n− 1, (41)

ϕ(t, ε)
du

(0)
ln

dθ
= u

(0)
l−1,n + pln(t, ε, θ), l = 2, n− 1, (42)

ϕ(t, ε)
du

(0)
lk

dθ
= u

(0)
l−1,k − u

(0)
l,k+1 + plk(t, ε, θ), l = 4, n; k = 1, l − 3, (43)

ϕ(t, ε)
du

(0)
l,l−2

dθ
= pl,l−2(t, ε, θ), l = 3, n. (44)

It is easy to see, that system (39) – (44) decomposes into two independent subsystems (39) –
(42) and (43),(44). The necessary and sufficient conditions for the existence of 2π -periodic in
θ solutions for the system (39) – (42) the the following conditions:

s∑
k=1

pk,k+n−s(t, ε, θ) = 0, s = 1, n− 1. (45)

Under these conditions, system (39) – (42) has a (n− 1) -parameter family of 2π -periodic in θ
solutions:

uk,k+1(t, ε, θ) = ck,k+1(t, ε) + ϕ
(0)
k,k+1(t, ε, θ), k = 1, n− 1,

and the rest
u

(0)
jk (t, ε, θ) = ϕ

(0)
jk (t, ε, θ),

where ck,k+1(t, ε) (k = 1, n− 1) – the arbitrary functions of the class S(m; ε0) , and the all
functions ϕ(0)

jk (t, ε, θ) – particular 2π -periodic in θ solutions of it system, such that:

ϕ
(0)
jk (t, ε, θ) = 0, j = 1, n− 1; k = j + 1, n.

The necessary and sufficient conditions for the existence of 2π -periodic in θ solutions for the
system (43),(44) the the following conditions:

pk,k−2(t, ε, θ) = 0, k = 3, n. (46)
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Under these conditions, system (43),(44) has a (n − 2) -parameter family of 2π -periodic in θ
solutions:

unk(t, ε, θ) = cnk(t, ε) + ϕ
(0)
nk (t, ε, θ), k = 1, n− 2,

and the rest
u

(0)
jk (t, ε, θ) = ϕ

(0)
jk (t, ε, θ),

where cnk(t, ε) (k = 1, n− 2) – the arbitrary functions of the class S(m; ε0) , and the all
functions ϕ(0)

jk (t, ε, θ) – particular 2π -periodic in θ solutions of it system, such that:

ϕ
(0)
jk (t, ε, θ) = 0, j = 3, n; k = 1, j − 2.

For the determine the functions ck,k+1(t, ε) (k = 1, n− 1) and cnk(t, ε) (k = 1, n− 2) we
obtain the next system of algebraic equations, which follows from the conditions of the existence
of 2π -periodic in θ solutions of the system (36):

n−1∑
s=1

pss(t, ε, θ) cs,s+1(t, ε) +

n−2∑
s=1

(cs,s+1(t, ε)− cs+1,s+2(t, ε))cs,s+1(t, ε)−

−
n∑
s=2

pss(t, ε, θ) cs−1,s(t, ε) +

n∑
s=3

ps,s−1(t, ε, θ) cs−1,s(t, ε)cs−2,s−1(t, ε)+

+

n∑
s=3

ps,s−1(t, ε, θ)ϕ0
s−1,s(t, ε, θ) cs−2,s−1(t, ε)+

+

n∑
s=3

ps,s−1(t, ε, θ)ϕ0
s−2,s−1(t, ε, θ) cs−1,s(t, ε)− c2

n−1,n(t, ε) = f1(t, ε), (47)

n−(k+1)∑
s=1

ps,s+k−1(t, ε, θ) cs+k−1,s+k(t, ε)+

+

n∑
s=k+2

ps,s−1(t, ε, θ)ϕ0
s−3,s−1(t, ε, θ) cs−1,s(t, ε)+

+pn−k,n−1(t, ε, θ) cn−1,n(t, ε) = fk(t, ε), k = 2, n− 2, (48)

p1,n−1(t, ε, θ) cn−1,n(t, ε) = fn−1(t, ε), (49)

pk+2,n(t, ε, θ) cnk(t, ε) = gk(t, ε), k = 1, n− 3, (50)

pnn(t, ε, θ) cn,n−2(t, ε)− (cn−3,n−2(t, ε)− cn−2,n−1(t, ε))cn,n−2(t, ε)−

−pn−2,n−1(t, ε, θ) cn,n−2(t, ε) + pn−1,n−2(t, ε, θ)ϕ0
n−2,n−1(t, ε, θ) cn,n−2(t, ε) =

= gn−2(t, ε), (51)

where fk(t, ε) (k = 2, n− 1) , gk(t, ε) (k = 1, n− 2) – famous functions of the class S(m; ε) .
The system (49) – (51) can be written ih the kind:

Cj(t, ε, c12, c23, ..., cn−1,n, cn1, cn2, ..., cn,n−2) = 0, j = 1, 2n− 3. (52)

We suppose that there exists a solution c0
j,j+1(t, ε) (j = 1, n− 1) , c0

nk(t, ε) (k = 1, n− 2)

of the system (52) that satisfies the inequality:

inf
G(ε0)

∣∣∣∣det
∂(C1, C2, ..., C2n−3)

∂(c12, ..., cn−1,n, cn1, ..., cn,n−2)

∣∣∣∣ > 0 (53)

at cjk = c0
jk(t, ε) . Then, in accordance with the small parameter method [4] all vector-function

ξ(0)(t, ε, θ), ..., ξ(2q−1)(t, ε, θ) are defined and belongs to the class F (m; ε0; θ) .
Consider the system

dz

dt
= Az + f(t, ε, θ) + µΞ1(t, ε, θ, z) + µ2Ξ2(t, ε, θ, z) + µ3Ξ3(t, ε, θ, z), (54)
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where z = colon(u12, u13, ..., un−1,n, u31, u41, ..., un,n−2), and the other functions are the same
as in the system (33).

We make in the system (54) the substitution

z = ξ̃(t, ε, θ, µ) + z(1), (55)

where z(1) – the new unknown vector-function. We obtain:

dz(1)

dt
= Az(1) + εg(t, ε, θ, µ) + µ2qh(t, ε, θ, µ) +

 q∑
j=1

Vj(t, ε, θ)µ
j

 z(1)+

+µq+1W (t, ε, θ, µ)z(1) + µZ(1)(t, ε, θ, z(1), µ), (56)

where g ∈ F (m − 1; ε0; θ) , h ∈ F (m; ε0; θ) , Vj ,W ∈ F (m; ε0; θ) , Z(1) belong to the class
F (m; ε0; θ) relatively t, ε, θ , and contains terms not lower than second order relatively the
components of vector z(1) .

Matrix A has a block kind:

A =

(
A1 0
0 A2

)
,

where A1 , A2 – square constant matrices of orders (n−1)n
2 and (n−2)(n−1)

2 respectively. All
their eigenvalues are zero. An analysis of these matrices shows that the Jordan normal form
(JNF) of matrix A1 consists of n−1 blocks of dimensions 1, 2, ..., n−1 , and the JNF of matrix
A2 consists of n − 2 blocks of dimensions 1, 2, ..., n − 2 . Each block of dimension l ( l ≥ 2)
has the kind: 

0 0 0 ... 0 0 0
1 0 0 ... 0 0 0
0 1 0 ... 0 0 0
... ... ... ... ... ... ...
0 0 0 ... 0 0 0
0 0 0 ... 1 0 0
0 0 0 ... 0 1 0


(57)

( l rows and l columns in the matrix), and block of dimension 1 consists only of zero.
Therefore, the JNF J of the matrix A consists of 2n−3 blocks of kind (57). 2n−4 of them

have dimension 1, 2, ..., n− 2 , and one block have dimension n− 1 .
We denote H – non-degenerate matrix, reducing matrix A to JNF. We make in the system

(56) the substitution:
z(1) = Hz(2). (58)

We obtain:

dz(2)

dt
= Jz(2) + εg(1)(t, ε, θ, µ) + µ2qh(1)(t, ε, θ, µ) +

 q∑
j=1

V
(1)
j (t, ε, θ)µj

 z(2)+

+µq+1W (1)(t, ε, θ, µ)z(2) + µZ(2)(t, ε, θ, z(2), µ), (59)

where g(1) ∈ F (m− 1; ε0; θ) , h(1) ∈ F (m; ε0; θ) , V (1)
j ,W (1) ∈ F (m; ε0; θ) , Z(2) belong to the

class F (m; ε0; θ) relatively t, ε, θ , and contains terms not lower than second order relatively
the components of vector z(2) .

By virtue Consequence from Lemma 1 there exists non-degenerate transformation of kind:

z(2) = Φ(t, ε, θ, µ)z(3), (60)

where Φ ∈ F (m; ε0; θ) , which leads the system (59) to kind:

dz(3)

dt
=

 q∑
j=1

Uj(t, ε)µ
j

 z(3) + ε

 q∑
j=1

V
(2)
j (t, ε, θ)µj

 z(3)+

+εg(2)(t, ε, θ, µ) + µ2qh(2)(t, ε, θ, µ) + µW (2)(t, ε, θ, µ)z(3) + µZ(3)(t, ε, θ, z(3), µ), (61)
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where Uj(t, ε) ∈ S(m; ε0) , g(2)(t, ε, θ, µ) , V (2)
j (t, ε, θ) ,

W (2)(t, ε, θ, µ) ∈ F (m − 1; ε0; θ) , h(2)(t, ε, θ, µ) ∈ F (m; ε0; θ) , Z(3) belong to the class
F (m − 1; ε0; θ) relatively t, ε, θ , and contains terms not lower than second order relatively
the components of vector z(3) .

Consider the matrix

U(t, ε, µ) =

q∑
j=1

Uj(t, ε)µ
j−1.

Lemma 2. Let the system (61) satisfy the next condition: for the matrix U(t, ε, µ) there
exists the matrix L(t, ε, µ) with coefficients from the class S(m; ε0) , such that:

1) inf
µ∈(0,µ0)

inf
G(ε0)

|detL(t, ε, µ)| > 0 ;

2) L−1UL = Λ(t, ε, µ) – diagonal matrix;
3) there exists q0 ∈ N (1 ≤ q0 ≤ q) and γ > 0 such that

inf
G(ε0)

|Reλj(t, ε, µ)| ≥ γµq0−1 j = 1, 2n− 3,

where λj(t, ε, µ) (j = 1, 2n− 3) – the eigenvalues of the matrix U(t, ε, µ) .
Then there exists µ2 ∈ (0, µ0) , K1 ∈ (0,+∞) such that for all µ ∈ (0, µ2) the system (61)

has a particular solution z(3)(t, ε, θ, µ) , belongs to class
F (m− 1; ε1(µ); θ) , where ε1(µ) = K1µ

2q0−1 .
Proof is similar to the proof in [5].
Basic result.
An immediate consequence of Lemma 2 is the next theorem.
Theorem. Let the system (2) satisfy the next conditions:
1) for the system (35) conditions (45),(46) are satisfied;
2) there exists solution of the system (52), which satisfied to condition (53);
3) all conditions of Lemma 2 are satisfied.
Then there exists µ3 ∈ (0, µ0) , K2 ∈ (0,+∞) such that for all µ ∈ (0, µ3) for the system (2)

there exists the transformation of kind (3) with coefficients from the class F (m − 1; ε2(µ); θ) ,
where ε2(µ) = K2µ

2q0−1 ( q0 are defined in Lemma 2), which leads the system (2) to the kind
(4), and the elements of the matrix B(t, ε, θ, µ) are defined by formulas (17) – (20).

Conclusions.
Thus, for the system (2) the existence of the transformation with coefficients whose coefficients

are represented as an absolutely and uniformly convergent Fourier-series with slowly varying
coefficients and frequency, which leads it to bi-diagonal kind, are proved.
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