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Areas of Triangles and SLs Actions in Finite Rings

Abstract: In Euclidean space, one can use the dot product to give a formula for the area of
a triangle in terms of the coordinates of each vertex. Since this formula involves only addition,
subtraction, and multiplication, it can be used as a definition of area in R?, where R is an
arbitrary ring. The result is a quantity associated with triples of points which is still invariant
under the action of SLg(R). One can then look at a configuration of points in R? in terms of
the triangles determined by pairs of points and the origin, considering two such configurations
to be of the same type if corresponding pairs of points determine the same areas. In this paper
we consider the cases R =TF, and R =7/ pZ , and prove that sufficiently large subsets of R?
must produce a positive proportion of all such types of configurations.

Key words: Geometric combinatorics, finite fields.

AMS Mathematics Subject Classificstion 52C10
DOI: https://doi.org/10.32523/2616-7182/2019-127-27-38

1. INTRODUCTION

There are several interesting combinatorial problems asking whether a sufficiently large subset
of a vector space over a finite field must generate many different objects of some type. The most
well known example is the Erdos-Falconer problem, which asks whether such a set must contain
all possible distances, or at least a positive proportion of distances. More precisely, given £ C ]Fg
we define the distance set

AE) = {(z1 —y1)* + -+ (xa — ya)® 1 7,y € B},

Obviously, A(E) C F,. The Erdos-Falconer problem asks for an exponent s such that
A(E) = F,, or more generally |A(E)| 2 ¢, whenever |E| 2 ¢° (Throughout, the notation
X S Y means there is a constant C' such that X < CY, X =~ Y means X < Y and
Y < X, and O(X) denotes a quantity that is < X ). In [9], Iosevich and Rudnev proved
that A(E) = F, if |E| 2 q% In [8] it is proved by Hart, Iosevich, Koh, and Rudnev that
the exponent % cannot be improved in odd dimensions, althought it has been improved to
4/3 in the d = 2 case (first in [3] in the case ¢ = 3 (mod 4) by Chapman, Erdogan, Hart,
losevich, and Koh, then in general in [1] by Bennett, Hart, losevich, Pakianathan, and Rudnev).
Several interesting variants of the distance problem have been studied as well. A result of
Pham, Phuong, Sang, Valculescu, and Vinh studies the problem when distances between pairs
of points are replaced with distances between points and lines in ]Fg ; they prove that if sets P
and L of points and lines, respectively, satisfy |P||L| > ¢3/3, then they determine a positive
proportion of all distances [12]. Birklbauer, Iosevich, and Pham proved an analogous result
about distances determined by points and hyperplanes in Fg [2].

We can replace distances with dot products and ask the analogous question. Let
27



Areas of Triangles and SL» Actions in Finite Rings

H(E) = {z1y1 + - +2qya: 2,y € E},

and again ask for an exponent s such that |E| 2 ¢® implies II(E) contains all distances (or
at least a positive proportion of distances). Hart and Iosevich prove in [6] that the exponent
s = CHTl works for this question as well. The proof is quite similar to the proof of the same
exponent in the Erdos-Falconer problem; in each case, the authors consider a function which
counts, for each t € IF,, the number of representations of ¢ as, respectively, a distance and a
dot product determined by the set E. These representation functions are then studied using
techniques from Fourier analysis.

Another interesting variant of this problem was studied in [10], where Lund, Pham, and Vinh
defined the angle between two vectors in analogue with the usual geometric interpretation of the
dot product. Namely, given vectors x and ¥, they consider the quantity

(z-y)*

=yl
2

where |z|| = 2% + - 22 is the finite field distance defined above. Note that since we cannot
always take square roots in finite fields, the finite field distance corresponds to the square of
the Euclidean distance; therefore, s(z,y) above is the correct finite field analogue of sin? 6,
where 6 is the angle between the vectors x and gy . This creates a variant of the dot product
problem, since one can obtain different dot products from the same angle by varying length.
The authors go on to prove that the exponent % guarantees a positive proportion of angles.

S(QS,y) =

It is of interest to generalize these types of results to point configurations. By a (k4 1) -point
configuration in Fg, we simply mean an element of (I["g)k“. Throughout, we will use
superscripts to denote different vectors in a given configuration, and subscripts to denote the
coordinates of each vector. For example, a (k+ 1) point configuration x is made up of vectors
z!, ..., zF*1 | each of which has coordinates xﬁ,x’z Given a set E C Fg, we can consider
(k + 1) -point configurations in E (i.e., elements of E**!) and ask whether E must contain
a positive proportion of all configurations, up to some notion of equivalence. For example, we
may view (k + 1)-point configurations as simplices, and our notion of equivalence is geometric
congruence; any two simplices are congruent if there is a translation and a rotation that maps
one onto the other. Since a 2-simplex is simply a pair of points, and two such simplices are
congruent if and only if the distance is the same, congruence classes simply correspond to
distance. Hence, the Erdos-Falconer distance problem may be viewed as simply the & = 1
case of the simplex congruence problem. In [7], Hart and Iosevich prove that E contains the
vertices of a congruent copy of every non-degenerate simplex (non-degenerate here means the
points are in general position) whenever |E| 2 qk%Jrg . However, in order for this result to be
non-trivial the exponent must be < d, and that only happens when (k;rl) < d. So, the result is
limited to fairly small configurations. This result is improved in [1] by Bennett, Hart, Iosevich,

Pakianathan, and Rudnev, who prove that for any k < d aset £ C ]Fg determines a positive

d—1
proportion of all congruence classes of (k + 1)-point configurations provided |E| 2 PR
This exponent is clearly non-trivial for all k. In [11], T extended this result to the case k > d.

In this paper, we consider a different notion of equivalence. We will consider the problem over
both finite fields and rings of integers modulo powers of primes, so I will define the equivalence
relation in an arbitrary ring.

Definition 1. Let R be a ring, and let £ C R?>. We define an equivalence relation ~ on
EFL by (2b, ..., 28 ~ (v, ..., %) (or more breifly z ~ y) if and only if for each pair i,
we have z' -7+ =y - /1. Define Cpy1(FE) to be the set of equivalence classes of E under
this relation.

JI.LH. 'ymunes arsiagarsl EYY Xabapmeicsl. Martemaruka. Komnbiorepiik reiabiMaap. Mexanuka, 2019, Tom 127, Ne2
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Alex McDonald

In the Euclidean setting, %\x -y*| is the area of the triangle with vertices 0, ,% . So, we may
view each pair of points in a (k+1)-point configuration as determining a triangle with the origin,
and we consider two such configurations to be equivalent if the triangles they determine all have
the same areas. As we will prove in section 2, this equivalence relation is closely related to the
action of SLa(R) on tuples of points; except for some degenerate cases, two configurations are
equivalent if and only if there is a unique g mapping one to the other. This allows us to analyze
the problem in terms of this action; in section 2, we define a counting function f(g) and reduce
matters to estimating the sum ) o (¢)¥*!. In section 3, we show how to turn an estimate for
>y f(g)? into an estimate for >y f(g)¥*1 . Since we already understand the k = 1 case (it is

essentially the same as the dot product problem discussed above), this reduction allows us to
obtain a non-trivial result. Our first theorem is as follows.

Theorem 1. Let g be a power of an odd prime, and let E C Fg satisfy |E| Z ¢°, where

s=2— 147 Then Ciy1(E) 2 Crpa(F7) .

In addition to proving this theorem, we will consider the case where the finite field F, is
replaced by the ring Z/p‘Z. The structure of the proof is largely the same; the dot product
problem over such rings is studied in [4], giving us the k& = 1 case, and the machinery which
lifts that case to arbitrary k works the same way. However, many details in the proofs are
considerably more complicated. The theorem is as follows.

Theorem 2. Let p be an odd prime, let £ > 1, and let E C (Z/p'Z)? satisfy |E| >, Kk%lpﬁs,

where s =2 — m . Then Cri1(E) 2 Cry1((Z/p'7)?).

We first note that, as we would expect, Theorem 2 coincides with Theorem 1 in the case
£ =1. We also note that, for fixed p and k, the exponent in Theorem 2 is always less than 2,
but it tends to 2 as £ — oo. This does not happen in the finite field case, where the exponent
depends on & but not on the size of the field.

Finally, we want to state the extent to which these results are sharp. There are examples
which show that the exponent must tend to 2 as k — oo in the finite field case, and as either
k — oo or £ — oo in the Z/p'Z case.

Theorem 3 (Sharpness). We have the following:
i For any s < 2 — k%—l) there exists E C F2 such that |E| =~ ¢* and Cpp1(E) =
0(Cr41(F)) -
it For any s < 2 —min (%ﬂ,%) , there exists E C (Z/p'7)* such that |E| =~ p* and
Cri1(E) = o(Cor1(Z/p"Z)%)) .

2. CHARACTERIZATION OF THE EQUIVALENCE RELATION IN TERMS OF THE SLy(R) ACTION

Our main tool in reducing the problem of (k + 1)-point configurations to the k =1 case is
the fact that we can express the equivalence relation in terms of the action of the special linear
group; with some exceptions, tuples x and y are equivalent if and only if there exists a unique
g € SLy such that for each i, we have y* = gz’. In order to use this, we need to bound the
number of exceptions to this rule. This is easy in the finite field case, and a little more tricky in
the Z/p‘Z case. The goal of this section is to describe and and bound the number of exceptional
configurations in each case. We begin with a definition.

Definition 2. Let R be aring. A configuration = = (z!,...,2%**1) € (R?)**! is called good if
there exist two indices 4,j such that z*- 271 is a unit. A configuration is bad if it is not good.

As we will see, the good configurations are precisely those for which equivalence is determined
by the action of SLa(R). To prove this, we will need the following theorems about determinants
of matrices over rings, which can be found in [5], section 11.4.

Bulletin of L.N. Gumilyov ENU. Mathematics. Computer science. Mechanics series, 2019, Vol. 127, Ne2
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Theorem 4. Let R be a ring, let Ay, ..., A, be the columns of an nxn matriz A with entries
in R. Fiz an index i, and let A’ be the matriz obtained from A by replacing column A; by
1A+ -+ cnAy, for some c1,...,c, € R. Then det(A’) = ¢;det(A).

Theorem 5. Let R be a ring, and let A be an n X n matrix with entries in R. The matriz
A s invertible if and only if det(A) is a unit in R.

Theorem 6. Let R be a ring, and let A and B be n x n matrices with entries in R. Then
det(AB) = det(A) det(B) .

We are now ready to prove that equivalence of good configurations is given by the action of
the special linear group.

Lemma 1. Let R be a ring, and let x,y be good configurations such that z* - xj% =4 : Yt
for every pair of indices i,j. Then there ezists a unique g € SLa(R) such that y* = gz* for
each i .

Proof. Because x and y are good, there exist indices i and j such that z- 27l is a unit;
equivalently, the determinant of the 2 x 2 matrix with columns z* and z7 is a unit. Denote

this matrix by (2% 27). By theorem 5, this matrix is invertible. Let

9= )" /)"
Since g(z' 27) = (ga' ga’), it follows that y® = gz’ and ¢/ = gz/. Also note that by
Theorem 6, we have det(g) =1. Let n be any other index. We want to write =" = ax® + ba’ ;
this amounts to solving the matrix equation

(4 )~
vy wy) \b

Since we have already established the matrix (2! 27) is invertible, we can solve for a and
b. Similarly, let y® = a'y’ + b'y’. By Theorem 4, we have det(x’ z") = bdet(z* 27) and

det(y* y") = b det(y’ y7). It follows that b = b, and an analogous argument yields a = a’.
Therefore,

g™ = g(az’ + ba’) = agx® + bga! = ay® + by’ = y".
So, we have established existance. To prove uniqueness, note that g must satisfy gzt 27) =
(y" ¢?), and since (z' 27) is invertible we can solve for ¢. O
Now that we know that good tuples allow us to use the machinery we need, we must prove
that the bad tuples are negligible.

Lemma 2. Let R be a ring and let E C R?>. We have the following:
i If R=T,, then E¥*' contains < ¢*|E| bad tuples. In particular, if |E| 2 ¢'¢ for
any constant € > 0, the number of bad tuples in EFT1 is o(|E[F+1).
i If R=7/p'Z , the number of bad tuples in RFT! is < pCEDEDFL 1y particular, if

1
|E| = p%*Hm% for any constant € > 0, then the number of bad tuples in E*1 s
o|[EF).

Proof. We first prove the first claim. Since the only non-unit of F, is 0, a bad tuple must
consist of k + 1 points which all lie on a line through the origin. Therefore, we may choose !
to be anything in FE, after which the next k£ points must be chosen from the ¢ points on the
line through the origin and z'.

To prove the second claim, first observe that the number of tuples where at least one coordinate
is a non-unit is p2¢~HD&E+D) which is less then the claimed bound. So, it suffices to bound the
set of bad tuples where all coordinates are units. Let B be this set. Define

1.1 k+1 k+1y _ (. 6—1.1 1 0—1_k+1 _k+1
Yoy, 29,2y w0 ) = (P Tz, @, 0T Xy Ty ).
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If 2 € B, then ' -2/ is a non-unit, meaning it is divisible by p, and

(pgilxil?xg) ' (pgille‘7wj2‘) = pgilxi : ij_ = 0.

Therefore, 1 maps bad tuples = to tuples y with %* - yjl‘: 0, or yiyé - y{yé =0.
Rearranging, using the fact that the second coordinate of each y' is a unit, we conclude that
yi
Y3
common line through the origin and a point (n,1) where p’~!|n. There are p such lines, and
once we fix a line there are p/»+1) choices of tuples y. Therefore, |1(B)| < p-p***Y . Finally,

we observe that the map ¢ is p~D*+1) _to-1. This gives us the claimed bound on |B|. O

is a constant independent of ¢ which is divisible by p‘~!. In other words, each ¢ is on a

Lemma 3. Let R be either F, or Z)p'Z . Let E C R?, and let G C E**1 be the set of good
tuples. Suppose |E| 2 ¢ if R=TF, and |E| 2 P eIt f R = Z/p'Z . For g € SLy(R),
define f(g) => . E(x)E(g9x). Then

B2 < 0y (B) Z flg™t.
geSLa(R)

Proof. By Cauchy-Schwarz, we have

G < |G/ ~ |- H(z,y) € Gx Gz~ y}l.
By assumption and Lemma 2, |E[**! ~ |G|, and therefore the left hand side above is ~
|E|2:+D) | Since G € E**! the right hand side above is < Cp1(E)|{(z,y) € G x G : x ~ y}|.
It remains to prove |{(z,y) € G x G2 ~y} <3 cqr.m) f(g)F!. By lemma 1,

H{(z,y) e GXxG:x~y}| = Z Zl.

g
z,yeG .

By extending the sum over G to one over all of E**1 | we bound the above sum by

2. 21

k+1 ¢
zyel y=gx

=) E(!)---E@@") ) E(ga')- - E(ga"t)

g

k+1
-3 (et
=Y flg)Ft
g

3. LIFTING L? ESTIMATES TO LFt! ESTIMATES

In both the case R =F, and R = Z/ p'Z , results are known for pairs of points, which is
essentially the k = 1 case. The finite field version was studied in [6], and the ring of integers
modulo p’ was studied in [4]. In section 2, we defined a function f on SLy(R) and related
the number of equivalence classes determined by a set to the sum ) g f(g)k*1 . Since results

are known for the k=1 case, we have information about the sum »_  f (9)?. We wish to turn
that into a bound for }_/ f(g)FT1. This is achieved with the following lemma.

Lemma 4. Let S be a finite set, and let F': S — R>q. Let
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denote the average value of F , and

M = sup F(x)
€S

denote the maximum. Finally, suppose

> F(x)’ = A%|S|+ R.
€S
Then there exist constants cg , depending only on k, such that

ZF(x)k-‘rl < Ck(Mk_1R+Ak+1|SD.

z€S
Proof. We proceed by induction. For the base case, let ¢; = 1 and observe that the claimed
bound is the one we assumed for Y F(x)?. Now, let {cx} be any sequence such that k:(l;) c; <

¢ holds for all j < k; for example, ¢ = 2K works. Now, suppose the claimed bound holds
for all 1 < j < k, and also observe that the bound is trivial for j = 0. By direct computation,
we have

> (F(x) - A)°

€S

=Y F(x)? - 24> F(x)+ A%S|
z€eS €S

= F(x)’ - A%|S]
zeS

—R.

We also have

ZF(x>k+1:Z(F( ) +Z( ) k —J+1 gk— JZF g+1

€S €S €S

To bound the first term, we simply use the trivial bound. Since F(z) < M forall x, A< M,
and F(z),A >0, we conclude |F(xz)— A| < M for each x. Therefore,

> (F(z) — AFF(x) < MY (F(z) — A)> = M*'R.
xeS zes
To bound the second term, we use the inductive hypothesis and the triangle inequality. We
have

kil(k’)( 1)EH AR $ ()i

€S

sup (k)Ak JZF )yt

0<]<k: J S

sup <>Ak Ie;(MP7IR + ATTY|S))
0<j<k J

=y

<cp - sup (AP IMITIR 4 AR S))
0<j<k

Since A < M , it follows that A¥IMJ~1R < M* 1R for any j < k, so the claimed bound
holds. O
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4. SOME LEMMAS ABOUT THE ACTION OF SLjy(R)

Lemma 5. Let G be a finite group acting transitively on a finite set X . Define ¢ : X x X — N
by ¢(z,y) = {g € G: gz =y}|. We have

G
o(z,y) = ||X||

for every pair x,y. If h: X — C and zg € X, then

>~ hlgm) = 15 3 hia).

geG zeX

Proof. The second statement follows from the first by a simple change of variables. To prove
the first, we have

Yooelwy) =) > L

z,yeX geG z,yeX

gr=y
On the right, for any fixed ¢, one can choose any z and there is a unique corresponding
y, so the inner sum is |X| and the right hand side is therefore |G||X|. On the other hand,
@ is constant. To prove this, let z,y,z,w € X and let hi,ho € G such that hiz = 2z and
how = y. This means for any ¢g with gz = w, we have (gaghi)zr =y, so p(z,w) < p(z,y).
By symmetry, equality holds. If ¢ is the constant value of ¢(z,y), the left hand side above

(€]

must be ¢|X|?, and therefore ¢ = [x] as claimed. O

Lemma 6. We have |SLy(F,)| = ¢* — q and |SLy(Z/p'Z)| = p3 — p?~2.

Proof. We are counting solutions to the equation ad —bc =1 where a,b,c,d € F,. We consider
two cases. If a is zero, then d can be anything, and we must have bc = 1. This means b can
be anything non-zero, and ¢ is determined. So, there are ¢?> — ¢ solutions with a = 0. With
a# 0, b and ¢ can be anything, and d is determined, giving ¢> — ¢? solutions in this case.
So, there are (g% — ¢%) + (¢*> — q) total solutions.

Next, we want to count solutions to ad — bc = 1 with a,b,c,d € Z/peZ. The arguments
are essentially the same as in the proof of the finite field case, but slightly more complicated
because there are non-zero elements which are still not units. We again consider separately two
cases according to whether a is a unit or not. If @ is a unit, then b,c¢ can be anything and
then d is determined, so there are (p’ —p’~1)p?* such solutions. If @ is not a unit, then b and
¢ must be units, as otherwise 1 would be divisible by p. So there are p‘~! choices for a, p
choices for d, pt —pf~! for b, and ¢ is determined. Putting this together, we get the claimed

number of solutions. O

5. PROOF OF THEOREM 1

We are now ready to prove theorem 1.
Proof. First observe that good tuples are equivalent to ~ ¢* distinct tuples, so there are ~ ¢+~
equivalence classes of good tuples. Since the only non-unit in the finite field case is 0, the bad
tuples are all in the same equivalence class. So, our goal is to prove Cpy1(E) > ¢?*~1. We first
must prove the estimate

1

2 _ 2" 2| |2
> f9 . TOWIER).
g

We expand the sum on the left hand side and change variables to obtain
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Y f9?= Y E@EHEEHEWHEW) | X1

g zl a2yl y? gaey

We first observe we may ignore the pairs x,y which are on a line through the origin. This is
because if 22 = tz! and y? = sy', there will exist g with gz = vy if and only if ¢ = s, in which
case there are ~ ¢ choices for g. So, we have |E| choices for 2! and y', ¢ choices for ¢, and
~ q choices for g giving an error of O(q? E|?), as claimed. For all other pairs z,y, the inner
sum in g is 1 if  ~y and 0 otherwise. Therefore, if v(t) = |{(z,y) € Ex E: z -y~ =t}|, we
have

> fl9)* = O(EPS) +Z Y. E@HEG@)EWHEW) = O(EPe) + Y v(t).

ol 22yl 2 t
1 ZL =t
,yl yQL
The proof of theorem 1.4 in [6] shows that v(t) = % O(|E|q"/?), so this gives
2
£]* |E[”
> w(t)? - v > (vt - s O(|EI*¢%),

t ¢
which proves the equation above. We now apply lemma 4 with F' = f. Lemmas 6 and 5

imply

ZE Zng |E]* = |E2+O<|E|2>
|SL2 gl (2-1) q°

q*

and

S| = ¢* + O(¢?).
Putting this together gives

|E* |EI* 4
q q
and therefore
> fl9)* = A%S|+R
g

with R = O(¢?|E|?) . Finally, we observe that f has maximum M < |E|. Therefore, lemma
4 gives

| E[20+1)
Zf<g)k+1 5 q2]E]k+1 + W

Together with lemma 3, this gives

2(kt1) < oy b1, JEPETD
|E| ch’—i-l(E) q ’E| + q2k:—1 :

If the second term on the right is bigger, we get the result for free. If the first term is bigger,
we get

‘E‘k—s-l
Ck+1(E) Z q2 :

1
This will be > ¢2*~! when |E| > ¢* %1 , as claimed.

0
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6. S1zE OF Ciy1((Z/p'Z)?)

Since |SLa(R)| =~ |R|?, we expect each tuple in (R?)**! to be equivalent to =~ |R|? other
tuples, and therefore we expect the number of congruence classes to be ]R|2k—1 . In the finite
field case, this was proved as the first step of the proof of Theorem 1, but the proof in the
R=17/ pZ is more complicated so we will prove it here, separately from the proof of Theorem
2 in the next section.

Theorem 7. We have Cpy1((Z/p'Z)?) =~ (p*)**~1. More precisely, the good (k + 1) -point
configurations of (Z/p'Z)? determine ~ (p*)?*~1 classes, and the bad configurations determine
o((p")?1) classes.

Proof. We first establish that there are ~ p‘*=1) classes of good tuples. This is easy; if z is
a good tuple, we have seen the map ¢ +— gz is injective, so each class has size ~ p3* and there
are p2(+1) typles, meaning there are p2lE+D=3E (lagses.

It remains to bound the number of bad classes. We first establish the £ = 1,2 cases. When
k = 1, we want to prove there are o(pz) equivalence classes. This is clear, because in the
k =1 case we are looking at pairs (z',22) whose class is determined by the scalar z! - 22 .
The classes therefore correspond to the underlying set of scalars in Z/p‘Z , and the bad classes
correspond to non-units. In the k = 2 case, we are looking at triples (z', 22, 23) whose class
is determined by the three scalars (! - R L S :c“-). So, the space of equivalence

classes can be identified with ((Z/p’Z)?)3 , and the bad classes correspond to triples of non-units.

For k > 3, we use the following theorem, which is really just a more specific version of
Theorem 5, also found in [5], chapter 11.

Teopema (5°). For any 2 x 2 matriz A, there exists a 2 x 2 matrix B with AB = BA =
(det(A))Iz, where Iy is the 2 x 2 identity matriz.

We also make a more specific version of the definition of good and bad tuples. Namely, let z be
a (k41) point configuration in Z/p’Z, and let m < ¢ be minimal with respect to the property
that p™ divides 2’ - 271 for every pair of indices (i,5). We say that z is m-bad. Observe
that according to our previous definition, good tuples are 0-bad and bad tuples are m -bad
for some m > 0. Also observe that m -badness is preserved by equivalence, so we may define
m-bad equivalence classes analogously. An easy variant of the argument in Lemma 2 shows
that the number of m-bad tuples is < pZ=m)(k+D)+m . yote that this bound can be rewritten
as ptk—D+3=km e claim that every m-bad equivalence class has at least p>~2™ elements.
It follows from the claim that there are < ptEE=D+@2=k)m 1 had classes, and since we may
assume k > 3 the theorem follows from here. To prove the claim, note that the equivalence
class containing x also contains gz for any g € SLo(Z/p’Z), so for a lower bound on the size
of a class we need to determine the size of the image of the map ¢g — gz . First note that we
may assume without loss of generality that each coordinate of z! is a unit. This is because
given x we can shift any factor of p from z' onto each other vector z' and obtain another
representative of the same equivalence class. Next, observe that if z is m-bad and gx = hx,
then by Theorem 5’ we have p™g = p™h. It follows that h = g + p*~™A for some matrix A
with entries between 0 and p™ . Using the fact that

det(A + B) = det(A) + det(B) + B(A, B),
where B is bilinear, we conclude that if h = g+ p’~™A and det(g) = det(h) = 1, we must
have

0 = p*(=™) det(A) + p"~™"B(g, A).
Let m’ be the minimal power of p which divides all entries of A. Since the entries of g
cannot all be divisible by p, it follows that £ —m+m/ is the maximal power of p which divides
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the second term above. Since 2(¢ —m + m/) divides the first term, it follows that both terms
must be 0 for the equation to hold. In particular, we must have B(g, A) = 0. Since at least one
entry of g must be a unit, we can solve for one entry of A in terms of the others. Now observe
that in order to have gx = ha , we must have p* ™Az = 0. In particular, p*~™Az' = 0. Since
each coordinate of z! is a unit, we may solve for another entry of the matrix A. This means
there are at most p>™ choices for A, and hence the map ¢ — gz is at most p?™-to-one. It
follows that m-bad classes have at least p3*~2™ elements, as claimed.

0

7. PROOF OF THEOREM 2

Proof. In keeping with the rest of this paper, the proof of the Z/p’Z case is essentially the same
as the finite field case, but more complicated casework is required to deal with non-units. By
our work in the previous section, our goal is to show Cry1(E) 2> (pf)?*~!. Following the line of
reasoning in the proof of Theorem 1, we want to establish the estimate

S itar ‘E' OB,

We have, after a change of varlables,

Y flo= Y E@EHEGEMEW') Y E(ga?). (%)
g g

zl,22 1 g
gr =y

We first want to throw away terms where z',y' have non-units in their first coordinates.
Note that there are ~ p*~2 such pairs. For each, there are |E| many choices for z?. We claim
that there are < p’ choices of g which map z! to y! under this constraint. It follows from
this claim that those terms contribute < p°~2|E| to (), which is less then the claimed error
term. To prove the claim, observe that we are counting solutions to the system of equations

aa:% —i—ba?% = y%
cx} 4 dri = y3
ad —bc=1

in a,b,c,d. Since m% is a unit, we can solve the first two equations for ¢ and c, respectively.
Plugging these solutions into the third equation yields

1 1
1=g- %2,

Iy A1
Since yi is a unit, for every b there is a unique d satisfying the equation. This proves the
claim. Now, we want to remove all remaining terms from (*) corresponding to z',z? where
z! - 221 is not a unit. To bound this contribution, we observe that for any such pair, we can
write 2 = tz' + k, where 0 < t < p and k is a vector where both entries are non-units.
Therefore, there are < |E|? choices for (z!,4'), there are < p*~1 choices for 2%, and there
are < p’ choices for g as before. This gives the bound |E[?p?~!, smaller than the claimed

error term. This means, up to the error term, ( %) can be written as

1, 2y y? t

2J_ ,yl y2J_

where v(t) = [{(z, y) € Ex E:x -yt =t}|. This function was studied in [4]; in that paper,

it is proved that v(t) = ‘E| +O(\|E|(p )5 L’)) leading to the claimed estimate for >, f(g)?
using the same reasoning a,b in the proof of Theorem 1. Applying Lemma 4 and Lemma 3 with
Ax 5 IS~ p™, M < |B|, R = O(P|EP(p')°~7) gives
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|E’2(k+1)

_1
1E2ED < o (B) [ @1EF (Y31 + D)

If the second term on the right is bigger, we get the result for free. If the first term is bigger,
we have

\E|k+1
Cr1(E) 2 2T
It |E| 2 K%Hpgs , then this is > pf*+D=3¢+1 “which is > p@F—1) when s > 2 — é(k%l) .

0

8. PROOF OF SHARPNESS

Proof. We first consider the finite field case. Let 1 < s < 2— k%l ,and let E be a union of ¢*~!
circles of distinct radii. Since each circle has size = ¢, this is a set of size = ¢°. Observe that
for any z € E¥*! and any ¢ in the orthogonal group Os(F,), we have gz € E**t1. Therefore,
every configuration of points in FE is equivalent to at least |O2(F,)| ~ ¢ other configurations.
This means that

Cri1(F) < q—1|E|k:+1 ~ qs(k’-l-l)—l _ O(qzk—1)7

where in the last step we use the assumed bound on s.

Now, consider the Z/p‘Z case. Let 1 < s < 2 — min (%ﬂ, %) . We consider two different

examples, according to which of % or % is smaller. In the first case, the example that works

for finite fields also works here; circles still have size ~ p®, so nothing is changed. In the second,
let

E={({t+pnt+pm):0<t<p0<m,n<p!}

Clearly |E|=p*~! = (pe)z—% , but it is also easy to check that z-y* is never a unit for any
x,y € E. Therefore, every configuration of points in F is bad, and we have shown that this is

o(Cr1 (p 1))
O
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Anexkc MakaoHajbg
Pouecmep yrusepcumemsi, Huvio-Hopw, AKIII

YumiGypsimrTap ayaaHaapbl MeH aKbIpJIbl cakuHaslapaarbl SLa opekertep

AnHOoTanusa: EBKiuj KeHICTIriHIe BEKTOP KOOpAMHATAJIapbl OOMBIHINA YINOYPBIII &y aHbIHBIH (GOPMYJIACHIH aJIyla
KebelTy omepaTropbl KOJNJAAHBbLIaAbl.  DBya dopmysra Tek KOCy, ajly »KoHe KeOelTy aMaJapblH KOJIIaHFAHIBIKTaH
oubl R Ke3 Kenrenm cakuma Gosran skarpjaiima R? -meri aymaH aHbIKTaMachl TypiHzge KabeLimayra Gomamel. Hormxe
SLo(R) ocepineH e3reppiccis KajgaThlH YINTIK HYKTeJepre KATHICTBI CAHIIBIK KOCETKIITTep GOJbIN Tabblaamsl. R2 -meri
HYKTesep »Ky6bl MeH 6ac HyKTe KOH(UIYPAIUACHl apyJIbl 2KacaIFaH YIIOYPHIIITap TepMUHAepi Goiibiama R? -xne Gynait
KOHMUTYpAIUsIap YKaHAIla KapacThIPbLIaAbl. DByHma 6ipaeil obsbicTapibl aHBIKTANTHIH HYKTesep »KyObl Oipaeit memn
ecenreninen2. Makanaga R =F; u R = Z/ plZ xarpaiibl KapacTHIPHUILI, R2 -HiH >KETKITIKTI V/IKEH >KHLIHIIAIADPSI
OCBIH/1ail KOH(MUTYpalUsIap/IblH OH O6JIriH TYBIHIATY KAXKeTTIrl [19/1eJIIeHIeH.

TyiiH cesaep: reoMeTpUsiIbIK, KOMOMHATOPHUKA, aKbIPJIbl ©picTep.

Anekc MakagoHanb,
Pouecmepcxuts ynusepcumem, Huvio-Hopx, CIIA

Ilnomanu TpeyrosabHUKOB 1 SLy feiicTBUsSI B KOHEYHBIX KOJIBIIAX

AnHOTauus: B eBKINI0BOM IPOCTPAHCTBE UCIOJIB3YETCs OIEPATOP YMHOXKEHUS JJIsl IIOJIydYeHusT (POPMYJIbI IJIOIIA N
TPEYroIbHUKA MO KOOPJMHATAM BEKTOPOB. Tak Kak JanHas (OpMyJia HCHOJIB3YET TOJIBKO OIepaIui CyMMHUDPOBAHUS,
PasHOCTH U IIPOU3BE/IEHMsI, OHA MOMKET OBITH HCIIOIb30BaHA KAaK ONpeJeeHre miomam B R2 , rone R ecTh MPOUM3BOJIBLHOE
KOJIBIO. Pe3ysbTaT ecTh CBA3AHHOE ¢ TPOWKAMM TOYEK KOJIMYECTBO, OCTAIONIeeCs HEM3MEHHBIM 1ox neficrBuem SLo(R) .
B TepMHHAX TpPEYrOJILHUKOB, OIpEIeNsieMbIX KOH(MUIypalusMU W3 [apbl TOYEK M Hadajla KOOPAMHAT (CuuTas UX
OJIMHAKOBBIMH, €CJIM COOTBETCTBYIOIIUE IIapbl TOYEK OIPEAEIAIOT OJUHAKOBBIE OOJACTH) MOXKHO O HOBOMY B3IVISHYTH
Ha Takwe Koudurypamuun B R2. B maxsOil craTbe paccMoTpeH ciaydaii R = F, mw R = Z/pez, U JOKa3bIBAETCS,
YTO [JOCTATOYHO GOJIBIIHE IIOAMHOXKECTBa R? TOMKHBI HOPaXKIATh MOJOXKHTEJbHYIO IIPONOPIHIO BCEX TAKHX THIIOB
KOHUTYpaIuii.

KuroueBbie cjioBa: reoMeTputdeckas KOMOMHATOPUKA, KOHEIHBIE MOJIS.
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