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Abstract. Adaptive algorithms are widely used to solve numerical problems, with Newton’s
method for finding zeros and adaptive quadratures for numerical integration being prominent exam-
ples. In this paper, we review selected results concerning the application of adaptive algorithms to
the problem of approximating scalar functions. Allowable algorithms utilize function values, which
can be collected adaptively or nonadaptively. The worst case and asymptotic settings of informa-
tion based complexity theory are considered. In both settings, adaptive algorithms do not provide
better convergence rates than nonadaptive algorithms for smooth functions. The advantage of adap-
tion manifests itself in the approximation of piecewise smooth functions and in the optimization of
asymptotic constants. In particular, for piecewise smooth functions, the use of adaption is neces-
sary to restore the optimal convergence rate from the smooth case. Adaptive algorithms can also
significantly improve the asymptotic constants compared to nonadaptive algorithms, especially for
functions whose corresponding derivatives change drastically.
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1. Introduction

An algorithm is adaptive if its subsequent steps depend on the results of previous steps. For
numerical problems, adaption is most often achieved through the process of collecting information
about the current problem instance. If the problem is defined on a set of functions then information
may consist of function values, with subsequent points being selected depending on the values at
previous points. Adaptive methods are especially efficient and widely used for nonlinear problems.
Primary examples are Newton’s method for zero finding or the method of steepest descent for finding
a minimum. Less obvious is the use of adaption for linear problems. Indeed, there are theoretical
results saying that adaption does not help in some problem settings. To give an example, suppose a
linear problem is defined on a set that is convex and symmetric about zero, and allowable algorithms
use linear evaluations of the problem instance. Then adaptive evaluations give no more than twice
smaller worst case error than nonadaptive evaluations, i.e., when they are pre-assigned in advance
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[2, B, [16]. On the other hand, adaptive procedures are widely used for, e.g., numerical integration,
and adaptive quadratures form part of numerical software packages [9]. This apparent paradox can
be easily explained: while adaptive quadratures yield no benefit in the worst case setting over convex
and centrosymmetric sets of functions, they can prove more effective for functions that possess some
special properties, or in other problem settings, see [4] [10], [12], 14] and also [7] for a survey on the
power of adaption for numerical problems.

In this note, we review some old and recent results on the usefulness of adaptive algorithms in
the context of numerical approximation of functions of one variable. For 1 < p < oo, we consider
the LP-approximation of functions

f:[0,1] - R
belonging to a given set F C LP(0,1). The way the functions are approximated is taken from
information-based complexity [17]. That is, we assume that our only initial knowledge is that f € F;
however, we have a possibility of evaluating the values of f at finitely many points. This means
that allowable approximations (aka. algorithms) are of the form A, (f) = ¢(Nn(f)), where

Nn(f): (f(x1)7f(1'2),,f(37n)), Ti € [071]7
is information about f, and ¢ : R™ — LP(0,1) is an arbitrary reconstruction map. Information is
in general adaptive, which means that the subsequent points x; are intrinsically chosen depending
on the values f(x1),..., f(z;—1). If all x; are pre-selected, i.e., chosen independently of f, then
information is nonadaptive.
An approximation A, is adaptive if it uses adaptive information. The error of A, at f &€ F is
given as

1f = An(F)llLr(0,1)-

The answer to the question of whether adaptive approximations are better than nonadaptive ap-
proximations is ambiguous, as it depends on the formulation of the approximation problem itself,
the class of functions being approximated, and the choice of criterion by which different approxi-
mations are compared. In this review, we distinguish between the classes of smooth and piecewise
smooth functions, and different approximations are compared using the worst case approach and
the asymptotic approach. We show that the advantage of using adaption is mainly manifested for
piecewise smooth functions and in the optimization of asymptotic constants.

Most of the results are here presented in a simplified form. This primarily applies to the assump-
tion that the function values are evaluated exactly. However, most of the cited papers assume that
these values are subject to deterministic or random noise. We refer interested readers to [Bl 6} [8] [11].

The content of the paper is as follows. In Section [2] we consider the worst case setting, separately
for smooth functions in Sebsection and for piecewise smooth functions in Subsection In
Section [3]we study the asymptotic setting, where we are interested in the convergence rate for smooth
and piecewise smooth functions in Subsection and in the asymptotic constants in Subsection 3.2}

2. Worst case setting

In this section, we consider the worst case approach, where the error of A,, is defined as its worst
performance over a function class.

2.1. Approximation of smooth functions

For r € {0,1,2,...} and 0 < o <1, let C([0,1]) be the linear space of functions that are r-
times differentiable and f(") are Holder continuous with exponent o. We denote the Hélder constant

of f by
") (1) — £ (2
o= sup |f (y)_ fg ()] .
0<z<y<l ly — |

Note that [f],, is a semi-norm on C7([0,1]). Fuctions in C7([0,1]) will be called smooth.

The standard approximation of smooth functions relies on piecewise Lagrange interpolation
L, m(f). That is, the interval [0,1] is devided into equal-length subintervals [(i — 1)/m,i/m]
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How useful are adaptive algorithms for function approximation?

for 1 <4 < m, and on each subinterval a polynomial of degree r interpolating f at r+1 points in
this subinterval is applied. Then the total number of function evaluations is n < m(r+1). Observe
that the above piecewise Lagrange appoximation is nonadaptive. We have the following well-known
upper bound on the error of such an approximation for smooth functions.

Proposition 1. There exists C > 0 such that for all f € Cg([(), 1]) and all n > 1
1f = Lem(H)llro,) < Cflron 9,

We also have the following lower bound on any approximation A,,.

Theorem 1. There exists ¢ > 0 with the following property. Let M > 0. For any n > 1 and any
(adaptive or non-adaptive) approzimation A, one can find fn, € Cy([0,1]) such that [fl],, = M
and

1fn = An(fa)looay = €[falron 9.

The proof uses a rather standard technique that is based on ‘bump’ functions.

Proof. Let 0 < 1 < 9 < -+ < x, < 1 be the evaluation points of A, for f =
information is adaptive, these points may be different for different functions.) Let W(¢)
)] and

0. (Since
= aft(l -

i
where zop =0, x,41 =1, and h; = x441 — z;. (Here 19 =0 if 1 =0, and ¢, =0 if z, = 1.)

Finally, we let
= ¢i(x)
i=0

We can assume that « in the definition of W is such that [/, , = M. Obviously +v € C([0,1]).
Since (x;) = 0= —(x;) for all ¢, the functions ¢ and — share the same zero information and
therefore Ay (y) = An(—1). Hence, for one of them the error equals at least [|%||rr(,1). We now
estimate this norm from below.

Observe that

r+o Titt P T —x; 1/p r+p+1/p
ill p (s 2i0) = P Wl —— ) de = h; 19| ze (0,1)

(which is also valid for p = 0o ), and therefore

1/p n (rto)1 1/p
Wl = (anzupmﬂ) — o ()

1=0
1o\
v —_— .
¥l (757 )

It remains to bound ||¥| zp(o,1) from below by [¢].,. If 7; <z <y < x4 then

g (LT gy (E T
( hi hi

4
Yy —x; r —x;
h' - h [\II]THQ = |y_$|g[\11]7'7@'
(2 (2

On the other hand, if « € [z, 2;41] and y € [z, xj41] with ¢ < j then

[ (y) = ()]

v

W (y) —yv(z)] = K¢

he

< W (@) — o (@) + Z (8 (2541) — 0 ()] + 1017 () — 0 ()]

s=i+1
< (ly — 2512+ |z — 2(2) [ < 2"y — 2[°[ 9],
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Hence [¢]., < 2'79[V],, and therefore
19| ze (0,1) 1%l ze0,1)
¥lzs0n) = g ¥ > (g™ ) Wl
Lr(0,1) [\Il]ng o 21 Q[\I,]T,g 4
The theorem follows with f, = or f, = —1, and

. 11| 2r 0,1
2r 0],

Proposition [I[] and Theorem [I] yield the following worst case result. Let
]:7",9 = {f € C;([Q 1]) : [ﬂr,g < 1}-
Corollary 1. We have

egor(fr,g) = inf sup ||f — A.(f)| < n~"te,
An feFr,

Moreover, the above convergence rate of the worst case error is achieved by the piecewise Lagrange

interpolation L, ,, that is based on uniform partition of the domain [0,1]. H

Thus adaption does not help for approximation of smooth functions if different approximations
are compared with respect to the convergence rate of their worst case errors. [

2.2. Approximation of piecewise smooth functions

The situation changes if we switch to piecewise smooth functions. We consider the space CA*E([O, 1))
consisting of functions of the form

fla) = gf(T — s + x), 0<z<sy,
N gf(x_sf)a SfSZL'STv
for some gy € Cy([0,1]) and sy € (0,1]. That is, f € (7;([0, 1]) iff f is smooth except at one
singular point s; at which f is right-continuous. Since f()(0%) = fW(17) for 0 <j <r (unless
sy =1), we view C}([0,1]) as the space of 1-periodic functions on R. We denote by
AP = fO(sF) - fO(s7) = gD (07) —gD(17), 0<j<r,

the discontinuity jumps of the successive derivatives of f at sy. We stress that our initial knowledge
about f is only that it is a member of (7;([0, 1]); hence, the breakpoint sy and the jumps A;])
are unknown. For f € 65([0, 1]) we set [flro:= [9f]ro-

Lemma 1. Let 1 < p < oo and r > 1. For any approzimation A, we have

- P Hf—An(f)”Lp(o,l) = 0.
{reC(o.1): [flr0=0}

Proof. Let S(M) C (7;;([0, 1]) be the family of functions fs; parameterized by s € [0,1),
fs(x) = M (a1 4)(x) + (x — 1)1 q)(2)), 0<z<1.

Obviously [fs]r, = 0. Since for any x we have that fs(x) assumes only two different values
depending on whether s < x or s > x, the total number of evaluation points used by A, for the
class S(M) is at most 2" — 1. Hence there is [s1,s9] C (0,1) of length 2-*1 that does not
contain any of such points. This means that fs;; and fs, share the same information and therefore
for one of these two functions the error is at least || fs, — fs,ll1r(0.1)/2 = M 2-0FHD/P) - Since M
is arbitrarily large, the lemma follows. O

1 an < by, iff there are 0 < ¢1,c2 < 0o such that cian < b, < c2a, holds for sufficiently large n.

?Actually, we can say much more. Since our approximation problem is linear on Cj([0,1]) and the class F,, is
convex and symmetric about zero, adaptive approximations can only be twice better than nonadaptive approximations.
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The above negative worst case result was possible, because CA’g([O, 1]) contains functions with

arbitrarily large jumps ASCO). However, if we restrict the function class to

Flie = Lrel(01): [l <1 AP <1}, o
Fomt = {feF(0.1): [flre <1141 =0},

then positive results are possible.

The main difficulty in approximating piecewise smooth functions lies in locating the breakpoint
sy. This is where adaption comes in handy. The following adaptive procedure, which was first
presented in [5], locates sy sufficiently well. In the following, m > 2r+1 and w >0, and ¢; = ih,
h=1/n.

DETECTION PROCEDURE

STEP 1. Evaluate the divided differences d; = f[t;,...,tiyrq1] for 1 <i < n, and find
i* = arg max |d;|.
1<i<m
Return wy :=t;» and vy 1=t qpy1 .
STEP 2. Denote by p_ and p; the polynomials of degree r interpolating the data (¢;, f(¢;)) for * —r <
j<i*,and for i*+r+1<j<i*+2r+1, correspondingly.
U:=uyp, V=01 v—uU>w
zi=u+jlv—uw)/(r+2), j=12,...,r+1
J¥ = argmaxi<j<ri [y (25) — p—(25)]
if | f(2zj) = p-(25°)] <[f(25+) — p+(25+)
Return wus :=u and vy :=wv.
STEP 3. Do another iteration.

then u := z;- else v := z;-

u:=ug, v:=wvy thereis alocal max of |py —p_|in (u,v)
z := largest local max of [py — p_| in (u,v)
if |f(z) —p—(2)| <|f(2) — p+(2)| then u := z else v := 2z
Return us :=wu and vs:=w.
STEP 4. Set the final approximation of s¢ to
&:=arg min |py(x)—p_(2)|

uz<z<vgz

Given an approximation £ of sy, the algorithm uses the polynomials p_ and py to approxi-
mate f respectively in [u1,&) and [€,v1), and outside of [uj,v;) it uses the piecewise Lagrange
intepolation of degree r. We denote this algorithm by A7, .

It is worth noting that the singular point sf is properly approximated, i.e., s € [ug, v3), if the
discontinuity jumps A}] ) are large enough. On the other hand, the detection may fail. However,
this only happens when the jumps are small relative to the resolution h, so the approximation error
is not significantly affected.

The key property of Aj,, is that for the pointwise error of any f € ég([o, 1]) we have

r+ (0)
1) = (A (D)@ < D (fleg+1) { AP, fora € (]

where D only depends on r and p. Furthermore, the total number n of function evaluations is
asymptotically equal to n. These observations lead to the following error estimations, for details see

[5].
Theorem 2. Let the parameter w in the DETECTION PROCEDURE be chosen as:

{ h(r-l—g)p-{—l7 for fdisc
w =

T?Q ’

Tcont
1, for FrO™.
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Then
eWOY(A;m’]:;i’isc) = SlAlp ||f - A:n(f)HLp((]’l) = nf(r+g)’ 1 < p < 00,
feFdise
(AL, FEGY) = s |If = AL (=) < nTUHO.
feFgopt

Theorem [2[ does not cover the case f € ﬁg?c and p = oo. This is no accident, because then the
worst case error does not converge to zero, which follows from Lemma [2| of Section [3| In the other
cases, the worst-case convergence n~ ("t from the case of smooth functions is recovered.

Observe that although the algorithm Ay, uses adaption to locate the breakpoint sy, the num-

T,m
ber of adaptively chosen points is asymptotically negligible as m — oco. Indeed, for ]?Sigsc it is
proportional to Inm, and for ]?ﬁznt it is a constant, because in this case Step 2 is skipped. If r =1
then the procedure is fully non-adaptive for continuous case. Thus, for piecewise smooth functions,
adaption is used to a different extent, depending on the properties of the approximated functions.
However, we want to stress that adaption is necessary to get the convergence n~ (@) This follows
from Lemma [3| of Section |3] which says that using only nonadaptive approximations one can obtain
the rate n='/? at most.

We have considered only functions that have one nontrivial singular point. We conclude this
section by noting that for functions with two or more singularities, the worst case results are negative.
This is because the two singularities can be arbitrarily close to each other and thus cannot be

efficiently detected with a fixed number n of function evaluations, see [§].

3. Asymptotic setting

In this section, we consider the asymptotic setting. That is, for a sequence of approximations
{An}n>1 we study how the error | f — An(f)|zr(0,1) behaves as n — oo, for each problem instance
f e Cy([0,1]).

3.1. Convergence rate

Proposition 1] establishes the upper bound n~("t@ on the convergence rate for each individual
function from the smooth space Cy([0,1]). Moreover, this rate can be obtained by the piecewise
Lagrange interpolation L, ,,, which is nonadaptive. The following result, that follows from [I§],
says that the convergence n~("t9 isin a sense best we can get with the asymptotic approach. This
means that adaption does not help in the asymptotic setting for smooth functions.

Theorem 3. Let {7,},>1 be an arbilrary positive sequence converging to zero. For any (adaptive
or non-adaptive) approzimations {Anfn>1 the set of all f € Cy([0,1]) such that

s 1 = An (Dl

< o0
n—o0 Tn n—(r+e)

does not contain any non-trivial ball with respect to the norm |- ooy + [ lre-

We now switch to piecewise smooth functions. First we show that, unlike in the smooth case, it
is impossible to construct approximations that converge in L>°(0, 1) for all discontinuous functions.
The following lemma (as well as Lemma below) is a slight modification of the corresponding result
from [I5]. In what follows, for s € (0,1), we let

fs(fU) = M('rl[O,s)(x)+($_1)1[571)('%‘))7 0<z <1,
as in the proof of Lemma
Lemma 2. Let r > 1. For any sequence {Ap}n>1 of approzimations the set
s€(0,1): lim - A 00 =0
{s€©1): lm [|f — A(f)llz=(on) = 0}
1s countable.
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Proof. 1t is clear that A, (fs) takes no more than 2" different values. Furthermore, if ||fs; —
gllze(0,1) < M/2 then |[fi —gllre(,1) > M/2 for t # s. Hence || fs — An(fs)|lzo(0,1) < M/2 for no
more than 2" values of ¢, which implies that the error converges to 0 for at most countably many
S. 0

In all other cases, we apply the algorithm A7, from Section However, to obtain the optimal
rate n~ ("2 for discontinuous functions, the use of adaption is again necessary.

Lemma 3. Let r > 1. For any sequence {Ap}n>1 of nonadaptive approximations the set
B={se(01): lim n7|f, = Au(f) o0, = 0}
n—oo
is of measure zero, i.e., |B| = 0.

Proof. For any function g the set of s € (0,1) such that |[fs —gllrr0,1) < a is of measure at most
2(2a/M)P. Indeed, for any s,t we have ||fs — fillzr(0,1) = M]s —t|V/P. Hence, if ||f; —gllzro1) < a
and |s —t| > (2a/M)P then
I1fe = gllzeny = Ifs = Fellzoony = I1fs — gllioony = Mls — [P —a > a.
Now, for ¢ > 0, we define the sets
By = {s€(0,1): [Ifs = An(fs)llLr(o1) < c(n+ 177},

Since the information used by A, takes at most n + 1 different values for functions fs, so does

A,,. Hence
2¢ p 2¢\?
B¢l < 2 1| —m—— =21 — .
1Bal < 20+ )<M<n+1>1/p> (M)

D¢ = {s €(0,1): Yt >n|fgs— Ae(fg75)HLp(07l) <c(l+ 1)_1/17}
we have D C By, Dy C Dy, forall n, and B C U;2,Dy,. Hence
|B| < lim |Dy| < 2(2¢/M)P.
n—o0

Letting

Since ¢ can be arbitrarily small, |B| = 0. O

Furthermore, unlike in the wost case setting, for continuous functions the convergence rate n~ ("¢
can be obtained using fully nonadaptive approximation. It is enough to use A7, skipping Steps 2
and 3 in the DETECTION PROCEDURE, as shown in Proposition 5 of [5] (see also [I).

Another advantage of using the asymptotic approach is that the error rate n~(+0 can also be
obtained for functions f that possess more than just one singular point. Then we can apply the
DETECTION PROCEDURE appropriately many times, and for sufficiently large number n of function
evaluations (where n depends on f) all the essential singular points of f can be located. (This
would not be possible with the worst case approach, where n is fixed). For details, see [§].

3.2. Asymptotic constants

So far we have compared different approximations in terms to the convergence rate of the worst
case error in a given function class, or in terms of the convergence for each individual f in the class,
as n — oo. Using this criterion, we argued that adaption does not help in approximating smooth
functions, both in the worst case and in the asymptotic settings. So why are adaptive methods used
for smooth functions? The point is that even if two approximations have the same convergence rate,
their asymptotic constants can differ significantly, making one of them much more effective than the
other. While there are no satisfactory general results regarding the asymptotic constants for the
worst case setting, much more can be said about them in the asymptotic setting. This section in
entirely based on [13].

For an integer r > 1, we consider the space C7"(]0,1]) of functions f : [0,1] — R that are
r-times continuously differentiable. Such functions can be approximated using piecewise Lagrange
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interpolation of degree r — 1 with possibly non-uniform partition of [0, 1]. Specifically, we first fix
points
0<t1<ta<--- <t <1
For a given f € C"(]0,1]), the interval [0,1] is subdivided into m subintervals that are determined
by a choice of points
O=xo< a1 < - < Ty, = 1.
In each [xj_1,x;], the function is approximated by its Lagrange polynomial of degree r — 1 inter-
polating f at
Tji = Tj_1+ hjt;, 1<i<r,
where h; = x; — x;_1. If the partition is equispaced then this results in the nonadaptive approx-
imation L,_1,,(f) considered earlier. We established the optimality of this approximation with
respect to the convergence rate. Now we are interested in the asymptotic constants.

Proposition 2. Let 1 <p <oo. For any f € C"([0,1]) we have
a _
1f = Lot Doy = =2 17 ooy m ™"

T
where arp = | Prllpro,1) with Pr(t) = (t—t1)(t —ta) -+ (t—tr). [

It turns out that an adaptive choice of the partition may lead to much better asymptotic constants.
Indeed, for a given f, consider the partition 0 = 2§ < =] < --- < x;, = 1 that makes all local
errors equal, i.e., for the corresponding approximation Ljfl,m(f)

1f = Lt (D lr @ an) = oo If = Li i m(Pllzrop), 1<5<m.

J

Such a partition exists since the local errors continuously depend on the points x;.

Proposition 3. The equal-local error piecewise Lagrange interpolations L:—l,m(f> enjoy the best
asymptotic constants for all f € C"(]0,1]). Furthermore,
(878

If = Licim vy & = N pasersrimo gy m ™"

(Note that || - || p1/r1/m) 0,1y 88 mot @ norm if v+ 1/p > 1, where 1/00 =0 by convention.)

Thus the optimal partition is asymptotically better than the uniform partition by the factor of

_ £ Lo 0,1
1N Lm0y

Rrp(f)

We have 1 < R, ,(f) < oo. It equals 1 for polynomials of degree 7, and the more ) varies
the bigger R, ,(f). The gain from using adaption can be significant. For instance, let f(z) =
1/(z+107%). If d =2 then Ry =105, and for d =8 we have R, = 102,

Now the question is whether the optimal partition can be realized algorithmically using only
function evaluations. The following procedure almost does the job, at least for functions f for
which the rth derivate does not change its sign.

We fix ¢y € [0,1] that is different from all ¢;’s. For an interval I = [¢,d] C [0,1] of length
h = d — ¢, define the functional Ly : C"([0,1]) - R as

T

Lr(f) = f(uo) —sz‘f(ui), where w; = H
i=1

itk=1

to — tk
t; — Tk

and u; =c+ht;, 0<i<r.
The procedure uses a priority queue S whose elements are subintervals. For each I € S of
length h its priority is given by ps(I) = hYP|Lr(f)]. In the following pseudocode, insert(S,T)

3 m by M 1m0 Gim /b = 1.
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and I := extract max(S) denote correspondingly inserting an interval to S, and extracting from
S an interval with the highest priority.

OPTIMAL PARTITION
S := 0; insert(S, [0, 1]);
fork=2,3,....m
[l,r] ;= extract max(S);

c:=(1+r)/2;
i(rilsert(S, [l,c]); insert (S, [e,r])

Denote by Li,’;r(f) the approximation corresponding to the partition above.
Theorem 4. If the derivative f) does not change its sign in [0,1], then
o
1f = Lyl m (Ol 01) = Frp

where Kpp ts a ‘small’ factor, e.g., ka1 = 2.9, kg2 = 4.7, K400 = 16. E|

;ip £ s 1m onm

Comparing Theorem [] with Proposition [2] we coclude that adaption can significantly help in
optimazing asymptotic constants in approximating smooth functions.

References

1 F.Arandiga, A. Cohen, R. Donat, N.Dyn, Interpolation and approximation of piecewise smooth functions, STAM
Journal of Numerical Analysis, 43 (2006), No. 1, 41-57.

2 N. S.Bakhvalov, On the optimality of linear methods for operator approximation in convex classes of functions,
Zh. Vychisl. Mat. Mat. Fiz., 11 (1971), No. 4, 1014-1018; U.S.S.R. Comput. Math. Math. Phys., 11 (1971), No. 4,
244-249.

3 S.Gal, C.A. Micchelli, , Optimal sequential and non-sequential procedures for evaluating a functional, Applicable
Analysis, 10 (1980), 105-120.

4 A Kaluza, L. Plaskota, Asymptotic analysis of adaptive Simpson quadratures for piecewise smooth functions, Monte
Carlo and Quasi-Monte Carlo, 2024, Ch. Lemieux and B. Feng eds., Springer Proceedings in Mathematics and
Statistics, 52, Springer, 2026, 297-315.

5 P. M.Morkisz, L.Plaskota, Approximation of piecewise Holder functions from inexact information, Journal of Com-
plexity, 32(2016), No. 1, 122-136.

6 P.M. Morkisz, L.Plaskota, Complexity of approximating Holder classes from information with varying Gaussian
noise, Journal of Complexity, 60 (2020), 101497.

7 E.Novak, On the power of adaption, Journal of Complexity, 12(1996), 199-237.

8 M.Perlik, L.Plaskota, Approximation of piecewise smooth functions from information contaminated with random
noise, Submitted, 2026.

9 R.Piessens, E.de Doncker-Kapenga, C. W. Ueberhuber, D. K.Kahaner, QUADPACK: A subroutine package for
automatic integration, Springer Verlag, 1983.

10 L.Plaskota, Automatic integration using asymptotically optimal adaptive Simpson quadrature, Numerische Math-
ematik, 131(2015), 173-198.

11 L.Plaskota, Noisy Information and Computational Complexity, Cambridge Univ. Press, Cambridge, 1996.

12 L.Plaskota, P.Przybylowicz, Stepieri, Monte Carlo integration of C" functions with adaptive variance reduction:
an asymptotic analysis, BIT Numerical Analysis, 63(2023), 1-24.

13 L.Plaskota, P.Samoraj, Automatic approximation using asyptotically optimal adaptive interpolation, Numerical
Algorithms, 89(2021), 277-302.

14 L.Plaskota, G.W. Wasilkowski, Adaption allows efficient integration of functions with singularities, Numerische
Mathematik, 10 (2005), 123-144.

15 L.Plaskota, G. W. Wasilkowski, Y.Zhao, The power of adaption for approximating functions with singularities,
Mathematics of Computation, 77(2008), 2309-2338.

16 J. F.Traub, H.-Wozniakowski, A General Theory of Optimal Algorithms, Academic Press, New York, 1980.

17 J. F.Traub, G.W. Wasilkowski, H.Wozniakowski , Information-Based Complexity, Academic Press, New York,
1988.

18 G. M.Trojan,Asymptotic setting for linear problems, manuscript (1983) (See also [17].)

4a,, < b iff limsup,, , o am/bm < 1.

JI.LH. 'ymuner areingarsr EYY xabapmwbicel. Maremarnka, KOMIBIOTEPJIIK FBIABIMAAP, MEXaHUKa cepusicel, 2026, Tom 156, Ne3
Bectuuk EHY uwm. JI.H. 'ymuneBa. Cepua MaremaTuka, KOMIObIOTEpHbIE HAYKU, MexaHuka, 2026, Tom 156, Ne3

14



L. Plaskota

DO yHKIUAJIAPAbI XKYbBIKTAYAarbl AJANTUBTI aJIrOPUTMAEP KAHIIAIBIKTDI IIAHIAIbI7

JI. Ilnackora
Bapmasa yuusepcureri, C. Banax kern., 2, 02-097, Bapmasa, [Tonbma

AunHoTarnga. AJanTUBTI AJTOPUTMIED CAHJBIK €CElTepil IIEeNyle KEeHIHEH KOJIJIAHBLIAIb,
dbyukImsapabiy, Hesepin rabyra apaajradn HbplOTOH 9/iCi MEH CAHIBIK MHTErPAJIIAyFa apHAJFaH
AMANTUBTI KBaJIpATypaJbK (hopMyaamap — oJapabia Oeariiai Mbicasmapbl. Bynm mMakasaga ckausgp
GYyHKIUATAPAB KYBIKTAy ecebine aJanTuBTI aaropuTMIEpAl KOJIaHYFa KATBICTBI JKEKeJereH
HOTHUXKEJEDP KAPACTHIPBLIAILI.  DByHIa PYKCAT eTiIeTiH aaropuTMmiep GOYHKITUSHBIH aJalTHBTI
HeMece aJalTHBTI eMec TOCLIMEH TaHJaJaThLiH MOHIEpiH maiigajtaHalpl. AKIapaTThIK KYypIeIiIiK
TeOpUdACHl AasdChIHJa €H Hallap KoHe AaCHMITOTHKAJBIK KAargaliTarbl ecell  KOUBIIBIMIApHI
KapacThIPLLIaabl. EXI KOULLIBIMAA 12 Teric (DyHKIUAIAp YINH aJalTHBTI aJITOPATMIED aJallTHBTI
eMeC aJTOPUTMIeEpMeH CaJLICTBIPTaHa KUHAKTATYIBIH KOFAPHl KBIIIaMIBIFLIH KAMTAMACHI3 eTe
amMaIbl.  AATTAIUAHBIH apPTHIKIIBIIBIKTAPEl OOTIK-06K Teric (DYyHKIMIapPIbl KYBIKTAyIa
JKOHE aCHMITOTHKAIBIK TYPAKTHLIAPABl OHTAHIAHIBIpYIa Kepinemi. Aram afiTkanma, GesikTern
Teric (pyHKIUSIAp YIIH Teric (pyHKIUIap KaraailbHga KO KeTKI31IeTiH OHTAIBl KUHAKTATY
JKBUIJIAMIBIFBIH 2KYBIKTAY VIMH ajantarnus kaxkeT. (CoOHbIMEH KaTap, aJanTUBTI aJrOpUTMIED
QJIANITUBT] eMeC aJTOPUTMAEPMEH CAILICTBIPTAH 18 aCHMITOTUKAIBIK, TYPAKTBIIAPIBI, 8cipece THICTI
TYBIH/IBLIAPB! KYPT €3repeTid yHKIUsIap YIiH, e1oyip KakcapTyra MyMKIiH/IK 6epe/i.

Tyiiin  ce3aep: dbyHKIUANApAbl  KYbIKTAY,  aJanTuBTi  ajaroputmjiep,  Jlarpamxk
WHTEPIOIAIUSICH, aCUMITOTHKAIBIK TYPAKTHLIAD, 66TiK-66/1iK TericTik.

HackoJibko 1noJie3HbI aJIalITUBHBIE AJITOPATMbI AJIs ANIIPOKCUMANUK (PYHKIHH?

JI. Ilnackora
Bapasckuit yausepcurer, yn. C. Banaxa, 2, 02-097, Bapmasa, [Tombiia

AnHOTarMga. AJANTUBHBIE AJTOPUTMBI IITUPOKO UCIIOJIB3YIOTCS JIJIsT PEITeHUs] YUC/TEHHBIX 3314,
Knaccuaeckumu npumepamu gpisiorca meron, Heioorona jyis Haxoxienus Hysel QyHxoui u
aJIANTUBHBIE KBaIPATYPHBIE DOPMYJIbl [IjIsi YUC/JIEHHOIO WHTErpupoBaHusi. B nHacrosmeil crarbe
paccMaTpUBalOTCSI OTAEIbHBIE PE3yAbTAThI, Kacarolliuecd TPUMeHeHWd aJalTUBHBIX aJTOPUTMOB
K 3ajade TpubImKeHus CKaJIpHbIX (GyHKIm. omycTrnMble aJropuTMbl UCIOJB3YIOT 3HAYUEHUS
bYHKIINKU, KOTOPBIE MOTYT BBIOMDPATHCS ANANTUBHO WX HEAJANTUBHO. PaccmarpuBaroTes
[IOCTAHOBKU B HAWUXY/IIEM ¥ B aCUMIOTOTUYECKOM CJIydasX B paMKax Teopun HUH(MOPMAIUOHHO
cinoxkHOCTH. B 0benx mocTaHOBKAaX aJallTUBHBIE AJTOPUTMBI He 00ecrednBaroT 6ojiee BBICOKUX
CKOPOCTEH! CXOJUMOCTH MO CPAaBHEHUIO C HEAJANTHBHBIMHU AJTOPUTMAMU JJjIs [VIAJKUX (DYHKIIHIA.
[IpenmymiecTBa ajanTanuy OPOSBJISIOTCA HOpU  NPUOJUMKEHUH KYCOYHO-TJIQJKUX (DYHKIUH U
ONTUMU3AIIUN ACUMIOTOTUYECKUX KOHCTAHT. B uwacrHOCTH, 119 KyCOUHO-TVIAJAKUX (DYHKIUH
aJanTanus HeoOXOIUMa, JIJI BOCCTAHOBJIEHUs] ONTUMAJIBHON CKOPOCTU CXOJUMOCTH, JOCTUTAEMOH B
caydae TIaJKUX (DYHKIHH. AJANITHBHBIE AJTOPUTMBI TAKYKE TO3BOIAIOT CYMIECTBEHHO YIIyYIIUTD
ACHMIITOTHYECKAE KOHCTAHTH!I [10 CPABHEHWIO C HEQJANTUBHBIMEU AJINOPUTMAMU, OCODEHHO JIis
dyHKIINI, COOTBETCTBYIOIINE IPOU3BO/IHBIE KOTOPBIX PE3KO M3MEHSIIOTCS.

Kurouesbie caosa: llpubimkenune ¢yHKIu, aJanTUBHBIE AJTOPUTMBI, WHTEPIIOJSIUS
Jlarpam:ka, acCUMOTOTHYIecKe KOHCTAHTEI, KyCOTHAA TJIaTKOCTh.
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