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Abstract. Adaptive algorithms are widely used to solve numerical problems, with Newton's
method for �nding zeros and adaptive quadratures for numerical integration being prominent exam-
ples. In this paper, we review selected results concerning the application of adaptive algorithms to
the problem of approximating scalar functions. Allowable algorithms utilize function values, which
can be collected adaptively or nonadaptively. The worst case and asymptotic settings of informa-
tion based complexity theory are considered. In both settings, adaptive algorithms do not provide
better convergence rates than nonadaptive algorithms for smooth functions. The advantage of adap-
tion manifests itself in the approximation of piecewise smooth functions and in the optimization of
asymptotic constants. In particular, for piecewise smooth functions, the use of adaption is neces-
sary to restore the optimal convergence rate from the smooth case. Adaptive algorithms can also
signi�cantly improve the asymptotic constants compared to nonadaptive algorithms, especially for
functions whose corresponding derivatives change drastically.
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1. Introduction

An algorithm is adaptive if its subsequent steps depend on the results of previous steps. For
numerical problems, adaption is most often achieved through the process of collecting information
about the current problem instance. If the problem is de�ned on a set of functions then information
may consist of function values, with subsequent points being selected depending on the values at
previous points. Adaptive methods are especially e�cient and widely used for nonlinear problems.
Primary examples are Newton's method for zero �nding or the method of steepest descent for �nding
a minimum. Less obvious is the use of adaption for linear problems. Indeed, there are theoretical
results saying that adaption does not help in some problem settings. To give an example, suppose a
linear problem is de�ned on a set that is convex and symmetric about zero, and allowable algorithms
use linear evaluations of the problem instance. Then adaptive evaluations give no more than twice
smaller worst case error than nonadaptive evaluations, i.e., when they are pre-assigned in advance

6

https://orcid.org/0000-0002-4200-6270


L. Plaskota

[2, 3, 16]. On the other hand, adaptive procedures are widely used for, e.g., numerical integration,
and adaptive quadratures form part of numerical software packages [9]. This apparent paradox can
be easily explained: while adaptive quadratures yield no bene�t in the worst case setting over convex
and centrosymmetric sets of functions, they can prove more e�ective for functions that possess some
special properties, or in other problem settings, see [4, 10, 12, 14] and also [7] for a survey on the
power of adaption for numerical problems.
In this note, we review some old and recent results on the usefulness of adaptive algorithms in

the context of numerical approximation of functions of one variable. For 1 ≤ p ≤ ∞, we consider
the Lp -approximation of functions

f : [0, 1] → R
belonging to a given set F ⊂ Lp(0, 1). The way the functions are approximated is taken from
information-based complexity [17]. That is, we assume that our only initial knowledge is that f ∈ F ;
however, we have a possibility of evaluating the values of f at �nitely many points. This means
that allowable approximations (aka. algorithms) are of the form An(f) = φ(Nn(f)), where

Nn(f) =
(
f(x1), f(x2), . . . , f(xn)

)
, xi ∈ [0, 1],

is information about f, and φ : Rn → Lp(0, 1) is an arbitrary reconstruction map. Information is
in general adaptive, which means that the subsequent points xi are intrinsically chosen depending
on the values f(x1), . . . , f(xi−1). If all xi are pre-selected, i.e., chosen independently of f, then
information is nonadaptive.
An approximation An is adaptive if it uses adaptive information. The error of An at f ∈ F is

given as
∥f −An(f)∥Lp(0,1).

The answer to the question of whether adaptive approximations are better than nonadaptive ap-
proximations is ambiguous, as it depends on the formulation of the approximation problem itself,
the class of functions being approximated, and the choice of criterion by which di�erent approxi-
mations are compared. In this review, we distinguish between the classes of smooth and piecewise
smooth functions, and di�erent approximations are compared using the worst case approach and
the asymptotic approach. We show that the advantage of using adaption is mainly manifested for
piecewise smooth functions and in the optimization of asymptotic constants.

Most of the results are here presented in a simpli�ed form. This primarily applies to the assump-
tion that the function values are evaluated exactly. However, most of the cited papers assume that
these values are subject to deterministic or random noise. We refer interested readers to [5, 6, 8, 11].

The content of the paper is as follows. In Section 2 we consider the worst case setting, separately
for smooth functions in Sebsection 2.1, and for piecewise smooth functions in Subsection 2.2. In
Section 3 we study the asymptotic setting, where we are interested in the convergence rate for smooth
and piecewise smooth functions in Subsection 3.1, and in the asymptotic constants in Subsection 3.2.

2. Worst case setting

In this section, we consider the worst case approach, where the error of An is de�ned as its worst
performance over a function class.

2.1. Approximation of smooth functions

For r ∈ {0, 1, 2, . . .} and 0 < ϱ ≤ 1, let Cr
ϱ([0, 1]) be the linear space of functions that are r -

times di�erentiable and f (r) are H�older continuous with exponent ϱ. We denote the H�older constant
of f by

[f ]r,ϱ = sup
0≤x<y≤1

|f (r)(y)− f (r)(x)|
|y − x|ϱ

<∞.

Note that [f ]r,ϱ is a semi-norm on Cr
ϱ([0, 1]). Fuctions in Cr

ϱ([0, 1]) will be called smooth.

The standard approximation of smooth functions relies on piecewise Lagrange interpolation
Lr,m(f) . That is, the interval [0, 1] is devided into equal-length subintervals [(i − 1)/m, i/m]
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for 1 ≤ i ≤ m, and on each subinterval a polynomial of degree r interpolating f at r+1 points in
this subinterval is applied. Then the total number of function evaluations is n ≤ m(r+1). Observe
that the above piecewise Lagrange appoximation is nonadaptive. We have the following well-known
upper bound on the error of such an approximation for smooth functions.

Proposition 1. There exists C > 0 such that for all f ∈ Cr
ϱ([0, 1]) and all n ≥ 1

∥f − Lr,m(f)∥Lp(0,1) ≤ C [f ]r,ϱ n
−(r+ϱ).

We also have the following lower bound on any approximation An.

Theorem 1. There exists c > 0 with the following property. Let M > 0. For any n ≥ 1 and any
(adaptive or non-adaptive) approximation An one can �nd fn ∈ Cr

ϱ([0, 1]) such that [f ]r,ϱ = M
and

∥fn −An(fn)∥Lp(0,1) ≥ c [fn]r,ϱ n
−(r+ϱ).

The proof uses a rather standard technique that is based on `bump' functions.

Proof. Let 0 ≤ x1 < x2 < · · · < xn ≤ 1 be the evaluation points of An for f = 0. (Since
information is adaptive, these points may be di�erent for di�erent functions.) Let Ψ(t) = α[t(1 −
t)]r+1

+ and

ψi(x) = Ψ

(
x− xi
hi

)
hr+ϱ
i , 0 ≤ i ≤ n,

where x0 = 0, xn+1 = 1, and hi = xi+1 − xi. (Here ψ0 = 0 if x1 = 0, and ψn = 0 if xn = 1. )
Finally, we let

ψ(x) =

n∑
i=0

ψi(x).

We can assume that α in the de�nition of Ψ is such that [ψ]r,ϱ =M. Obviously ±ψ ∈ Cr
ϱ([0, 1]).

Since ψ(xi) = 0 = −ψ(xi) for all i, the functions ψ and −ψ share the same zero information and
therefore An(ψ) = An(−ψ). Hence, for one of them the error equals at least ∥ψ∥Lp(0,1). We now
estimate this norm from below.
Observe that

∥ψi∥Lp(xi,xi+1) = hr+ϱ
i

(∫ xi+1

xi

Ψp

(
x− xi
hi

)
dx

)1/p

= h
r+ρ+1/p
i ∥Ψ∥Lp(0,1)

(which is also valid for p = ∞ ), and therefore

∥ψ∥Lp(0,1) =

( n∑
i=0

∥ψi∥pLp(xi,xi+1)

)1/p

= ∥Ψ∥Lp(0,1)

( n∑
i=0

h
p(r+ϱ)+1
i

)1/p

≥ ∥Ψ∥Lp(0,1)

(
1

n+ 1

)r+ϱ

.

It remains to bound ∥Ψ∥Lp(0,1) from below by [ψ]r,ϱ. If xi ≤ x < y ≤ xi+1 then

|ψ(r)(y)− ψ(r)(x)| = hϱi

∣∣∣∣Ψ(r)

(
y − xi
hi

)
−Ψ(r)

(
x− xi
hi

)∣∣∣∣
≤ hϱi

∣∣∣∣y − xi
hi

− x− xi
hi

∣∣∣∣ϱ [Ψ]r,ϱ = |y − x|ϱ [Ψ]r,ϱ.

On the other hand, if x ∈ [xi, xi+1] and y ∈ [xj , xj+1] with i < j then

|ψ(r)(y)− ψ(r)(x)|

≤ |ψ(r)
i (xi)− ψ

(r)
i (x)|+

j−1∑
s=i+1

|ψ(r)
s (xs+1)− ψ(r)

s (xs)|+ |ψ(r)
j (y)− ψ

(r)
j (xj)|

≤ (|y − xj |ϱ + |xi − x|ϱ) [Ψ]r,ϱ ≤ 21−ϱ|y − x|ϱ[Ψ]r,ϱ.
Ë.Í. Ãóìèëåâ àòûíäà¡û Å�Ó õàáàðøûñû. Ìàòåìàòèêà, êîìïüþòåðëiê ¡ûëûìäàð, ìåõàíèêà ñåðèÿñû, 2026, Òîì 156, �3

Âåñòíèê ÅÍÓ èì. Ë.Í. Ãóìèëåâà. Ñåðèÿ Ìàòåìàòèêà, êîìïüþòåðíûå íàóêè, ìåõàíèêà, 2026, Òîì 156, �3

8



L. Plaskota

Hence [ψ]r,ϱ ≤ 21−ϱ[Ψ]r,ϱ and therefore

∥Ψ∥Lp(0,1) =
∥Ψ∥Lp(0,1)

[Ψ]r,ϱ
[Ψ]r,ϱ ≥

(∥Ψ∥Lp(0,1)

21−ϱ[Ψ]r,ϱ

)
[ψ]r,ϱ.

The theorem follows with fn = ψ or fn = −ψ, and

c =
∥Ψ∥Lp(0,1)

2r+1[Ψ]r,ϱ
.

□

Proposition 1 and Theorem 1 yield the following worst case result. Let

Fr,ϱ =
{
f ∈ Cr

ϱ([0, 1]) : [f ]r,ϱ ≤ 1
}
.

Corollary 1. We have

eworn (Fr,ϱ) := inf
An

sup
f∈Fr,ϱ

∥f −An(f)∥ ≍ n−r+ϱ.

Moreover, the above convergence rate of the worst case error is achieved by the piecewise Lagrange
interpolation Lr,m, that is based on uniform partition of the domain [0, 1]. 1

Thus adaption does not help for approximation of smooth functions if di�erent approximations
are compared with respect to the convergence rate of their worst case errors. 2

2.2. Approximation of piecewise smooth functions

The situation changes if we switch to piecewise smooth functions. We consider the space Ĉr
ϱ([0, 1])

consisting of functions of the form

f(x) =

{
gf (T − sf + x), 0 ≤ x < sf ,
gf (x− sf ), sf ≤ x ≤ T,

for some gf ∈ Cr
ϱ([0, 1]) and sf ∈ (0, 1] . That is, f ∈ Ĉr

ϱ([0, 1]) i� f is smooth except at one

singular point sf at which f is right-continuous. Since f (j)(0+) = f (j)(1−) for 0 ≤ j ≤ r (unless

sf = 1 ), we view Ĉr
ϱ([0, 1]) as the space of 1 -periodic functions on R. We denote by

∆
(j)
f = f (j)(s+f )− f (j)(s−f ) = g(j)(0+)− g(j)(1−), 0 ≤ j ≤ r,

the discontinuity jumps of the successive derivatives of f at sf . We stress that our initial knowledge

about f is only that it is a member of Ĉr
ϱ([0, 1]); hence, the breakpoint sf and the jumps ∆

(j)
f

are unknown. For f ∈ Ĉr
ϱ([0, 1]) we set [f ]r,ϱ := [gf ]r,ϱ.

Lemma 1. Let 1 ≤ p ≤ ∞ and r ≥ 1. For any approximation An we have

sup
{f∈Ĉr

ϱ([0,1]): [f ]r,ϱ=0}
∥f −An(f)∥Lp(0,1) = ∞.

Proof. Let S(M) ⊂ Ĉr
ϱ([0, 1]) be the family of functions fs parameterized by s ∈ [0, 1),

fs(x) = M
(
x1[0,s)(x) + (x− 1)1[s,1)(x)

)
, 0 < x ≤ 1.

Obviously [fs]r,ϱ = 0. Since for any x we have that fs(x) assumes only two di�erent values
depending on whether s ≤ x or s > x, the total number of evaluation points used by An for the
class S(M) is at most 2n − 1. Hence there is [s1, s2] ⊂ (0, 1) of length 2−(n+1) that does not
contain any of such points. This means that fs1 and fs2 share the same information and therefore

for one of these two functions the error is at least ∥fs1 − fs2∥Lp(0,1)/2 =M 2−(1+(n+1)/p). Since M
is arbitrarily large, the lemma follows. □

1 an ≍ bn i� there are 0 < c1, c2 < ∞ such that c1an ≤ bn ≤ c2an holds for su�ciently large n.
2Actually, we can say much more. Since our approximation problem is linear on Cr

ϱ([0, 1]) and the class Fr,ϱ is

convex and symmetric about zero, adaptive approximations can only be twice better than nonadaptive approximations.
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The above negative worst case result was possible, because Ĉr
ϱ([0, 1]) contains functions with

arbitrarily large jumps ∆
(0)
f . However, if we restrict the function class to

F̂disc
r,ϱ =

{
f ∈ Ĉr

ϱ([0, 1]) : [f ]r,ϱ ≤ 1, |∆(0)
f | ≤ 1

}
, or

F̂cont
r,ϱ =

{
f ∈ F̂r,ϱ([0, 1]) : [f ]r,ϱ| ≤ 1, |∆(0)

f | = 0
}
,

then positive results are possible.
The main di�culty in approximating piecewise smooth functions lies in locating the breakpoint

sf . This is where adaption comes in handy. The following adaptive procedure, which was �rst
presented in [5], locates sf su�ciently well. In the following, m ≥ 2r+ 1 and ω > 0, and ti = ih,
h = 1/n.

Detection procedure

Step 1. Evaluate the divided di�erences di = f [ti, . . . , ti+r+1] for 1 ≤ i ≤ n , and �nd

i∗ = arg max
1≤i≤m

|di|.

Return u1 := ti∗ and v1 := ti∗+r+1 .

Step 2. Denote by p− and p+ the polynomials of degree r interpolating the data (tj , f(tj)) for i∗ − r ≤
j ≤ i∗ , and for i∗ + r + 1 ≤ j ≤ i∗ + 2r + 1 , correspondingly.

u := u1 , v := v1 v − u > ω
zj := u+ j(v − u)/(r + 2), j = 1, 2, . . . , r + 1
j∗ := argmax1≤j≤r+1 |p+(zj)− p−(zj)|
if |f(zj∗)− p−(zj∗)| ≤ |f(zj∗)− p+(zj∗)| then u := zj∗ else v := zj∗

Return u2 := u and v2 := v .

Step 3. Do another iteration.

u := u2 , v := v2 there is a local max of |p+ − p−| in (u, v)
z := largest local max of |p+ − p−| in (u, v)
if |f(z)− p−(z)| ≤ |f(z)− p+(z)| then u := z else v := z

Return u3 := u and v3 := v .

Step 4. Set the �nal approximation of sf to

ξ := arg min
u3≤x≤v3

|p+(x)− p−(x)|.

Given an approximation ξ of sf , the algorithm uses the polynomials p− and p+ to approxi-
mate f respectively in [u1, ξ) and [ξ, v1), and outside of [u1, v1) it uses the piecewise Lagrange
intepolation of degree r. We denote this algorithm by A∗

r,m.

It is worth noting that the singular point sf is properly approximated, i.e., sf ∈ [u3, v3), if the

discontinuity jumps ∆
(j)
f are large enough. On the other hand, the detection may fail. However,

this only happens when the jumps are small relative to the resolution h, so the approximation error
is not signi�cantly a�ected.

The key property of A∗
r,m is that for the pointwise error of any f ∈ Ĉr

ϱ([0, 1]) we have

|f(x)− (A∗
r,m(f))(x)| ≤ D

(
[f ]r,ϱ + 1

)
·

{
hr+ϱ + |∆(0)

f |, for x ∈ (u2, v2],

hr+ϱ, otherwise,

where D only depends on r and ϱ. Furthermore, the total number n of function evaluations is
asymptotically equal to n. These observations lead to the following error estimations, for details see
[5].

Theorem 2. Let the parameter ω in the Detection procedure be chosen as:

ω =

{
h(r+ϱ)p+1, for F̂disc

r,ϱ ,

1, for F̂cont
r,ϱ .
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Then

ewor
(
A∗

r,m, F̂disc
r,ϱ

)
:= sup

f∈F̂disc
r,ϱ

∥f −A∗
m(f)∥Lp(0,1) ≍ n−(r+ϱ), 1 ≤ p <∞,

ewor
(
A∗

r,m, F̂cont
r,ϱ

)
:= sup

f∈F̂cont
r,ϱ

∥f −A∗
m(f)∥L∞(0,1) ≍ n−(r+ϱ).

Theorem 2 does not cover the case f ∈ F̂disc
r,ϱ and p = ∞. This is no accident, because then the

worst case error does not converge to zero, which follows from Lemma 2 of Section 3. In the other
cases, the worst-case convergence n−(r+ϱ) from the case of smooth functions is recovered.
Observe that although the algorithm A∗

r,m uses adaption to locate the breakpoint sf , the num-

ber of adaptively chosen points is asymptotically negligible as m → ∞. Indeed, for F̂disc
r,ϱ it is

proportional to lnm, and for F̂cont
r,ϱ it is a constant, because in this case Step 2 is skipped. If r = 1

then the procedure is fully non-adaptive for continuous case. Thus, for piecewise smooth functions,
adaption is used to a di�erent extent, depending on the properties of the approximated functions.
However, we want to stress that adaption is necessary to get the convergence n−(r+ϱ). This follows
from Lemma 3 of Section 3, which says that using only nonadaptive approximations one can obtain
the rate n−1/p at most.

We have considered only functions that have one nontrivial singular point. We conclude this
section by noting that for functions with two or more singularities, the worst case results are negative.
This is because the two singularities can be arbitrarily close to each other and thus cannot be
e�ciently detected with a �xed number n of function evaluations, see [8].

3. Asymptotic setting

In this section, we consider the asymptotic setting. That is, for a sequence of approximations
{An}n≥1 we study how the error ∥f −An(f)∥Lp(0,1) behaves as n→ ∞, for each problem instance
f ∈ Cr

ϱ([0, 1]).

3.1. Convergence rate

Proposition 1 establishes the upper bound n−(r+ϱ) on the convergence rate for each individual
function from the smooth space Cr

ϱ([0, 1]). Moreover, this rate can be obtained by the piecewise
Lagrange interpolation Lr,m, which is nonadaptive. The following result, that follows from [18],

says that the convergence n−(r+ϱ) is in a sense best we can get with the asymptotic approach. This
means that adaption does not help in the asymptotic setting for smooth functions.

Theorem 3. Let {τn}n≥1 be an arbitrary positive sequence converging to zero. For any (adaptive
or non-adaptive) approximations {An}n≥1 the set of all f ∈ Cr

ϱ([0, 1]) such that

lim sup
n→∞

∥f −An(f)∥Lp

τn n−(r+ϱ)
<∞

does not contain any non-trivial ball with respect to the norm ∥ · ∥C([0,1]) + [ · ]r,ϱ.

We now switch to piecewise smooth functions. First we show that, unlike in the smooth case, it
is impossible to construct approximations that converge in L∞(0, 1) for all discontinuous functions.
The following lemma (as well as Lemma 3 below) is a slight modi�cation of the corresponding result
from [15]. In what follows, for s ∈ (0, 1), we let

fs(x) = M
(
x1[0,s)(x) + (x− 1)1[s,1)(x)

)
, 0 < x ≤ 1,

as in the proof of Lemma 1.

Lemma 2. Let r ≥ 1. For any sequence {An}n≥1 of approximations the set{
s ∈ (0, 1) : lim

n→∞
∥fs −An(fs)∥L∞(0,1) = 0

}
is countable.
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Proof. It is clear that An(fs) takes no more than 2n di�erent values. Furthermore, if ∥fs −
g∥L∞(0,1) ≤M/2 then ∥ft− g∥L∞(0,1) > M/2 for t ̸= s. Hence ∥fs−An(fs)∥L∞(0,1) < M/2 for no
more than 2n values of t, which implies that the error converges to 0 for at most countably many
s. □

In all other cases, we apply the algorithm A∗
r,m from Section 2.2. However, to obtain the optimal

rate n−(r+ϱ) for discontinuous functions, the use of adaption is again necessary.

Lemma 3. Let r ≥ 1. For any sequence {An}n≥1 of nonadaptive approximations the set

B =
{
s ∈ (0, 1) : lim

n→∞
n1/p∥fs −An(fs)∥Lp(0,1) = 0

}
is of measure zero, i.e., |B| = 0.

Proof. For any function g the set of s ∈ (0, 1) such that ∥fs − g∥Lp(0,1) ≤ a is of measure at most

2(2a/M)p. Indeed, for any s, t we have ∥fs− ft∥Lp(0,1) =M |s− t|1/p. Hence, if ∥ft− g∥Lp(0,1) ≤ a
and |s− t| > (2a/M)p then

∥ft − g∥Lp(0,1) ≥ ∥fs − ft∥Lp(0,1) − ∥fs − g∥Lp(0,1) ≥ M |s− t|1/p − a > a.

Now, for c > 0, we de�ne the sets

Bc
n =

{
s ∈ (0, 1) : ∥fs −An(fs)∥Lp(0,1) ≤ c(n+ 1)−1/p

}
.

Since the information used by An takes at most n + 1 di�erent values for functions fs, so does
An. Hence

|Bc
n| ≤ 2(n+ 1)

(
2c

M(n+ 1)1/p

)p

= 2

(
2c

M

)p

.

Letting

Dc
n =

{
s ∈ (0, 1) : ∀ℓ ≥ n ∥fg,s −Aℓ(fg,s)∥Lp(0,1) ≤ c(ℓ+ 1)−1/p

}
we have Dc

n ⊂ Bc
n, D

c
n ⊂ Dc

n+1 for all n, and B ⊂ ∪∞
n=1D

c
n. Hence

|B| ≤ lim
n→∞

|Dc
n| ≤ 2(2c/M)p.

Since c can be arbitrarily small, |B| = 0. □

Furthermore, unlike in the wost case setting, for continuous functions the convergence rate n−(r+ϱ)

can be obtained using fully nonadaptive approximation. It is enough to use A∗
r,m skipping Steps 2

and 3 in the Detection procedure, as shown in Proposition 5 of [5] (see also [1]).

Another advantage of using the asymptotic approach is that the error rate n−(r+ϱ) can also be
obtained for functions f that possess more than just one singular point. Then we can apply the
Detection procedure appropriately many times, and for su�ciently large number n of function
evaluations (where n depends on f ) all the essential singular points of f can be located. (This
would not be possible with the worst case approach, where n is �xed). For details, see [8].

3.2. Asymptotic constants

So far we have compared di�erent approximations in terms to the convergence rate of the worst
case error in a given function class, or in terms of the convergence for each individual f in the class,
as n → ∞. Using this criterion, we argued that adaption does not help in approximating smooth
functions, both in the worst case and in the asymptotic settings. So why are adaptive methods used
for smooth functions? The point is that even if two approximations have the same convergence rate,
their asymptotic constants can di�er signi�cantly, making one of them much more e�ective than the
other. While there are no satisfactory general results regarding the asymptotic constants for the
worst case setting, much more can be said about them in the asymptotic setting. This section in
entirely based on [13].

For an integer r ≥ 1, we consider the space Cr([0, 1]) of functions f : [0, 1] → R that are
r -times continuously di�erentiable. Such functions can be approximated using piecewise Lagrange
Ë.Í. Ãóìèëåâ àòûíäà¡û Å�Ó õàáàðøûñû. Ìàòåìàòèêà, êîìïüþòåðëiê ¡ûëûìäàð, ìåõàíèêà ñåðèÿñû, 2026, Òîì 156, �3
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interpolation of degree r − 1 with possibly non-uniform partition of [0, 1]. Speci�cally, we �rst �x
points

0 ≤ t1 < t2 < · · · < tr ≤ 1.

For a given f ∈ Cr([0, 1]), the interval [0, 1] is subdivided into m subintervals that are determined
by a choice of points

0 = x0 < x1 < · · · < xm = 1.

In each [xj−1, xj ], the function is approximated by its Lagrange polynomial of degree r − 1 inter-
polating f at

xj,i = xj−1 + hjti, 1 ≤ i ≤ r,

where hj = xj − xj−1. If the partition is equispaced then this results in the nonadaptive approx-
imation Lr−1,m(f) considered earlier. We established the optimality of this approximation with
respect to the convergence rate. Now we are interested in the asymptotic constants.

Proposition 2. Let 1 ≤ p ≤ ∞. For any f ∈ Cr([0, 1]) we have

∥f − Lr−1,m(f)∥Lp(0,1) ≈ αr,p

r!

∥∥f (r)∥∥
Lp(0,1)

m−r,

where ar,p = ∥Pr∥Lp(0,1) with Pr(t) = (t− t1)(t− t2) · · · (t− tr).
3

It turns out that an adaptive choice of the partition may lead to much better asymptotic constants.
Indeed, for a given f, consider the partition 0 = x∗0 < x∗1 < · · · < x∗m = 1 that makes all local
errors equal, i.e., for the corresponding approximation L∗

r−1,m(f)

∥f − L∗
r−1,m(f)∥Lp(x∗

j−1,x
∗
j )

=
1

m
∥f − L∗

r−1,m(f)∥Lp(0,1), 1 ≤ j ≤ m.

Such a partition exists since the local errors continuously depend on the points xi.

Proposition 3. The equal-local error piecewise Lagrange interpolations L∗
r−1,m(f) enjoy the best

asymptotic constants for all f ∈ Cr([0, 1]). Furthermore,

∥f − L∗
r−1,mf∥Lp(0,1) ≈ αr,p

r!

∥∥f (r)∥∥
L1/(r+1/p)(0,1)

m−r.

(Note that ∥ · ∥L1/(r+1/p)(0,1) is not a norm if r + 1/p > 1, where 1/∞ = 0 by convention.)

Thus the optimal partition is asymptotically better than the uniform partition by the factor of

Rr,p(f) =
∥f (r)∥Lp(0,1)

∥f (r)∥L1/(r+1/p)(0,1)

.

We have 1 ≤ Rr,p(f) < ∞. It equals 1 for polynomials of degree r, and the more f (r) varies
the bigger Rr,p(f). The gain from using adaption can be signi�cant. For instance, let f(x) =

1/(x+ 10−d). If d = 2 then R4,∞ ∼= 106, and for d = 8 we have Rr,∞ ∼= 1029.

Now the question is whether the optimal partition can be realized algorithmically using only
function evaluations. The following procedure almost does the job, at least for functions f for
which the r th derivate does not change its sign.
We �x t0 ∈ [0, 1] that is di�erent from all ti 's. For an interval I = [c, d] ⊂ [0, 1] of length

h = d− c, de�ne the functional LI : Cr([0, 1]) → R as

LI(f) = f(u0)−
r∑

i=1

wif(ui), where wi =

r∏
i̸=k=1

t0 − tk
ti − tk

and ui = c+ hti, 0 ≤ i ≤ r.
The procedure uses a priority queue S whose elements are subintervals. For each I ∈ S of

length h its priority is given by pf (I) = h1/p|LI(f)|. In the following pseudocode, insert(S, I)

3 am ≈ bm i� limm→∞ am/bm = 1.
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and I := extract_max(S) denote correspondingly inserting an interval to S, and extracting from
S an interval with the highest priority.

Optimal Partition

S := ∅; insert(S, [0, 1]);
for k = 2, 3, . . . ,m
[l, r] := extract_max(S);
c := (l + r)/2;
insert(S, [l, c]); insert(S, [c, r])

end

Denote by L∗∗
m,r(f) the approximation corresponding to the partition above.

Theorem 4. If the derivative f (r) does not change its sign in [0, 1], then

∥f − L∗∗
r−1,m(f)∥Lp(0,1) ⪅ κr,p

αr,p

r!
∥f (r)∥L1/(r+1/p)(0,1)m

−r,

where κr,p is a `small' factor, e.g., κ4,1 ∼= 2.9, κ4,2 ∼= 4.7, κ4,∞ = 16. 4

Comparing Theorem 4 with Proposition 2 we coclude that adaption can signi�cantly help in
optimazing asymptotic constants in approximating smooth functions.
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Ôóíêöèÿëàðäû æóû©òàóäà¡û àäàïòèâòi àëãîðèòìäåð ©àíøàëû©òû ïàéäàëû?

Ë. Ïëàñêîòà
Âàðøàâà óíèâåðñèòåòi, Ñ. Áàíàõ ê°ø., 2, 02-097, Âàðøàâà, Ïîëüøà

Àííîòàöèÿ. Àäàïòèâòi àëãîðèòìäåð ñàíäû© åñåïòåðäi øåøóäå êå­iíåí ©îëäàíûëàäû,
ôóíêöèÿëàðäû­ í°ëäåðií òàáó¡à àðíàë¡àí Íüþòîí ºäiñi ìåí ñàíäû© èíòåãðàëäàó¡à àðíàë¡àí
àäàïòèâòi êâàäðàòóðàëû© ôîðìóëàëàð � îëàðäû­ áåëãiëi ìûñàëäàðû. Á´ë ìà©àëàäà ñêàëÿð
ôóíêöèÿëàðäû æóû©òàó åñåáiíå àäàïòèâòi àëãîðèòìäåðäi ©îëäàíó¡à ©àòûñòû æåêåëåãåí
íºòèæåëåð ©àðàñòûðûëàäû. Á´íäà ð´©ñàò åòiëåòií àëãîðèòìäåð ôóíêöèÿíû­ àäàïòèâòi
íåìåñå àäàïòèâòi åìåñ òºñiëìåí òà­äàëàòûí ìºíäåðií ïàéäàëàíàäû. À©ïàðàòòû© ê³ðäåëiëiê
òåîðèÿñû àÿñûíäà å­ íàøàð æºíå àñèìïòîòèêàëû© æà¡äàéäà¡û åñåï ©îéûëûìäàðû
©àðàñòûðûëàäû. Åêi ©îéûëûìäà äà òåãiñ ôóíêöèÿëàð ³øií àäàïòèâòi àëãîðèòìäåð àäàïòèâòi
åìåñ àëãîðèòìäåðìåí ñàëûñòûð¡àíäà æèíà©òàëóäû­ æî¡àðû æûëäàìäû¡ûí ©àìòàìàñûç åòå
àëìàäû. Àäàïòàöèÿíû­ àðòû©øûëû©òàðû á°ëiê-á°ëiê òåãiñ ôóíêöèÿëàðäû æóû©òàóäà
æºíå àñèìïòîòèêàëû© ò´ðà©òûëàðäû î­òàéëàíäûðóäà ê°ðiíåäi. Àòàï àéò©àíäà, á°ëiêòåï
òåãiñ ôóíêöèÿëàð ³øií òåãiñ ôóíêöèÿëàð æà¡äàéûíäà ©îë æåòêiçiëåòií î­òàéëû æèíà©òàëó
æûëäàìäû¡ûí æóû©òàó ³øií àäàïòàöèÿ ©àæåò. Ñîíûìåí ©àòàð, àäàïòèâòi àëãîðèòìäåð
àäàïòèâòi åìåñ àëãîðèòìäåðìåí ñàëûñòûð¡àíäà àñèìïòîòèêàëû© ò´ðà©òûëàðäû, ºñiðåñå òèiñòi
òóûíäûëàðû ê³ðò °çãåðåòií ôóíêöèÿëàð ³øií, åäºóið æà©ñàðòó¡à ì³ìêiíäiê áåðåäi.
Ò³éií ñ°çäåð: ôóíêöèÿëàðäû æóû©òàó, àäàïòèâòi àëãîðèòìäåð, Ëàãðàíæ

èíòåðïîëÿöèÿñû, àñèìïòîòèêàëû© ò´ðà©òûëàð, á°ëiê-á°ëiê òåãiñòiê.

Íàñêîëüêî ïîëåçíû àäàïòèâíûå àëãîðèòìû äëÿ àïïðîêñèìàöèè ôóíêöèé?

Ë. Ïëàñêîòà
Âàðøàâñêèé óíèâåðñèòåò, óë. Ñ. Áàíàõà, 2, 02-097, Âàðøàâà, Ïîëüøà

Àííîòàöèÿ. Àäàïòèâíûå àëãîðèòìû øèðîêî èñïîëüçóþòñÿ äëÿ ðåøåíèÿ ÷èñëåííûõ çàäà÷.
Êëàññè÷åñêèìè ïðèìåðàìè ÿâëÿþòñÿ ìåòîä Íüþòîíà äëÿ íàõîæäåíèÿ íóëåé ôóíêöèé è
àäàïòèâíûå êâàäðàòóðíûå ôîðìóëû äëÿ ÷èñëåííîãî èíòåãðèðîâàíèÿ. Â íàñòîÿùåé ñòàòüå
ðàññìàòðèâàþòñÿ îòäåëüíûå ðåçóëüòàòû, êàñàþùèåñÿ ïðèìåíåíèÿ àäàïòèâíûõ àëãîðèòìîâ
ê çàäà÷å ïðèáëèæåíèÿ ñêàëÿðíûõ ôóíêöèé. Äîïóñòèìûå àëãîðèòìû èñïîëüçóþò çíà÷åíèÿ
ôóíêöèè, êîòîðûå ìîãóò âûáèðàòüñÿ àäàïòèâíî èëè íåàäàïòèâíî. Ðàññìàòðèâàþòñÿ
ïîñòàíîâêè â íàèõóäøåì è â àñèìïòîòè÷åñêîì ñëó÷àÿõ â ðàìêàõ òåîðèè èíôîðìàöèîííîé
ñëîæíîñòè. Â îáåèõ ïîñòàíîâêàõ àäàïòèâíûå àëãîðèòìû íå îáåñïå÷èâàþò áîëåå âûñîêèõ
ñêîðîñòåé ñõîäèìîñòè ïî ñðàâíåíèþ ñ íåàäàïòèâíûìè àëãîðèòìàìè äëÿ ãëàäêèõ ôóíêöèé.
Ïðåèìóùåñòâà àäàïòàöèè ïðîÿâëÿþòñÿ ïðè ïðèáëèæåíèè êóñî÷íî-ãëàäêèõ ôóíêöèé è
îïòèìèçàöèè àñèìïòîòè÷åñêèõ êîíñòàíò. Â ÷àñòíîñòè, äëÿ êóñî÷íî-ãëàäêèõ ôóíêöèé
àäàïòàöèÿ íåîáõîäèìà äëÿ âîññòàíîâëåíèÿ îïòèìàëüíîé ñêîðîñòè ñõîäèìîñòè, äîñòèãàåìîé â
ñëó÷àå ãëàäêèõ ôóíêöèé. Àäàïòèâíûå àëãîðèòìû òàêæå ïîçâîëÿþò ñóùåñòâåííî óëó÷øèòü
àñèìïòîòè÷åñêèå êîíñòàíòû ïî ñðàâíåíèþ ñ íåàäàïòèâíûìè àëãîðèòìàìè, îñîáåííî äëÿ
ôóíêöèé, ñîîòâåòñòâóþùèå ïðîèçâîäíûå êîòîðûõ ðåçêî èçìåíÿþòñÿ.
Êëþ÷åâûå ñëîâà: Ïðèáëèæåíèå ôóíêöèé, àäàïòèâíûå àëãîðèòìû, èíòåðïîëÿöèÿ

Ëàãðàíæà, àñèìïòîòè÷åñêèå êîíñòàíòû, êóñî÷íàÿ ãëàäêîñòü.
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