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Abstract. Utilizing the algebraic framework of Mackey functors, we analyze the cochain com-
plex and explicitly compute the cellular differentials governed by restrictions and transfer maps
within Morava K -theory K (n)*. We focus on the geometric construction of the octahedral surface
2-complex, isolating purely equivariant phenomena driven by stabilizer jumps. By analyzing the
complex directly over the Morava ring K(n).[z,y], we determine the zero-th and first codifferen-
tials. We show that while the underlying space is geometrically trivial in degree one, the equivariant
chromatic classes persist due to the cluster’s sector geometry. Finally, we provide a complete descrip-
tion of the first Bredon cohomology group HC128 (X; K(n)*) expressed as a quotient of the coefficient
ring. These results contribute to the structural classification of equivariant cohomology rings for
finite p-groups with concentrated even degrees.
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1. Introduction

Our consideration of the Mackey functor M for Bredon cohomology relies on the explicit Morava
K -theory ring calculations for ’good’ finite p-groups provided in [I].

Let G be a finite group and X a finite G-CW complex. We define the contravariant Bredon
K(n)* module on the orbit category Og by setting:

K(n)(G/H) = K(n)"(BH)

for each subgroup H C GG.
The n-th Bredon cochain group is defined as the direct sum over the n-dimensional orbit repre-
sentatives:

CEX:Km)) = @ Kmn)(BG,)
oecells, (X/G)

where G, is the stabilizer of a chosen cell o .
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2. The Differential and AHSS

The coboundary operator 6" : Cf — C’g“ is defined via the restriction maps. For a cochain «,
we have:

o)) = Y. D w:go] Resi (g ap)

o€cells, (X/G) geG
where:

e [1): go] are the degrees of the corresponding attaching maps.
e Res is the restriction map in Morava K -theory.

The n-th Bredon cohomology group of X with coefficients in K (n)* is then:

ker(d™)

HE(X; K(n)") = m

3. Atiyah-Hirzebruch Spectral Sequence (AHSS)

While the evenness of the Bredon cohomology is a sufficient rather than a necessary criterion for
the "goodness" of X , it remains the most computationally viable path.
Key Observation: If the Fj-condition is met (i.e., the cohomology vanishes in odd degrees),
the equivariant Atiyah-Hirzebruch spectral sequence:
Ey? = H2(X; K(n)?) = K&T(X)

collapses immediately at the Fy page.

4. The Example: Octahedral Surface 2-Complex

Geometric Construction. To study the chromatic cohomology under the Qg action, we define the
underlying space X as the 2-dimensional surface of a regular octahedron.

Let Vot = {=i, £j, £k} be the set of vertices of a regular octahedron in R3. We identify the
ambient 3-dimensional space with the purely imaginary quaternions Im(H). The group Qs =
{£1,+i,4j,+k} acts on X via conjugation: for any g € Qs and v € Im(H), the action is given
by ¢g-v=gvg'.

We define the complex X as the boundary complex of this octahedron, which is homeomorphic to
the sphere S2. Unlike a solid ball or a radially filled cone, X is a pure 2-dimensional spherical
complex that does not include the central origin wg . Its combinatorial data consists of:

e 0-cells (6 vertices): The peripheral vertices Vit .
e 1-cells (12 edges): The edges connecting the vertices in V¢t , forming the 1-skeleton.
e 2-cells (8 faces): The triangular faces forming the surface of the octahedron.

This structure allows us to explicitly describe the (g action on the cells without introducing an
invariant central fixed point that would force an equivariant contraction.

Homotopy Type and Cohomology. The complex X is geometrically realized as the sphere S2.
Consequently, its ordinary cohomology in degree 1 vanishes:

HY(X)=0 (1)

The vanishing of ordinary cohomology in this degree serves to isolate the equivariant effects. The
persistence of chromatic classes in Hé?s (X; K(n)") is thus entirely attributable to the Qg-action
and its associated stabilizer jumps, rather than the 1-dimensional topological features of the base
space. By removing the central cone point, the space avoids equivariant contractibility, allowing
non-trivial Bredon cohomology to emerge.
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5. Octahedral Geometry and Qg Action

The underlying complex X is a 2-sphere with an octahedral decomposition. It consists of 6
vertices, 12 edges, and 8 triangular faces. The action of QJs permutes these geometric simplices
through quaternion conjugation (for example, i-j-i~! = —j).

k

6. Orbit Decomposition under Qg

The Qg -action on the octahedral surface X =2 S? induces a decomposition into orbits of n -cells.
The equivariant structure of X is given by:

e O-cells: 3 orbits of peripheral vertices. Each orbit consists of a pair of antipodal vertices:
[i] = {i,—i}, [jl = {j, —j}, and [k] = {k,—k}. The stabilizer of each vertex is isomorphic
to C4 (e.g., Stab(i) = (i) ). Thus, the 0-cochain module 0228 (X; K(n)") has rank 3, with
basis elements €Y, €3, €] .

e 1-cells: 3 orbits of edges forming the 1-skeleton of the octahedron. Each orbit contains 4
edges, and the stabilizer is the central subgroup Co = {1, —1} (since —1 acts trivially on the
geometric space Im(H) ). Thus, C’és (X; K(n)*) has rank 3, with basis elements e}, el el.

e 2-cells: 2 orbits of triangular faces, each containing 4 faces, with stabilizer Cy = {1,—1}.
Thus, 0228 (X;@*) has rank 2, with basis elements e?, €3 .

This model provides a highly symmetric orbit category breakdown without a fixed point, naturally
avoiding equivariant contractibility and enabling non-trivial Bredon cohomology computations.

7. The modified Differential and Cohomology

The differential d" : Cf — Cgrl is a morphism of K*(BG)-modules. Its matrix entries are
determined by the interaction between the stabilizers of incident orbits through the global group G.

For a generator in the component corresponding to an orbit [o], the differential is computed via
the cellular structure and Mackey functor maps as:

d'(ol)= > elrllo]) - p ()

[r]€Orbits, 41

where the algebraic weight @[, 5 is defined using the Mackey functor structure. Specifically, let
H = Stab(o) and K = Stab(7) be the stabilizer subgroups of the incident cells. The corresponding
matrix entry is given by the composition of transfer and restriction maps:

D, (o) = Resf o Tr : K*(BH) — K*(BK)

For p = 2, the Morava K-theory coefficient ring is defined over Fs, meaning we operate in
characteristic 2 (where signs are absorbed, 1 = —1, and 2=0).

Let k =2"—1. The chromatic weights corresponding to the transfers from Cy to Cy are derived
from the formal group law, yielding elements z*, y*, and 2% = 2F + ¥ .
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Zero-th Codifferential d° : C’g — C(l; . This matrix connects the 3 vertex orbits to the 3 edge
orbits. The geometric boundary maps, combined with the transfers from the Cjy stabilizers of the
vertices to the Cy stabilizers of the edges, give the following 3 x 3 boundary matrix:

z gk 0
=10 yb 2k (2)
¢ 0 2k

First Codifferential d' : C'(l; — C%. This matrix connects the 3 edge orbits to the 2 face
orbits. Since the stabilizers for both edges and faces are identical (Cy ), the transfer maps are
trivial, leaving only the incidence relations (the topological boundary operator). In characteristic 2,

the 2 x 3 matrix is given by:
1 (1 11
d = (1 11 (3)

We directly verify the fundamental cochain complex condition d' o d® = 0. Multiplying the
matrices over the Morava ring modulo 2:

k k
vyt 0 ko oo,k ok
1 11 22%  2y% 2z
dl-doz( ) 0 y* 2F =< ):0 4
L1\ e Yy 228 2yF 22K )

This algebraic confirmation perfectly aligns with the boundary structure of X .

First Bredon Cohomology H'. To compute the first Bredon cohomology group
HL(X; K(n)") = ker(d')/im(d®) , we evaluate the kernel and image directly via matrix transforma-
tions over the coefficient ring.

The kernel ker(d') consists of vectors (a,b,c)? satisfying a +b+c = 0. The image im(d") is
generated by the column vectors of d°. Since z¥ = zF + y* | the column relations naturally lie in
the kernel. By factoring the image from the kernel, the resulting quotient module simplifies exactly
to the quotient by the ideal generated by the transfer classes:

K(n)lz,
LG K()) = G )
This establishes the explicit isomorphism of modules. The non-vanishing group represents the per-
sistent chromatic signature of the Qg-action locked into the surface geometry of the symmetric
cluster.

Second Bredon Cohomology H?. To compute the second Bredon cohomology group
HZ(X;K(n)"), we analyze the higher cochain modules. The 2-cochain module C%(X; K(n)*) has
rank 2, corresponding to the 2 orbits of triangular faces with stabilizer Cy. Since the underlying
space X = S? is 2-dimensional, the 3-cochain module vanishes (Cg = 0), implying that the kernel
ker(d?) is the entire module C} .

The image im(d') is determined by the rank-1 image of the 2 x 3 matrix d', which is generated
by the diagonal relation (1,1)” . Taking the quotient yields:

s e K (), ® K (),
Thus, the second Bredon cohomology group is isomorphic to a free module of rank 1 over the
Morava K -theory coeflicient ring, perfectly consistent with the equivariant spherical structure of
the octahedral surface.

> K(n). (6)

8. Good Groups and Elements
Good Elements and Good Groups.

Definition 1. An element x € K(s)*(BG) is good if it is a transferred Euler class of a complex
subrepresentation of G :

_ *
z =Tr"(e(p))
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where p is a complex representation of a subgroup H C G and Tr : BG — BH is the transfer
map.

Definition 2. A group G is called good if K(s)*(BG) is spanned by good elements as a K (s)*-
module.

The "weakly good" groups, characterized by K(s)°¥ = 0, play a significant role in the classifi-
cation of group cohomologies [3] 4 [5].

9. Vanishing of Odd Cohomology

Families of p-groups with K (n)°(BG) = 0. In particular, if G belongs to any of the following
families of p-groups, then K(n)°d4(BG) =0:
(a) Wreath products HC), with H good [2} [6];
(b) Metacyclic p-groups [7];
(c) Minimal non-abelian p-groups (all maximal subgroups are abelian) [8];
(d) Groups of p-rank 2 [9];
) Elementary abelian by cyclic groups (extensions V — G — C') |3 3];
f) Central products H o Cpm with H good [4];
(g) H<G of index p, where H is good and K(s)(BH) is a permutation module for G/H [3].

Multiplicative Structure and Transfer. For these families, the ring structure of K(s)*(BG) is
either studied in the cited works or can be derived from existing computations modulo certain
indeterminacy.

Yagita and Tezuka determined the multiplicative structure modulo the transfer formula. Our
main aim here is to check (specifically for groups with a maximal abelian subgroup of index 2)
whether the transfer formula is sufficient to determine the ring structure via:

e Methods of characteristic classes;
e Transfer formulas (double coset formula, etc.);
e Induced representations.

The papers [10} 1], 12, [13] treat the same problem.

10. Conclusion

Our computational strategy reinforces the broad utility of analyzing "good" finite p-
groups—specifically those exhibiting vanishing odd Morava K -theory. For such groups, the im-
mediate collapse of the equivariant Atiyah-Hirzebruch Spectral Sequence (AHSS) at the Es page
provides a robust foundation for extracting the cohomology structure directly from the orbit cate-
gory.

Future investigations may extend this Mackey functor-based approach to higher-dimensional equi-
variant CW-complexes and broader families of finite p-groups.
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MopaBa K -teopusicbiHgarbl Makku ¢GhyHKTOpbIMEH OepijireH Bpegos KoroMoJiorusicbl
TypaJIbl

M. Bakypanaze
Wsane >xaBaxuImBuim aTbiHarbl TOnmmcn MeMiekeTTiK yHusepcureri, Uinba YasaaBaaze JaHFbLIBL, 1,
Towunucu, ['py3sus

Annorarusa. Makku  QYHKTODJAPBIHBIH, — ajireOpasiblkK, — alllaparhl  HEri3iHje  KOIENnTiK
Kemenre Tajgay Kyprisunn,  K(n)*  typumeri K -MopaBa TeOPHSICHIHJIAFBI IIEKTEY KOHE
Tpancdep Oeitnesieyyiepi apKbLIbl  aHLIKTAJATBHIH — YAMBIKTHIK — auddepennuaniap  aiflKbiH
TypHe ecenreneqi. — Epekine Hazap SKBUBAPUAHTTHI €MeC Karaaiifla KUbIPLLIATHIH KEHiCTiK
OOJIBII  TAOBLIATBHIH  OKTAYIAPJIH  PAIUAIbl  2-KAHKACBIHBIH, IeOMETPUSIIBIK,  KYPBLIBIMBIHA
ayapblIajibl, Oyl TYPAKTAHIBIPFBINITAPIBIH, CEKIpMeJi e3repicTepiHeH TYBIHIAUTBIH —Tas3a

SKBUBapUaHTTHl KyObLIBICTapAbl Ol Kepceryre MyMKIHIIK Oepei. K(n)«[z,y] Mopasa
cakunacbl yeringe Cwmurrin  KaasmTel  dopmackina  (Smith Normal Form, SNF) kenripy
apKbLIbl HOJIHIN »KoHe Oipinmni komuddepeHnaagap aHbIKTAIaIbI. Herisri keHicTikTiH

FEOMETPUSIIBIK, TYPFBIIAH TPUBHUAJJIBI OOJIybIHA KapaMaCTaH, 3€PTTEIETiH KelmEeHHIH CEKTOPJIBIK,
FEOMETPHUSICHIHBIH DCEPiHEH SKBUBAPUAHTTHI XPOMATUKAJIBIK, KJIACTAD/IBIH CAKTAJIATBIHBI KOPCETLIe .
CoHbIMeH KaTap, Hés (X;K(n)*) o6ipinmi Bpenon koromosorusi ToObIHBIH KO3 dunmenTrep
CAKMHACBIHBIH, (DAKTOPCAKUHACKHI TYPIHJEr TOJIBIK, CHIIATTAMACHI AJIBIHAJBI. AJIBIHFAH HOTHUXKEJIEP
KOTOMOJIOTHSIIAPhl KYII JOPEKeJIepe IMOFLIPJIAHFaH aKbIPJIbl P-TONTAP VIINH SKBUBAPUAHTTHI
KOTOMOJIOTHSI CAaKUHAJAPBIHBIH, KYPBIIBIMIIBIK KIKTeJyiHe yJiec KOCabl.

Tyiiin ce3aep: Mopasa K-reopusicer, sksuBapuantret CW-kerieH, Bpeior romo/iorusicor.

O 6penoHOBCKOIT KoromoJsioruu ¢ ¢pyukropoM Makku B Teopuu Mopasbl K -Tuna

M. Bakypanaze
Toumucckuii rocyiapcTBeHHbIil yanBepcuter nmenn sane Jkapaxumsumim, npocrekt Winbn Hasuasaze,
1, Toumucu, I'pysus

Awnunoranus. Ucrnionpayst  anrebpamveckuii  amnmaparT (YHKTOpoB Makku, TPOBOIUTCS
aHaJN3 KOIICITHOI'O KOMILIEKCA M SIBHOE BBIMHCJIEHUE KJIETOUHBIX IUM@MEPEHIINATIOB, 3aaBaeMbIX
orobpazkeHUsiME orpanudenusi u tpancdepa B rTeopun Mopaesl K -tunma K(n)*.  Ocoboe

BHUMAHHE YJICJISETCS TCOMETPUIECKOHl KOHCTPYKI[MN DaJIMAIbHOIO 2-0CTOBA OKTadjipa, KOTOPBIi
HESKBUBAPUAHTHO $IBJISIETCSI CTATMBAEMbBIM IPOCTPAHCTBOM, YTO IO3BOJISIET BBIAEIUTL <HCTO
SKBUBApHAHTHBIE $IBJICHUs, OOYCJIOBJICHHBIE CKadkaMmy crabmimsaropoB. [lyrém mpusemennst k
HopMmastbHOit popme Cumura (Smith Normal Form, SNF) nazx xombiiom K (n)s[z,y| onpenensiorces
Hy/JIeBOil u 1epBblii  KoauddepeHmab. [TokazaHo, d|TO, HECMOTPS HA I'EOMETPUYECKYIO
TPUBHAIBHOCTb JIEXKAIIEIO B OCHOBE MPOCTPAHCTBA, SKBHBAPHAHTHBIE XPOMATHUECKUE KJIACCHI
COXPAHSIOTCsT GJyIarofiapsi CEKTOPHON IeOMETPUH DPACCMAaTPHBAEMOro KOMIUIEKca.  Kpome Toro,
[OJIy9EHO IIOJHOE OINUCAHUE IIE€PBOI TI'PYyIIbl OpPEJOHOBCKONW KOrOMOJIOTHH HéS(X i K(n)y) B
Bujie  haKkTOp-KOJIbla KOoI(DduImenTHoro Koublia.  [losydeHHble pe3yibraTbl BHOCAT BKJIAJ]
B CTPYKTYDHYIO KJIACCH(UKAIMIO KOJIEl SKBHBAPUAHTHBIX KOIOMOJIOIMII KOHEYHBIX P-IPYII C
KOI'OMOJIOTHSIMHI, COCPEJJOTOUECHHBIME B IETHBIX CTEICHSIX.
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KiroueBbie csioBa: Mopasa K -teopusi, skBuBapuanTHbiil CW -KOMILIEKC, TOMOJOTHUS
Bpenona.
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