


ISSN 2616-7182
eISSN 2663-1326

Л.Н. Гумилев атындағы Еуразия ұлттық университетiнiң

ХАБАРШЫСЫ

BULLETIN
of L.N. Gumilyov Eurasian
National University

ВЕСТНИК
Евразийского национального

университета имени Л.Н. Гумилева

МАТЕМАТИКА. ИНФОРМАТИКА. МЕХАНИКА сериясы

MATHEMATICS. COMPUTER SCIENCE. MECHANICS Series

Серия МАТЕМАТИКА. ИНФОРМАТИКА. МЕХАНИКА

№1(126)/2019

1995 жылдан бастап шығады

Founded in 1995

Издается с 1995 года

Жылына 4 рет шығады

Published 4 times a year

Выходит 4 раза в год

Нұр-Сұлтан, 2019
Nur-Sultan, 2019
Нур-Султан, 2019



БАС РЕДАКТОРЫ
ф.-м.ғ.д., проф

Темiрғалиев Н. (Қазақстан)

Бас редактордың орынбасары Жұбанышева А.Ж., PhD
(Қазақстан)

Бас редактордың орынбасары Наурызбаев Н.Ж., PhD
(Қазақстан)

Редакция алқасы

Абакумов Е.В. PhD, проф. (Франция)
Алексеева Л.А. ф.-м.ғ.д., проф. (Қазақстан)
Алимхан Килан PhD, проф. (Жапония)
Бекжан Турдыбек PhD, проф. (Қытай)
Бекенов М.И. ф.-м.ғ.к., доцент (Қазақстан)
Голубов Б.И. ф.-м.ғ.д., проф. (Ресей)
Зунг Динь ф.-м.ғ.д., проф. (Вьетнам)
Ибраев А.Г. ф.-м.ғ.д., проф.(Қазақстан)
Иванов В.И. ф.-м.ғ.д., проф. (Ресей)
Иосевич А. PhD, проф. (АҚШ)
Калиев И.А. ф.-м.ғ.д., проф.(Ресей)
Кобельков Г.М. ф.-м.ғ.д., проф.(Ресей)
Курина Г.А. ф.-м.ғ.д., проф. (Ресей)
Марков В.В. ф.-м.ғ.д., проф. (Ресей)
Мейрманов А.М. ф.-м.ғ.д., проф. (Ресей)
Смелянский Р.Л. ф.-м.ғ.д., проф. (Ресей)
Умирбаев У.У. ф.-м.ғ.д., проф. (АҚШ)
Холщевникова Н.Н. ф.-м.ғ.д., проф. (Ресей)
Шмайссер Ханс-Юрген Хабилит. докторы, проф. (Германия)

Редакцияның мекенжайы: 010008, Қазақстан, Нұр-Сұлтан қ., Сәтбаев к-сi, 2, 408 бөлме.
Тел: +7 (7172) 709-500 (iшкi 31-410). E-mail: vest_math@enu.kz

Жауапты редактор: А.Ж. Жұбанышева
Жауапты хатшы: А. Нұрболат

Л.Н. Гумилев атындағы Еуразия ұлттық университетiнiң хабаршысы.
МАТЕМАТИКА. ИНФОРМАТИКА. МЕХАНИКА сериясы
Меншiктенушi: ҚР БжҒМ "Л.Н. Гумилев атындағы Еуразия ұлттық университетi" ШЖҚ РМК
Мерзiмдiлiгi: жылына 4 рет.
Қазақстан Республикасыңың Ақпарат және коммуникациялар министрлiгiнде тiркелген.
27.03.2018ж. № 17000-ж тiркеу куәлiгi.
Тиражы: 25 дана
Типографияның мекенжайы: 010008, Қазақстан, Нұр-Сұлтан қ., Қажымұқан к-сi ,12/1,
тел: +7 (7172)709-500 (iшкi 31-410).

c© Л.Н. Гумилев атындағы Еуразия ұлттық университетi



EDITOR-IN-CHIEF
Prof., Doctor of Phys.-Math. Sciences

Temirgaliyev N. (Kazakhstan)

Deputy Editor-in-Chief Zhubanysheva A.Zh., PhD (Kazakhstan)

Deputy Editor-in-Chief Nauryzbayev N.Zh., PhD (Kazakhstan)

Editorial board

Abakumov E.V. PhD, Prof. (France)
Alexeyeva L.A. Doctor of Phys.-Math. Sciences, Prof. (Kazakhstan)
Alexander Iosevich PhD, Prof. (USA)
Alimhan Keylan PhD, Prof. (Japan)
Bekzhan Turdybek PhD, Prof. (China)
Bekenov M.I. Candidate of Phys.-Math. Sciences,

Assoc.Prof. (Kazakhstan)
Golubov B.I. Doctor of Phys.-Math. Sciences, Prof.(Russia)
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Turan´s inequality type for polygamma functions and some new inequalities

Abstract: Turan’s inequality is known as

Pn−1(x)Pn+1(x) ≤ P 2
n(x), x ∈ [−1, 1], n = 1, 2, ...,

where Pn denotes the Legendre polynomial of degree n . In this note, we show that Turan´s
inequality is still true when the Legendre polynomial of degree n replace by

Ψn(x) =
1

(−1)n+1

∫ ∞
0

e−txtn

1− e−t
dt

polygamma function of order n. In fact, we prove more than Turn’s type inequality that zero
is the greatest lower bound of the sequence

{Ψ2
n(x)−Ψn−1(x)Ψn+1(x)}.

Moreover, some new inequalities for polygamma function of order n are established.

Key words: Turan-type inequality, polygamma functions.

AMS Mathematics Subject Classificstion 33B15, 26B35.
DOI: https://doi.org/10.32523/2616-7182/2019-126-1-68-71

Introduction
In 1950, Turan [1] proved the inequality

Pn−1(x)Pn+1(x) ≤ P 2
n(x), x ∈ [−1, 1], n = 1, 2, ...,

where Pn denotes the Legendre polynomial of degree n . This inequality has attracted much
attention, so that numerous inequalities of the same type were published for other special func-
tions. In The gamma Γ and Ψ (or diagamma) functions are defined by

Γ(x) =

∫ ∞
0

e−ttx−1, Ψ(x) =
Γ
′
(x)

Γ(x)

for all real number x > 0 . It was first defined and studied by Leonard Euler (1707-1783), and
it is of fundamental importance to many areas of science, like probability theory, mathematical
physics, number theory and special functions. It also appears in the study of many important
series and integrals. For its basic properties and some historical remarks. In the literature the
derivatives Ψ

′
,Ψ
′′
,Ψ
′′′
, ... are known as polygamma functions defined as the n -th derivative of

the function. We denote by Ψn(x) = Ψ(n)(x). The polygamma functions defined as the n -th
derivative of the function Ψ which have the following integral representations:

(−1)n+1Ψn(x) =

∫ ∞
0

e−txtn

1− e−t
dt, Ψ(x) = −γ +

∫ ∞
0

e−t − e−xt

1− e−t
dt. (1)

68
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for n = 1, 2, 3, ... where γ ≈ 0.5772156649015328606 is the Euler-Mascheroni constant. See
these and other properties of these functions for instance [2, p. 260]. In continue we prove that

0 ≤ Ψn−1(x)Ψn+1(x)−Ψ2
n(x) = ∇n(x)

(In what follows we maintain this notation.) Is it possible to replace the lower bound 0 by a
positive constant? It is our aim to give an affirmative answer to this question.

Preliminaries
From (1) it is easily to see that the following lemma holds
Lemma 1. (i) Ψ(x) is strictly increasing on (0,∞) .

(ii) For any n, Ψn(x) is strictly decreasing and positive on (0,∞).
If n is an even integer then Ψn is increasing and negative.
Corollary 1. For any x, y ∈ (0,∞) and n ∈ N, the following inequality

Ψ2
n(x+ y) ≤ Ψn(x)Ψn(y)

holds.
Theorem 1. The Ψ(x) is log-convex on n and x that is for for any x, y ∈ (0,∞),m, n ∈ N

and 1
p + 1

q = 1, p ≥ 1, the following inequality

Ψm
p

+n
q
(
x

p
+
y

q
) ≤ |Ψm(x)|

1
p |Ψn(y)|

1
q (2)

holds where m
p + n

q is an integer.
Proof. By Holder inequality we have

Ψm
p

+n
q
(
x

p
+
y

q
) ≤ (−1)

m
p

+n
q

+1
Ψm

p
+n
q
(
x

p
+
y

q
)

=

∫ ∞
0

t
m
p

+n
q e
−(x

p
+ y
q

)t

1− e−t
dt

=

∫ ∞
0

( t
m
p e
−x
p

(1− e−t)
1
p

)( t
n
q e
− y
q

(1− e−t)
1
q

)
dt

≤
∣∣∣∣∫ ∞

0

tme−xt

1− e−t

∣∣∣∣1/p ∣∣∣∣∫ ∞
0

tne−yt

1− e−t

∣∣∣∣1/q
= |Ψm(x)|

1
p |Ψn(y)|

1
q ,

and the proof is completed.
Setting in the previous Theorem 1 x = y, p = q = 2,m 7→ n − 1, n 7→ n + 1, we get the

following corollary.
Corollary 2 (Turan , s inequality). If x > 0, n ≥ 2, then

Ψ2
n(x) ≤ Ψn−1(x)Ψn+1(x).

Corollary 3. The Ψ(x) is log-convex on n that is for any x ∈ (0,∞),m, n ∈ N and
1
p + 1

q = 1, p ≥ 1, the following inequality holds

Ψm
p

+n
q
(x) ≤ |Ψm(x)|

1
p |Ψn(x)|

1
q , (3)

where m
p + n

q is an integer.
Corollary 4. The function Ψn(x) is log-convex on x that is for x, y > 0, n ∈ N and

m
p + n

q = 1, p ≥ 1 the following inequalities

Ψn(
x

p
+
y

q
) ≤ |Ψn(px)|1/p |Ψn(qy)|1/q

or

Ψn(x+ y) ≤ |Ψn(px)|1/p |Ψn(qy)|1/q
69
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holds.
Corollary 5. If x, y ≥ 1 , n ∈ N, p ≥ 1 and 1

p + 1
q = 1 , then

Ψn(
xp

p
+
yq

q
) ≤ |Ψn(xy)| ≤ |Ψn(x)|1/p |Ψn(y)|1/q .

Lemma 2 ( [3]). The function Ψ(x)− lnx+ α
x is completely monotonic on (0,∞) iff α ≥ 1

and lnx− α
x −Ψ(x) is completely monotonic on (0,+∞) if and only if α ≤ 1

2 .
Corollary 6. For all x ∈ (0,+∞), n ∈ N we have

(n− 1)!

xn
+

n!

2xn+1
< (−1)n+1Ψn(x) <

(n− 1)!

xn
+

n!

xn+1
.

Proof. Let α = 1, since Ψ(x)− lnx+ α
x is completely monotonic on (0,∞) we have

0 ≤ (−1)n
(
Ψ(x)− lnx+

1

x

)(n)
= (−1)n[Ψn(x)− (n− 1)!(−1)n+1

xn
+

(−1)nn!

xn+1
]

which implies that

0 < (−1)nΨn(x) +
(n− 1)!

xn
+

n!

xn+1

so
(−1)n+1Ψn(x) <

(n− 1)!

xn
+

n!

xn+1

Now we let α = 1
2 by the same proof we obtain

(n− 1)!

xn
+

n!

2xn+1
> (−1)n+1Ψn(x)

and the proof is completed.
Theorem 2. If x > 0, n ≥ 2, then

(n− 1)!n!

x2n+2
≤ ∇n(x) = Ψn−1(x)Ψn+1(x)−Ψ2

n(x) ≤ (n− 1)!n!

x2n+2
+ (

2x

n− 1
+

x2

n(n− 1)
).

So the set of the values of ∇n(x) belong (0,∞) and

∇n(x) ∼ (n− 1)!n!

x2n+2
as x→ 0.

Proof. The property limx→∞∇n(x) = 0 we derive from Corollary 1. It is easy to make sure

∇n(x) =
1

2

∫ ∞
0

∫ ∞
0

(t− τ)2e−x(t+τ)

(1− e−t)(1− e−τ )
dtdτ.

Using the inequalities

1 ≤ 1

1− e−t
≤ 1 +

1

t
,

we get

∇n(x) ≥ 1

2

∫ ∞
0

∫ ∞
0

(t− τ)2(t× τ)n−1ex(t+τ)dtdτ =
(n− 1)!n!

x2n+2

and

∇n(x) ≤ 1

2

∫ ∞
0

∫ ∞
0

(t− τ)2(t× τ)n−1(1 +
1

t
)(1 +

1

τ
)ex(t+τ)dtdτ

=
(n− 1)!n!

x2n+2
+

2(n− 2)!n!

x2n+1
+

(n− 2)!(n− 1)!

x2n
=

(n− 1)!n!

x2n+2
(1 +

2x

n− 1
+

x2

n(n− 1)
).

Note that with the help of finer estimates of the following equality

∇n(x) =
1

2

∫ ∞
0

∫ ∞
0

(t− τ)2e−x(t+τ)

(1− e−t)(1− e−τ )
dtdτ,

one can obtain exact boundaries for ∇n(x).
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Полигамдық функциялар үшiн Туран типтi және кейбiр жаңа теңсiздiктер

Аннотация. n− ншi реттi Pn(x) Лежандр полиномдары үшiн

Pn−1(x)Pn+1(x) ≤ P 2
n(x), x ∈ [−1, 1], n = 1, 2, ...

Туран теңсiздiгi орындалады. Мақалада n− ншi реттi Ψn(x) Лежандр полиномдары үшiн де Туран теңсiздiгiнiң

Ψn(x) =
1

(−1)n+1

∫ ∞
0

e−txtn

1− e−t
dt

орындалатындығы көрсетiлдi. Сонымен қатар,

{Ψ2
n(x)−Ψn−1(x)Ψn+1(x)}

тiзбегiнiң төменгi шекараларының үлкенi нөл болатындығы дәлелдендi.
Және де n− ншi реттi полигамдық функциялары үшiн кейбiр жаңа теңсiздiктер дәлелдендi.
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Неравенства типа Турана для полигамных функций и некоторые новые неравенства

Аннотация. Для полиномов Лежандра Pn порядка n выполнены неравенства Турана

Pn−1(x)Pn+1(x) ≤ P 2
n(x), x ∈ [−1, 1], n = 1, 2, ....

В работе показано, что неравенство Турана справеливо для полигамных функций порядка n

Ψn(x) =
1

(−1)n+1

∫ ∞
0

e−txtn

1− e−t
dt.

Более того, доказано, что ноль есть наибольшая нижняя граница последовательности

{Ψ2
n(x)−Ψn−1(x)Ψn+1(x)}.

Также установлены некоторые новые неравенства для полигамных функций порядка n.

Ключевые слова: неравенства типа Турана, полигамные функции.
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