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Abstract. Determining the effective properties of dispersed composites, such as conductivity
and permittivity, remains a central challenge in homogenization theory. This paper presents a
comprehensive revision of the Self-Consistent Method and its modern variants, demonstrating that
many so-called “new models” are, in fact, merely first-order approximations in concentration that
reproduce the classical results of Maxwell, Clausius, Mossotti, and others. We establish a rigorous
framework for assessing accuracy with respect to both inclusion concentration and contrast parame-
ters. A particular role of simulations addresses to standard packages, when the opacity of numerical
calculations often obscures the underlying probability distributions of inclusions. We conclude that
the concept of a mathematical model is frequently misapplied in the study of dispersed random
composites, especially when the fundamental principles of homogenization and asymptotic analysis
are overlooked. Finally, we demonstrate how symbolic computation can be effectively employed to
derive analytically correct formulas with precisely quantified accuracy.

Special attention is given to the relationship between analytical approaches and numerical sim-
ulations in the evaluation of effective material parameters. The paper emphasizes that reliable
predictions require consistency with the fundamental principles of homogenization theory and the
correct treatment of stochastic microstructures. By comparing classical and modern approaches,
we identify the limits of applicability of commonly used approximations and clarify their asymp-
totic accuracy. The study also highlights the importance of transparent computational procedures,
allowing the influence of inclusion geometry, concentration, and spatial distribution to be prop-
erly interpreted. The proposed methodology provides a unified perspective on dispersed composites
and offers practical guidance for researchers working with effective medium theories, computational
homogenization, and multiphase materials.
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1. Introduction

The theory of homogenization is a mathematical theory devoted to PDE with rapidly oscillated
coefficients. It is based on physical consideration of heterogeneous media and used to derive macro-
scopic, averaged equations and physical coefficients [2, 34] [I7]. It allows engineers and physicists
to replace a heterogeneous material with a homogenized material to predict its overall behavior.
The microscopic structure of a material yields its macroscopic response which can be expressed by
numerical data and analytical formulas.

Since the 19th century, the works of Maxwell, Clausius, Mossotti, and many others have served as
the bedrock for various composites [30, Chapter 9]. J.C. Maxwell proposed Self Consistent Method
(SCM) [21] in 1873. The Maxwell—Garnettﬂ approximation was derived in 1904. It is suitable for the
complex dielectric permittivity. The same formula for real conductivity (permittivity) was known as
the Clausius-Mossotti approximation published in 1850. It coincides with Maxwell’s approximation.
Perhaps the universality of mathematical modeling was not clear in the XIX century. The historical
notes [19] and references therein clarify the series of the above approximations.

The modern literature is saturated with a rich assortment of different approximations called math-
ematical models that often lack theoretical justification. A fundamental problem in contemporary
research is the misuse of the term "model." In many cases, it is used as a "magic word" to allow
empirical reasoning where rigorous exact science should prevail [30]. This has resulted in a prolifer-
ation of formulas that sometimes contradict one another, violate the Hashin-Shtrikman bounds, or
ignore the fundamental symmetry of tensors.

The well-known Hill approach based on the Representative Volume Element (RVE) for elastic
composites [I5) [16] was revisited in [9]. It was rigorously shown that the RVE must constitute a
fundamental domain of a plane or spatial torus. For example, a flat torus can be represented as
a parallelogram in the complex plane with identified opposite edges [25]. Alternative choices of
RVE shape may lead to inconsistencies with the fundamental principles of homogenization as clearly
shown in [29].

This paper seeks to restore mathematical rigor by analyzing the asymptotic and numerical preci-
sion [38]. We argue that for a mathematically defined problem, there should be a unique mathemati-
cal expectation for effective constants. Discrepancies in results, particularly in computer simulations,
are not evidence of "different valid models," but rather a reflection of differing numerical protocols
[12] and oversimplified approaches.

In this paper, we discuss the principles of mathematical modeling using a physical and mechanical
problem concerning the macroscopic properties of stochastic dispersed media as an illustrative ex-
ample. All relevant aspects are considered, including mathematical theories, empirical formulations,
the use of standard numerical packages, and artificial intelligence (AI).

2. Mathematical Modeling

The most popular analytical formulas for the effective conductivity (permittivity) of dispersed
composites are the Maxwell [2I], Maxwell-Garnett [22] and Bruggeman [5] approximations, Mori-
Tanaka method for elastic composites [31]. The famous neutral Hashin-Shtrikman assemblage [14]
for coated composites and its extensions [36, 6] 7, 8] as well as the Keller [I8]- Matheron [20]- Dykhne
[10] approach and its extensions [33] 3], deserve a special consideration not discussed here. We will
discuss analytical formulas for two-phase composites based on self-consistent method (SCM).

A typical modern review of various analytical formulas for the effective properties of composites,
including elastic media, begins with a discussion of these formulas and their numerous extensions.
Lots of items are laid out on the counter and offered for usage. Some contradict others; some violate
the Hashin-Shtrikman bounds; some disturb the symmetry of tensors. However, everything becomes
allowed due to the democratic using the word "model”. There is no theoretical justification when
creating a new model, giving way to empirical reasons. Experiments might confirm the model for
some data.

2James Clerk Maxwell and J.C. Maxwell Garnett are different persons.
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We will not discuss a rich assortment of models and narrow our focus to the specific two-phase
2D macroscopically isotropic composites in order to derive precision of various modifications of SCM
such as effective medium approximation, mean-field, Mori-Tanaka methods [31], etc. Some popular
modifications of SCM are covered by the first-order approximation of Schwarz’s method. This inves-
tigation explains plenty of illusory different formulas which are reduced to the same Maxwell-type
estimation for dilute composites. Some higher-order extensions violate homogenization principles
and lead to methodologically misleading results [28] 29].

SCM has multiple meanings in different fields of science and engineering. We pay particular
attention to SCM in the theory of composites by Maxwell [21I] developed by Hill [15], [16] and many
others, and its relations to Schwarz’s method. S.G. Mikhlin developed the alternating method of
Schwarz in 1949 [23]. Mikhlin’s work can be considered a mathematical embodiment of Schwarz’s
approach.

The main result of the present paper consists of applying Schwarz’s method and functional equa-
tions to composites and deriving higher-order approximations for the effective constants. In particu-
lar, we demonstrate that Maxwell’s SCM and its modern modifications coincide with the first-order
approximation of Schwarz’s method.

Investigation of SCMs for dispersed composites is presented in [32], where such materials were
referred to as “grain composites.” Following these studies, many engineers applied SCMs to compute
numerical estimates of effective material constants for various composite systems. Nevertheless,
the fundamental theoretical issue concerning the limitations of SCMs remained unresolved. The
justification of SCM applicability has traditionally relied on the assumption of a dilute concentration
of inclusions. It was observed that extending SCMs beyond this regime, specifically to higher-order
terms in the inclusion volume fraction f, can lead to predictions that are physically inconsistent.

In [28], analytical expressions for effective properties were derived as power series expansions in
the inclusion concentration f and the contrast parameter p. These series were truncated to obtain
polynomials in f1/2 and o, with coefficients explicitly determined and symbolically dependent on
the geometry and spatial distribution of inclusions. Furthermore, the accuracy of these approxima-
tions was rigorously established as O(]o|™f?/?), where m denotes the number of Schwarz method
iterations and p characterizes the order of the concentration approximation used at each step.

This situation highlights a fundamental issue: why do different formulas arise for the same compos-
ite system? The underlying reason is often a misuse of terminology, where the concept of a “model”
is incorrectly equated with that of a “formula.” In exact sciences, it is essential to distinguish clearly
between the two. A mathematically well-defined problem should yield a unique solution; obtaining
different results does not imply the existence of multiple models. A correct research methodology
requires that the model be fully specified a priori, while the derivation of formulas is performed a
posteriori. This principle also applies to probabilistic analyses of random composites, where the
statistical description of inclusion distributions must be explicitly defined within the model. Only
then can the expected values of effective properties be rigorously determined for the specified class
of random media.

In many studies, random composites are simulated using algorithms that incorporate stochastic
variables, the distributions of which are often implicitly embedded in computational procedures.
Moreover, the results of such simulations may depend on the chosen numerical protocols. These
factors can lead to different estimates of effective properties, reflecting variations in the assumed
spatial distributions of inclusions.

The exact coefficients for the effective constants were derived in [11], 28] in the series in ¢ and f.
This allows us to compare formulas from the previous publications with the asymptotic estimations
to make conclusions concerning the validity of the formulas called "models." Such a comparison
of the Maxwell formula (Clausius-Mossotti approximation) for equal disks yields the asymptotic
formula for macroscopically isotropic composites

1+ of
T RA! (1)
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where ). denotes the macroscopic permittivity. The exact precision up to O(f3) was established
in [27]. Equation was extended to other shapes of inclusions. Some authors add the precision
term O(f%) to such an approximation, however, it must be O(f%/2) as demonstrated in [28].

The Hashin-Shtrikman bounds for 2D two-phase macroscopically isotropic composites for real
normalized permittivity of components A; and A =1 when A; > 1 can be written in the form

75 < e < Mg (2)

where

2f(M—1) 21— f)A = )M 3)
(1= —1)+2 fA=A)+2x0
It was proved in that an extension of Maxwell’s approach to a finite collection of inclusions
(cluster) may give, at most, the effective properties of dilute clusters. Any general formula for 2D
two-phase macroscopically anisotropic dispersed composites which does not include the location of

gg =1+ A=A+

disks holds up to O(f?); for macroscopically isotropic composites up to O(f %) . This criterion of
lower order formula could be extended to multi-phase composites except at the Hashin-Shtrikman
type assemblages with neutral inclusions. For instance, a set of valuable formulas for multi-phase
macroscopically anisotropic composites is valid up to O(f %) .

A significant portion of modern "model creation" involves adding complex analytical terms to a

basic first-order formula. One can take the standard term and append an arbitrary tale:

7 .19
Lrof 1+ of #21760572 4 03,8 1% 1nf + O(f). @)
l—of 1-pf+3143071f2
The additional terms on the right-hand side are introduced in an ad hoc manner. Although the
formula above is formally correct, it lacks practical significance. While the right-hand side may
appear to define a “new model,” it does not extend beyond a first-order approximation in f.

Both the differential scheme and the Mori—-Tanaka method can be derived using similar arguments.
Consider equation with explicit dependence on the variable f and introduce an increment from
f to f+ Af which induces a corresponding change from A. to A. + AA.. Within the framework
of the differential scheme, one assumes infinitesimally small increments. This allows one to pass to a
differential equation for ., whose solution yields a “new model.” However, the principal limitation
of this approach lies in the assumption that Af is infinitesimal that does not yield the increasing
of accuracy in f.

In Mori-Tanaka method, such an increment Af typically implemented numerically. Tacitly, this
method assumes that the behavior captured by the first-order approximation in f reflects the trend
exhibited by higher-order approximations, see detailed discussion in [29].

This demonstrates that modifications such as Mori-Tanaka methods, effective medium approxi-
mations (EMA), and differential schemes are often just illusory different formulas that reduce to the
same Maxwell (Clausius-Mossotti) estimation for dilute composites. Applying such an approxi-
mation to non-dilute composites often results in physically unacceptable predictions.

3. Generalized alternating method of Schwarz and functional equations

The generalized alternating method of Schwarz, or shortly Schwarz’s method, can be implemented
in the form of different iterative schemes known in the theory of composites as the contrast and
cluster expansions. The method was developed for the Riemenn-Hilbert boundary value problem
for a finitely connected domain in [4]. A short description with using of the Poincar’e theta series
can be found in [24].

The contrast expansion for 2D permittivity problems leads to a power series in ¢. The cluster
expansion means a series in /2. Frequently, the authors of SCMs do not care about the precision in
o and f1/2 and derive, in the best case, the same formula asymptotically equivalent to the Maxwell-
Garnett formula. The analysis of precision demonstrate a discrepancy between the rigorously derived
formulas for the effective permittivity of disks/spheres and some formulas obtained by SCM. Below,
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we demonstrate and explain this precision effect on a simple example of 2D two-phase conductive
composite with circular inclusions.

Let z = o + iy denote a complex variable. Let w; =1 and wy = ¢ be the fundamental pair of
periods on the complex plane C. The fundamental parallelogram @) is defined by the vertices :t%
and :I:% .

The points my + mai (my, mg € Z) generate a doubly periodic lattice and the unit square cell

2 2

Let the points aj belong to @ . Consider non-overlapping inclusions Dy = {|z — ax| < r} of
conductivity A (k=1,2,...,N) and the conductivity of the host be normalized to the unit. The
conductivity A is dimensionless and can be considered as the ratios of the conductivities of the kth
inclusion to the conductivity of host.

We study conductivity of the doubly periodic composite when the host D + mq +imows and the
inclusions Dy + mj + img are occupied by conducting materials. The functions wu(x) and wug(x)

1 1
Q:Q(o,o):{zztl—i-itge@:—<t1,t2<}.

are harmonic in D and D (k = 1,2,...,N) and continuously differentiable in closures of the
considered domains. The perfect contact on the interface has the form
ou ouy,
= — = L k=1,2,...,N 5
u U, 61’1 al’l on k> 9~y ) ) ( )

where (% denotes the outward normal derivative to L, = 9D . Let the external field be defined
by the conditions

w(z +1) = u(z) + 1, u(z +14) = u(2). (6)
Introduce the contrast parameter
_A-1 (7)
W
Introduce the double periodic complex flux
ou . Ou
— — i = D 8
8$ Zay w(z)7 z E ( )
and 0 0 A+1
Uk Oug =+
— = D 9
Ox Zay 2 Vr(2), = € Dy )
We have
Pz +1) =9(2), P(z+1i)=9(2). (10)
Following 28], 26] we have
or? ——

where the functions 1(z) and ¥y(z) are analyticin D and Dy (k=1,2,...,N) and continuous
in the closures of considered domains.

The R-linear problem - can be reduced to a system of integral equations on the torus Q
corresponding to Schwarz’s method. In the case of circular inclusion, these integral equations become
the functional equations [I1]. Introduce the operator in a Banach space associated to continuous
functions

2 2
(m) F) _ r F - 12
(Wml’m2 (2) <z—am—m1—im2 am+z—am+m1—im2 ' (12)
Here, a function F(z) is analytic in all the disks Dy and continuous in their closures. The norm
| F|| = maxy, max|,_,,|<, |[F(2)].

Introduce for m = k

b)) = > (W.LF) () (13)
(m1,m2)€Z2\(0,0)
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and for m # k
e F)) = > (Wim,F) (2). (14)

m1,m2€ZL

The double series f are defined by the Eisenstein summation that correctly determines their
convergence [11].

The system of functional equations corresponding to the R-linear problem - can be
written in the form

N
@ =e X3 (Witn) ()L mal Sr (k=120 N), (15)
m=1

where mq, mo run over integers Z excluding m; = me = 0 for m = k. It was justified that
the system of functional equations can be solved by a method of successive approximations
absolutely convergent for |p| < 1. It was proved that the uniform convergence holds for |g| =1,
i.e., in the considered Banach space. Attention, the absolute convergence can fail in this case.

Equations can be easily solved by use of symbolic computations. The infinite double summa-
tions in mq,mg can be performed by application of the Eisenstein functions FE,(z). Equations
can be solved by the contrast expansions in ¢ and by the expansions in f = N7r?. This expansion
equivalent to the expansion in 72 can be written in the form

Um(2) =Y VP |z —a <r (k=1,2,...,N). (16)
n=0

where

O () =1, v (2) = p X, Ba(z — ay),

62(2) = XN,y Balar — any) Balz — ay),

(17)
O (2) = & ik, gyt Enlan — any) Balag, — ai,) Ex(z — ag,)
2NV T — )
—20 Zk,klzl E3(ay — akl)ES(z — ag),
It is assumed for shortness that E,(z — ax) is replaced with
En(z —ap) = En(z —ay) — (z — ag) " for k=m (18)

and E,(ax — ap,) := S, for k =m, where the lattice sums for the square array Sy =7, S3=0,
are used.

Following [28] the normalized effective conductivity of macroscopically isotropic composites can
be found by the formula

N
1
Ae =1+ 2QfN Z w(am) (19)
m=1
Substitute into and apply the asymptotic expansion in f

2 r2 2 r3
Ae =1+ 20f (1 + %62 + QW]; ean + %(Q €222 — 2633)) +0(f), (20)
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where the following structural sums (basic sums or e-sums) are introduced |11, Chapter 4]

N N

ez = ]\172];: > Ex(ag, — ax,),

o=1 k1=1

ey = Es(ar, — ak, ) Eo(ag, — ak,y),

E

>y

ko=1 k1=1

2|~
w

I

X

=1

(21)

N
> Bs(ak, — ax,)Es(ar, — ary),

2=1

3l -
WE
M) =

€33 =

ko=1

™

1

G

1

N N N N
1 -
€2 = 7 > > Y > Es(ar, — ar,)Ea(ar, — ak,) Ea(ar, — ag,).

ko=1 k1=1 k2=1 k3=1

The analytical expressions and — can be continued practically without limitations [IT].
The same concerns 2D elastic problems and 3D conductivity problems with perfectly conducting
spherical inclusions. In particular, all the terms for a regular lattice are written explicitly. Hence,
this yields exact formulas for a regular array of circular inclusions [I]. It should be noted that other
frequently used empirical and approximate formulas diverge with the known exact formulas.

The structural sums for a macroscopically isotropic composites satisfy some relations. In partic-
ular, e = 7 for ideally isotropic composites. This formula extend the famous Rayleigh’s formula
Sy = m concerning lattice sums [35], 37]. The structural sum egy varies with the location of inclu-
sions. It can be proved that egs is positive and ey > 72 .

The formula yields a proof of the the Maxwell (Clausius-Mossotti) approximation and
exclude any not justified empirical continuation similar to .

It is interesting to discuss the contrast approximation. The second order approximation in o
follows from the application of two iterations to equation . We have the same zero and first
order approximations in , namely,

1+ of
1—of

where O(f?) can be replaced with O(¢?). However, the third order terms are different.
Introduce the approximations in o

Ae =1+20f +20% 2+ O(f°) = +O(f?), (22)

2) =Y ¥ (z00" lz—ar| <r(k=1,2,...,N), (23)
n=0

and
oW (z0) =1, ¥5)(2) =2 XN | Ea(z — ),
(24)
CACTOED SIS D (Wéil,mEg(z/ _ ak)) (2), |z —am| <r(m=1,2,...,N).

The second order approximation includes the term

2 )
O B _ r B (a— r 2
(Wml ma (2 al)) (2) (z —a;—my — im2> 2\ Z—a—my+imy)’ (25)

JI.H. T'ymuieB arbingarst EYY xabapuibicbl. MaTeMaTnka, KOMIBIOTEPJIK FhIIBIMIAD, MexaHuKa cepusicbl, 2026, Tom 154, Nel
Becrnuk EHY um. JI.LH. 'ymunesa. Cepusi MaremaTuka, KOMIbIOTEpHBbIE HayKu, Mexanuka, 2026, Tom 154, Nel

40



V. Mityushev

It follows from equation that

LN @) N 2
N Zm:l wm (am7 Q) - Zl,k:l Z:u,mQEZ (alfaerrmlJrimz) X

(26)
r2
1% (al —ak + am*az*m1+im2)'
Using an expansion in 72 following [11], one finds that this term contains the contribution 29: 2f : €29 .
In addition, it includes infinitely many higher-order terms in f, for example, the term —49; df ’ es3

which also appears in , whether in f or in o is ultimately immaterial, as both approaches
lead to the same resulting double series. However, the first method proves to be significantly more
efficient for symbolic computations.

4. Conclusion

The analysis presented in this paper demonstrates that many widely used self-consistent and
mean-field approaches do not constitute independent mathematical models, but rather represent
specific realizations of low-order asymptotic approximations. In particular, the classical Maxwell
(Clausius-Mossotti) formula emerges as the universal first-order term with respect to the concen-
tration of inclusions, while numerous modern extensions fail to improve their accuracy since they
neglect asymptotic analysis.

A rigorous examination based on Schwarz’s method reveals that the precision of such formulas
for two-phases composites must be assessed simultaneously in terms of the concentration parameter
f, the contrast parameter ¢ and the structural sums that encode the geometric characteristics of
the microstructure. Within this framework, it becomes evident that many modifications including
differential schemes, effective medium approximations, and Mori-Tanaka-type constructions do not
extend validity beyond the dilute regime and may produce physically inconsistent predictions when
extrapolated. Furthermore, the discussion highlights the necessity of a clear distinction between a
mathematically defined model and an empirical formula. For well-posed deterministic or probabilistic
descriptions of composites, the effective properties are uniquely defined, and discrepancies observed
in the literature are typically attributable to violation of asymptotic analysis.

In summary, the reliability of analytical expressions for effective properties must be grounded in
homogenization theory and asymptotic justification rather than heuristic “model building.” Symbolic
and analytical methods provide a consistent pathway to derive formulas with explicitly controlled
accuracy, thereby restoring mathematical rigor to the study of dispersed composites.

It is interesting to observe an analogy between reviews generated by Al and those produced by
certain groups of researchers who are primarily oriented toward the popularity of applied methods.
In both cases, emphasis is often placed on methods with a large number of citations, despite well-
known limitations in their applicability. This resembles a transition from skill to will [I3], which
may lead to Al hallucinations as well as similar effects within some research communities. In such
cases, the high citation counts of works such as [5] and [3I] (exceeding 11,000 citations at present)
become a dominant argument for their continued inclusion in subsequent studies, overshadowing
critical assessment.

If a group of people vote that 2 x 2 = 5, then they have produced a democratically agreed,
but not a true mathematical statement. Mathematics is a dictatorship, see Principle of model and
solution [30), page 223]. Its results are not decided by opinion or majority. We conclude this paper
with a rhetorical question: May consensus including Al prevail over logic?
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ducnepcTi KOMOO3UTTEP/IiH MaTEMATUKAJIBIK, MO/IeJIbAeyi MeH THuiMAi KacuerTepi

B. Murronies
KomMmnbroTepsiik reuibIMIap *KoHe MaTeMaTuka dakysnbreTi, KpakoB Texnosorus yauBepcureti, Baprrasa
xor, 24, Kpakos, [losbIma

Ansortamus. JlucrmepcTi KOMIIO3UTTEPMIH THIMIOI KACHETTEPIH, MBICAJBI, 3JIEKTPOTKI3TIiIITiri
MEH JIMJIEKTPJIK OTIMIIJIITH aHbIKTay TOMOTEHU3AIMS TEOPUACHIHIAFBI HEeri3ri Mocenenep i Oipi
Gospit Kasta Gepeqi.  Byn makamama esin-esi kemicimai omicke (Self-Consistent Method) xome
OHBIH, 3aMaHay! HYCKAJaPbIHA KaH-?KAKTHI TaJJIay KacaJabl. KernrereH «kKaHa MOJE/IbIepP» IIbIH
MOHIH/Ie KOCBHIHJIBLIAD KOHIEHTPAIMSICHI OOHBIHIIA OipiHIT peTTi XKYyBIKTayJIap FaHa eKeHi KoHe
onapabia, Makcesest, Kiraysuyce, MoccorTu kone 6acKa FAIBIMIAPIBIH KJIACCUKAJIBIK, HOTUKEIEPIH
KaliTa eHJipeTiHl KepceTijesi. Kocwaaplmap KOHIEHTpaIUsChl MeH daszajap KaCHeTTePiHiH
KOHTPACT IapaMeTpJjepiH eckepe OTBIPBIN, MOJIIKTI OarajiaydblH KaTaH oSJIiCTeMeCi YCHIHBLIAIbI.
CranmapTThl OargapjaMaliblK HaKeTTepl KOJIAHATBIH CAHJIBIK MOJIJIbJEYre epeKIne Ha3ap
ayJIapbLIaibl, OUTKEHI ecenTeyaepiiH KabblK cHUlaThbl KeOiHece KOCBIHIBLIAPILIH bIKTUMAJIIBIK
YIIeCTipiMJIEPIH KACBIPBII KAJIabl. 3epTTey HOTHXKEJepl JMCIIEePCTI Ke3IefHCOK KOMITO3UTTEPIl
TaJgayna MaTeMaTHKAJJIbIK MOJEIb YFBIMBIHBIH KM KaTe KOJJAHBLIATHIHBIH KepceTeli, ocipece
FOMOTEHM3AIMs MEH ACHUMITOTHUKAJIBIK TaJIayJblH ipresi Karugajgapbl eCKepiiMereH Karmaiiia.
CoHbIMEH KaTap, aHAJIUTHKAJIBIK TYPFBLIAH JYPBIC *KOHE JI9JIIIr HaKThI OarajaaHrad (pOpMyJIaiapbl
IIBIFAPY YIMiH CUMBOJIIBIK ecenTeyIepai THiMIl maiaaaanyra 00aThIHbL 19/ IeHEI.

Marepuanmap/iplH, THIMJI TapaMeTpJiepiH aHBIKTAy/la AHAJUTHKAJBIK, TOCLIIED MEH CaHJIBIK,
MOJIEJIbJIEY apachblHIarsl e3apa bailiaHbIicKa epekiie KoHil 6esineai. 2KyMbicTa ceHiMIai bosKaMap
JKacay VIIiH TOMOI€HHU3allusi TEOPHUSICHIHBIH, iprejii KarujgajapblH CakTay »KOHE KOMIIO3UTTEP/IIH,
CTOXACTUKAJIBIK, MUKPOKYPBLIBIMBIH JYPBIC €CelKe aJly KaxKeTTiri kepceriiren. Kiaccukajbik
JKOHE 3aMaHayd TOCLJIEep/li CaJIBICTBIPY AapPKbLIbl KEHiHEH KOJJIAHBLIATHIH KYBIKTay/Iap/IblH,
KOJIJAHBLIY MIEKTePl aHBIKTAJIBII, OJAPJbIH ACHMIITOTUKAJIBIK, A9JIirl HakThianaabl. CoHgaii-ak
ecerTey pPoCiMJIEPiHIH AITBIKTHIFBIHBIH, MaHbI3IBLIBIFBl KOPCETIII, KOCBIH/IBLIAD T'€OMETPUSIChIHBIH,
OJIAPJIbIH, KOHIIEHTPAITUSICBIHBIH »KOHE KEHICTIKTIK TapaJslybIHbIH MaTepPUAJIbIH THIMJII KaCHeTTepiHe
oCepiH JypbIC TYCIHAIpyre MyMKIiHIIK OeperiHi aram erijemi. YCBIHBUIFAH OJIiCTEME INCIIEPCTI
KOMIIO3UTTEpPre OipTyTac Ke3Kapac KaJbIITaCTBIPBIN, THIMII OpTa TEOPHUSIIAPBI, eCenTeyimn
TOMOTEHM3aIlns >KoHe Komdas3abl MaTepHaIap CaJachlHIa >KYMBIC ICTEHTIH 3eprTeyIiiiepre
IPaKTUKAJIBIK YChIHBIMIAP Oepe/i.

Tyitin ce3mep: romorenmsalus TEOPUSICHI, JUCIEPCTI KOMIIO3UTTED, ©3iH-631 Kemicimuai oic,
ACUMITOTUKAJIBIK, TAJIAYy, CHMBOJIIBIK €CerrTeyaep.
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MaremaTudeckoe MoesinpoBaHue U 3(p@PeKTUBHbIE CBOMCTBA ANUCIEPCHBIX KOMIIO3UTOB

B. Murtromesn
QPakyIbTeT KOMIBIOTEPHBIX HAyK U MaTeMaTuku, KpakoBCcKuit yHUBEPCUTET TeXHOJIOTUM, yi. Bapiasa, 24,
Kpaxos, Ilosbimna

Awnsoramusi.  Onpenenerne 3(H@PEKTUBHBIX CBOWCTB JIMCIIEPCHBIX KOMITO3UTOB, TAKUX KakK
IIPOBOJIMMOCTDE M JUIJIEKTPpUYECKasd IIPOHUIACMOCTb, OCTaeTCd O,I[HOI';'I n3 NIEHTPaJIbHBIX 3a/1a4
Teopuu TOMOreHW3aIuu. B mgaHHO paboTe IpeJICTABIEH BCECTOPOHHUN IEPECMOTP METOJA
camocorsacoBarust (Self-Consistent Method) u ero cospemennbix mopndukanuii. I[Tokazano, 4arTo
MHOIr'ume TakK Ha3bIBaeMbI€ «HOBBLIE MOJIEJ/IN» B ,ZLefICTBHTeJIbHOCTH ABJIAOTCA JINIIb HpI/I6JII/I}KeHI/IHMI/I
IIEepBOIr'o IIOPdAJKa IIO0 KOHIEHTPAIIUNU BK.HIO“IGHI/II'?'I7 BOCIIPOU3BOJAININMHA KJIACCUYICCKUE DPE3YJIbTaThl
Makcgenma, Kiaysmyca, Moccortn m apyrux wuccienopareneii. Paspaboran crpormii momaxot
K OII€HKE TOYHOCTHU C y4YeTOM KaK KOHIEHTpalluu BK.HIO‘{GHI/HZ, TaK W ITapaMeTpOB KOHTpPacCTa
cBoiictB da3z. Ocoboe BHUMAHME YJEJEHO KOMITBIOTEDHOMY MOJEITUPOBAHUIO C HUCIIOJb30BAHUEM
CTaHJIAPTHBIX IIPOIPAMMHBIX TAKETOB, ITOCKOJIBKY HEITPO3PATHOCTD YUC/IEHHBIX BBIYUCIEHUN HEPETKO
CKPBIBAET JIeXKAI[e B MX OCHOBE BEPOSTHOCTHBIE pacipejiesieHus BkJitodeHuii. (CremaH BBIBOJ O
TOM, YTO IOHSITHE MaTeMaTHIECKON MOJIEIN YacTO MCIOJIb3YeTCs HEKOPPEKTHO IIPH MCCJIEIOBaHUN
CIIyYaiHBIX IMCIEPCHBIX KOMIIO3UTOB, OCOOEHHO KOIJIa NTHOPUPYIOTCS (DyHIAMEHTAIbHBIE TPUHIAIIBI
POMOTE€HHU3AINA U aCUMITOTHYECKOr0 aHaan3a. HakoHelr, moka3aHo, KaK CUMBOJIbHBIE BBLIYUC/IECHUS
MOI'yT 3(p@EKTUBHO NPUMEHATHCS ISl BBIBOAA AHAJUTHIECKH KOPPEKTHBIX (POPMYJ € TOYHO
KOHTPOJINPYEMOII TOUYHOCTBIO.

Ocoboe BHUMaHUE YJIE/ISIeTCs] B3aUMOCBA3HN MEXKJY AHAJUTHUIECKHMU ITOAXOJAAMH U INCJIEHHBIM
MOJEJIUPOBAHUEM IIPU OlpejeaeHnn 3P @EKTUBHBIX [TapaMeTPOB MaTepHaJsIoB. B pabore
MOJIEPKUBAETCsI, UTO HAJAEXKHbIE ITPOTHO3BI TPEOYIOT COTJIACOBAHHOCTH C (DyHIaMEHTaJIbHBIMI
NPUHIAIIAMA TEOPUU TOMOTEHHU3AIMH U KOPPEKTHOIO yYeTa CTOXaCTUIECKOH MHUKPOCTPYKTYPbI
KOMITO3UTOB. CpaBHenne KJIaCCHIE€CKMX W COBPEMEHHBIX IIOJIXO/IOB II03BOJISIET YCTAHOBUTH
TPaHUIBl MPUMEHUMOCTH MHPOKO HMCIOJIB3YEMbBIX MPUOJIUKEHUN U YTOIHUTH UX ACHMIITOTHIECKYIO
TOYHOCTH. TakKrke MOKa3aHa BayKHOCTH IIPO3PAYHBIX BBIUUCIUTEIBHBIX ITPOIELYD, 00ECIeINBAONIINX
KOPPEKTHYIO HWHTEPIPETAINIO BAUSHUA TEOMETPUM  BKJOYEHHUH, WX KOHIEHTPAIUd U
IIPOCTPAHCTBEHHOI'O pacipenenennss Ha >@(@eKTUBHLIE CBOWCTBa Marepuasa.  llpemgmaraemast
MeTojoIorus  (POPMUPYET eIWHBIA B3TJIAJ Ha JUCIHEPCHbIE KOMIIOBUTHI W IIPEIOCTaBJISIEeT
IPaKTHIECKIe PEKOMEH AN [IJIsI MCCIemoBaTesieil, padboraonmux B obmacTu Teopuii 9hPeKTUBHOMN
Ccpenl, BBIUYUCJIUTEJILHON roMoreonu3aliiym 1u MHOI‘O(baSHbIX MaTepuaJioB.

KurodueBsbie cjioBa: Teopusi TOMOI'€HU3AINH, TUCIIEPCHBIE KOMIIO3UTHI, METO][ CAMOCOTJIACOBAHUSI,
ACUMITOTUYECKU aHAIN3, CUMBOJIbHBIE BBIUYUCJIEHUSI.
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