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Some explicit expressions concerning the Nadiradze formal group law !

Abstract: This note provides some explicit expressions concerning the coefficient ring of the
Nadiradze formal group law. The motivation is that the Nadiradze, the Buchstaber and the
Krichever formal group laws are identical and the Krichever formal group law corresponds to
the Krichever-Hohn general elliptic genus [1].

Key words: Formal group law, cohomology theory.
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Introduction. A formal group law [2], [3], [4] over a commutative ring with unit R is a
power series F'(z,y) in R[[z,y]] satisfying

(i) F(x,0) = F(0,2) =z,

(ii) F(z,y) = F(y, ),
(i) F(z,F(y,2)) = F(F(z,y),2).

Let F and G be the formal group laws. A homomorphism from F to G is a power series
v(z) € R[z]] with constant term 0 such that

v(F(z,y)) = Gv(x),v(y)).

It is an isomorphism if /(0) (the coefficient at z) is a unit in R, and a strict isomorphism
if the coefficient at x is 1.

If F is a formal group law over a commutative Q-algebra R, then it is strictly isomorphic to
the additive formal group law x+y. In other words, there is a strict isomorphism [(z) from F
to the additive formal group law, called the logarithm of F',so that F(z,y) = 1"*(I(z) +1(y)).
The inverse to logarithm is called the exponential of F'.

The logarithm [(z) and the invariant differential form w(z) of a formal group law F over
the ring R are the series in R ® Q[[z]] given by

Todt OF(x,y)
@) = [ s o) = TP, 1)

There is aring L, called the universal Lazard ring, and a universal formal group law F(z,y) =
> aija:iyj defined over L. This means that for any formal group law G over any commutative
ring with unit R there is a unique ring homomorphism r : L — R such that G(z,y) =
>_rlai)zty’ .

The formal group law of geometric cobordism was introduced in [3]. Following Quillen we will
identify it with the universal Lazard formal group law as it is proved in [5] that the coefficient
ring of complex cobordism MU, = Z[z1,x2,...], |x;| = 2¢ is naturally isomorphic as a graded
ring to the universal Lazard ring.

For a power series of the form

l(z) =2+ lia? + o’ + ...

1The author was supported by Shota Rustaveli NSF grant 217-614
62
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its composition inverse
e(z) =x+ ez + egx® + ...

is given by

— Z (_1)k1+k2+... (n+ k1 + ko + "')!lllﬂlgz

en =
n + 1) kqlks! -

E1,ka,...>0 (n 4 1)k ko
k1+2ko+3k3+...=n

The coeflicients of the corresponding formal group law
F(z,y)=e(l(z)+l(y) =x+y+ Zaijmiyj

are thus given [6] by

fithat. (ot o+ ki +ir+i +hke+.. -1,
Qi = > (1) — 2
o io!jolk1lir!jrko! - -
1 +2vo+...=it+5—1,
i0-+2i1+3in+...=i,
Jo+2j1+3j2+...=J,
i1+j1+k1=v1,i2+j2+ko=r2,...

Definition 1. Let F(z,y) be the universal formal group law and w(x) its invariant differ-
ential form (1). Let

Az, y) = Ajaly) = F(a,y)(zw(y) — yw()) (2)

and define the universal Nadiradze formal group law Fy by the obvious classifying map of the
Lazard ring to its quotient ring by the ideal I generated by all A;; with 4,5 > 3.

In the rest of note we compute the coefficient ring of the Nadiradze formal group law in low
dimensions and prove it has only 2 -torsion.

1. CALCULATION OF THE COEFFICIENT RING OF THE NADIRADZE FORMAL GROUP LAW

The following proposition says that the Nadiradze formal group law is actually identical to
another two formal group laws previously defined by Buchstaber in [2] and by Krichever in |7].
See the detailed discussion in [8], [9], [10]).

Proposition 1 (See |9]). The formal group law Fy is identical to the Buchstaber and the
Krichever formal group laws. In particular, the corresponding coefficient ring is A = L/I, the
quotient of the Lazard ring by the ideal I generated by all A;; with 4,j > 3.

The calculation of the coefficient ring of the formal group law Fpy in low dimensions is given
by the following

Proposition 2 (See [6,11]). i) Let Q@ be field of rational numbers. Then A ® Q is the
polynomial ring Qay, - ,a4], |a;| = 2i.

ii) There is a set of polynomial generators zj, 29, ... of the Lazard ring L for which the low
degree defining relations for the ideal I are

9z5 = 2023 + 22124, 226 =0, 2126 =0,

Tz7 = 292124 — 8 22Z1223 + 2 222’15 + 62132’22 + 212’23 + 2 2222’3 +4 2’1324 + 32324 + 21232,

228 = 2ot + 212293 + 24t + 212232 + 20232 + 242,

Z326 — 0,

329 = 229%21%23 + 22922124 + 2z14zQ23 + 22132924 — 1856 2324212 + 2 213232 + 12 20%21° +
2 223Z13 +2 224Z1 + 42’1722 + 2 Z15Z4 +2 233 — 21242 +2 2’2323,

z10 =0, 2526 =0,

11217 = —19662 2222324 + 522223Z14 — 648 22323212 + 721322224 + 32221623 + 10 22213232 —
90238 2921°24 — 15772 212324 — 596 29t 23 + 9217292 — 10 21° 293 + 648822 213 29% + 10 20217 +
521°232 +10 21 24 4+ 5 202122324 + 8 2052124 + 9 29°21 + 8 21225° + 6 23242 + T 21°24% + 2 2421 23% +
92921242 + 8 z2233,

Z12 = 0.

13213 = 7 2102324 4+12 23324+ 2 21 234 +8 20° 23+ 5 202233 +2 21929 + 21 " 225 +8 212292 +3 21 M 29+
8217232 +3 212233 + 21924+ 11 21243+ 2 298 21 24 + 8 23242 29+ 6 23242212 +4 21324220+ 12 292 21 242 +

63
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12 29223221345 22323221 +11 2922321243 2232321249 29223216 4+2 2032524 +9 20232215+ 2 29233 21 2+
2

92023218 + 10 21° 20224 + 8 21 2024 + 3 213203 24 + 9 21323224 + 6 20232 2421 + 2 20232021 + 5 219242,
Let CP; be the bordism class of the complex projective space of dimension 2i. The explicit
form of the resulting generators z; which give the relations is given by

CP = —2,

CPy = —29 + 2:12 ,

CP3 =-2 zZ3 — 2’13 s

CPy=—24+ 62123 +4202+ 1321229 + 214,

CP;5 —625 +62124 + 629023 —12 Z122’3 — 44 Z13Z’2 -9 21222 — 215 ,

CPs = —26+ 122125 +3 2024 + 5 232 + 97 20211 + 20 21325 — 14 212292 — 13 21224 — 12 21 2925 —
10 293 + 2,6 ,

CP; = —412 2921 24— 132 2921225 — 21 T+ 1008 2925 — 176 2921° +48 212292420 21 29° —228 29223+
392 2’122’5 —30 2’142’3 — 144 21324 + 42324 — 26 21232 + 42126 + 4 27,

CPs = 31 20* + 15876 2421229 — 168 242123 + 3507 2132023 + 8085 2922123 — 39690 2921 25 +
164 212293 + 285 214292 4 326 20215 + 6699 z421* — 15 24292 + 42 21%25 + 99 212232 — 123 29232 —
72 21226 — 16581 21325 4+ 513 2325 + 215 + 45 2026 — 162 2127 + 3 28,

CPy = —10838140 29221223 + 637180 2922124 + 53835870 2122925 — 4317710 21%2925 —
21562380 2132924 + 1140 232429 + 196850 2524212 + 146250 21 23229 + 1000 27 2622 — 29840 213252 —
56 23210 — 1590540 292 25 — 190639 22221 — 24940 293213 +3000 29% 21 +320000 293 23 —64138 217 29+
22856490 21425 — 219 — 9267784 21524 — 20 25% — 1570 21326 — 6340 2729 + 222990 27212 — 40 2526 +
7760 2425 — 905 21Z42 — 715310 232175 — 4410 2128 + 10 29,

CPip = 1221 214252 4+4716 292215 +588 29218 —99 29° + 21 10— 353 212 29* — 23 23224 +100 21 23° —
42723 — 16 2218 — 62521322 — 62521222 — 3z521223 — 18252124 — 12 252023 + 3126 21%2925 —
769 2142924 —625 213292 23— 14 21229224 — 337 21 295 23— 3352 213 2324+ 108 212232 29— 210455 z422°+
2928 + 21228 — 6 2521° + T2 21 23 — 37 21024 + 374 214232 + 38 212242 + 122 292252 + 3 252 — 5 2129 +
128 21242023 + 2426 — 822242,

CPi;y = —2'' — 4419480 2922324 + 108279754836 29225211 + 34972085604 29323212 —
554307630 20223221 + 69564145560 21°29224 + 37140770688 2921525 — 1172417568 29213232 +
217793062992 2921°24 —

1720808904 2142524 — 1119738246 29%23 + 185105148021 292 + 866621352 21°29% +
54200319 z1329% + 548281300 29217 — 902,823 + 255168444 21°23%2 + 79744898736 2,724 —
785927604 292122524 —

2228536476 2932124 — 173685748572 21229°%25 — 542784416604 2142925 + 5562853260 29325 —
11251824 29°2; — 196668613788 21025 — 61688 21223% + 555888 23242 + 8968674 213242 +
14057880 21°26 — 1274916 2724 — 1918662768 27214 + 25202544 27202 + 2713952112 29252123 +
1059492 2421 232 + 4486884 2921 247 — 29978736 292524 — 68155488 2122524 + 6249073800 2132523 —
10116 21 2624 — 1892916 2132620 —

4566516 2126292 + 709092 2122623 — 721599024 2721229 + 820128 272123 — 3071640 23225 —
19032 223 + 37943844 2z321° — 115920 292623 + 15350232 212829 — 34968 2929 — 69540 29212 +
16512 2526 + 167778 21252 + 3312 21210 + 12 211 + 647216 29233,

CPy = 27972 218222 —218 2’2424 +2 29242125 — 2101 Z2242:1323 —4513 Z22242123 -2 212222’32’5 +
117959 20t 214 — 8721824 + 221725 + 1126 215232 — 515293232 + 1210 213233 + 1274 215293 +
262 + 117 Z32’4221 + 22123225 + 27213Z2 + 2721222 — Z721223 + 272124 — 272923 + 1002 Zgzllo +
2329 — 3243 — 2222Z523 + 36 234 + 12584 222’1723 — 21177 22216Z4 + 12181 21522223 + 2821222 —
221211 + 618 1% 29224 — 211 21224232 — 4582 21°2425 + 21°2425 + 143 2024232 — 33 29242212 +
292426 + 9259 214 20252 + 2 21° 2925 — 426 21 2923° — 29° 2125 + 919 212292232 — 219 + 9039 21329325 —
375 21229324 + 1603 2922125 — 21329 + 45 292242 + 204 214242 + 2824 + 2821 + 2212252 — 3 2721° +
1589 295212 — 2 20252 + 110 21°23 + 316 225 + 2112,

CPi3 = 28 223Z3Z14l5 + 28 217222415 + 28 Z223218l5 + 28 Z15224l5 + 28 21522224l5 +
21957688480 25242125 — 25984 216z32405 — 2113 4+ 253972080384372 2102324  —
102142354608 2142326  —  917324631638772 21°2325  + 774479019846 21225225 —

221549979014 2132527 + 4789739192 2122325 — 750298323838 2125292 + 8470183862 2929212 —
843524388 252629 — 2397633868 2526212 — 2039908220 21 25229 — 161547456 21 21022+ 888538 25324+
64



M. Bakuradze

3034941 z123% + 47390 21212 — 14 21°24%15 + 1709185730 z929° + 278420488638810 21627 —
5506097288622 z1° 25 + 54731104539230 29° 25 — 31496687992 292233 — 1017753241974 z1329° —
50217966488172 21°29%  —  216143458444680 217 29%  —  295379777060487 219292  —
79562165249580 211 zy  — 37028033981636 217232 + 22531287660 214253 — 1322110253 —
11571920739862596 21224 — 2039967466312 21726 + 28538924100179684 21825 — 42152921 +
157243912 242128 + 17311000 2125226 + 25224052 212527 — 28651 21262 — 116998 2627 —
1517054 23227  + 14213 + 1790978 232426 — 276570616 24225 + 32000164 z124° —
357434 2429 — 4227846 232129 — 565040 2825 + 28 2022321005 + 282192405 + 2821729515 +
5755956221316 202524212 4+ 464380238 21262420 + 8428023210 — 87035536 23252 +
108927368393060 z9%2124  +  7683046199778306 21220325 — 27219491838 2324229  —
87277233106 23242212 — 320263784498 21324229 + 62558300952 272429 +

177070239640 2724212 +  31616577323982 272922 - 242011512449 29227 24> +
1521985552150 2922524 + 9074189672282 2142524 + 1537679514 2132524 + 223196749118 21 26295 +
142655061164462 292252212 +  26943649834766 29323221 — 1547054901455140 z9% 2322 —
10362206847356952 2932321+ —

17525892343180382 29223215 4+ 204638362096 2932324 +  159658152412290 z923221° —
158101632304 29253212 4+ 149485731248 2923225  —  5389533397671810 2923215  +
5652735872 2922326 + 928964372 292328 —

20729631526523920 2129224 + 51708527713926958 21429225 — 35497694223101806 21" 2924 —

3077116971571034 21329324 — 411779045748 21°2026 +  88366298581246112 2162925 +
754768376306 21°20%2 4+  198386947750250 2142027  — 4080023512124 2132925  —
242831535926 21°25224  +  39143509492808 2922324212  — 57285895352 292322421  —
131909146819548 292232125 + 208131656717936 29232421 — 18277296030 292321226 —

723679606860126 292321325 — 37107601720 29232127 + 168 2129215 + 56 21 29l5 + 28 217 23215 +
28 21423315 — 480477816 213210 — 586754 21129 — 1646708 211212 + 10091779250 2921 —
21762685868 213252 — 271903841623400 29125 + 549996127226 25021 — 971047251195 21°242 —
1231901606362 27 295.

Here in the expression for CPi3 the factor [5 = %CP5 and should read by the expression
for CP5 above.

Note that in dimensions 20 and 24 there are no indecomposable elements, as z19p = 0, 212 =0.
The question is in which dimensions any element is multiplicatively decomposable.

Also we see that in dimension 12 there is 2-torsion as 2z¢ = 0. By [12] the only 2-torsion
can occur here, i.e., our ring is torsion free after localized away from 2 (in particular if kill
z¢ in the relations of Proposition 2. What follows is not a complete proof but an alternative
evidence to this fact. Our arguments are based on actual calculation of much longer segment of
the relations of Proposition 2. We cannot write the long list of these relations here for obvious
space reasons, but the general picture will be made precise below. We suggest a reader interested
in the complete proof to compare our arguments with a detailed discussion of the Abel formal
group law performed in [13] and [14].

Proposition 3. Let A the coefficient ring of the Nadiradze formal group law Fxn and A,
be its localization at prime p # 2, then
i) For p > 5 the additive basis of A, is the set of monomials

i1 02 13 14 01 12 Uy
{21252 25 z4zpzp2-~zpk\lm§p—1},

not containing the factor 2124, i > % and the ring A has no p-torsion.
ii) A3y has the additive basis

{lezgnzglzzzéz e Z?),IIE |j17 k=01, 2}
and the ring A has no 3-torsion.
Consider the following three additive subgroups of A(,):

Al = U, A’(kp)(s) , where A7 \(s) is generated by the monomials
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Al a2,
e agaal - 2k,
Amg a2k
l ;;2;1 m_n ji .J2 Jk
2’122 23 24 Zp Zp2 cee Zpk,

where k <s, j, <p—1;
A’(p) =, A’(p)(s) , where A’(p)(s) is generated by the monomials

i1 2 i3 i4 j1 ,J2 Jk : .
z122z324zjz2---zpk, E<s, jm<p-—1;

P “p
" __ " " : :
A(p) =, A(p)(s) , where A(p)(s) is generated by the monomials
L ip s e i i i
legagalyl s ak k<s.

The claim is that the obvious inclusions A?p) C A’(p) C A'(’p ) C A, are actually equalities.
Similarly for the following two additive subgroups of A3 :

AZ‘?’) =, Az‘g)(s) , where A{S)(s) is generated by the monomials

L. m_ji_n_j2 Je s .
R1R9 R3 24 29 "'ngv Jiy 7]k_071727 k§37

A’(g) =, A’(B)(s) , where A’(3)(s) is generated by the monomials

L. m_j1,n_j2 Jk .
2129 23 24 %y Zgis J1scc 5 Jk 2 0, k< s

Note that the above calculations agree with the following result of Nadiradze [12]

Proposition 4 The coefficient ring of the Nadiradze formal group law after localized away
from 2 can be realized as a coefficient ring of a cohomology theory with singularities.

This can be done by Baas-Sullivan theory [15] by using the complex cobordism and the regular
sequence consisting of the relations of ideal I of Proposition 2, namely those of z; =0, i # p
and the decompositions of pz, , for primes p # 2.
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M. Bakypanze

Us. JIoicasazuwsuau Tousucu memaekemmir YHUBEPCUMEMINIY, 094 HCOHE AHCAPAMBIABICINGY 2HALMOIAPLL PaAKYALMEMT,
Téounucu, I'pysus
A. Pasmadse amwnday I'pysus gouivim axademusconoiry Mamemamurka unemumymos, Touaucu, I'pysus

Hanupanze popmasibl TONTAPbIHBIH, 3aHAAapbIlHA Oopall Kelbip aoJ1 epHeKTep

Annoranms: Makamaga Hanupanzse dopmasnasr Tomrapsl cakuHagIapbl Ko3(MGUIUEHTTEPIHIH 3aHbIIBIKTAPbIHA
KaTBICTBI KeHbip 1oy epHeKTep aublHabl. bBys 3eprreyrnepre neriz 6onram Hagupanse, Byxmrabep xome Kpuuesep
dopmasipl TonTapbIHBIH 3aHAAapbIHBIH Oipaeit 6oaybl MmeHn KpuueBep dopmasasl Ton 3aHbiHbIH KpuueBep-HosH 2kastmnbr
S/IMITHUKAJIBIK *KUBIHBIHA Colike Keuyi [1].

Tyin cesmep: Popmanasl Tonrap 3aHAapbl, KOTOMOJIOIUsI TEOPUSICHI.

M. Bakypanze

Daxyavmem mouHvix u ecmecmeennur nayx Touaucckozo eocydapecmeennozo yrnusepcumema umernu He.
Lotcasazuweuau, Tourucu, I'pysus
Mamemamuneckuts uncmumym um. A. Pazmadze AH I'pysuu, Tourucu, I'pysusn

HexoTopsblie TOYHbIE BbIPA>XE€HUsI OTHOCUTEJBHO 3aKOHOB (phopmanbHbix rpynn Hagupanse

Annortanus: [losmyuersr HeKOTOPbIE TOUHBIE BEIPAYKEHUS OTHOCUTEIBHO KOIMMUIIMEHTOB KOJIEL 3aKOHOB (POPMAIBHBIX
rpynn Hagupaznzse. MoruBaius 3akirodaercss B TOM, 49TO 3aKOHbI (popMmasibHbix rpynn Hagupaznse, Byxmrrabepa u
Kpuuesepa nnentuans: u 3akoH dopMaabHoil rpynnsl KpudeBepa coorBeTcTByeT 00IIieMy SIUITHIECKOMY pofy Kpudesepa-
Hosna [1].

KuroueBsbie ciioBa 3akoHBI (POPMAJIBHBIX MPYIII, TEOPUsT KOTOMOJIOTHH.
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crpana, E-mail aBropa(oB), 3armasue cratbu, anHOTanms. AHHOTAIMS JOJKHA COCTOATh u3 150-250 cios, He
JIOJIPKHA COJIEPXKATH TPOMO3IKIE (POPMYJIBI, TI0 COAEPKAHUIO HE JOJI?KHA [TOBTOPITH HA3BAHUE CTATHU, HE JOJKHA
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