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Abstract. Problems related to finite-dimensionality, compact embeddings, and quantitative esti-
mates of dimensions of embedded subspaces in Bergman spaces play an important role in approxima-
tion theory, Banach space geometry, the theory of holomorphic function spaces, and the analysis of
infinite-dimensional dynamical systems. Classical results of Grothendieck and Subramanian estab-
lished fundamental principles for embeddings of subspaces in L, -spaces, while recent studies have
extended these ideas to Bergman spaces of holomorphic functions on bounded complex domains. In
this context, the investigation of quantitative dimension estimates for closed subspaces embedded
into Bergman spaces with stronger integrability conditions becomes particularly relevant.

In this article the finite-dimensionality Grothendieck type problem for closed linear subspaces of a
Bergman space A,(2,d)) of holomorphic and p - integrable with respect to the Lebesgue measure
d\ on a bounded complex domain  C C", embedded into a Bergman space A,(£2,d\) for ¢ >p >
1, is analyzed. It is shown that if a closed linear subspace S;()q) C Ap(Q,dN) — Ay(Q,dN),q >p>1,

2(g—1 2—q
its dimension dim S,(,q) = N € N proves to satisfy the numerical inequality Wy qN e . (g)‘?({jl—l) 77 <
f(]iq for some bounded constant K,, > 0, where wy = |[SU(N)| is the volume of the compact
unitary group SU(N),|Q| is the volume of the bounded domain Q C C™ and ky(&p) > 0— is the
corresponding homogeneity parameter at & = (1,0,0,...,0)y € ODY c CV.
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1. Introduction

It is a classical problem of the Banach space theory to search for estimations of the dimension of
linear closed subspaces of the functional Banach space L, (M;dp), p > 1, (in part, in L, (0, 1;dX),
which has many applications in operator and approximation theories [1]- [10], in dynamical systems
theory [11]-[17] and other applied fields. Here one can recall the known Subramanian inclusion
theorem [18| of L,(M,dp) into Ly(M,dp) for 0 < p < g and the classical Grothendieck theorem

[19] on the estimation of the dimension of a linear closed subspace Sz(;oo) C Ly(M,dp), embedded
into the Banach space Loo(M,du) with respect to a probability measure p on a space M, as well

as its generalization on the case of a linear closed subspace S,gc) C C(M;R) of continuous functions,
identically imbedded into Lo(M;du).

Recently, in November 2025, the authors of the work [20] announced the Grothendieck type
embedding theorem for the Bergman space A,(€Q,d)\) = Hol(2) N L,(€2) of holomorphic functions
on a bounded domain 2 C C" and p - integrable on €2 with respect to the Lebesgue measure.
They stated the following result.

Teopema 1. Let ¢ > p > 1 and for any bounded domain 2 C C"™ a closed subspace SI(,q) C
A, (Q,dX) of the Bergman space Ap(§2,dX) be identically embedded into a Bergman space Aq(Q, dX).

Then the dimension dim S,(,q) < 00.

The authors of this theorem based their proof on the following well known classical theorems
[21]-[22] from functional analysis.

Teopema 2. If a bounded operator J : X —Y from a Banach space X to a Banach space Y is
compact and its image Im J CY s closed, then dim (JX) < oo.

Teopema 3. (F. Riesz) A linear subspace of a normed space X is locally compact if and only if it
1s finite dimensional.

As the authors of the above theorem did not obtain the upper estimation of the dimension dim
SZ(;q) = N < oo of the subspace SIS") C Ap(Q;dX) of the Bergman space  A,(€Q,d\), embed-
ded into the Bergman space Ap(€2;d)), we proposed a completely different approach to studying
the Grothendieck embedding problem and presented an upper estimation of the closed subspace
dimension under regard. In particular, we have stated the following dimension estimation theorem.

Teopema 4. Let a linear closed subspace SI(;Q) C Ap(Q,dN\),p > 1, be identically embedded into

a Banach space Ay(S;d\)  for ¢ > p > 1, where dX\ s the Lebesgue measure on a bounded

complex domain Q@ C C". Then  the dimension dim SZ(QQ) = N € N of a closed subspace S,ﬁq) C

2(g—1) 2_g¢
q —q ~ ~
Ap(Q2,dN)  proves to satisfy the inequality “)1"7% < Kg,q for some bounded constant K, , >

Nky (&) ¢
0, where wy = |SU(N)| is the volume of the compact unitary group SU(N),|Q| is the volume

of the bounded domain  C C"and kyn(&) > 0— is the corresponding homogeneity parameter at
& = (1,0,0, ...,O)N e oD c N,

In the special case ¢ = oo, when a closed linear subspce SI(,OO) C Ap(Q,dN),p>1, is identically
embedded into the Bergman space Ao (€2,d)\), there is obtained the classical Grothendieck type
theorem.

Teopema 5. Let a linear closed topological subspace S,(,oo) C Ay(Q,dX\),p > 1, be identically
embedded into the Bergman space Ao (2, dN), where dX\ is the Lebesgue measure on a bounded

domain Q C C™. Then  the dimension of the closed subspace SZ(;OO) C A, (Q,dX)  proves to satisfy
the inequality dim SSX’) =N< IN(;OO for some bounded constant f{pm > 0.
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2. Embedding of closed subspaces into Bergman spaces

Below we consider a closed linear subspace SI(,q) C Ap(Q2,dN) ), allowing the identical embedding
into the Bergman space A,(€2,d\) ), where g > p > 1. Then the following theorems holds.

Teopema 6. The Bergman spaces — Ap(,dN),p > 1, with respect to the Lebesgue measure dX\ on
a bounded complex domain € C C" are Banach spaces.

This theorem is based on the local precompactness of a complex bounded domain € Cc C" and
the following classical Bergman estimation theorem.

Teopema 7. For any compact subset V. C Q and arbitrary function f € A,(Q,dX\),p > 1, there
ezists such a bounded constant Cq(V)) > 0 that

Slvlplf\ < CoW)IIFlp- (1)

Proof. Sketch. As the norm [|f||, of any function f € A,(£2,d\),p > 1, is a subharmonic function,

the estimation (1) easily follows from the compactness of the subset V' C Q and the fact that the

distance dist(V,08) = ry > 0. O
(9)

Now we can formulate our main dimension dimS,"” = N estimation theorem.

Teopema 8. Let a linear closed subspace SI(,q) C Ap(Q,dX\),p > 1, be identically embedded into

a Banach space Aq(Q;dX\)  for ¢ > p > 1, where dX is the Lebesque measure on a bounded

complex domain  C C". Then  the dimension dim SI()q) = N € N of a closed subspace S;[(;q) C

2(¢g—1) 2—¢q
q —q ~ ~
Ap(Q,dN)  proves to satisfy the inequality W < Kg’q for some bounded constant K, >
Nkn (&) ¢
0, where wy = |SU(N)| is the volume of the compact unitary group SU(N),|Q| is the volume

of the bounded domain Q C C"™and k(&) > 0— is the corresponding homogeneity parameter at
& = (1,0,0, ...,O)N e oDN cCN.

Let us consider a closed linear subspace SI(;q) C Ap(Q,dN) of the functional Bergman space
A,(M,dp), p > 1, with respect to the Lebesgue measure on €, satisfying, in addition, the
identical embedding constraint SZ(JQ) C (Ap(Q,dN); || - |lp) = (Ag(2,dN); ]| - |lq) for ¢ >p>1. In
order to state Theorem 8 we need some two lemmas.

Jlemma 1. For any q > p > 1, there exists a bounded positive constant K, , > 1, such that

1£1lq < Kpg 11l (2)
for any f € S C Ay(Q,dN) — Ag(Q,dN)).

Proof. As the linear subspace SIEQ) C Ap(Q,dN), imbedded Ay (Q,dN)),q > p > 1, is closed in
A, (Q,dX), one can define the identity imbedding mapping

JND 2 S C AL (Q,dN) = Ag(Q,dN)). (3)

If a sequence {f, :n € N} C S]gq) converges in SIEQ) C A,(Q,d)\) to an element f — SZ(;Q) —
Ap(€Q,d\) with respect to the norm on Ap(£2,d\) and simultaneously its image {Jlgq)fn :n € N}

C SI(,q) C Ay(Q,dX) converges to an element g € A,(Q,d\) C A,(Q,d\) with respect to the norm
on Ay (Q,d)), one can identify these limiting functions f ~ g almost everywhere. Really, since
(Q,dX\) C Ay(Q,dN) — Ay(Q,dN),q > p > 1, from the estimations

1f=gllp <11f = fallp + llg = fally <
<|f = fallp 1 (g = fa) llp < (4)
<= Fallp+ 1 (9= ) Iy "0
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one obtains that f ~ g almost everywhere and the image J;L(,q) (SZ(,q)) C Ay(2,dN) is closed in
A (9Q,dN),q > p > 1. The latter, owing to the Banach closed graph theorem (see [21]-[25], gives rise
to the existence of such a positive constant K, , < oo that

1 fllg < Kpg £l (5)

for arbitrary f € 5,2‘1) C Ap(Q,d\) — Ay (Q,dN),q > p > 1. Remark also, that the following
estimations

112 <11 Fllg = 11959 fllg < Kpg [1f]lp < 00 (6)
hold for any f € SI(,q) C Ap(Q,d\) — Ay(Q,dN),q > p > 2, easily following from the Young
inequality. (]

Taking into account Lemma 1, we can formulate the next lemma, which is in some sense the
converse to the inequality (2).

p—1

Jlemma 2. There ewists a bounded constant f(p,q = K}p,Co(V) » > 0, such that the following
mnequality
| fllav < Kpg [Ifll2v (7)

holds for any compact VC Q and f € S](gq) — Ay(Q,dN), ¢ >p>1(#2).
Proof. If 1 < p <2, from the Young inequality
Al < 11/1]2 (8)
forany f € SIS‘” C A, (Q,dN) — Ay(Q,d)) one obtains inequality (7) for the bounded K, > 0.
If p> 2, then for any compact V C £ one can make use of the following inequality:
p—1

1fllpv < CoOV) 7 £, 5 11115 9)

which holds for arbitrary [ € SI(,q) C Ap(Q,dN). Now having put, by definition, ¢ > p > 1, the
inequality (9) jointly with that of (2) gives rise to the searched estimation (7), where the constant
-1

p

Kpq = Kb ,Cy(V)» >0 is bounded, thus proving the lemma. U

Proof. (Proof of Theorem 8). Based on the lemmas above, one can proceed to proving Theorem 8.
First we can observe that inequality (7)  can be estimated, owing to the classical Young inequality,
from the below as

’lgo(f)‘v < Kp,q HfHQV (10)
by means of a bounded linear functional [,|y : (Sz(,q); l| - llp,y) — C on the Banach subspace

(S5 1v |- lqv), where Lo(H)lv = (elf)ly = [, @fdX for some g € (S7]v: |- llov) = (55" |vs]]
llv), 1/¢+1/q =1, under the constraint ||p||gy = 1. Taking inequality (10) and the evident

embedding condition (SISQ); |- [l2,v) C (SI(;Q); || - |lg,v), one can calculate that
Lo (f)lv -
I L P (1)
1 fllav 20 |12y
If now to choose an orthonormal basis ®@|y = {p1,¢2,...., o8}y C (SI(,Q)|V; || - [|2,v) for some
NeN, (gilep)lv = [, @ierdN = i, |l@jll2,y = 1,7,k =1, N, one can observe that a function
ealv = (aledvy = TiLiaseslv € (S”Ivill-[l2v) has the nom
N 1/2
leallzy = | D_lal® ] =lalw, (12)
j=1
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N
where the vector ¢|y = (p1,92,..., oN)T|v € (SI(,q)|V> and took a € EV, as an arbitrary vector.
Having substituted the value of the norm (12) into (11), one obtains the inequality

laly < f(p,q’ (13)

which should be combined with the imposed above condition |||z = 1. Taking into account
that

lellZy = /V alg) w7 = [al?, /V €lg)wlidA = 1, (14)

where a € EN and € :=a/|aly € 0DV, ||y =1, we can get rid of the variables £ € 9DY, if to
apply to the above norm equality — (14) the averaging method [26]-[27] over the unit sboundary
DY, which is equivalent to double averaging over the compact Lie group SU (N), as all vectors
¢ € 9DV allow the representation ¢ = &g € IDY at the fixed wector & = (1,0,0,...,0)n
c oD c CN,[&| =1, and g € SU(N). Namely, by integrating it with respect to the compact
group measure dwy(g),g € SU(N) :

0l fyr @\ (S Ao (@) Goglio)61T) = lalfkn (€0) fir dlolh =

’ ’ (15)
= laliy Il lelnllgy kn(&) < wn,

where ky(&) > 0 is the corresponding homogeneity parameter at & = (1,0,0,...,0)y € oDV
cCV, and wy = |SU(N)| = fSU(N) dwn(g) denotes the compact SU(N) - group volume, we
can equivalently obtain from (15) that
1/q
w
laly = N . (16)
| lolnllq.v kv (€0)'/a
: a-2 _ 1/2 ) 22 a=2
Since the norm || [plwllay < 1| [elllvI9fS = (i (@le)ndn) 21005 = N12j0%, where
we have denoted the bounded domain volume [Q] := [, d\, the equality (16) jointly with the
condition (13) yields the final numerical estimation

W%Q*l)/q |Q|%

-2
N (el = Bea (17)

whose left hand side is bounded for those integers N € N, which ensure the embedded subspace
S;,(,q) C Ay(Q,d\) — A (Q,d\) at given q > p, to be finite dimensional, that is dim

Sz(,q) = N < oo, thus proving the theorem.
Regarding the critical case ¢ = oo, since the representation (10) is not more acceptable, the
linear bounded functional used there should be replaced by the following natural expression:

(v < Kpoollfll2v (18)

for any f € S,(JOO) C Ax(2,d)\) and arbitrary compact V C 2, where at z € V  the value

l(f)lv = f(z)lv € C. Having calculated the value  supj, 0 ‘fﬁﬁ% = ||l]lv €< Kpoo and

using the Riesz representation theorem for the functional [, : (SIL(,OO) lvill-]l2,v) = C on the Hilbert
subspace (S,()OO)]V; | [l2,v) C (Ap(V,dN);|| - ||2,v), there exists for any « € V C Q such a function
g € (S vill-llay)  that

L:(f)lv = (gl )lv (19)

and ||lollv = llgell2y for all f € (S5vsl - [l2). I now @5y = {1, 02, .o, Hv
C (SI(,OO)\V; || - [|2,v) is a complete orthonormal set of functions, that is ||¢j|lo,v =1, (¢jler)lv =
[ @ierdp = ik, j, k € N, the related Parceval equality

2 _ N2 A 2
lgzll3 = D 1(gele) [ = D lei(@)l (20)
jeN jEN
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combined with the inequality (19) yields the next one:
Y lei@))? < K o, (21)
JEN

which holds for any = € V C €. Having integrated the obtained inequality (21) over the whole

space V C 2, we obtain that
card () = N < K2 (22)

for some N = dim SI(;OO). U

The reasonings above, concerning the special case ¢ = oo, can be reformulated as the following
theorem.

Teopema 9. Let a linear closed subspace S,SOO) C Ap(Q2,dN),p > 1, be identically embedded into
a Banach space Aso(2,dN\), where dX is the Lebesgue measure on a bounded complex domain
Q C C*. Then  the dimension of the closed subspace S]E,"O) C Ap(Q2,dX\) proves to satisfy the
inequality dim S,()oo) =N< f(g,oo for some bounded constant K > 0.

3. Conclusion

We considered closed linear subspaces SZ(,Q) C Ap(2,d\) of  the functional Bergman space
(Ap(2,dN);||-1lp), p>1, allowing the identical embedding into the Bergman space (A4(£2,dN)); ||
llg)s ¢ > p > 1, regarding the Lebesgue measure d\ on a bounded complex domain € C C".
Based on the averaging technique on the unitary Lie group SU(N), we derived the numerical

2(q—1)/q 2-q ~
estimation ¥ N (L?)'Qéfl) 7 < K;%,q for the dimension dim Squ) = N of a closed linear subspace
SI(,q) C Ap(2,dN),p > 1, embedded into a Bergman space A,(€2,d)\),q > p > 1, where IN(p,q >0

is some some bounded constant, wy = |SU(N)| is the volume of the compact unitary group

SU(N), |92 is the volume of the bounded domain  C C" and kn(&) > 0— is the corresponding
homogeneity parameter at & = (1,0,0,...,0)y € 9DV c CV.
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Beprman keHicTikTepingeri TyNbIK CBI3BIKTBIK, IIIIKi KEHICTIKTEp TypaJibl Keibip
ecKkepTyJiep
A.K. IIpeikapnarckuii |, A.A. Basuscknii 2

! KoMIbioTepJTiK FBUIBIM/IAD YKoHe MareMaTnka dhakyibreTi, KpakoB TeXHOJOTHSIBIK, yHIBEPCUTET,

Bapmasckas kereci, 24, Kpakos, Ilosbmia; Ecenrey maremarukaco! kKadeapachl, «/IbBOB MOJTUTEXHUKACHI»
Yorrreik yauepcureri, Crenian Banepa kemeci, 12, JIbos, 79013, Ykpauna.
2 Maremaruka dakymnsreri, Kapmudd yrusepcureri, Cenrenut Poys (Senghennydd Road) xereci,
Kapmudpd CF24 4AG, YasiOpuranusi.

Annoranusa. I'porenguk nen CyOpaMaHnaHHBIH KJIACCHKAJIBIK HoTHzKeaepi L, KeHicTikTepine
ikl KeHICTIKTepi eHri3y/iH ipreji KaruJajapblH KaJbIITACTBID/LI, aJj KeHiHri 3eprreyiep Oy
njesdapbl  IMEKTeJreH KOMILIEKC OOJIBICTAPBIHIa AHBIKTAIFaH TOJOMOPQTHI  (DYHKIUIIaAPIHIH,
Beprman xenicrikrepine »kaimnbuiaabl. Ocbl TYPFBIIAH aJraHia, THTerpaIaHy mapTTapbl KYIITIpeK
bostaTerH Beprman keHicTiKTepine eHri3ireH TYHBIK IMKI KEHICTIKTEPiH OJIIMEeMIIriHe KAThICThI
CAHJIBIK, Oarajap/ibl 3epTTey epeKIlle O3eKTLIKKe ne.

By xywmbicta menenren 2 C C™ obsbicoinma Jleber esmmeMine KATBICTBI P -WHTETPAJIAHATHIH
rosomopdrel - dynkimsapabpiE, - Ap(2,d\)  Beprman  kemicririmii < TY#BIK  CBIBBIKTBIK ~ iIIKi
Kenicrikrepi yiin I'poreHauk TUIIHAETT akbIpJbl ©JIIEMILIK Maceaeci KapacThipbLiaibl. Aral
afitkauga, ¢ > p > 1 xarmaiteiaga A,(Q,d\) kenicririnin A4(,d\) Beprman kemicririne

y3i7icci3 eHrisijieTiH TYWBIK, CBhI3BIKTBHIK 1K KeHIiCTIKTepi 3epTTeseni. Kes Keiren Sﬁq) C
Ap(Q,dN), S,(,q) —  Ay(Q,d\) TYHBIK CLI3BIKTLIK MK KeHIiCTIiriHiH AaKbIpJIBI  eJImeM/I
bostarniabl Jpieigerai.  ConbiMen Karap, dim SISQ) = N OoaraHaa, OHBIH OJIEM/IIIr YImiH
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2(g—1 2=q

wN(qN v kN(!g‘Sg)‘2(z—1>/q < Kp,q? canaplk Garamaybl anbmHagsl, Mysiarsl wy = |[SU(N)| — SU(N)
BIKIIIAM apHAibl YHUTAPJBIK TOOLIHLIH Kesemi, || — €2 obubiceinbie kKesemi, ky(&y) — & =
(1,0,...,0)N € oDV mykrecine coiikec keserin Giprexrimik mapamerpi, an Kp,q > 0 — enrizy
TYPAKTBICHL.

Tyitin ce3mep: TYUBIK CLIBLIKTHIK, iIMKi KeHicTikrep, Beprman kenicriri, Banax yHKIMSIBIK,
KEHICTiri, akbIp/ibl eImeM/ Ik, Jleber esmremi, enrisy.

HeKOTOpre 3aMevdaHnud O 3aMKHYTbIX JIMHEMHBIX IIOAIIPOCTPAHCTBAaX B IIPOCTpPaHCTBaxX
Beprmana
A.K. Ilpeikapnarckwmii |, A.A. Banmuackunii

! @akyapreT KOMIBIOTEPHBIX HAYK U MaTeMaTHKN, KpaKOBCKUil TeXHOJOTHMYECKHH YHUBEPCUTET, VJI.

Bapmagckasi, 24, Kpakos, [losibina; Kadempa seraucaureibaoit maremaruku, HarmoHabHbII yHUBEpCUTET
«JIpBOBCKast mojinrexuukay, yi. Crenana Banmepsr, 12, JIbos, 79013, YkpauHa.
2 Maremarmyecknii daxynsrer, Kapmudbdceknit yamsepenter, ymuma Cenrennt Poys (Senghennydd
Road), Kapaudd CF24 4AG, Bemukobpuranusi.

Ansoramms. Kiaccuueckue pesyiabrarsl 'porenanka n CyOpaMaHuaHa 3aJI0XKUIH QYHIAMEH-
TaJIbHbIE IIPUHIUIILI BJIOYKEHUs IIOIIPOCTPAHCTB B IpocTpaHcTBa L, , Torja Kak Oojee I03/H1E
UCCJIe/IOBaHUsT PACIIPOCTPAHUIN 9TU HJIEU Ha MPOCTpaHCTBA bBeprMana rojgoMopdHBIX (QyHKIINIH,
OIIPEJIEIEHHBIX HA OFPAHUIEHHBIX KOMILJIEKCHBIX 00/1acTsAX. B 9TOM KOHTEKCcTe 0COOYI0 aKTYaIbHOCTh
nprodpeTaeT MCCICAOBAHNE KOJMYCCTBEHHBIX OIEHOK Pa3MEPHOCTH 3aMKHYTBIX ITOJIIPOCTPAHCTB,
BJIOYKEHHBIX B IIPOCTPAHCTBA BeprMana ¢ 60j1ee CHJILHBIMU YCIOBUAMHU UHTETPUPYEMOCTH.

B pabore ucciienyercs 3amada tuma ['poreHanka 0 KOHETHOMEPHOCTH JJIsl 3aMKHYTHIX JIMTHEHHBIX
HOIpOCTPaHCTB mpocTpancTsa Beprmana A, (€2, d\) rosomopdubix DyHKIUIA, p-HHTErPUPYEMBIX
oTHOCUTEJILHO Mepbl Jlebera Ha orpanumuennoit obsactu €2 C C" | HenpepblBHO BJIOYKEHHBIX B
npocrpancrso Beprmama A (Q,d\) mpum ¢ > p > 1. [okasaHo, 4YTO BCSKOE 3aMKHYTOE

JIMHEHHOE TIOIIIPOCTPAHCTBO Sz(,Q) C A, (Q,dN), SI(,q) — Ay(Q,dN), aBISETCH KOHEIHOMEDHBIM.

)

Bosee Toro, ecmm dim Slgq
R

N kN(go)Q(qfl)/q
SU(N), |9 — obbém obmact 2, kn(&) — COOTBETCTBYIONIMII TapaMeTpP OJHOPOAHOCTH B TOUKE
& =(1,0,...,0)y € ODV | a f(p,q > (0 — KOHCTAHTa BIOXKCHUS.

KiroueBble ciioBa: 3aMKHYTble JIHHEHHBIE IOAIPOCTPAHCTBA, IIPOCTPAHCTBO bBeprmana,

H6anaxoBo (pyHKIMOHAILHOE TPOCTPAHCTBO, KOHETHOMEPHOCTD, Mepa Jlebera, BiIo2KeHMe.

= N, 10 pazmepHocTbh N yIOBIETBOPSAET KOJUIECTBEHHON OICHKE

< Kp,¢?, e wy = |SU(N)| — 06bEM KOMIAKTHOH YHHTAPHOIN IPYIIIBI
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