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Abstract. This paper investigates the asymptotic behavior of finite sets that minimize the
Hausdorff distance to a compact metric space. The primary objective is to establish conditions under
which the empirical measures supported on these optimal sets converge weakly to the normalized
Hausdorff measure. To facilitate this, we introduce the class of uniformly asymptotically open convex
Euclidean metrics. These metrics characterize spaces that exhibit a local Euclidean structure in
an asymptotic sense, allowing for a rigorous analysis of the geometry of Voronoi cells. The paper
provides a sufficient reformulation of weak convergence based on the concept of sets uniformly eating
Voronoi boundaries with respect to a regular measure. A complete proof of weak convergence to
the normalized one-dimensional Hausdorff measure is presented for the specific case of a connected
one-dimensional manifold (the circle). While the one-dimensional case yields a clear result due to
the simple structure of Voronoi boundaries, the paper concludes by noting that higher-dimensional
cases remain an open challenge due to the increased geometric complexity of the resulting Voronoi
cells.

Keywords: Hausdorff distance, empirical measures, quantization, Voronoi cells, weak conver-
gence, metric compacta

DOT: https://doi.org/10.32523 /bulmathenu.2025 /4.2

2000 Mathematics Subject Classification: 28A75, 49Q15

1. Introduction

Let (S,,p) be an infinite compact metric space. A central problem in quantization theory and
location analysis is the study of sets By, C .S, with |Bj| < k that minimize the Hausdorff distance
pr(By) among all sets of cardinalities at most k to the whole space S,. It is intuitively clear
that for a reasonable surface, the empirical measures supported on such optimal sets must converge
weakly to the corresponding Hausdorff measures. In this note, we prove a result of this type for a
class of topological manifolds with metrics that behave locally like Euclidean ones.

2. A Sufficient Reformulation of Weak Convergence
For the definitions and properties of weak convergence and Hausdorff measures, see [2].

Definition 1. A sequence of finite sets B C S, is called shrinking if limy_, pr(Br) =0.
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Definition 2. For a finite set B C S,, a number ¢ € R", and a point = € B, the set of all
points p € S, whose distance to x is at most ¢ times the distance to the set B\ {z} is called the
fluctuated Voronoi cell of the point x associated with the set B, the number ¢ and the metric p,
it is denoted by V,B(z).

Denote by V,,’OB(x) = Use(o,9) Vo B(®) © V,/B(z) the open fluctuated Voronoi cell. Let W,B(A)
be the union of all Voronoi cells of B that have non-empty intersections with a set A C S, ; this
union is called the Voronoi closure of A.

Definition 3. A sequence of finite sets By, C 5, is called uniformly eating Voronoi boundaries with

respect to a Borel measure p on S, if

lim sup
k—oo be By,

p(V, Bi(b) 1| o
p(V, "B (b))

Lemma 1. For a sequence By, that is uniformly eating Voronoi boundaries with respect to a measure
1 and for any sequence of sets Ay , the following limits hold:
1,0 1
ZpGBkﬁWka(Ak) (Vo Bi(p)) ZpEBkﬂWka(Ak) M(Vp By (p))

lim =1 and lim =1
k=00 (W, Br(Ag)) k=00 (W, By (Ax))

Proof. We have A C W,By(A) C B, (A). Thus, u(A) < p(W,Bi(4)) < p (6§pH(Bk)(A)> :

where (F(A) is the r-neighbourhood of aset A C S, . Due to normality of metric spaces, the outer
regularity of u, and the shrinking property of By, the last term tends to u(A), hence the middle
one also does. ([

Lemma 2. Let p be a Borel measure on S, and let By, be a sequence that is shrinking and uniformly
eating Voronoi boundaries with respect to . Suppose that the following condition is satisfied:

lim |By| sup p (VIBy(x)) = u(S,).
i Bi] sup g (V) Bi()) = w(S,)
Then the empirical measures associated with Bj converge weakly to the normalized measure b .

Let #(B),(A) be the number of Voronoi cells of finite set B C S,, which intersects the set
ACS,.

Proof. Let Ag = sup,ep, 1(V,) Bi()), Dir(d) = {p € Bi|u(V, B(p)) < 8} . Then
1(Sp) < 0|Dy(0)| + (|Br| — [Dr(6)])Ax < |Br|Ag.

For 7€ (0,1), 6 = TAj, we obtain limy_,o |Di(T7Ak)|Ar = 0. Since u(W,B(Dy(TAg))) =0,
for any closed set A we have

f(A)
klgglo Akﬁ(Bk)p(A)

By the arbitrariness of 7, we get pu(A) = limy_o0o Apf(Br)p(A). Normalization gives the

-1 <1-

equation % = limg_00 %. Using that |A N By| < #(Bg),(A), we get the inequality
lim supy,_, oo |E|3g2\ L < 5 ((5{1 )) , which is equivalent to weak convergence (see [1]). O

3. The Class of UAOCE Metrics

Definition 4. A family {d,}qenm of metrics on open subsets of topological manifold M is called
uniformly asymptotically open convex Euclidean (UAOCE) with respect to a auxiliary metric h,
which is consistent with the topology of M , if there exists a dy € RT such that each d, is a metric
on an open neighborhood of the closure of a ball Bglo(q) and isometric to the metric of an open
convex subset of an Kuclidean space, and the following condition is satisfied:
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lim sup
0=0%  h(gp)<s
z,y€B} (p)NBL (q)

Observation 1. The definition of UAOCE is invariant under uniformly equivalent changes of h .
Thus, our choice of a specific auxiliary metric is irrelevant as long as it induces the same uniform
structure on M . So, if M is compact, we can forget about h .

Observation 2. For each function f > 0 such that In f is uniformly continuous with respect
to h and each UAOCE family of metrics {dq}qenms with respect to an auxiliary metric h, the
family {f(q)dg}tqemr = {(fd)q}qenr is also UAOCE family with respect to h. This is called a
conformal rescaling of a UAOCE family. If two families d and ¢ with respect to h are uniformly
asymptotically equivalent in the sense that

d
lim  sup o(@,y) 1| =0,
=0t geM ty(z,y
z,yeBR (q)

then their rescalings fd and ft are also.

Observation 3. There is an analogue of the Hausdorff measure for a UAOCE family. Let A C
Bl(q) € K C Sy, (where K is compact and § < &y) and let By, be a shrinking sequence in the
metric dg|g2 . Set

Hi(A) = lim > Hg (ANVy,  Bi(x)).
TEBy,
This number does not depend on our choice of ¢, K, Bjy. We extend this premeasure to a
measure H]d"’ . This is invariant under uniformly asymptotically equivalent changes of {d,}qenr. It
is easy to check that

iy = / framk.

Definition 5. A metric p on M is called a UAOCE with respect to an UAOCE family {d,}.cn
with respect to a auxiliary metric h if it satisfies the following condition:

lim  sup M — 1’ = 0.
50t gem | dg(z,y)
z,yeB(q)

Observation 4. Given a UAOCE metric p; with respect to {d,},cnr, a metric py is a UAOCE
metric with respect to {dy}senm iff p1 and pp are uniformly asymptotically equivalent:

lim sup
P2 (l‘, y)

5=0% p(z,y)<é

Observation 5. Due to a Lipschitz-like behavior of an UAOCE metric p with respect to the family
d , our analogue of the Hausdorff measure is equal to the Hausdorff measure of the UAOCE metric:

M =,

Lemma 3. For any UAOCE family {ds}qem on a connected space M , there exists a geodesic
metric d'(z,y) < +oo defined as

e~0% h(qi,qi+1
qo=x
ap=Y
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which is a UAOCE family with respect to the family {dy}qenm - There exists a constant ro € RT
such that h(z,y) <19 = d'(z,y) < +00.

Proof. By the subadditivity of the infimum and by choosing ¥ as an intermediate point in the chain,
we get d'(x,2) < d'(z,y) + d'(y,2) .
Using the UAOCE family condition, for each ¢ € (0,1) we find € € (0,dp) such that

(1 = e)dg, (g, Git1) < dg; 1 (0, Gir1) < (14 €)dy, (i, giv1),
which yields d'(z,y) = d'(y,z). Using the triangle inequality and the convexity property of d,, for
each € € (0,1) we can find § € (0,dp) such that

z,y € By(q) = (1 —e)dg(z,y) < d'(x,y) < (L +e)dg(z,y) < +oo,
which completes the proof. O

Lemma 4. For any UAOCE family d on M ~S', d' is isometric to flat circle.

Proof. Let f:[0,H:(M)) — M be a parametrization of the circle. Then ¢(t) = HL(f[[0,t]]) is a
continuous monotone bijection of [0, HL(M)], i.e., a homeomorphism. So R = ¢ o f is a normal
parametrization, it is Lipschitz continuous at dpg(,) with constants 1—¢ and 1+¢ by the definition

of Hé . This implies that the length of local curves is preserved. It is easy to check that this implies
the isometry of d’ and the metric of R/H)(M)Z (the flat circle). d

4. Approximation of Voronoi Cells in R"

Let Hy(z,y) = {p € Sylp(w,p) < ap(y,p)} be the fluctuated half-space.

Let ¢ be a metric on R™ induced by the Euclidean norm || - ||, B C R™\ {0}, and @, € RT.
We aim to estimate V;*B(0)NB,(0) via c¢V,!B(0) for some constant ¢ € RT. If a =1, then ¢c=1.
For a > 1, a lower bound is b=c¢. For a < 1, an upperis c=1.

The inequality ||p|| < a|lp —b|| for ||p|]| <, which defines V,2B(0), is equivalent to

2 2

a a’b
a? -1 a? -1
Thus, for any a > 1, V,#B(0) is the intersection of complements of balls, and for any a < 1, it is

the intersection of balls. For any ¢ < C%(0, B), we can find a half-space H} <0, (%02 + 1) b) ,

1Bl < (a® - 1>\p—

which represents a scaling of the half-space H}(0,b) by the factor ¢ = %CQ + 1. Using this, we
obtain two estimates for the measure of Voronoi cells for ¢ > 1:

a2 -1
2

Hi (V' B(0)) < H(V,B(0) N B5(0)) < ( C? + 1>nH?(thB(0)),

a

for a <1 the inequalities are reversed.

5. Approximation of Voronoi Cells on UAOCE

Let £,B(z) = {p € B|VplB(p) \ Vpl(B U{z})(p) # @} be the set of adjacent points of z in
B CS,. Let p be a UAOCE metric. Consider half-spaces within the balls Bf(q) . For sufficiently
dense {z} U B, the following inclusions hold:

1+4+¢

Vi (L,B(@) () € V}OB() C V) B(a) € BY@) NV, (£,B()) (x).

This leads to the following estimate of measures:

14¢

1—¢ 1te
Hi, (Vo™= (L,B(x)) (x)) < Hg, (V,°B(x)) < Mg, (V, B(x)) < Hij, (B () NV, (L,B(2)) («)).
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By enclosing the Voronoi cell within Euclidean Voronoi cells with specific coefficients and applying
the previously derived measure estimates (for § < Cd,(x,L,B(x)) ), we obtain:

<1 N (14_Ci)2> M, (Va, (LpB(2)) (x)) < Hg (V,°B(x))

<13 (V' B(x)) < (1+ 4&)2) I (Vi (£,B(2)) (2).

S

For a shrinking sequence By and A € Rt we have

o ap|MROAEB@@) |
k=09 (B )< Ap(z, B\ {2)) Hp(V,) Br(x))
TEDY

For open cells the limit is similar. This means that each shrinking sequence Bj is uniformly
eating Voronoi boundaries with respect to HJ; .

6. The One-Dimensional Connected Case

Every connected compact 1-manifold (assumed here to be without boundary) is homeomorphic
to a circle.
Theorem 1. Let p be a UAOCE metric on a circle M . For any sequence of sets By, € X[, , their
sequence of empirical measures %ZbeBk dp converges weakly to the normalized one-dimensional
Hausdorff measure ’Hcll as k— oo.

Let er(p) = infia<xpu(A,S,) > 0 be Hausdorff optimals and X, be the set of a sets of

cardinality k£ with the Hausdorff distance to whole space ex(p). It is easy to show that X ,’: #+ O
and limg_,o €x(p) = 0 on infinite compacta without isolated points.

1 1
Proof. Since d’ is isometric to a flat circle, €,(d') = %é%) (n points with the coordinates kHdT(M) ,

ke{0,...,n—1}) and limg_,, exle) _ | for B € X}

ex(d)
. / L (d") i (Bg) ex(p)
k11_>ngo2]Bk|(d )i (Br) = klinolo 2k pr(Br) ex(d)

It is easy to check that H}(V1By(z)) < 2d’;(By) , therefore,

ex(d) = Hi(M).

Hg(M) < |By| sup Hq(VyBi(x)) < 2|Bildy (By).
€ By,
This yields that limy_,o |Bi|sup,ep, Hy(VyBi(z)) = Hy(M) . Using the limit from the previous
section, we can transform le, to Vp1 . Given that Bj is shrinking and eating Voronoi boundaries,
the empirical measures converge weakly to the normalized measure ’Hcll . O

7. Remarks

Remark 1. This result can be naturally extended to intervals of bounded length in a UAOCE
metric (we should extend the interval to a circle).

Remark 2. Our approach extends smooth flat result to a broader class of compacta where the
metric is only asymptotically Euclidean.

Remark 3. While the one-dimensional case yields a clear result due to the simple structure of
Voronoi boundaries (which consist of at most two points), the two-dimensional case remains an
open problem for the proposed technique. In higher dimensions, the geometry of Voronoi cells
V) Bi(b) can be significantly more complex.
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Xaycmopd apakalibIKTHIFIH MUHUMU3AIUSJIANTBIH >KUBIHAAD YIIiH SMIUPUKAIIBIK,
OJIIIEMIEP/IiH, 2JICi3 > KMHAKTAJIYbI TYPAaJIbI

Tumyp Hlupunkun
«dkonomuka 2Koraper Mekrebi» YJITTHIK 3epTTEy YHUBEPCUTET,
Ycauén kerreci, 6, Mockey k., 109028, Peceit

Awnnsorarnus. 2KyMbicTa KOMIIAKTE METPUKAJIBIK, KEHICTIKKe JIeifiiHri Xaycaopd apaKkallbIKThIFbIH
MUHAMUBAIUSIIAATHIH aKbIPJIbl KUBIHIAPIBIH ACHMITOTUKAJIBIK e3repici 3eprrenemi.  Herisri
MaKCAT — OChl OINTHUMAaJIJAbl YKHUbIHIAP/A aHBIKTAJFaH SMIHUPUKAJIBIK ©JIIEeMJICP/IiH, HOpMaJlaHFaH
Xaycaopd esreMine oJICi3 KUHAKTAIYBIH YKY3€lr'e achIPpaThiH MapTTapAbl aHbIKTay. Ochbl MakcarTa
OipKAJIBIITHl ACHMIITOTUKAJIBIK, alllbIK JOHEC eBKINJATIK MeTpuKaJap Kjachl eHridinemi. Bopownoii
VAIIBIKTaPBIHBIH T€OMETPUSACHIH KATaH TaIIayFra MYMKIHJIK OepeTin Oy MeTpuKajIap KeHICTIKTep/IiH,
ACUMITOTUKAJBIK MarblHA/Ia JIOKAJIbl €BKINATIK KYPBIIbIMFa He €KeHIH cumaTTaiiabl. Perysspiibl
eJIeMre KaTbICThl BOPOHO# YSIIBIKTAPBIHBIH, ITeKapaJapblH OiPKAJBIITHl «>KYTATbIH> >KUBIHIAD
YFBIMBIHA HETI3/IeJIPeH 9JICI3 KUHAKTAJIYIBIH KETKIJIKTI KalTa TYXKbIPhIMJIAMAaChl YCHIHBLIAIbI.
Baitnansicrsl  Gipesmemai  kenbeitnenepsid, (menbepsin) Jepbec Kargaiibl yIIiH HOpMAaJIAHFAH
Gipesmemai Xaycaopd eJimeMine oJici3 >KMHAKTAJIYALIH TOJBIK JgoJejl Kearipiaemi. Bipesmmemi
Karjaii BopoHOIl yAmIBIKTapbl IeKapaapblHbIH KapalaifbiM KYpbLIbIMbIHA OailIaHbICThI AlKbIH
HOTH>KEe OepreHiMeH Jie KONeJImeM/l Kargaiiap coiikec BopoHOI yAIIBIKTAPBIHBIH, IeOMETPHUSIIBIK
KYPIEIUIriHIH apTyblHa 6al/IaHbICThL 9JI1 JIe AlllbIK, Macese OOJIBII KAJAThIHBI aTall eTiIe]I.

Tyitin cesmep: Xaycaopd KaIIBIKTBIFBI, SMIMPUKAJIBLIK OJIIeMIep, KBaHTTay, BopoHoit
YAMBIKTAPBI, DJICI3 XKUHAKTAJLY, METPUKAJIBIK, KOMIIAKTaP.

O cnaboii cXOAUMOCTH IMIMPUIECKUX Mep Jisi MHOXKECTB, MUHUMUIUPY FOTINX
paccrosinue Xaycaopda

Tumyp HIupunkun
HanuonanbHbIi ncciie1oBaTeIbCKuil yHUBEPCUTET «BhICIas KO8 3KOHOMUKUY,
ya. Ycauéna, 6, r. Mocksa, 109028, Poccus

Awnnoramusa. B gannoit pabore uccieayercss aCUMITOTHIECKOE IMOBEICHNE KOHEUHBIX MHOXKECTB,
MUHUMU3UPYIONINX paccrostarne Xaycaopda 0 KOMIIAKTHOIO METPUYIECKOTO ITPOCTPAHCTBA.
OcHOBHasT 1€JIb COCTOUT B YCTAHOBJIEHUU YCJIOBUN, MPH KOTOPBIX SMIIUPUIECKHE MepPHhI,
[IOJIJIEPYKAHHBIE HA 3TUX ONTHUMAJBHBIX MHOYXKECTBaX, CJab0 CXOMATCS K HOPMHUPOBAHHOW Mepe
Xaycmopda. liast 3TOr0 BBOAUTCS KJIACC PABHOMEPHO ACUMIITOTHUYECKU OTKPBITHIX BBIMTYKJIBIX
eBKJIMJIOBBIX METPUK. IDTH METPUKH XapaKTepU3yKT IIPOCTPAHCTBA, O0JIAJAIoNe JIOKAJIbHON
€BKJIMJIOBOI CTPYKTYPO#l B aCUMIITOTUYECKOM CMBICJIE, ITO TO3BOJISIET [IPOBOJATE CTPOrUil aHAJIN3
reoMeTpun siueek Bopomoro. B pabore mpesiiaraercss J0oCcTaTOYHAsT IepedOpMyTHPOBKa C1aboi
CXOJIMMOCTHU, OCHOBaHHAsI HA KOHIIENIINY MHOYKECTB, PABHOMEPHO <IIOTJIOMIAIOIINX» TPAHUIIBL STIECK
Boponoro otHOCHTENBHO peryaspHOil Mepbl. s 9acTHOTrO ciiydast CBSI3HOTO OJHOMEPHOTO
MHOT000pa3usi (OKPY?KHOCTH) [PHUBOJIUTCS [OJHOE JIOKA3aTeJIbCTBO CIaboil  CXOAUMOCTH K
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HOPMHUPOBAHHOI ojiHOMepHOil Mepe Xaycimopda. B cpaBHeHHUH ¢ OJHOMEDHBIM CJIyYaeM, TJe
JIAETCS SICHBIM pe3y/IbTaT OJiaroiaps IPOCTON CTPYKTYpPe I'PAHUIl sdeeK BOPOHOro, B 3aKJIIOYUEHUN
OTMEYaeTCs, 9TO Caydand OOJIbIIeifl pasMEepHOCTH OCTAIOTCsI OTKPLITON 3ajadeil m3-3a BO3POCIIEH
reoMeTPUIECKON CIIOXKHOCTH COOTBETCTBYIOIINX sSvueekK BopoHOro.

KiroueBble ciioBa: paccrosgaue Xaycaopda, SMIUPHUYECKHEe Mepbl, KBAHTOBAHUE, SUYEHKH
Boponoro, ciabasi cXoquMOCTh, METPUYIECKUE KOMIIAKTHI.
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