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Sets of uniqueness for regular methods of summation

Abstract: Any set of uniqueness for regular method of summation for trigonometric series
is also a set of uniqueness. J. Marcinkiewicz and A. Zygmund constructed regular method
of summation for that there not exist sets of uniqueness. We formulate some open questions
and results on relation between sets of uniqueness and sets of uniqueness for regular methods of
summation. In particular: if an empty set is a set of uniqueness for regular method of summation
T then every set of uniqueness for trigonometric series that is both a Gδ and an Fσ is also a
set of uniqueness for method T .

Keywords: a set of uniqueness or a U -set for trigonometric series, M -set, regular methods
of summation, U and M -sets for regular methods of summation.
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1. Introduction

The questions that we are going to consider are relative to the theory of uniqueness for
trigonometric series. The problem of uniqueness for trigonometric series arouse in the works of
B. Riemann and H. Heine in the mid-nineteenth century:

Let two trigonometric series S = a0/2 +
∑∞

n=1 an cosnx + bn sinnx and T = c0/2 +∑∞
n=1 cn cosnx + dn sinnx converge everywhere to the same value. Is it true that these series

coincide, i.e. an = cn, bn = dn for all n ?
G. Cantor solved this problem in 1870:
If trigonometric series converges everywhere to zero then all coefficients of this series are equal

to zero.
Definition 1. A set E ⊂ T is called a set of uniqueness or U -set if every trigonometric

series

S =
a0

2
+

∞∑
n=1

an cosnx+ bn sinnx, an, bn ∈ R, x ∈ T = R/Z, (1)

which converges to 0 outside E has all coefficients equal to zero. Otherwise E is called a set
of multiplicity or an M -set.

Basic results in the theory of uniqueness for trigonometric series are considered in fundamental
monographs of N.K. Bary [1] and A. Zigmund [2]:
1. Empty, finite and some countable sets are U -sets (Cantor, 1870, 1872). Any countable

set is a U -set ( F.Bernstein, 1908, Young W.H., 1909).
2. Any set of positive measure is an M -set (it follows from Riemann principle of localization).

Hence any measurable U -set has measure 0.
3. Theorems on reconstructions coefficients of trigonometric series by its sum (theorems of

du Bois-Reymond, A.Lebesque, de la Valle-Poissen).
4. There exists a null-series (the series that converges to zero almost everywhere but not

everywhere) for trigonometric system (Menshov, 1916).
5. There exist perfect U -sets (A.Raychman, 1922, N.K. Bary, 1923). The union of countable

many closed U -sets is a U -set (Bary, 1923).
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In the 1920-s, questions of uniqueness for summations methods begun to be considered. We
will compare classes of sets of uniqueness for trigonometric series and analogous classes for
regular methods of summation. Recall some definitions.

Let T be a discrete regular method of summation, that define by matrix (cm,n) or T be
semicontinuous regular method of summation, T = (cn(u)) , where u is continuous parameter.

According to definition the method is regular if from convergence the sequence sn to s by
n→∞ follows that tm =

∑∞
n=1 cm,nsn ( tu =

∑∞
n=1 cn(u)sn where u ∈ [a, u0] or u ∈ [a, u0) ,

in semicontinuous case) convergences to s by n→∞ (or by u→ u0 ).
An example of discrete regular matrix method gives (C,1) (Chesaro of the first order or

method of arithmetic mean) and Abel-Poisson and Riemann methods are semicontinuous regular
methods.

It is known (see, for example, [1], [2]) that trigonometric series

1/2 +
∞∑
n=1

cosnx

is summed by the (C, 1) , Abel-Poisson and Riemann methods to zero everywhere on T \ {0} .
The series

∞∑
n=1

n sinnx

is summed by methods Abel-Poisson and Riemann to zero for all x . If we change in definition
1 convergence on summation we will have that there not sets of uniqueness for methods Abel-
Poisson and Riemann. An empty set is a set of uniqueness for method (C, 1) , but one point is
not. In connection with these for method of summation is considered another definition.
Definition 2. A set E ⊂ T is called a set of uniqueness or a U -set for regular method

of summation T , briefly a U(T ) -set, if every trigonometric series (1) that has coefficients
converging to zero

lim
n→∞

an = lim
n→∞

bn = 0 (2)

and is summed by T to 0 outside E has all coefficients equal to zero. Otherwise E is called
a set of multiplicity for the method T or an M(T ) -set.

For the convergence definitions 1 and 2 are equivalent but additional condition (2) on coeffi-
cients is essential for methods of summation.

Let U be the class of sets of uniqueness and U(T ) be the class of sets of uniqueness for
regular method T .

The method of summation T2 is stronger than T1 if any number sequence summable by
T1 to s is summable by T2 to s . So any regular method of summation is stronger than
convergence. It is known that the method Abel-Poisson (brifly (AP ) ) is stronger than (C, k)
(method Chesaro of the k order, that is regular by k > 0 ). If k > m then (C, k) stronger
than (C,m) . From definitions 1 and 2 follows

If a method T2 is stronger than T1 then are correctly following inclusions

U(T2) ⊂ U(T1) ⊂ U. (3)
In partiqular, any U(T ) -set is as well a U -set. We consider
Question 1: when a U -set will be also a U(T ) -set?
I.I.Privalov (1923) [3] proved that countable sets and closed U -sets are sets of uniqueness for

the (AP ) -method. This is truth also for the Riemann method. It follows from Vallee-Poussin
theorem (see, for example, [1], Ch.XIV, §4) and also from Privalov’s proof in [3]. From (3)
follows that countable sets and closed U -sets are sets of uniqueness for (C; k) -methods by
k > 0. On the other hand J.Marcinkiewicz and A.Zygmund [4] (see also [1], Ch.XIV, §25)
constructed regular method of summation for that the empty set is not a set of uniqueness. In
connection with this arise
Question 2: Does exist a regular method of summation for that the empty set is a set of

uniqueness but one point is not a set of uniqueness?
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We will see that such regular method of summation don’t exists.

2. Some analogous of Bari theorem

One open question in the theory of uniqueness of trigonometric series is
The Union Problem. Is the union of two (countable many) Borel or analytic sets of

uniqueness also a U-set?
The famous Theorem was proved by N.K.Bary (1923)(see, for example, [1]):
The union of countably many closed sets of uniqueness is a set of uniqueness.
In 1981 N.N.Kholshchevnikova [5] proved that:
1. The union of two disjoint Gδ sets of uniqueness is a set of uniqueness.
2. The union of two sets of uniqueness A and B, where B is both a Gδ and an Fσ , is a set

of uniqueness.
C.Carlet and G.Debs (1985) [6] (see also [7], Ch.I, §5) generalised these results:
The union of a sequence of U-sets En which are relatively closed in their union ∪∞n=1En is

a U-set.
The Union Problem is open for two Gδ U -sets and for Gδ U -set and a countable set. On

these results and problems see also [7] (List of problems).
It follows from theorems 3 and 4 of [8] that are correctly two theorems

Теорема 1. Let T be regular method of summation, En ∈ U(T )(n = 1, 2, ...) and En are
relatively closed in there union E = ∪∞n=1En . If E is Gδ - set then E ∈ U(T ) .

Теорема 2. Let T be regular method of summation. If E1 and E2 are U(T ) -sets and
1)E1 and E2 are two Gδ - sets and E = E1 ∩ E2 is Fσ -set (in particular E = ∅ ) or
2)E1 is both a Gδ and an Fσ -set
then E = E1 ∪ E2 is U(T ) -set.

Of course these theorems are valuable if U(T ) 6= ∅ .

Теорема 3. Let E be a closed U -set and T be a regular method of summation such that
∅ ∈ U(T ) . Then E ∈ U(T ) .

Теорема 4. Let T be regular method of summation such that the ∅ ∈ U(T ) . If E1 is a set of
uniqueness and is both a Gδ and Fσ and if E2 is U(T ) -set then E = E1 ∪ E2 is U(T ) -set.
In particular any U -set that is both a Gδ and an Fσ is also a U(T ) -set.

It is proved for Riemann, Abel-Poisson and (C,1) methods [9], [8] that any U -set of type Fσ
is as well a U -set for any of this methods.

It is an open
Question 3: Does there exist a U -set of type Gδ which cannot be covered by countably

many closed set of uniqueness?
G. Debs and J.Saint Raymond [10](1986)(see also [7], Ch.VII, §4) proved that any closed set

of multiplicity E has a subset E1 which is not contained in the union of countably many closed
sets of uniqueness and any closed or Fσ subset of E1 is a set of uniqueness. It is unknown is a
set E1 a U -set or an M -set.

Following theorem is connected with these questions.

Теорема 5. Let T be one of methods of summation: Riemann, Abel-Poisson or (C,1).
1) If any U -set of type Gδσ is a U(T ) -set, then any U -set is also a U(T ) -set, that is

U(T ) = U .
2) If there exist a U -set of type Gδσ that isn’t a U(T ) -set, then there exist a U -set of type

Gδ which cannot be covered by countably many closed set of uniqueness.
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Қосындылаудың регулярлық әдiсi үшiн жалғыздық жиыны

Аннотация: T тригонометрикалық қатарларды қосындылаудың регулярлық әдiсi үшiн кез келген U(T )
жалғыздық жиыны U жай жалғыздық жиыны да бола алады. Дж. Марцинкевич пен А.Зигмунд U(T ) жиыны
болмайтын қосындылаудың регулярлық әдiсiн құрды. Жұмыста U және U(T ) жиындарының арасындағы
байланыс жайлы ашық сұрақтар қойылады да солар бойынша белгiлi нәтижелер келтiрiледi. Солардың iшiнде, егер
де қосындылаудың регулярлық әдiсi үшiн бос жиын U(T ) жалғыздық жиыны болса, онда тригонометрикалық
қатарлардың әр жалғыздық жиыны Gδ және Fσ болып, және де әдiсi үнiн жалғыздық жиыны болады.

Түйiн сөздер: тригонометриялық қатарлар үнiн жалғыздық жиындары немесе U -жиындар, M -жиыны,
қосындылаудың регулярлық әдiстерi, қосындылаудың регулярлық әдiстерi үшiн U− және M -жиындары.

Н.Н. Холщевникова

Московский государственный технологический университет "Станкин", Москва, Россия

Множества единственности для регулярных методов суммирования

Аннотация: Всякое множество единственности U(T ) для регулярного метода суммирования T
тригонометрических рядов является также и просто множеством единственности, т.е. U -множеством.
Дж. Марцинкевич и А. Зигмунд построили регулярный метод суммирования T , для которого не существует U(T ) -
множеств. В работе формулируются открытые вопросы и результаты о связи между U и U(T ) -множествами.
В частности следующий результат: если пустое множество является U(T ) -множеством для регулярного метода
суммирования T , то всякое множество единственности для тригонометрических рядов типа Gδ и Fσ одновременно,
будет также множеством единственности для метода T .

Ключевые слова: множества единственности или U -множества для тригонометрических рядов, M -
множество, регулярные методы суммирования, U и M -множества для регулярных методов суммирования.
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