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Sets of uniqueness for regular methods of summation

Abstract: Any set of uniqueness for regular method of summation for trigonometric series
is also a set of uniqueness. J. Marcinkiewicz and A. Zygmund constructed regular method
of summation for that there not exist sets of uniqueness. We formulate some open questions
and results on relation between sets of uniqueness and sets of uniqueness for regular methods of
summation. In particular: if an empty set is a set of uniqueness for regular method of summation
T then every set of uniqueness for trigonometric series that is both a Gs and an F, is also a
set of uniqueness for method T .

Keywords: a set of uniqueness or a U -set for trigonometric series, M -set, regular methods
of summation, U and M -sets for regular methods of summation.

DOI: https://doi.org/10.32523/2616-7182-2018-125-4-113-116

1. INTRODUCTION

The questions that we are going to consider are relative to the theory of uniqueness for
trigonometric series. The problem of uniqueness for trigonometric series arouse in the works of
B. Riemann and H. Heine in the mid-nineteenth century:

Let two trigonometric series S = ao/2 + > o2 apcosnz + bysinnz and T = c¢o/2 +
Y on i cpcosne + dpsinnx converge everywhere to the same value. Is it true that these series
coincide, i.e. ap = Cp, by =dy, forall n?

G. Cantor solved this problem in 1870:

If trigonometric series converges everywhere to zero then all coefficients of this series are equal
to zero.

Definition 1. A set E C T is called a set of uniqueness or U -set if every trigonometric
series

o0
S:%—i—zqncosnaﬂ—l—bnsinnw,an,bnER,xGT:R/Z, (1)

n=1

which converges to 0 outside E has all coefficients equal to zero. Otherwise E is called a set
of multiplicity or an M -set.

Basic results in the theory of uniqueness for trigonometric series are considered in fundamental
monographs of N.K. Bary [1] and A. Zigmund |[2]:

1. Empty, finite and some countable sets are U -sets (Cantor, 1870, 1872). Any countable
set is a U -set ( F.Bernstein, 1908, Young W.H., 1909).

2. Any set of positive measure is an M -set (it follows from Riemann principle of localization).
Hence any measurable U -set has measure 0.

3. Theorems on reconstructions coefficients of trigonometric series by its sum (theorems of
du Bois-Reymond, A.Lebesque, de la Valle-Poissen).

4. There exists a null-series (the series that converges to zero almost everywhere but not
everywhere) for trigonometric system (Menshov, 1916).

5. There exist perfect U -sets (A.Raychman, 1922, N.K. Bary, 1923). The union of countable

many closed U -sets is a U -set (Bary, 1923).
113
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In the 1920-s, questions of uniqueness for summations methods begun to be considered. We
will compare classes of sets of uniqueness for trigonometric series and analogous classes for
regular methods of summation. Recall some definitions.

Let T be a discrete regular method of summation, that define by matrix (¢m,,) or T be
semicontinuous regular method of summation, 7' = (¢, (u)), where u is continuous parameter.

According to definition the method is regular if from convergence the sequence s, to s by
n — oo follows that tp, => 02 cmnsn ( tu =2 poy cn(u)s, where u € [a,ug] or u € [a,up),
in semicontinuous case) convergences to s by n — oo (or by u — ug ).

An example of discrete regular matrix method gives (C,1) (Chesaro of the first order or
method of arithmetic mean) and Abel-Poisson and Riemann methods are semicontinuous regular
methods.

It is known (see, for example, [1], [2]) that trigonometric series

oo
1/2+ Zcosnw
n=1

is summed by the (C,1), Abel-Poisson and Riemann methods to zero everywhere on T\ {0} .

The series
[ee]
E n sin nx
n=1

is summed by methods Abel-Poisson and Riemann to zero for all x. If we change in definition
1 convergence on summation we will have that there not sets of uniqueness for methods Abel-
Poisson and Riemann. An empty set is a set of uniqueness for method (C,1) , but one point is
not. In connection with these for method of summation is considered another definition.

Definition 2. A set E C T is called a set of uniqueness or a U -set for reqular method
of summation T, briefly a U(T) -set, if every trigonometric series (1) that has coefficients
converging to zero

lim a, = lim b, =0 (2)
n— o0 n—o0

and is summed by T to 0 outside E has all coefficients equal to zero. Otherwise E 1is called
a set of multiplicity for the method T or an M(T) -set.

For the convergence definitions 1 and 2 are equivalent but additional condition (2) on coeffi-
cients is essential for methods of summation.

Let U be the class of sets of uniqueness and U(T) be the class of sets of uniqueness for
regular method T'.

The method of summation 7T, is stronger than 73 if any number sequence summable by
T1 to s is summable by 75 to s. So any regular method of summation is stronger than
convergence. It is known that the method Abel-Poisson (brifly (AP)) is stronger than (C,k)
(method Chesaro of the k order, that is regular by k£ > 0). If & > m then (C,k) stronger
than (C,m). From definitions 1 and 2 follows

If a method Ty is stronger than 11 then are correctly following inclusions

U, cU(Ty) CU. (3)

In partiqular, any U(T')-set is as well a U -set. We consider

Question 1: when a U -set will be also a U(T) -set?

L.I.Privalov (1923) [3] proved that countable sets and closed U -sets are sets of uniqueness for
the (AP)-method. This is truth also for the Riemann method. It follows from Vallee-Poussin
theorem (see, for example, [1], Ch.XIV, §4) and also from Privalov’s proof in [3]. From (3)
follows that countable sets and closed U -sets are sets of uniqueness for (C; k) -methods by
k > 0. On the other hand J.Marcinkiewicz and A.Zygmund [4] (see also [1], Ch.XIV, §25)
constructed regular method of summation for that the empty set is not a set of uniqueness. In
connection with this arise

Question 2: Does exist a regular method of summation for that the empty set is a set of

uniqueness but one point is not a set of uniqueness?
114
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We will see that such regular method of summation don’t exists.

2. SOME ANALOGOUS OF BARI THEOREM

One open question in the theory of uniqueness of trigonometric series is

The Union Problem. Is the union of two (countable many) Borel or analytic sets of
uniqueness also a U-set?

The famous Theorem was proved by N.K.Bary (1923)(see, for example, [1]):

The union of countably many closed sets of uniqueness is a set of uniqueness.

In 1981 N.N.Kholshchevnikova [5] proved that:

1. The union of two disjoint Gs sets of uniqueness is a set of uniqueness.

2. The union of two sets of uniqueness A and B, where B is both a G5 and an F , is a set
of uniqueness.

C.Carlet and G.Debs (1985) [6] (see also [7], Ch.I, §5) generalised these results:

The union of a sequence of U-sets F, which are relatively closed in their union U;2,E, is
a U-set.

The Union Problem is open for two G§ U -sets and for Gs U -set and a countable set. On
these results and problems see also |7] (List of problems).

It follows from theorems 3 and 4 of [8] that are correctly two theorems

Teopema 1. Let T be regular method of summation, E, € U(T)(n = 1,2,...) and E, are
relatively closed in there union E = U E, . If E is Gs - set then E € U(T).

Teopema 2. Let T be regqular method of summation. If Ey and Ey are U(T) -sets and
1)Ey and E, are two Gy - sets and E = Ey N Ey is F, -set (in particular E =0 ) or
2) Ey is both a Gs and an F, -set
then E = Ey U Ey is U(T) -set.

Of course these theorems are valuable if U(T) # 0.

Teopema 3. Let E be a closed U -set and T be a regular method of summation such that
0 eU(T). Then Ec€U(T).

Teopema 4. Let T be regular method of summation such that the O € U(T) . If Ey is a set of
uniqueness and is both a Gs and F, and if Ey is U(T) -set then E = E; U Ey is U(T) -set.
In particular any U -set that is both a G5 and an F, is also a U(T) -set.

It is proved for Riemann, Abel-Poisson and (C,1) methods [9], [8] that any U -set of type Fj,
is as well a U -set for any of this methods.

It is an open

Question 3: Does there exist a U -set of type Gs which cannot be covered by countably
many closed set of uniqueness?

G. Debs and J.Saint Raymond [10](1986)(see also [7], Ch.VII, §4) proved that any closed set
of multiplicity £ has a subset F; which is not contained in the union of countably many closed
sets of uniqueness and any closed or F, subset of F; is a set of uniqueness. It is unknown is a
set F1 a U -set or an M -set.

Following theorem is connected with these questions.

Teopema 5. Let T' be one of methods of summation: Riemann, Abel-Poisson or (C,1).

1) If any U -set of type Gs, is a U(T)-set, then any U -set is also a U(T) -set, that is
U =U.

2) If there exist a U -set of type G, that isn’t a U(T) -set, then there exist a U -set of type
G5 which cannot be covered by countably many closed set of uniqueness.
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KoChIHABILIAYABIH, PEryJIsapJIbIK, 9ICI YIIIH >KAJIFBI3ABIK, »KUbIHbBI

AnHoTtanusi: T TPUTOHOMETPUKAJIBIK KATApJapIbl KOCHIHIBLIAYABIH DPEryJsapJblK oaici ymin ke3 xearen U(T)
JKaJIFBI3JIbIK YKUBIHBL U 2Kail »KaJIFbI3JbIK KUBIHBI Ja 6ona anaisl. Jx. Mapuunukesud nen A.Surmyspn U(T) »KublHBL
GOIMANTBIH KOCHIH/IBLIAY/IBIH PEryssapiblk, oficia Kypapl. Kymbicta U xone U(T) >KUBIHZAPBIHBIH apachlHIAFbI
BGalIaHbIC YKAMIBI AIIIBIK, CYyPAKTap KOUBLIAAbI Ja cosiap Ooiibiaina 6eriii uaruskesnep Kearipiseni. Cosapabiy iminae, erep
e KOCBIHABLIAYIBIH PETYJIAPJbIK o/ici yimin 6oc¢ »kub U(T) >KaJIFbI3bIK, KUBIHBI 60JICA, OHJI4 TPUTOHOMETPHKAJIBIK,
KaTapJiapAblH Op YKAJIFbI3AbIK KUBIHBI (5 KoHe F, OOJIbIN, XKOHE Jle  9/1ici YHIH >KAJIFBI3IbIK, YKUBIHBI 601 IbI.

TyiiiH ce3aep: TPUIrOHOMETPUSIBIK KaTapjap YHIH >KaJFbI3ALIK JKUBIHAApbl Hemece U -KublHAap, M ->KUBIHBL,
KOCBIH/IBLJI&YIbIH, PETYIIsIPJIBIK, 91iCTePi, KOCBIHIBLIAYIbIH, PEryasapJiblK omicTepi yiuin U— »xkoHe M ->KUBIHIAPHI.

H.H. XoJieBHUKOBa
Mockoscrutli 2ocydapcmeennvili mexrnosozuveckuts yrnusepcumem "Cmanxun", Mockea, Poccus

MHuo>kecTBa €IMHCTBEHHOCTH JJIl PEryJIIPHBbIX METOJOB CyMMUPOBAaHUS

Annoranusa:  Beskoe wmuoxkectBo emmucTBenHoctrn U(T) s perysisipHOrO  MeTOJa CyMMHpoBaHus 1
TPUIOHOMETPUYECKHUX PsIJIOB SBJISIETCSl TaKyKe M I[POCTO MHOXKECTBOM €JIMHCTBEHHOCTH, T.€. U -MHO>KeCTBOM.
JIx. Mapuuakesnd u A. 3UrMyH/1 HOCTPOMJIM PETYJIAPHBII MeTO cymMmMmupoBanus 1, mis koroporo He cymecrsyer U(T) -
MHOXKecTB. B pabore HopMysupyloTcs OTKPBITbIE BOIPOCHI U Pe3ysbrarsl o cBas3u Mexay U u U(T) -muHOXKecTBaMu.
B wacTHOCTH Cilemylomuii pe3ysbTaT: €CaM IIyCTOoe MHOXKeCTBO siBjstercss U(T') -MHOXKECTBOM JJIsl PEryJISIPHOTO METONA
cyMMupoBaHus ', TO BCSIKOE MHOYKECTBO €MHCTBEHHOCTH JJIsi TPUTOHOMETpHYecKuX psifioB tunia G u Fy ofHOBpeMeHHO,
OyIeT Tak»Ke MHOXKECTBOM €IMHCTBEHHOCTH st MeToma 1 .

KirroueBble cJiOBa: MHOXKECTBa €IMHCTBEHHOCTH wyn U -MHOXKECTBA JjIsi TPUTOHOMETPUYECKHUX DpsfoB, M -
MHOKECTBO, PEryJIsIpHbIE MeToAbl cymmupoBanus, U u M -MHOXKeCTBa [JIsl PETYJISIPHBIX METOJOB CYMMEIPOBAHUS.
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«JI.H. T'ymuneB arbiugarsl Eypasusi YIITTBIK, YyHUBEpCUTETIHIH xabapiibickl. Maremaruka.
Nudopmaruka. MexaHuKa cepusichbl» >KypHaJIbIHA 2KiGepijieTiH >KyMbIcTapFa KOWBLIATBIH
Tajianrap
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memyekeTi, E-mail-bI, MakaJaHBIH TOJBIK aTaybl, AHHOTAIIUSICHI KOPCETIIei. Awnnoramust  150-200 ces
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6. ZKymbIcTa KOJITAHBLIFAH 97e0MeTTep TEK JKYMBICTA ClITeMe »KacajiFaH TYNHYCKAJIBIK KOPCETKIIIKe cai
(cizreme Gepy TopTiGiHIEe HeMece arbLINIBIH oJIiOHi TOPTIGI HerisiHie TONTHLIPLUIAALI) GONIybl Kepek. Bacmagan
MIBIKITAFAH KYMBICTAPFa ClITEME YKACAYFA TUBIM CAJIBIHAJIBI.

Cinremeni 6epyjie aBTop KoJimanran oebuerrin 6eTinin HoOMIpiH KepceTieil, Kejeci HycKara CyHeHiHi3 Jypbic:
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"Becmnux Eepa3ulicko20 HauyuoHasvbHoz20 yrusepcumema umernu JI.H.'ymuaesa.
Cepus Mamemamuxa. Ungpopmamuxa. Mexarura"

Pedakxyus srcyprara npocum asmopos 03HAKOMUMBCSA C NPABUAAMU U NPUIEPIAHCUBATNDHCA UT NPU N0020MOsKe
pabom, nanpasasemvir 6 olcypran.  OmEAOHEHUE OM YCMAHOBACHHOIT MPABUA 3A0EPIAHCUBLEM NYOAUKAUUIO
cmamou.

1. OTnpasiienre CTaThU B PEJAKIHUIO O3HAIAET Coriacue aBTopa (aBTopoB) Ha npaso smarens, EBpasuiickoro
HarpoHaJbHOro yuusepcurera umenn JI.H. I'ymusieBa, nzmanus crarbu B XKypHaJe U EPEU3IAHNS UX Ha JIIOOOM
WHOCTPAHHOM SI3BIKE.

2. B penaknuio (B 6yMarKHOM BrJie, MOJIIMCAHHOM BCEMU ABTOPAMHU U B JIEKTPOHHOM BHJIE) NPEJCTABIISIOTCS
Tex- u Pdf-daitnb paboTsl, oAroToB/IeHHbIE B n31aTe1bCKOI cucteme LaTeX, ¢ 06s13aTEIbHBIM UCIIO/IB30BAHIEM
OPUTHHAJILHOTO CTUIEBOro aitna xypuama. CrumeBoit daill MOXKHO CKadaTb CO caiiTa KypHasiaa bul-
mathmec.enu.kz.

3. O6beM crarby He JOJKEH npeBblmarh 18 crpanny (or 6 crpanun). Paborbl, npesblmaomue yKa3aHHbIH
06beM, MPUHUMAIOTCS K ITyOJIMKAIINN B UCKIIOYATEIBLHBIX CIIy9asix Mo ocobomy pertennio Pekosuiernn xKypHaJa.

4. Tekcr paborsl Haunnaercs ¢ pybpukaropa MPHTU (MexayHapomsbiit py6pukaTop HayIHO-TEXHUYECKOH
nHbOPMAIUY), 3aTEM CJIELYIOT UHUIMAIL U (paMuIns aBropa(oB), IOJIHOE HANMEHOBAHUE OPraHU3aIMH, TOPO/,
crpana, E-mail aBropa(oB), 3armasue cratbu, anHOTanms. AHHOTAIMS JOJKHA COCTOATh u3 150-250 cios, He
JIOJIPKHA COJIEPXKATH TPOMO3IKIE (POPMYJIBI, TI0 COAEPKAHUIO HE JOJI?KHA [TOBTOPITH HA3BAHUE CTATHU, HE JOJKHA
COJIEPXKATDH CCBLUIKM HA TEKCT PabOThI U CIHCOK JIMTEPATYPBI, JOJKHA ObITh KPATKUM HM3JI0YKEHHEM COJIEPIKAHUS
CTaThH, OTpazKast €6 0COOEHHOCTU U COXPAHSITH CTPYKTYPY CTATBY - BBEJIEHNE, IIOCTAHOBKA 3a/Ia49H, 11eJI1, ICTOPWUSI,
METO/Ibl UCCJIEJIOBAHNUS, PE3YJILTATEI C UX OOCYKJIEHUEM, 3aKJII0UEHHEe, BHIBOJIBI.

5. Tabauipl BKIIIOYAIOTCS HENOCPEJICTBEHHO B TEKCT pPabOThI, OHU JOJKHBI OBITH IPOHYMEDPOBAHBI M
COTIPOBOKTATHCST CCHIJIKON HA HUX B TEKCTe paboThl. PucyHku, rpadukn JOIKHBI OBITH TPEJCTABIEHBI B OJTHOM U3
crangaptabix dopmaros: PS, PDF, TIFF, GIF, JPEG, BMP, PCX. To4ye4nble pucyHKH HEOOXOUMO BBIIIOJTHATE
¢ paspemrenuem 600 dpi. Ha pucyHkax J10/2KHBI OBITH SICHO II€PEJAHBI BCE JETAJIN.

6. Cnmcok JmMTepaTypbl JOJKEH COJIEPKATH TOJBKO T€ HMCTOYHUKHU (MIPOHYMEPOBAHHBIE B IOPSIIKE
[UTUPOBAHUS MJIA B MOPSIJIKE AHTVIMHCKOrO asiaBuTa), Ha KOTOPBIE NMEIOTCSA CCBLIKH B TEKCTe paboThl. CChbLIKn
Ha HeolyOJIMKOBaHHbIE PAOOTHI, PE3YJILTATHI KOTOPBIX MCIOJIB3YIOTCs B JI0KA3aTEIbCTBAX, HE JOIMYCKAIOTCS.

ABTopam pekomenyeTcs: mpu 0bOPMJIEHUH CCHIJIOK UCKJIIOYUTH YIOMUHAHUE CTPAHUI] U PYKOBOACTBOBATHCS
caenyomuM  1mabJOHOM:  HOMED IVIaBbl, HOMep mnaparpada, HOMEp IIYHKTa, HOMED TeopeMbl (JIEMMBI,
yTBEP2KJIEHUS], 3aMeYaHusl K TeopeMe U T.IL.), HoMep ¢dopmyasl. Hanpumep, "..., cm. [3; § 7, jgemma 6]"; "...,
cM. [2; 3ameuanue K Teopeme 5|". B mporuBHOM cilydae IpU IOATOTOBKE AHIVIOS3BIYHOM BEPCHU CTATBH MOLYT
BO3HUKHYTH HEBEPHBIE CCBHLIKH.
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