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On Kuratowski’s problem in vector spaces

Аннотация: It is a well known problem by Kuratowski that there are no more than 14
distinct sets by applying operations of the closure and complement, successively, on a subset A
of a topological space X [1]. In this paper, we are interested to deal with the Kuratowski ’s
problem in the setting of a vector space X by applying operations of the algebraic closure and
algebraic interior for a convex subset A of X.

Ключевые слова: Algebraic interior, algebraic closure, separation, vector space.

DOI: https://doi.org/10.32523/2616-7182-2018-125-4-117-119

3. Introduction and Preliminaries

The following result, from Kuratowski’s 1920 dissertation, is known as the 14-set theorem.
Теорема А( [1]). Let E ⊆ X be a subset of a topological space. The number of distinct sets

which can be obtained from E by successively taking closures and complements (in any order)
is at most 14. Moreover, there are subsets of the Euclidean line for which 14 is attained.

In this article we will see what happens in the result of Theorem А when "closure" and "topo-
logical" are replaced, respectively, by "algebraic closure" and " vector space." The motivation
of this note is replacing topological structure by linear structure. Because all the papers have
been published in the subject are in the setting of topological spaces, see, for instance [2]

The rest of this section concerns with some definitions and preliminaries results which are
needed in the next section.

Let X be a real vector space and S be a subset of X.
Definition. (a) The algebraic interior of S is denoted by cor(S) and is defined as

cor(S) = {x ∈ X;∀y ∈ X ∃λ̄ > 0, x+ λy ∈ S, ∀λ ∈ [0, λ̄]}

(b) The set S with S = corS is called algebraic open.
(c) An element Ѓ x̄ ∈ X is called linearly accessible from S , if there is an x ∈ S, x 6= x̄ , with
the property

λx+ (1− λ)x̄ ∈ S for all λ ∈ (0, 1].

The union of S with the set of all linearly accessible elements from S is called the algebraic
closure of S and it is denoted by

lin(S) := S ∪ {x ∈ X|x is linearly accessible from S}.

In the case of S = lin(S) the set S is called algebraically closed.
(d) The set of all linear maps from X to R ( the real numbers) will be denoted by X

′ and will
be called the algebraic dual space of X.
Lemma А( [3]). For a nonempty convex subset S of a linear space X we have:

(a) cor(cor(S)) = cor(S)
(b) cor(S) 6= ∅ ⇒ lin(cor(S)) = lin(S) and cor(lin(S)) = cor(S)
Теорема B ( [3]). Let S and T be nonempty convex subsets of a real linear space X with

cor(S) 6= ∅. Then cor(S) ∩ T = ∅ if and only if there are a linear functional l ∈ X ′ \ {0X′}
and a real number α with

l(s) ≤ α ≤ l(t), ∀s ∈ S, t ∈ T
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and
l(s) < α, ∀s ∈ cor(S).

The next result is a special case of Theorem 3 and its proof is easy.
Corollary 1. Let S be a nonempty and convex subset of a real linear space X. Then

x /∈ cor(S) if and only if there are a linear functional l ∈ X ′ \ {0X′} and a real number α with

l(s) ≤ α ≤ l(x), ∀s ∈ S
and

l(s) < α, ∀s ∈ cor(S)

4. Main results

In this section, we deal with the Kuratowski ’s problem in the setting of a vector space X by
applying the operations algebraic closure and algebraic interior for a convex set A of X.
Lemma 1. If S is a convex subset of a vector space X then X \ cor(S) = lin(X \ S).
Proof. It follows from the definitions of linearly accessible element and algebraic point that

lin(X \ S) ⊆ X \ cor(S).

For the reverse side; that is X \ cor(S) ⊆ lin(X \ S), on the contrary, assume that there exists

x ∈ (X\cor(S))\lin(X\S).

Hence by Corollary 3 there exist l ∈ X ′ \ {0X′} and a real number α such that

l(s) ≤ α ≤ l(x), ∀s ∈ S (1)

and
l(s) < α, ∀s ∈ cor(S).

Since x /∈ lin(X \S), for all y ∈ X\S there exists λ ∈ (0, 1] such that λy+ (1−λ)x ∈ S, and
so by applying the relation (1) we get l(y) ≤ α. Consequently, we deduce for all y ∈ X\S that
l(y) ≤ α, and by using the relation 2.1 we get

l(y) ≤ α, ∀y ∈ X. (2)

We claim that l(y) = 0, for all y ∈ X. Because otherwise there exists z ∈ X such that
l(z) 6= 0. Without loss of generality we may assume l(z) is a positive number. So l(nz)
approach to infinity when n approach to infinity which is contradicted by 2. This completes the
proof of the assertion and s zero l equals to the zero mapping which is again a contradiction.
This completes the proof.
Теорема 1. Let X be a vector space and A a nonempty convex subset of X with cor(A) 6=

∅. Consider the collection all of convex subsets X. The operator of algebraic closure B −→
lin(B) and complement B −→ X\B are functions from the collection to itself. Then starting
with a given nonempty convex set A, one can form no more than 8 distinct sets by applying
these two operations successively.

Proof. Denote the algebraic closure,the complement and the algebraic interior of A, respec-
tively, by lA, cA and aA. By (b) of Lemma 3 we get l(a(A)) = lA, a(l(A)) = aA which
implies that l(l(A)) = l(A). By lemma 4 we have a(A) = clc(A). Then alA = clclA. Hence

A −→ lA −→ clA −→ lclA −→ clclA −→ lclclA = lalA = lA, ...

A −→ cA −→ lcA −→ A −→ lclcA = laA = lA, ...

Consequently, we get at most 8 distinct sets by taking the algebraic closures and comple-
ments of the convex set A successively, as follows:

A, cA, lA, clA, lcA, clcA, lclA, clclA.
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This completes the proof.
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А.П. Фарайзаде, А. Шафи
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Векторлық кеңiстiктердегi Куротовский проблемасы туралы

Аннотация: Топологиялық X жиынының A жиыншасына тұйықтау және толықтыру операцияларын (кез
келген ретте, кез келген ақырлы сан рет) жүргiзгенде шығатын жиындар саны 14-тен артық болмайтындығы
туралы Куротовский пробллемасы қойылған [1]. Мақалада X векторлық кеңiстiгiң A жиыншасы үшин
алгебралық тұйықтау мен алгебралық iшкi жиынды анықтау амалдары жағждайында Куратовский проблемасы
қарастырылады.

Ключевые слова:

А.П. Фарайзаде, А. Шафи

Факультет математики, Университет Рази, Керманшах, 67149, Иран

О проблеме Куратовского в векторных пространствах

Аннотация: Хорошо известно, что проблема Куратовского состоит в том, что существует не более 14 различных
множеств, которые можно получить из данного подмножества A топологического пространства X применяя к
этому подмножеству операции замыкания и дополнения (в любом порядке, в любом конечном числе) [1]. В статье
изучается проблема Куратовского в случае векторного пространства X с применением операций алгебраического
замыкания и определения алгебраической внутренности множества для выпуклого подмножества A в X.

Түйiн сөздер: алгебраическое операция получения множества внутренних точек, алгебраическое замыкание,
разделение, векторное пространство.
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