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Abstract. Generalizing of the Rudin—Keisler preorder, we introduce relations R, (and R, )
on the set PBw of ultrafilters on w. They form an ordinal sequence of length w; which is strictly
increasing by inclusion and lies between the Rudin—Keisler preorder and the Comfort preorder. We
show that the composition of these relations is expressed via a multiplication-like operation on
ordinals. Explicit calculations of this operation show that R, is transitive (and so, a preorder) iff
the ordinal « is multiplicatively indecomposable. The proposed constructions have several model-
theoretic consequences. Generalizing significantly results of Garcia-Ferreira, Hindman, and Strauss
concerning an interplay between ultrafilter extensions of semigroups and the Comfort preorder, we
prove that for every model 21, ultrafilter u, and ordinal «, the set {u:uR., v} forms a submodel
of the ultrafilter extension B2 of 2 iff the ordinal « is additively indecomposable. Furthermore,
generalizing Blass’ characterization of the Rudin—Keisler preorder via ultrapowers, we characterize
the relations R, , and in particular, the Comfort preorder, via a specific version of limit ultrapowers.
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1. INTRODUCTION

As usual, BX denotes the standard Cech—Stone compactification of the discrete space X , which
we identify with the set of ultrafilters over X (see [2, 7]). We consider here ultrafilters over w
although most of our results remain true for ultrafilters over any infinite set X .

Since the 1960s natural preorders have been studied in the theory of ultrafilters, of which the
Rudin—Keisler preorder and the Comfort preorder are well known. The Rudin—Keisler preorder <k

on Pw is defined by letting u <gk v iff there exists f : w — w such that f(v) = u, where
f: Bw — Pw is the continuous extension of f. The Comfort preorder <¢ on Pw is defined by
letting u <g v iff any v-compact space is u-compact, where a space X is u-compact iff f(u) eX
for any f:w — X . (See |2, 7] for more on ultrafilters and <gxk, and [3, 4] for <¢.)
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We introduce an ordinal sequence of relations lying between these two preorders and prove a num-
ber of their properties, including model-theoretic characterizations.

2. MAIN RESULTS

2.1. Basic definitions
For each ordinal «, we define a binary relation R, on Pw as follows.

Definition 1. For u,v € Bw and ordinal o > 0, let:
(i) uRpv iff u is principal,
(11) R<OZ = U6<C|{ RIB 5
(iii) uRy v iff there exists a continuous map f : fw — Pw such that
(a) f(v) =u and
(b) f(n) Reqo forall n <w.

The hierarchy is non-degenerate and lies between <grk and < as stated in two following theo-
rems.

Theorem 1. For all o,
(i) Ry = <grx;
(ii) Ro(at1) = Ra;
(ili) R<q C Ry (the strict inclusion) whenever a < wi ;
(iv) Rew, = Ry -

Theorem 2. R.,, = R,, = <c¢ . So we have the increasing chain:
RyCRi=<gxk CRyC...CR.,CR,CRy,+1C...
CRcyw CRyCRut1C...C Reyyy =Ry, =<c.

The R, relations can also be defined in another way. If X,Y are spaces and « is an or-
dinal, f : X¢ — Y is right-continuous w.r.t. A C X iff for all 8 < « the shift =z —
f(ao,a1,...,x,bgy1,bg42,...) is continuous whenever ag,ar,... € A and bgy1,bgi2,... € X. As
shown in [9, 10|, if n < w, X is discrete, and Y is compact Hausdorff, then every f: X" — Y
uniquely extends to f: (BX)™ — Y that is right-continuous w.r.t. X . The ultrafilter extensions of
relations P C X™ can be defined in a similar manner. This provides a canonical way to obtain, for
an arbitrary first-order model 2, its ultrafilter extension BA (|9, 10]), generalizing the well-known
construction of ultrafilter extensions of semigroups comprehensively treated in [7]. (Some historical
remarks can be found in [8].)

If n <w, the relations R,, can be redefined in terms of ultrafilter extensions of n-ary operations
on w as follows: u R, v iff there exists f:w™ — w such that f(v,...,0) =u. These observations
can be expanded to all R, by using w-ary operations on w. Such an operation is identified with
a continuous map of the Baire space w®“ into the discrete space w; these maps admit a natural
hierarchy ranked by countable ordinals.

Proposition 1. Any continuous (in the Baire space) f:w” — w uniquely extends to [ : (Bw)® —
Bw that is right-continuous w.r.t. w (in other words, w -ary operations on w extend to such oper-
ations on Bw ).

Proposition 2. Let a < wi and u,0 € Bw. Then uR, v iff there exists a continuous f:w“ — w

of rank « such that f(v,0,...) =u.
2.2. Composition of R, and the relations <,
Using the alternative definition of the R, relations, it is easy to see that for all n,m < w
R, oR,=R,m

(so R, are not preorders for 2 < n < w). The composition of arbitrary R, (or R, ) is expressed
via a multiplication-like operation on ordinals. To simplify notation, denote sup7<a('y - B) by
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(<a) - B the explicit calculation of these ordinals, used in getting the following result, is rather
cumbersome.

Theorem 3. Let o, 5 < wy .
(i) RaoRg= R, where

B-a if B=0 ora<uw,
y=10 (a+1)— if0< B <wand a>w,
B-(a+1) if o, B> w;

(ii) If a >0 is limit, then R<oo Rg = R<, where v =f-a;
(iii) If B >0 is limit, then R, o R.g = R<~ where

) (<B) -« if o <w,
1 (<B) - (a+1) otherwise;

(iv) If a, 8 >0 are limit, then Rcq o Reg = Ry, where v = (<f) -«
Corollary 1. Let 2 < a <w;. Then R., is a preorder iff « is multiplicatively indecomposable.

Define preorders between <grkx and <c by letting <g = <gk and <1y, = R_, we for all
a <wp. So, if a is infinite, R<, = <, iff a is an epsilon number. Also <, 0 <g = <, where
7 = max(a, 3) .

2.3. Model-theoretic applications

In this section, we will examine two applications in model theory.

The first concerns ultrafilter extensions. As shown in [5], for any ultrafilter v and semigroup S,
the set {u:u <c v} forms a subsemigroup of B.S. This can be expanded to arbitrary first-order
models and relations R, as follows.

Corollary 2. For all ordinals « > 1, ultrafilters v, and models 2, the following are equivalent:
(i) {u:uR.,v} forms a submodel of the model B2 ;

(ii) « is additively indecomposable.
Consequently, for all a >0, v, and 2, the set {u:u <, v} forms a submodel of BA.

The second application concerns ultrapowers. For a model 2 with the universe A, a set I, an
ultrafilter u over I, and f: 1 — A, let f, denote the u-equivalence class of f, and [, 2 the
ultrapower of 20 by u. As shown in [1], the Rudin—Keisler preorder has a natural characterization
in terms of ultrapowers: u <gg v iff J[, A < [[, 2 for all models 2, and also iff [, 9T X [[, N
where O is the full model of w, i.e., it has the universe w and all relations and operations on w.

It is not difficult to characterize R, with n < w via ultrapowers in a similar manner:

Proposition 3. For all u,v, and n < w, the following are equivalent:
(i) uR,v0;
(i) [L&A=TII,---IL, & (n times) for all models A ;
(i) [, =TI, - -1, (n times).

To handle the case o > w, the following “skew version” of limit ultrapowers is used. First for
any e: A — B define e": [[, A — [], B by letting e*(gy) := (e0 g)y. Clearly, e: A <B implies
et [, A =2 [[,®B. Then for every model 2, ultrafilter u, and ordinals «, define the models 2y o
and their embeddings eg, for 8 < a:

(i) Auo:=2A, Ay1:=][, A and ey =d (the diagonal map);
(ii) if a is limit, then Ay := limg_,o Ay p w.r.t. the system {e,3},<g<a , and the maps egq
(B < a) are defined naturally;
(ili) if @ =pF+1, then Ay =[], A, and the maps eso (6 < a) are defined as follows:
(a) if B=~+1, then eg, := e g
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(b) if 8> 0 is limit, then for any g € Ayg

egalg) = eiﬁ(h)
for some v < 8 and h € gN Ayy41;
(c) for any 6 < 3, esq := €sq © €58.

Lemma 1. All A, are well defined, and if B < o then egq : Aypg =X Ao -

Theorem 4. For u,v € Bw, and a limit ordinal o > 0, the following are equivalent:
(i) uR<q0;
(ii) there is f < a such that Ay1 =X Ay g for all models A ;
(iii) thereis f < a such that M1 < My
Consequently, uw <c v iff A1 2 Ao, for all models A, and also iff My1 = Ny, -

3. CONCLUSION AND DISCUSSION

The relations R, provide a natural “smooth” transition from the Rudin-Keisler preorder to the
Comfort preorder surprisingly showing that these two preorders are essentially of the same nature.
This provides new methods for establishing properties of the Comfort preorder on Bw. The pro-
posed skew version of limit ultrapowers raises natural questions. What are the properties of this
model-theoretic construction? Is it true that the usual and skew limit ultrapowers are elementarily
embedded in each other (perhaps with a rank shift)?

Authors’ Contributions: the authors’ contribution is equal.
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Pynun-Keiiciiep aaablHFbl PETiHIH >KaJINbLIAYJIaPbl 2KOHE OJIapAblH
TEOPHUSJIBIK-MOJIEJbIIK KOJIJIAHBICTAPBI

H. JI. Iloasixos ', JI. 1. CaBeibes 2
I «ZKorapbl 9KOHOMHKA MeKTebi» YITTHIK 3epTTey yHuBepcureTi, [lokposckuit 6yiapsapsr 11, Mackey, Peceit
Derepariusicot
2 M®TU Kazipri 3aMaHFel MaTeMaTHKa Korapsl MekTe6i, KimMentoscknit Kubuisicsl, 1, Mackey, Peceit
Derepariusicbl

Annoramusa. Makanana Pynun—Keiiciepuis ajrbl peTiH »KajlbLlIail OTBIPBII, W -Iafbl PBw
yabTpacy3riiep xkublHbiHga R, (xone Ro,) KaTblHACTApbl eHriziimi. Byn kareiHacrap wq
VY3BIHJBIKTEI, KipicTipy OoifibIHINa KaTaH ecrnemi koHe Pymuna-Keiicaep »xone Komdopr asrb
perTepiHiH, apachlHIa KaTaTblH OpAuHA] TizbeK Kypaiiabl.  Maxajaga oCbl KaTbIHACTAPIbIH
KOMIIO3MIIUSICHI  OpJAMHAIIapAbl KOOelTy aMaJjiblHa »KaKblH Olepalnsd apKbLIbl OpHEKTeJeTiHI
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KepceTimi. By omepalusiibl HAKTBI €CENTey ¢ OPAMHAJIBI MYyJIBTUILITHKATHBTI XKiKTeJIMece >KoHe
TeK COHJIa FaHa R, KaTbIHACHI TPAH3UTUBTI €KEHJIrH (COHJBIKTAH aJFbl PET Te GOJATHIH/BIFBIH )
KopceTei. Y CBhIHBLIFaH KYPBLIbIMIAP OipKaTrap TeOpHUsiIbIK-MOMEIbIIK cajgapra ue. zKaprbuiai
TONTAP/IBIH, yabTpakeHeaepi MeH KoMdopTThIH aarbl peTi apacblHIarbl ©3apa OailylaHbIC TYpPaJIbl
lapcusa-®eppeiipa, Xuaaman koue IITpaycc HoTHXKeIepiH €pyip KaJIMbLIAN OTBIPBII, aBTOpJIap
MakaJiaia Ke3 kesqren 2 Mozeni, u yabrpacysrici MeH « opamHasbl yima {u: u R, v} Kubmbr BA
yabTpakeHeoingae 2 MomesiHig iMmKi MOJIeiH Kypybl VIIIH « OPAWHAJIBI aJINTUBTI >KIKTeIMeNTiH
0OJIYBI KarKeTTi JKoHe KEeTKIITIKTI eKeHairi gosesnenai. COHbBIMEH KaTap, yIbTPaIopesKerep apKblIbl
Baacc 6epren Pymun—Keiiciep asrbl peTiHiH CHIATTaAMACHIH KAJIIBLIAN OTBIPBII, aBTOPJIAPMEH
R, xarbiHacTapblHBIH, jgepbec Karmaiima, IMEKTey/Il yJIbTPaIopekeepIiH apHailbl HyCcKaMaJiapbl
apKbLIbl KoMdOpT alxfbl peTiHiH cumaTTaMachl Oepiiii.

Tyiiin ce3nep: yabrpacysri, yibrpakeneio, Pymun—Keiiciiep amrer peri, KomdbopT anrer peri,
VIIBTPAJIPPEKE, MEKTIK YJIBTPAIOPEsKe.

O6o06111enust npeamnopsinka Pynua—Keiiciaepa u ux TeopeTuko-MoAe/ibHbIE ITPUJIOXKEHUST

H. JI. Iloasixos ', 1. 1. CaBesbes 2
! HanuoHaJIbHBIH HCCIIeI0BATEIbCKI YHUBEPCUTET «BhICInas MKOIa SKOHOMUKH», IJoKpoBCcKuil 6y/IbBap,
11, MockBa, Poccuiickas Pemeparust
2 Bricmras 1mKoJIa coppeMenHoit MaTemaruku M®TU, Knumenrosckuii nep., 1, Mocksa, Poccuiickast
Derepariust

Awnunoranms. B crarbe BBesenb! orHomennst R, (1 Ro, ) Ha MHOXKecTBe PBw yIbTPapUIbTPOB
Ha W, KOTOpble 00060ImaT upeanopsanok Pymnua-Keiiciepa. OTH OTHOIEHHUS 0OPa3yIOT
OPAMHAJIBHYIO IIOC/IEI0BATEILHOCTD JIJTUHBI W] , CTPOTO BO3PACTAIOINIYIO 10 BKIIOYEHUIO U JIEYKAIILYIO
Mexky upenmnopsiakom Pynun-Keiicniepa um npenmopsiakom Komdopra. B crarbe mokazaHo,
YTO KOMIIO3UIUSI STUX OTHOIIEHWI BBIpAXKaeTcss dYepe3 Olepalni, OJHM3KYI0 K YMHOXKEHHIO
OpJIMHAJIOB. ¢IBHBIE BBIYHC/IEHUS] 9TOI OMEpAaIii MOKA3BIBAIOT, YTO R, SIBJISETCS TPAH3UTHUBHBIM
(4, ceI0BATEIBHO, IPEIIOPSIKOM ), TOIJIA M TOJBKO TOIJIA, KOTJIa OPJMHAJ (¢ MYJIbTUILINKATHBHO
HEPA3JIOXKIM. IIpemyioxkeHHbIE KOHCTPYKIIMA HUMEIOT PsiJl TEOPETHKO-MOJEBHBIX CJIEJICTBUIA.
CymecrBeHHo 00001mast pesynbrarhl Lapcusi-Qepeiippl, Xunamana u Illrpaycc o B3amMOCBsI3U
MEXKy YJIbTPapaclInPEeHUsIMIA OJIYTPYIII U IpeanopsaakoM KomdopTa, aBTOPLI JOKA3BIBAIOT, YTO
Jist J1000i Mogenn 2, yabrpaduibTpa U U OpAMHAJA ¢, MHOXKeCTBO {uU : uWR_,v} obpasyer
IIOAMOJIENb yabTpapaciiupennsa 324 momenn 2A, Torma 1 TOJIBKO TOrIa, KOrAa OPAUHAI (¢ aJJInTUBHO
HepazoxkuM. Kpome Toro, 06001mast xapakTepusamuio npeanopsanka Pymna—Keiiciaepa, manmnyio
Biaccom ¢ moMomipio yabTpacTeneHeil, aBTOPbI HAl0T XapaKTepU3allMio OTHOIneHui R, u, B
JaCTHOCTH, Ipeanopsiaka Komdopra depes crienualibHyIo BEPCHIO IPEASIbHBIX YILTPaCcTEIeHe.

KnroueBbie cjoBa: yabrpaduibTp, yabTpapaciimpenue, mnpeanopsaok Pymua—Keiicaepa,
npeanopsiiok Komdopra, yabrpacrenennb, mpeaeabHas YIbTPacTeleHb.
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