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Abstract. Consider a two-dimensional, two-component composite consisting of non-overlapping,
identical circular disks embedded in a uniform host. The conductivity of the considered composites
is modeled by the R-linear conjugation problem for functions analytic in the domains occupied
by the components of composites and Holder continuous in their closures. The effective conduc-
tivity of these dispersed random composites can be determined using constructive homogenization
theory, which assumes strictly stationary fields. The Eisenstein summation method is applied to
analyze conditionally convergent sums that arise during the homogenization process. Additionally,
the Clausius-Mossotti approximation, which is valid for macroscopically isotropic two-dimensional
composites up to O(f3), is justified for random composites. A new analytical formula for the ef-
fective conductivity tensor of macroscopically anisotropic composites is derived up to O(f?). This
formula contains a conditionally convergent sum S coinciding with the Rayleigh lattice sum for
the square array of disks calculated by the Eisenstein summation method. Moreover, S} depends
on a curve connecting a finite point with infinity. This approach provides a robust framework for
understanding the behavior of such materials and offers insights into their effective conductivity
properties.
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1. Introduction

The theory of measure serves as the theoretical foundation for random structures within the
framework of dispersed composites. The randomness of these structures is reflected in the random
coefficients of partial differential equations that model the process. A rigorous homogenization theory
for elliptic operators with highly oscillated random coefficients has been developed [8, 10, 7, 20].
These coefficients are represented by a symmetric, positively defined matrix in the plane

Azz(X)  Agy(x)
A(x) = (1)
Azy(X)  Ayy(x)
called the local conductivity tensor. In the theory of random composites, it is assumed that the

matrix A(x) is a strictly stationary spatial field.
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Ficure 1 — Circular inclusions on the complex plane.

For macroscopically isotropic fields, the matrix function (1) simplifies to a scalar function A(x),
more precisely,

A(x) = Ax)1, (2)
where [ stands for the identity matrix.

In the context of two-dimensional (2D) media, it is convenient to consider the measured matrix-
function A(z) with the complex argument z = z; + izy € C, where x1,z2 € R?. For shortness,
the same designation A(z) = A(x1,x2) is used for this function. The stationary conductivity on the
plane is described by elliptic equations

V- Az, 20)Vu(zr, 22)) =0, (z1,22) € R?. (3)

The partial differential equation (3) for an unknown function u(x;,z2) is considered in a Sobolev
space [10]. Moreover, u(xi,z2) = u(z) is bounded at infinity.

In the present paper, we restrict our attention to a two-dimensional, two-component composite
made from a collection of non-overlapping, identical, circular disks embedded in an otherwise uniform
host. Several researchers have taken a different approach by assuming a specific regular geometry
for the composite material. Rayleigh [18] addressed this problem for a regular square array of
disks in 1892. He introduced lattice sums for regular structures and highlighted the conditionally
convergent lattice sum So, proving that Sy = 7 calculated by the Eisenstein summation [21].
Rayleigh’s method was extended to other regular structures by McPhedran et al. in a series of
papers |11, 13, 12]. The lattice sums were further extended to random locations of disks in [14, 15].

Besides some special cases like Dykhne-Keller-Mathéron approach, the problem of constructive
description of the strictly stationary random field A(x) was considered in [10]. In particular, it
was demonstrated that homogenization holds for an almost-periodic matrix A(x) in the sense of
Bohr and Bezikovich. More precisely, the components of A(x) are approximated by a sequence of
trigonometric polynomials converging to A(x) in a space defined by the Bezikovich norm

I1F|I? = lim sup 12/ IF(x)2 dx. (4)
R—oo TR [x|<R

Here, F € L} (R?) belongs to equivalence classes detailed in [10].

A dispersed 2D two-phase composite with equal circular inclusions is described as follows. Con-
sider non-overlapping disks Dy :={z € C: |z —ax| <r, k=1,2,...} on the complex plane shown
in Figure 1. Let D* := U Dy and D~ := C\(DT UdD*), where C = CU {c0} denotes the
extended complex plane, D% is the boundary of DT .

The considered composite forms a strictly stationary field if the countable set of centers

A:{al,aQ,ag,...} (5)
is strictly stationary and |ag — an,| > 27 for k # m . In the present paper, we assume that |ag| > r
for all k=1,2,.... It simplifies the consideration [14|, where the set A contains the point ag = 0.
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In the context of [10] related to ergodicity, we assume that the set of points A is a typical element
of the considered random set. It is assumed that the function A(z) is piecewise constant,

A1 Z€D+,

A(z) = (6)
1 zeD.

Here, the conductivity of the host is normalized to unity. Therefore, the conductivity A; can be
considered as the ratio of conductivities in the inclusions and in the host.

Let the set A form a double periodic structure. Infinitesimally small random perturbations of
such a structure were studied in [10]. In particular, an extension of the Clausisus-Mossotti (Maxwell)
approximation for the effective conductivity was derived. A more general shaken model with no small
perturbation was discussed in [3, 4]. A double periodicity condition of perturbation was assumed.
Similar model for the security sphere approach was developed in |2].

The effective conductivity of dispersed composites for an arbitrary set of points A was investigated
in |14] by means of the absolutely convergent series associated with the classic elliptic functions by
Weierstrass. In the present paper, we continue to discuss this question based on the conditionally
convergent Eisenstein series. This approach allows to simplify and extend the results [14].

2. R-linear problem and functional equations
Introduce the dimensionless contrast parameter
A1
e= A +1 '

(7)

The complex velocities of the considered problems, the functions ¥ (z) and x(z) (k=1,2,...),
are analytic in the domains D~ and D™ | respectively. The function vy (z) is Hélder continuous
in |z —ag| < 7. The function v(z) is Holder continuous in the closure of D~ | except at the point
z = oo, where it is bounded. The functions v(z) and (z) satisfy the R-linear conjugation
condition [19]

1/1(t) :wk(t)+9r2(t_ak)72m_c(t)v ‘t_ak‘ =r (k: 1727"')7 (8>

where ¢(t) is a given Holder continuous function. It is assumed for definiteness that ¢(t) = 1. Here,
the complex number 1+ i0 models the external vector field (1,0) applied at infinity. It is worth
noting that the problem (8) is stated in the infinitely connected domain contrary to [19], where the
problem was considered in a finitely connected domain on the plane or on the plane torus, i.e., in a
class of doubly periodic functions.

Boundary value problems for infinitely connected domains frequently require the study of infinite
winding number (index) [9]. However, due to the inequality |o| < 1, its winding number vanishes,
and the problem has a unique solution up to an additive arbitrary constant [14, 5].

The theory of the Eisenstein series was developed for doubly periodic functions [21] closely related
to the elliptic Weierstrass functions [1|. Consider a double periodic lattice on the complex plane
formed by the fundamental translation vectors w; and ws . It is convenient to consider these vectors
as such complex numbers for which wy > 0, Im wy > 0, and wi;lm wy = 1. The last relation means
that the area of the parallelogram constructed on w; and we holds unity. Let w = miw; + mows ,
where mj and meo run over integer numbers Z. Introduce the Eisenstein-Rayleigh lattice sums
[18]

S = Z/w_m, m=2,3,..., 9)

mi,ma2

where the prime means that the pair (mq,mz2) = (0,0) is skipped in the summation. The series (9)
for m = 2 converges conditionally. Therefore, its value depends on the order of summation. In the
present paper, the order is fixed by using the Eisenstein summation [21]
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(@) =
= i i .
S g g Sy w
mi,ma p2=—Mz p1=—M
The Eisenstein summation is defined by the external field parallel to the real axis [18]. The
Eisenstein function is introduced through the series

e 1
Eu(z)i= 3 )(Z_w)m. (11)
m1,ma

It is conditionally, and almost uniformly convergent for m = 2, and absolutely and uniformly
convergent for m > 2 [21]. The Eisenstein and elliptic Weierstrass functions are related by the
formula

Ey(2) = p(2) + S2. (12)

The set of points (5) is linearly ordered. It can be doubly ordered. In the case of a doubly periodic
set, it can be enumerated as follows A = {mjw; + mowa : mi,ma € Z}. The doubly periodic set
A is strictly stationary.

We now proceed to consider non-periodic sets, not assuming their stationarity, and considering
other assumptions. First, we assume that the concentration of non-overlapping disks exists and is
normalized to f = 7r?. More precisely, there exists the limit

n

lim —— =1, (13)
where a rectangle D, contains n disks and extends to the infinite point, as n — oco.
The double numeration of A follows the Eisenstein summation. Consider a point a,, m, € A
with the nonnegative real and imaginary parts. The subscripts m; are ordered by the real part and
my by the imaginary part, i.e.,

0 <Reagm, <Reaim, <Reagm, < ...,

(14)
O0<Imamo<Imap 1 <Imay2<....
The points am, m, € A in other quadrants of the planes are ordered analogously.
The R-linear problem (8) was reduced to the system of functional equations |14]
0u(2) = 02 S [ 2 ) (a4 252) = 52 o ]
(15)
—or®y (ag) +q(r), |z—ap] <r(k=1,2,...).
where [14, formula (4.7)]
— [ 1 1

=1+or® i — - o(r'). 16
atr) o vaAlin—mo [a% (w — ag)(w — ag, — Az)} +0() (16)

Here, the limit is considered along a simple curve v C D~ connecting a point w € D~ and
infinity. Without loss of generality, one may take w = 0. An algorithm to construct the higher
order terms of ¢(r) is described in [14]. The relation (16) becomes

q(r) =1+ Q’I”QSé + O(r4), (17)
where
G- SS[L 1 -
2 Y3Az—00 P a% ag(ap + Az) .

It is assumed that the limit (18) does not depend on the choice of the curve ~. The infinite sum
in (18) goes in accordance with the Eisenstein summation defined by (10) and (14). In the case of
a double periodic set A, the value S} becomes Sy .
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The convergence of series in (15) can be justified through the Taylor expansion

Y (2) = Zal(z — am)l, |z — am| <1, (19)
1=0

and the inversion

00 l
Ui <am+ﬂ> :Zal< rt ) , |z —am| > (20)
=0

Z — Qm Z — G

Substitution of (20) into (15) yields the functional equation

0 o] 1 1+2
Ui(e) = 0> D 3 ( ) o (an) +1, |-l <r (21)
=1

zZ—a
m#£k m

Here, the absolute, almost uniform convergence in z ¢ A follows from the absolute, almost
uniform convergence of the series [14]

Fyz) =Y (2_1am)17 p>3. (22)
m=1

3. Low order formula for the effective conductivity

Introduce the function ¥(z) = ¢(z) in |z —ax| < r forall £ =1,2,.... The function ¥(z)
is analytic in the non-connected domain DT and continuous in its closure. Such functions form
the Banach space C(D*) with the norm ||¥| = sup,cprugp+ |¥(2)|. The system of functional
equations (15) can be written as an equation in the space C(D™)

U = or’BVU +1 (23)

where the operator B is defined by the right part of (15). It was proved in [14] that the operator B

is bounded, and a method of successive approximations can be applied to (23) in the space C(D™).

It is worth noting that equation (23) can be considered in the Hardy-type space following [6].
Applying iterations to (23) and substituting r% = % we obtain

Yp(z) =1+ %f Z [(z—am)? —a,] + 55 p +O(f%), asf—0. (24)
m#k

The components of the effective conductivity tensor can be calculated by the formula [14]

Azz — iday = 14 20f (). (25)
where
RS
() = lim — kzl Yular)- (26)
Substitution of (24) into (26) yields
Ao — 1A :1+2gf+292f2l S’+hml§n:i R +0(f%) (27)
o Y ™ 2 n—00 1 — Zk (ak — am)2 a,2n '

Following [19] one can consider the problem for the structure A* obtained from A by rotation
about the angle 7 ,ie., A* = {ia;,iag,...}. Then,

1] o). (@)

)
am

1 1 n oo 1
N 2 12 Rt
Ay + ey = 1+ 20f +20° 1~ Sz—nlggon;%[w
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Calculate the invariant
1 1 N
5(/\m + Ayy) =1+ 20f + 2.(_)2f2%(55 +575) + O(f3). (29)

Here, we use the absolute convergence of the double series lim,, .~ % Zzzl Zﬁ;ﬁk The series

S’ converges conditionally; hence, we cannot directly replace aj by iax . However, to compute S’
we can apply the formula [19]

SL+ 85 = 2n, (30)
and get the famous Clasius-Mossotti (Maxwell) approximation
1 1+
5()\” +Ayy) =14 20f + 20°f% + O(fg) 1 f)jj + O(fg)- (31)

Consider the regular square array A = {mj+imgy: my, mg € Z}. This example was investigated
by Rayleigh [18] whi proved that S = m. Calculate the following limit using the Eisenstein

summation u u
_ : 2 1 1
o = limpz, o0 limaz, 00 Zkzszz Zklszl (2M1+1)(2Mz+1)

(e) 1 1

/
XZ(mhmg)yﬁ(kl,kg) (k1+ik2—m1—im2)2 (m1+im2)2

. . Mo My 1
Bmag, o0 MG 500 Qg2 pry Dok =— My EARTT)@GTT)

/ (e) 1 / (e) 1
Xz(mth)#(kl,kQ) (k1+ik2—m1—im2)2 - Zml,m& (m1+im2)2 '

Here, the prime means that the term (mi,mg) = (0,0) is skipped; n = (2M; + 1)(2M2 + 1).
The first sum in the fourth line does not depend on kj + iks. Therefore, « vanishes, and (27) for
the square array becomes

Aew — gy = 1+ 20f +20° f2 + O(f7). (33)
Taking into account the macroscopic isotropy of the square array, we get
Aoz = Ay = 1+ 20f +20° >+ O(f?), Agy =0. (34)

An exact formula for A, was derived in [16]. Its first terms coincide with (34).

4. Conclusion

The general assumption of strictly stationary fields in the theory of random composites is not
constructive. This is the reason why it is not checked in practice during the derivation of formulas for
the effective constants. This neglect of the homogenization principles may lead to wrong corrections.
For instance, as it follows from (31) the Clasius-Mossotti approximation holds for 2D composites up
to O(f3). Analogous formulas hold for 2D elastic fields and 3D problems [17, Chapter 9].
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Kowmrmiekc 2Ka3bIKThbIKTarbl KYPbIJIBIMJIBIK COMaJiap 2K9He OJiIapAbl KOMITO3NIMNAJIBIK
MaTepuaJJigapra KoJdJaHy

B.B. MurTroimieB
KomMmmbrorepJiik ¥bLIBIMIAD KOHE TeJIeKOMMYyHUKAaIUs (pakyiabreTi, KpakoB TeXHOJIOTHsT YHUBEPCUTETI,
Bapmasa ke, 24, Kpakos, [Tonbmra

Anparna. bBip kakrayra cajbiHFAH Oipjieil JeHreeK JUCKIIEpJAeH TypaTblH €Ki eJimeM/i
€Ki KOMITOHEHTTI KOMIIO3BUTTI KapacThIPAlbIK. KapacThIpbLabIll  OTBIpFAH KOMITO3UTTEP/IIH
OTKI3TIMITII OJIap/ibIH KOMIIOHEHTTEP] aJIbI YKATKAH ay aHjIap/ia aHaAJUTUKAJIBIK, YKOHE OJIap/IbIH
TYABIKTAIYBIHIA Y3LIcci3 (pyHKIMSIIAPABIH, ChI3BIKTHIK TYHIHIECIHIH, MaTeMaTHKaJIbIK ecemnrepi
apKbLIBI  MOJIEJIBICHE/T]. Byn jwmcneperi  KOMHIO3UTTEPJH, THIMJII  3JEKTP OTKIBMIMITIrH
KaTaH CTaIlMOHAPJIBIK, ©picTep/li KAMTHUTBIH KOHCTPYKTHUBTI TOMOI€HHU3AIUsi TEOPUSCHI apKbLIbI
aHBIKTayTa OO0JIa bl OUBEHINTENHHIH, KUHAKTAY ©OJiCi TOMOIeHU3allis IPOIeCiHge maiiaa
OOJIATBIH TMAPTTHl YKUHAKTAJIATHIH KOCBIHIBLIAPALI 3epTTeyae KoJdaHblianbl. (COHBIMEH Karap,
O(f3) meAmiKTI MaKpOCKONHMSIBIK H30TPONTHI €Ki O/MeM/Ii KOMIOZHTTepre KaThicThl Kmaysmyc-
MoccoTTn s, *KybIKTaybl Ke3/IeCOK KOMIIO3UTTEPre Herizjienred. MaKpOoCKOUAIBIK aHI30TPOITHI
KOMITO3UTTEP/IH, THiMAl OTKI3rimTik Ter3opsl yimia O f3) IOJIIINMEH »KaHa aHaJUTUKAJIBIK
dopmyIa  AJIBIHJIBL. byn dopmyna DiizeHIITEHHHIH, KOCBIHIBLIAY OIICI apKbLIbI €CelTe/NeH
JUCKIIEPIiH KBaJIpaT MacCuBi YImH Paeil TOpbIHBIH, KOCBIHIBICHIMEH OETTECETIH MMAapTThl YKIHAKTHI
S’ KOCBIHABICHIH KaMTH bl COHbIMEH Karap, S% aKbIPJIbl HYKTe MEeH MIeKCI3/IKTI KOCATBIH KUChIKKA
Toyesri. By Tocis ocblHmait MarepuasIapiblH ©3TepyiH TyCiHyre ceHiM/ii Herisz Oepill, oJiapibiH
9JIEKTP OTKI3TIMITINHIH, TUIMJII KACUETTEPIH CUMIATTAMIbI.
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KuarouyeBbie cJioBa: KYPBUIBIMJIBIK, cOMaJiap, KOMIIO3UTTEP/H THIMJI  KacueTTepi,
TOMOTEHM3aIlns, KATAH CTAIMOHAPJIBIK ©pic, R - CBI3BIKTBIK ecell, aCUMITOTUKAJIBLIK, TaJIay.

CprKTyprIe CyMMBbI Ha KOMILJIEKCHOII IJIOCKOCTH M UX IIpuMeHeHud K
KOMITIO3UIIMOHHBIM MaTepuaJiaM

B.B. MuToieB
DakyJIbTET €OMITBIOTEPHBIX HAYK M TEJIEKOMMYHHUKAIMH, KPAKOBCKHIT yHUBEPCUTET TEXHOJIOIUH, VJI.
Bapmasa, 24, Kpakos, [Tonbira

Awnnoranus. PaccmaTrpuBaercss ABYMepHBINT IBYXKOMIIOHEHTHBI KOMITO3UT, COCTOSIIINIA
U3 HelepeCceKaloNMXcd HJICHTUYHBIX KPYIVIBIX JIMCKOB, BCTaBJIEHHBIX B OJHOPOJIHYIO CPEJLy.
IIpoBoanMmocTh paccMaTpuBaeMbIX KOMIIO3UTOB MOJETNPYETCS € TIOMOITBIO MaTeMaTHIeCKOM 3a/1an
JIMHEWHOTO conpsizKenusi i (DYHKINH, aHAJIUTHIECKUX B O0OJIACTHAX, 3aHUMAEMbIX KOMIIOHEHTAME
KOMITO3UTOB, ¥ HEMPEPBIBHBIX B UX 3aMBIKAHUAX.  DMMEKTUBHAS JIEKTPOTPOBOIHOCTDL ITUX
JIICIIEPCHBIX  KOMIIO3UTOB MOXKET OBITh OIpeJeeHa ¢ IMOMOIIbI0 KOHCTPYKTUBHON Teopuu
TOMOTEHHM3AINN, KOTOpas IPEJIojaraeT CTPOro craluoHapHble 1mojsa.  Merog cymmupoBaHust
Dii3eHINTeliHa TTPUMEHSIETCST JIJIsT aHAJN3a YCJIOBHO CXOJSIIIUXCS CyMM, BOSHHUKAIOIINX B IPOIECCEe
romorenn3aiuu. Kpome Toro, npubimxkenne Kiaysmyca-MoccorTu, KoTopoe cCIpaBejiuiBO st
MaKPOCKOIINYECKH N30TPOIHBIX JIByMEPHBIX KOMIIO3UTOB ¢ TOYHOCTHIO 0 O f3) , 000CHOBAHO J1JTst
cayqaiiupix Kommo3utos. [losyvuena noBas amajuTudeckas (gopmysia i TeH3opa 3pdekTuBHOM
IIPOBOJIIMOCTH MAKPOCKOIMYECKH aHM30TPOIHBIX KOMIO3HTOB ¢ Tounocteio go O(f3). Dra
bopmysia COAEPKUT YCJIOBHO CXOJAILYIOCs CyMMy Sh, COBIAJAOILYIO0 ¢ CyMMON pererku Pasest,
BBIYMCJICHHON MEeTOJOM CyMMUpOBaHUs Dii3eHrnireiina. Bosee toro, S} 3aBucHT OT KDHUBOM,
COEJINHSIONIEH KOHEUHYIO TOUYKY € OECKOHETHOCTHIO. IDTOT IOJXO0JI ODECIETMBACT TEOPETUIECKYIO
OCHOBY /IJIsl IOHUMAHUsI [TOBEJICHUS TAKUX MATEPUAJIOB M TIO3BOJISIET MOJIYUUTh [PEJCTABICHIE 00 X
3P DEKTUBHBIX CBOWCTBAX 3JIEKTPOIIPOBOIHOCTH.

KirroueBsbie cioBa: cTpyKTypHas cymMMma, 3bdeKTUBHBIE CBONCTBA KOMIIO3UTOB, TOMOTE€HUBAIIHS,
CTPOTO CcTallmoOHApHOe Tose, R-imHeitHas 3aatua, acCHMITOTUIECKA aHATN3.
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