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THE ROOTS OF THE CHARACTERISTIC EQUATIONS ARE COMPLEX

CONJUGATE

Abstract: In this paper, we study a two-dimensional integral equation of Volterra type with
a singularity and a logarithmic singularity in one variable and a strong singularity in another
variable. Solving an integral equation with special kernels in the case when the coefficients of
the equation are related to each other reduces to solving one-dimensional integral equations
of Volterra type with special kernels. Using the connection between the considered integral
equations and ordinary differential equations with singular coefficients, depending on the sign of
the coefficients of the equation and the roots of the characteristic equations, explicit solutions
of the studied two-dimensional integral equation are obtained.

Note that explicit solutions of a two-dimensional integral equation of Volterra type with a
singularity and a logarithmic singularity in one variable and a strong singularity in another
variable can contain from one to four arbitrary functions. Cases have also been established
when the solution to a two-dimensional integral equation of Volterra type with a singularity and
a logarithmic singularity in one variable and a strong singularity in another variable is unique.

If the characteristic equations have complex conjugate roots, then the given integral equation
with singular kernels has a unique solution or the explicit solutions contain two or four arbitrary
functions. In the latter cases, the correct formulation was clarified and explicit solutions of
Cauchy type problems were obtained.
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INTRODUCTION

One of the well-known ways to study various problems of mathematical physics is the theory of
singular integral equations. One-dimensional and multidimensional, linear and nonlinear integral
equations of Volterra type with a singular kernel are often encountered in solving various applied
problems in mathematics, physics, elasticity theory, and the theory of conformal mappings.

Note that the work of A.P. Soldatov [1] is devoted to the study of the characteristic integral
equation with the Cauchy kernel, obtaining the solvability condition and an explicit formula
for representing the solution. Singular integral equations with a singularity of logarithmic or
power type, also simultaneously with weak and strong singularities in various combinations,
were studied in [2]. Works [3-6] are devoted to the study of weakly singular and singular integral
equations of various types, the construction and justification of computational schemes for the
studied equations.

The works of N. Radjabov [7-8] are devoted to obtaining explicit varieties of solutions and
studying boundary value problems of the Cauchy type of integral equations of Volterra type
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with a fixed boundary and internal singular, super-singular kernel, as well as integral equations
with a logarithmic and singular singularity of the kernel.

Note that in [9-12] explicit manifolds of solutions of a two-dimensional integral equation of
Volterra type (1) with a logarithmic and singular singularity in one of the variables and a strong
boundary fixed singularity in the other variable were obtained, in the case when the coefficients of
the equation are related to each other, also the roots of characteristic equations are real-different,
real-equal, complex conjugate. In [13], the solution to the Volterra type integral equation with
singular kernels (1) was obtained in the form of generalized functional series.

Note that in [14]-[15] problems of Cauchy type were studied, when the roots of the charac-
teristic equations of a two-dimensional integral equation with singular kernels (1) were real and
different, real and equal.

The proposed work is devoted to the formulation and solution of Cauchy type problems for
determining arbitrary functions in the resulting solution, when the roots of the characteristic
equations of the integral equation (1) are complex conjugate.

Let D be a rectangle D = {(:r,y) ra<zr<anb<y< bl} with boundaries I'y = {y =
b a<zr<ar}, To={zr=a, b<y<bi}.

In the domain D we study an integral equation of Volterra type with special kernels of the
form:

u(z,y) —I—/: [p—l—qln <$:Z>} u(t’y)dt+/by [)\—I—,u(wf(s) —w?(y))} u(x—’;))ﬁds—l—

t t—a (s

Jr/az [p1+qlln<x_a>] dt /by[A1+u1(W5(8)—w5(y))]%ds:f(%y)v (1)

t—a t—a

where p,q, A, 1, p1,q1, A1, 1 — given constants, f(z,y) — given function, u(x,y) — sought
. -1
function, wl’?(s) =[(B-1)(y—-bPs1] " ,8>1. B
We will look for a solution to the integral equation (1) in the class of functions u(z,y) € C(D)
vanishing on I'y and I's with asymptotic behavior:

u(z,y) =ol(xr —a)¥], e >0 at r — a,
w(z,y) = oy —b)"], v>2(8-1) at y —b.
Problem K;. Need to find a solution integral equation with special kernels (1) from class

C(D), vanishing on I'; and Ty, subject to the conditions p < 0, < 0,A; = p? —4q < 0, Ay =
AN —4p < 0,p=p1,q=qi, A= A1, 1 = j1, also conditions:

{(m — a)_% {(I%I sin (Q(x)) + 42_172 cos (Q(l‘))) u(x,y) — sin (Q(z)) Dy (u(, y))- } = A (y),

{(3" - a)_% [(—% cos (Qz)) + 4‘;—172 sin (Q(.T))) u(,y) + cos (Uz)) Dy (u(z, y)) } = As(y),

{e Swp (v) [(-% sin (O(y)) — Y 4‘;_’\2 oS (@(y))) u(z,y) — sin (0(y)) Dy (u(z,y)) } . = Bi(z),
{e‘@wf(y) {(% cos (O(y)) — ~ 4‘;_>‘2 sin ((—)(y))) u(z,y) + cos (O(y)) Dy (u(x,y)) } . = By(z),

where Bi(x), Ba(x), A1(y), A2(y) are given continuous functions, ©(y) = 4’;_>‘2 wl’)ﬁ(y), Qz) =

—V%_‘DQ In(z —a).

Solution to problem Kj.

Solution of integral equation (1) at p < 0, < 0,A; = p? —4¢ < 0,A9 = N2 —4pu < 0,p =
P1,q4 = q1, A = A1, . = pq, according to [6], has the form:

lp

u(z,y)=(r—a)2 {COS (Q(m))@l(y) + sin (Q(:E))Hg(y)} +
) {cos (O) @1(a) +sin (O() ) 0a(2) } + BG4, [F ()] @)
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where

|p|

X/: (f:Z)T [(p2—4q)sin<' 4q2—p2 ln(f_Z)) —p 4q—p2(;os< 4q — p? ln(xa))] i(z)dt

2 t—a

vi(z),0;(y),i = 1,2 are arbitrary continuous functions of the points I'; and T,

Eéqug m [f(z,y)] = f(z,y) + ! X

Viaq—p?
Ip]
Tlr—a\? | o . 4—p*  x—a 5 49-p*> xz—a ft,y)
></a (t—a) |:(p 4q)sm( 5 ln(t—a)> p\/4q — p? cos 5 ln(t—a) t_adt+

_ 2 [T efw-efe)
* VAp — A2 /b 8
x [(A 3 2”) sin ( P2 ) - <s>>> $ A o < M2 ) - of (s)))] flas)ds |

N 1 /yeg(ul?(y)—wf(snx
Vaqg—p2\/au— X2 Ju
><[(AZgz’u)sin<v4ﬂ2_)\2(w5(y)—w5(8))>+Av4g_/\2008<v4u_/\2(wﬁ(y) ‘*(s)))] =

2 b Wy (S—b)’gx
[p|
Tlr—a\? 9 . \/4q — p? T —a 3 \/4q — p? r—a f(t,s)
></a <tfa> |:(p —4q)sm( 5 1n(tfa) — p\/4q — p? cos 3 ln(tfa) tfadt'

Let’s represent solution (2) in the form:

ulw,y) = (v~ a) ¥ {cos (2a))01(y) +sin (2))02(0) } + Tilier (1), 2(a), flap)] (3)

where

Tilp1(@), 92(2), f(2,)] = €240 {cos (O(y)) @1(2) +sin (0(9) ) @a(w) } + B [F (9]

Differentiating equality (3), then multiplying by « — a, we obtain:

Dyu(z,y) = (v — a)dug;’ D (z —a) % x

X { ['%' cos (Q(aj)) - 4(JT—Z)2 sin (Q(m))

U (o) + Y o ) i}
+ D, Ti[p1(x), p2(2), f(2,y)].

From the obtained equalities for defining arbitrary functions 6;(y) and 62(y) we obtain a
linear algebraic system of equations of the form:

cos (Qx)) 01 (y) + sin () a(y) = (x — a)~ 3 [u(z,y) — Ti[p1(x), 2(x), fz,y)]],
2l cos (Q(a)) — Y iy (Q(g;))] 61 (y) + [%sin () + Y2 o5 (Qa)) | ba(y) =

— (z—a)" % [Dyu(z,y) — Dyl (2), pa(x), f(2, )]
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To determine the unknowns 6;(y) and 63(y) we use Cramer’s method:

B cos (Q(x)) sin (Q(z))  VAg—p?
8= 2l cos (Q(z)) - 4‘;_]02 sin (Q(z))  2Zlsin (Q(2)) + —”4(;_]02 cos (Q(z)) | 2
o @ E uey) - Tl @), (@), fla)] sin (Q(2)) _
01(y) — (o — )_%‘[D ( D.T Ipl o 4q—p? =
x a zU xvly) T 1[901(33),302(33),f(x,y)]] 2 S (Q(JZ‘)) + 2 cos (Q(l‘))
4q —p?
=5 0y),
Aoy = ’ cos ((x)) (@ - a)~ % [u(@.y) - Tiler@). oa(a), @] |
] Bleos () - Y sin (Qx) (21— )~ [Daule,y) — DoTile (2), ¢a(a). £z )]
= 4q2— s 02(y)

From here we find:

{91@ — 2o g, (y) = Ay (y),
B2(y) = 222 = 6, (y) = As(y).

In a similar way, we represent solution (2) in the form:

u(w,y) = 24 W {eos (0(y) ) @1 (x) +sin (O()) 02(2) | + Bolor (). bav). S (@,9)], ()
where
Ba161(y), 02(9). f@,y)] = (& = a)'F {cos (2a))01(y) +sin (=) ) 0al) | + ESY, 1 (,9)].

Calculating the derivative by (4), then multiplying by (y —b)? , we obtain:

Dyulz,y) = (y — bys 24T:Y)

X { [—\/4/‘2_)‘2 sin (9@)) _ %cos (G(y))

+ Dy13[01(y), b2(y), f(z,y)]-

From the obtained equalities for determining the functions ®;(z) and ®s(x) we obtain a linear
algebraic system of equations of the form:

cos (0(y)) @1(2) +sin (O(1) ) @a(w) = =34 D [u(a,y) — T[01(1), 02(v), @, )],
[_\/4/‘_’\2 sin (@(y)) - %cos (@( ))} Oy (z) — [ Y l; cos( ) + %Sin (@(y))} Oy(x) =

— =340 [Dyu(z, y) — DyTa16: (), 02(y), S (2, 1)]]-

To solve the system of equations we use the Cramer method:

() — l—M cos (G(y)) + 2 sin (9(y)>

A cos (@(y)) _ sin (O(y)) ‘ _ FPRY:
\/4’;—>‘ sin (@(y)) — 5 Cos (@(y)) - \/4‘;—’\ cos ( (y)) — % sin (@(y) 2 ’
poy=| O )~ Tl W), 0:0), )] = sin (©(y) ‘ B
YT e 2w [Dyu(a,y) - Dyl (y), 02(0), £ (2, w)]] Y5 cos (©(y)) — 3 sin ()

_ V=N o,

2

A _ cos (@(y)) 6_%“3(7’) [u(z,y) — Ta[01(y), 02(), f (2, y)]] _
®2(2) 4‘; A sin (@(y)) — 5 COos (@(y)) e—%wg(y) [DUU(IL' y) - DyTZ[el (y)a 92(y)7 f(.'If, y)]]
VA X g ()

—————— P2 (T).

2
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From here we find:
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MAIN RESULTS

From the above considerations the following statement follows about the solvability of the problem Kj :

Theorem 1. Let the coefficients in the integral equation (1) satisfy the conditions of the problem
K, the right side satisfy the conditions f(x,y) € C(D), f(a,b) =0 with asymptotic behavior on Ty
and Ty :

f(z,y) =o|(z —a)‘s], o> %' at r — a,
Flz.y) = o[ @ (y —0)"], v >2(5—1) at y — b.

Then problem Ki has a unique solution, which is expressed by the equality:

[p|

u(z,y) = (x —a)= {cos (Q(m))Al(y) + sin (Q(x)) Ag(y)} +
+e3wr®) {cos (@(y))Bl(az) +sin (@(y))Bg(m)} + B [f(zy).

Problem K. Need to find a solution integral equation with special kernels (1) from class C(D),
vanishing on T'; and T'y, subject to the conditions p <0, A >0, A =p?—4¢ <0, Ay =X2—4u <0,
P=Dp1, ¢=q1,\ = A1, 4= 1, also conditions:

= [ (Bsin @) + Y52 cos (20) ) e y) —sin () Duule)) |} = Aty
{(zl:a)_g [(I%ICOS () + Y2 gy (Q@L-)))u(z,y)ﬂos (Q(J:))Dz(u(zl:,y))}}w_a ~ Ao(y),

where A;(y), As(y) — given continuous functions.
To solve problem K using the method for solving problem K , we arrive at the following statement:
Theorem 2. Let the cocfficients in the integral equation (1) satisfy the conditions of the problem
Ko , the right side satisfy the conditions f(x,y) € C(D), f(a,b) =0 with asymptotic behavior on T4
and I'y :

Fle) =ol(e )], 5> Dotz
f(:ray) = O[(y - b)V1]7 vy > Z(ﬁ - 1) at Yy — b.
Then problem Ks has a unique solution, which is expressed by the equality:
Inl . x
uw(z,y) = (z — a) 7 {cos (SZ(:U))Al(y) + sin (Sl(as))Ag(y)} + Ez()qygﬂ [f(z,y)].

Problem Kj. Need to find a solution integral equation with special kernels (1) from class C(D),
vanishing on I'; and I'y, subject to the conditions p >0, A <0, A; =p?—4¢g<0, Ay =X —4u <0,
pP=p1, ¢=qi, A=A, 4= 1, also conditions:

cos (6) ) ute.y) —sin (O) Daule)) |} = Buto)

y=b

A0 | (Joos (000) = Y5 sin (00) ) ute) + cos (O Duuten))| | = B

y=b

2

{e—éwf(y) K_%Sin (O(y)) — Y22

-

where Bj(z), Ba(x) are given continuous functions.

vl

The statement is true:

Theorem 3. Let the coefficients in the integral equation (1) satisfy the conditions of the problem K,
the right side satisfy the conditions f(x,y) € C(D), f(a,b) =0 with asymptotic behavior on T'1 and
FQ M

f(z,y) = ol(w —a)], => 0 at v — a,
Flay) = [0 W (y — 1)), vo > 2(8 1) at y > b,
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Then problem Kz has a unique solution, which is expressed by the equality:

u(z,y) = 34 W feos (0(y)) Bi(w) +sin (O() ) Ba(w) } + ESY, 1/ (2, )]-

CONCLUSION

In [9-12], explicit varieties of solutions to a two-dimensional integral equation of Volterra type with
special and strongly special fixed boundary lines were obtained, which, depending on the signs of the
coefficients of the equation and the roots of the characteristic equations, have from one to four arbitrary
functions depending on one variable. The case is highlighted when the solution to a two-dimensional
integral equation of Volterra type with singular and strongly singular kernels is unique, coinciding with
the classical theory of integral equations with a regular kernel or a kernel with a weak singularity. In this
work, in the case where the roots of the characteristic equations are complex conjugate, Cauchy type
problems are posed and solved to determine arbitrary functions in the resulting solutions.

Authors’ contribution

The formulation of the problem and the method of solution were proposed by L.N. Rajabova, all
calculations performed by F.M. Akhmadov.
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1

CunarraMaJiblK, TEHAEYJIEPAiH 1HeuliM/aepi KoMIuieKcTi-Tyilingec GosiFan >kargaiiia epeKIiie spoJibl
Bousipreppa Tunrti nHTEerpasabik regaeysep yuain Komm tunti ecenrtiy 1menrimi

Annoranusi: Maxkasaga 6ipinmi afiHBIMAJIBICE! OOUBIHIITA epEeKIIeIiKTepl KoHe JiorapudMIiK epekiieaikrepi, exkini
adHbIMAJIbI OOWBIHINIA KATThbl epekinesiri 6ap Bosabreppa TunTi exi euineMzi HMHTErpaAbIK TEHJEY KAapPaCTbIPbLIAIbI.
Tenney mremimaepi esapa OaillaHBICKAH OOJIFAH JKarjaiijla epeklle sAPOJIbl MHTErPAJIbIK TeHJEeyJIep €peKIIle s1/IPOJIbl
Bosbreppa Tunti 6ipesmiemai nHTErpagblK, TeHAeyIep i menryre okeineni. Tenpeyain koaddunpmenTrepiniy Tanbataps
MeH CHIIATTaMaJIbIK TeHJey IIellMIepiHe CofiKeC KapacTBIPBLILII OTHIPFAH WHTETrPAJIIbIK, TEHJeyJep MEH CHUHTYJISPJIbI
KoaddunmentTi Kail auddepeHnINANIBIK, TEHJEYJep apacblHIAaFbl OalJIaHBICTBI KOJIIaHA OTBIPBIN, €Ki eJieMIi
MHTErPaJIAbIK TEHJAEYIIH aflKbIH IIeniMIepi TabbLIIbl.

Epexkmenikrepi »kone 6ipinmi afiHbIMaJibl OolbIHIIa JorapudMIiK, OGipinmi afHbIMAJIBICHI OOWBIHINA epeKIIeTiKTepi
2KOHE JIorapudMIiK epeKIeJiKTepi, eKiHini aifHbIMaJIbl 6OMbIHIIIA KaTThl epekinesiri 6ap Bosbreppa TunTi exi esemii
MHTErpaJiiblK TeHJEY/ 11 aflKbIH memiMaepi 6ip/ieH TopTKe [eitiH Ke31eiicoK dyHKIUsIapabl KAMTYbl MyMKIH €KeHIiriH aTal
oreitik. Epekiesnikrepi »koHe 6ipiniii aifHbIMaJsbl 60ibIHIIA JorapudMIiK, OipiHII affHBIMAJIBICH OOMBIHINA €PEKINEIKTEP]
KoHe JiorapudMIiK epeKIleiKTepi, eKiHI alHbIMaJbl GOMbIHIIa KAaTThl epekinesiri 6ap Boabreppa TunTi eki esmemi
MHTErpaJIAbIK TEHJEY/IIH IIeniMIepi *KaJFbl3 60JIaThIH XKaFgaiaap 1a Ke3/1eCTi.

Erep cunarramasbik TeHIeyJIepaiH, KOMIUIEKTI-TyiliHgec memiMuepi 6ap 6oJica, OHIA €peKIlle SAPOJIbl MHTErPAJIIbIK
TeHJIEeY/IIH YKaJFbI3 mIemimi 60J1abl HeMece aflKbIH IIENIiMIepi eKi HeMece TOPT Ke3eicok dyHKIUAHb KaMTUAbl. COHFBI
JKaraiyiapia ecerl KONBLIBIMBIHBIH Y PBICTBIFBI aHBIKTAJIBI, Kol TunTi ecenTiy alKplH mIeniMaepi aIbHIbl

TyiliH ce3aep: eki eJimeMmIi MHTErpasblK TEHJEY, €pPeKIlle ChI3bIK, JIOrapudMIiK epelleiK, KyIITi-epeKIle siipo,
nuddepeHIuaIIbK TeHIEY, CHHIYIAPIIbI KO3 dUImeHTTep, KOMIUIEKCTI-TYHiHAeC memiMaep.

JI.H. Pagxa6osa ' , ®.M. Axmamos 2
Tadsrcukcruli HAUUOHANLHBIT YHUBepcumem, np. Pydaxu, 17, Jywanbe, Tadocurxucman
2 Meotcdynapodnuiii yrusepcumem mypusma u npednpunumamersemea Tadocuxucmana, np. Pupdascu, 48/5,
Lywanbe, Tadosrcurucman

1

Peulenune 3agauu tuna Koy ass nHTEerpajJsHOro ypaBsHenus tuna BousibTeppa ¢ ocob6bIiMu sigpaMu, KOraa
KOPHM XapaKTEPUCTUYECKAX yPABHEHUN KOMILJIEKCHO-COTIPSI>KEHHBIE

A6crpakT: B nmannoit pabore m3ydaercss JBYMEpPHOE MHTErpajbHOE ypaBHeHHe Tumna Bojbreppa ¢ 0COGEHHOCTBIO U
Jiorapu@MUYIECKoil 0COOEHHOCTBIO IO OJHOM IMEPEMEHHON M CHJIBHOW OCODEHHOCTBIO IO APYyroil mepemeHHoi. Pernenune
MHTErpajibHOTO ypaBHEHHUsI C OCOOBIMH siIpaMHM B CiIyd4ae, KOrja KO3(pUIMEHTH ypPaBHEHHsS CBA3aHbI MeEXXJy CODOit,
CBOJIUTCS K PEIIEHUIO OJHOMEDHBIX WHTErDAJIbHBIX ypaBHeHu# Tumna Bosbreppa ¢ ocobbiMu siapamu. Vcmonb3ysi cBs3b
paccMaTPUBAEMbBIX HHTEIDAJILHBIX yPABHEHHH ¢ OOBIKHOBEHHBIMU IU(dEPEHINAIbHBIME YPABHEHUSIMA C CHHIYJISIPHBIMUI
KO3 dunrenTamyu, B 3aBUCUMOCTH OT 3HaKa KO(MDUIMEHTOB ypaBHEHUSI M KODHEH XapaKTEePUCTHYECKUX yPaBHEHUH,
MIOJIYyY€eHBl IBHbIE PEIIEeHNUs N3y4aeMOr'o JIBYMEDPHOI'O HHTErPAJIbHOIO YPaBHEHNUS.

OTMmeTnM, YTO SIBHBIE pEIIEHUs JBYMEDHOIO WHTErPAJbHOINO ypaBHEHUsl Tuma BoJsbreppa € OCODEHHOCTBIO U
JIorapu@pMHUYECKOl OCOOEHHOCTBIO IO OJHOM IIepEMEHHON M CHJIBHON OCODEHHOCTBIO IO JAPYroil IIEPEMEHHOI MOXKET
COZEePKATh OT OJHOIO JO YeThIPEeX IMPOM3BOJbHBIX (DyHKIMil. Tak»ke yCTaHOBJIEHBI CJlydad, KOIJa PEIIeHUEe JBYMEPHOI'O
MHTErpajibHOTO ypaBHEHMs Tuila BosibTeppa ¢ 0COOEHHOCTBIO U JIOrapuMHUIECKON OCOOEHHOCTBIO 110 OJHOI IIEpEMEHHOU U
CHJIBHON OCODEHHOCTBIO 110 JIPYTOil IEPEMEHHOM €IMHCTBEHHO.

Ecan xapakTepucTudeckne ypPaBHEHHsI HMEOT KOMILJIEKCHO-COIPSI?KEHHBIE KODHHU, TOTIa JAHHOE WHTErpajbHOe
ypaBHEHUE C OCOOBIMU SAPAMU UMEET €IMHCTBEHHOE PEIlIeHNE UIU SIBHBIE DEIIEHUsI COAEPIKAT JIBE UJIU YEThIPE IPOU3BOJIbHbBIE
dbysknun. B nociieqHux ciaydasax BbISCHEHA KOPPEKTHAsI IIOCTAHOBKA U IIOJIyY€HbI sIBHBbIE PellleHus 3aaad Tuna Komm.

KuroueBble cjioBa: IByMepHOE MHTErpPajibHOE ypaBHeHUe, ocobasi JIMHUs, JiorapudMudecKasi 0COOEHHOCTb, CUJIbHO-
ocoboe s1po, nuddepeHnaibHOoe yPaBHEHNE, CHHTYIISPHBIE KOY(DMUIMEHTHI, KOMIIJIEKCHO-COIPSKEHHBIE KODHH.
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