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DISCRETIZATION OF SOLUTIONS OF POISSON EQUATION BY
INACCURATE INFORMATION

Abstract: Partial differential equations, along with the function, derivative, and integral, are
among the basic mathematical models. Their solutions, even when expressed explicitly through
series or integrals, are in fact again inaccessible to direct computer calculations infinite objects.
Therefore, the problem of approximating them with finite objects arises, the mathematical
formulation of which is contained in the definition of the Computational (numerical) diameter.

In the article the problem of discretization by inaccurate information of solutions of Poisson
equations with right-hand side f belongs to the anisotropic Korobov classes E™"s is con-
sidered. There are obtained upper bound of error of discretization by innacurate information
from values at point of f in uniform metric. Wherein, the boundaries of inaccurate information
which keep the order of discretization by accurate information are obtained. Computational
aggregates constructed by optimal Korobov quadrature formulas with equal weights and nodes,
which found by algorithms based on divisor theory.
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INTRODUCTION
In the article is considered the problem of discretization of solutions of Poisson equation
u  0*u 0%u
Au=—+—+..+=-—5 =
B Ox3 * o0x3 o 2 /(@)

by inaccurate information from f € E""s in the sense of Computational (numerical) diameter
-2 problem. Let at first consider the definition of Computational (numerical) diameter problem
(denoted by C(N)D).

In C(N)D the initial definition is (see, for example, [1]- [3])

In(en;DN)y =0n(en; T, F; Dy)y = inf on(en; (M5 on))y
(INM)pN)eDN

where

Sn(en; (I o))y = on(en; T F; (1Y) on) )y =

= sup ITFC) = on (D) + 7PV 1) + 4 M.y

feF |y 1<1(r=1,...,N)
Here, a mathematical model is given by the operator T : F' — Y. X and Y are the normal-
ized spaces of functions defined on Qx and 2y respectively, ' C Y is a class of functions.
Numerical information [¥) = (V) (f) = (lg\})(f), ...,l%v)(f)) of volume N(N =1,2,...) about

f from class F is taken by linear functionals lﬁ)(f), ...,lj(\zfv)(f) (in general, not necessarily
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linear). An information processing algorithm oy(z1,...,zn;-) : CN x Qx — C is a correspon-
dence, which for every fixed (z1,...,zy) € CV as a function of () is an element of Y . The
record ¢y € Y means that ¢y satisfies all the conditions listed above, and {¢n}y is a set
composed of all on € Y. Further, (l(N ); ©N) is a computational aggregate of recovery from
accurate information for the function f € F' acting according to the rule ¢y (l%), e l%v); ).
The recovery of T'f by inaccurate information is proceeding as follows. At first the bound-

. . 1 N . .
aries of the inaccuracy are set: a vector ey = (65\[), ...,85\7 )) with non-negative components.

Then, the accurate values lg)( f) are replaced with a given accuracy EE\T,) > 0 by approximate

values zr = z:(f), |zr — lg\?)(f)\ < sg\T,) (r=1,..,N), numbers z; = z.(f) (tr=1,...,N) are
processed using the algorithm ¢x up to the function ¢n(z1(f), ..., zn(f); ), which will consti-

tute the computational aggregate (I'™):on) = on(21(f), ..., 2n(f);+) constructed according to

information of the precision ey = (55\1,), veey eg\],v)) .

Let Dy = Dn(F)y be a given set of complexes (l](\}), e lg\jfv); on) = (1N, oN) , we emphasize,
operators of recovery by accurate information.

Notations A << B(B >0) and A >< B(A,B>0), for A=A, and B = B,, respectively
mean | A, |< cBp(c>0,n=1,2,...) and simultaneous execution A << B and B << A.

Within the framework of given notations and definitions, the problem of optimal recovery by
inaccurate information, framed under the name Computational (numerical) diameter, according
to the [1]- [3], consists in a collective sense in sequential solution of the following three tasks:
C(N)D-1, C(N)D-2 and C(N)D-3.

For given T, F;Y; Dy :

C(N)D-1: an order of =< dn(0; D)y = on(0;T; F; Dy)y is found with the construction

of a specific computional aggregate (i(N),aN) from Dy = Dy (F)y supporting ordering
= 5]\](0; DN)y;
C(N)D-2: for (Z(N)

en =en(Dn; (1 N ;Pn))y Wwith non-negative components such that
~ (N) —
on(0: D)y = S (Ew: (™ 5w))y =

= sup{||Tf(-) — B (21, 2vs My : f € B llo(f) — 2| <E0(r € {1,..., N}).}

with simultaneous satisfying the following expression

,Py) is considered the problem of existence and finding a sequence

VN T +00(0 <y < N1, N — +00) =

N
T o (nven: (™, @)y /63 (0: D)y = +oo;
N—+o00

C(N)D-3: massiveness of limiting error £y is set: as huge as possible set M N(Z(N)
7(N)
(

PN
from Dy (usually associated with the structure of the ;@) ) of computional aggregates
(Z(N ), o) is found, such that for each of them the following relation holds
VN T 400(0 < v < N1, — +00)
lim dn(nven; (I, on))y /o8 (0; D)y = +00.
N—+o00

In the article is considered the following concretization of Computational (numerical) diame-
ter. Tf(z) = u(x, f) — the solution of Poisson equations f(x) = f(x1,...,xs)

’u  0%u 0%u
=t —t+.+ === 1

o2 "o Tt g T 1@ )
which satisfies zero boundary conditions on the unit cube [0,1]*. f € F = E""s —anisotropic
Korobov class, Y are uniform metric.

The problem of discretization by accurate information of solutions of Poisson equation whose
right-hand side belongs to a Korobov class Ef = E™ " was consideres in [4]- [8]. N. Korobov

Au
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proved [4] that if ai,...,as are the optimal coefficients modulo N and S index (necessary
definitions see in [4]), then the following estimate holds ( Ny = v/ N In"3N ):

ak ask « e2mi(ma (21— )+ oma (2= 25" ))
sup sup |u(z, f) — 471'2sz<{ - } {N}) ) T E—— e

fEET z€[0,1]° my..ms<Ni
(2)
e (iInN)>= Tt
Ni—3+:’
here and everywhere below the asterisk over the sum symbol means that m = (0,...,0) is

dropped in the summation.

E. Bailov and N. Temirgaliyev in [5] were obtained sharp estimates in the power scale for the
discretization error, which is almost doubled in the power scale in comparison with (2). In [6] by
S. Kudaibergenov and S. Sabitova is obtained a sharp discretization error estimate on the power
scale with the application of Smolyak grid nodes. The problem of discretization by accurate
information of solutions of the Poisson equations whose right-hand side belongs to a anisotropic
Korobov class F' = E"™»"s was considered by Tashatov [7] and E. Bailov [§].

The aim of this article is discretization by innacurate information of solutions of the Poisson
equations with right-hand side from the anisotropic Korobov classes E""s

1. NECESSARY DEFINITIONS AND STATEMENTS
The anisotropic Korobov class [4] E™"s(r; > 1,...,7s > 1) consists of all 1-periodic in
each variable functions f(z) = f(x1,...,2s), which trigonometric Fourier-Lebesgue coefficients
satisfy the condition

f( ) —2mi(m,z)

[0,1]°

N
|F(m)| = Hm_” = (m1,...,ms) € Z°),

here and everywhere below m; = maz{1,|m;|} and (m,z)=miz; + ... + msxs.

By renumbering the coordinates of vector r = (71, ...,7s) (if necessary), we will assume that
the vector r = (71, ...,75) has the form r =...=7r, <ry41 < ... <rs.

Set for R > 1,

N
FR(B) = {m = (ml, ...,ms) im € Z°, Hmf] < R},
j=1
where /8 = (Blv "'7/88)7 1= Bl = = /Bl/ < /BV+1 <..< ﬁs .
Lemma (Y. Bailov, [8]). Let is given a vector v = (71,...,7s) such that 1 =~ = ... =,
and v; > 1 for j =v+1,...,s. Then for any R > 1 satisfies

1 c(s,a), if a>1,
Z K In°R, if a =1,
el (L") R'™@In'R, if a < 1.

Let F' be some class of f(z) = f(z1,...,xs) functions, which are 1-periodic in each variable,
whose trigonometric Fourier-Lebesgue series converges absolutely.
Assume that f(0) # 0. It is easy to verify (see, for example, [4]) that, for any boundary
condition, there exists a function w(x) depending on this condition such that w(z) is continuous
n [0,1)® and Aw=1 on [0,1]°. Moreover, the solution of (1) has the form

~

wale, f) =) - Fl0) — g 3 "L pomina) Q

meZzs (m m)

If f(z1,...,2s) is odd with respect to each of its variables, then the function

(a: f) 471T ZZ: (iﬂler)&) eQm‘(m,x) (4)

is a solution of (1) with zero boundary conditions on [0,1]°.
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In [9]- [10] N. Temirgaliyev applied algebraic number theory to find the ay,...,as such that
the corresponding quadrature formula with the Korobov grids

{({x 15D

is optimal in the problem of numerical integration of functions belongs to Korobov classes E.
The algorithm for finding a prime p and integers aq, ...,as is as follows (necessary definitions
and notations see in [9]- [10] and bibliography therein):
Let are given a prime number [ = s+ 1(3 <[ < 19),

N
E = FR(B) = {m = (ml, ...,’I’I’LS) tm e Zs, Hmfj < R}
j=1
where 1 =61 =... =06, < fBuy1 < ... < Bs.
1. Find the smallest prime p,p = 1(m0dl) such that does not divided [[,,cr, g N(m).
2. By searching through all integers nj, |n;| < Bp (j=1,..,s) find n =njwi + ... + nsws €
As(wj = 60771 j =1,...,5) such that for the main ideal R = (n) satisfies N® = p.
3. Write a matrix

d =

from the relations
Vg = Nwg = (m + 190 + ... + n503*1)9k*1 =cp t b+ ...+ Cksesfl.

4. Write the basis v, = > i—1vkjwi(k =1,...;s) of R with triangular matrix (vj;); ;_;. From
the equality p = |v11...0ss| there is a number jo such that |vjy;,| = p.
5. Write the coefficients

ap = (—1)FH0M; psgndetd (k =1, ..., ),

where Mj, ;. is additional element minor cj,; of matrix d’.
Also, everywhere below we denote by v = (v1,...,7s) a vector whose components are defined
by the equalities v; =7;/r(j =1,...,s). It’sclear that 1 =y = ... =7 < y41 < ... <.
Theorem B (Y. Bailov, [8]). Let I =s+1 (3 <[ <19) - prime and r; > 1. Then for
any T > c(l) there are exist prime p,p = 1(modl),p < ¢(s)RIn"R =T and integers ay,...,as,
for finding which according to Algorithm 1-5, it suffices to perform << TIninT elementary

arithmetic operations, such that
ark ask
e =3 ({5151
’ Z ’ )

sup sup
FEETTs £[0,1]°

a;k v(r1+1) 2
1 « 1 2mi Z m; (m JT) (ZTLT) 2rq (m+<-1)
w(z) — 15 E : e 77 << bs(T) - 1,1 ’
777+7
47 metm () (m,m) T2 27F5

v(ry1+1)

where Ry =< /T(InT)” 21, and by(T) is equal to InT if s =2 and to In"~'T if s> 2.
2. MAIN RESULTS

In the next theorem is considered odd with respect to each of its variables functions
f(xla --'71'5) :

Theorem. Let | =s+1 (3 <1<19) — prime and r; > 1. Then for any T > ¢(I) there
are exist prime p,p = 1(modl),p < c¢(s)RIn"R =T (p) == T and integers ay, ..., as, for finding
which according to Algorithm 1-5, it suffices to perform << TininT elementary arithmetic
operations, such that for the sequence
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Lr+2-)LH (-1
~ ~ (o) ” u+;,;1 ifs =2,
ET = E7(p) m T2 e -1
WD) ifs > 2
T2
satisfyes
1 & ark ask -
sup sup u(m,f)—Z(f <{1},...,{ > }) +5T71§’f)> :
JEET T o) P [<1(h=1,...0) Pi= b P
s as v(ry+1) 2
1 « 1 2mi >, mj(zj— -1 InT) 2r (ri+5-1)
R A | PP i it ,
472 (m,m) T35+t
melg, (7) ’ °
71/(7‘ +1)
where Ry == /T (InT) o , and bs(T) is equal to InT if s =2 and to In*~'T if s> 2.
CONCLUSION

In the article is obtained upper bound of error of discretization by inaccurate informations
of solutions of Poisson equations with right-hand side f(z1,...,z5) € E™ " is odd with re-

spect to each of its variables functions. Theorem shows that if in computational aggregates

% eees {%}) replaced with innacurate informations

f ({M} ey {%}) —|—€T’y;()k) ("y](,k)‘ <1l(k=1,2, ...,p)) then the order of error of approxima-

accurate numerical informations f ({

P
tion by accurate information is keeping.

References

1 Temuprammes H., 2KybGaubimesa A.2K. Teopuss npubsmxkenuit, BerauciaurenbHass MaremMaruka u
YucieHHBIHAHATA3 B HOBOW KOHIENMIMH B CcBeTe KOMIBIOTEPHOro (BBIYUCIUTENHLHOTO) MONEPETHUKA
// BecruukEspasuiickoro narnmonaabaoro yamsepcurera nmenn JLH.I'ymumnesa. Cepus MaremaTuxa.
Nudopmaruka.Mexanuka. -2018. -T. 124. - No3. -C. 8-88

2 Temirgaliev N., Zhubanysheva A.Zh. Computational (Numerical) diameter in a context of general theory of
a recovery//Russian Math. (Iz. VUZ). -2019. -Vol. 63. -Nel. -P. 79-86.

3 Temirgaliev N.; Zhubanysheva A.Zh. Informative Cardinality of Trigonometric Fourier Coefficients and
Their Limiting Error in the Discretization of a Differentiation Operator in Multidimensional Sobolev
Classes // Computational Mathematics and Mathematical Physics. -2015. -Vol.55. -Ne9. -P.1432-1443.
https://doi.org/10.1134/S0965542515090146

4 Kopobos H.M. TeoperukouncyioBeie MeTOABI B MpuOIMKeHHOM aHaan3e. -Mocksa: ®Pusmariut, 1963. -112.
cTp.

5 Bailov E.A., Temirgaliev N. Discretization of the solutions to Poisson’s equation//Comput. Math. Math.
Phys. -2006. -Vol. 49. Ne9. P. 1515-1525.

6 Kudaibergenov S.S., Sabitova S.G. Discretization of solutions to Poisson’s equation in the Korobov
class//Comput. Math. Math. Phys. -2103. -Vol. 53. Ne7. -P. 896-907.

7 Tamaros H.H. [Ipubsnkennoe BoccTtanoBienne hbyHKIMit U perennit ypasuenus [lyaccona ¢ mpaBoit vacTbio
13 aHU30TPONHBIX KyaccoB B u SW: nucc. ... kanz. dus.-mar. nayk. -Kaparanga, 2002.

8 Bamios E.A. IlpnbsimkeHHbIE MHTErpHPOBAHUE M BOCCTAHOBJIEHHE (DYHKIMI M3 aHH30TPOIHBIX KJIACCOB W
BOCCTaHOBJIEHUE pelnenuii ypaBuenus [lyaccona: jgucc. ... Kaup. dus.-mar. Hayk. -Anmarer, 1998.

9 Temirgaliev N. Application of the theory of divisors to the approximate reconstruction and integration of
periodic functions in several variables// Dokl. Math. -1990. -Vol. 41. Nel. P. 160-164.

10 Temirgaliev N. Application of the divisors theory to numerical integration of periodic functions in several
variables//Math. USSR-Sb. -1991. -Vol. 69. Ne2. -P. 527-542.

A. ApbIcTaHFAJINKBI3bI
K. 2Ky6anos amvmdaev, Axkmebe onipaix ynusepcumemsi, A. Moadaeysrosa dane., 34, Axmebe, Kaszaxcman
Hon emec aknapat 6ofibiHIIa IIlyaccoH TeHaeyiHin mienriMaepin JuCcKpeTu3anusijiay
Annoranus: epbec TybiHabLIbl auddepeHnnaIAbIK, TeHaey enniMaepl yHKIus, TybIHIbI, HHTEIPAJIMEH KaTap
Herisi MaTeMaTHKaJbIK 00beKTiIep KaTapbiHa KaTaabl. OJiapabiH menriMaepi, TinTi aifkKbIH Typ/ie KaTap *KoHe HHTerpaJiiap
apKbUIBI OeplyIreH 2KaraailyiapAblH e3iH/e, Tikesaeil KOMIBIOTEPJIIK ecenTeyep »Kyprisyre MyMKiH eMecC LIeKCi3 0ObeKTiiep

Gosbin Tabbutanbl.  Cos cebenTi, aKbIPJIbl OOBEKTIIEpMEH KybIKTay ecebi TybIHIAWabI, OyJI eCcenTiH MaTeMaTUKAaJIbIK,
KobLIbIMBL KoMmnbiorepitik (ecernrreyinn) guaMeTp aHbBIKTAMACHIHA €HEJ.
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Makanana oH karbl f aHusorponTbl KopoGos kitacceinga E™1--"s xarareiH [lyaccon TeHueyiHiH menriMaepia a1
emec MoJiimer OOMBIHINA KYBIKTay KapacThIpbLIaibl. BipkKasjbinTbl MeTpukala [ QYyHKIUSCHIHBIH HYKTEIEri 1971 eMec
MoHJIepl OOWBIHINA IIENNMiH >KYBIKTay KaTesiriHiH >KorapblaH Oarajaybl ajblHAbl. Jloa mosiiMer GONBIHINA YKYBIKTAY
KaTeJiriH cakTalThIH J19J1 eMeC aKIapaTThIH IIeKapaJapbl aHbIKTa abl. Makajajgarsl ecenrtey arperartapbl KopobGoBTHIH
Gipzeil caJMakThl YKOHE NUBU30pJIAD TEOPUSICHIHA HETI3/IeJINeH aJrOPUTMIEPAl KOJIJAHBII €CEIITEJINeH TOPJap ApPKbIIbI
KYPBILIFaH.

Tyiiin cesnep: Ilyaccon renaeyi, memimMaepai TUCKpeTU3aIMsAIaY, ONTUMAJIALI €CEITEY arperarsl, J9JI eMeC aKIlapar,
Kommnprorepitik (ecenTeyim) auamerp, anuzorporntsl Kopo6GoB KiaccTapsl.

A. ApbIcTaHTaJINKBI3bBI
Axmrobunckuti peeuonasvruti yrusepcumem umenyu K. 2Kybanosa, np. A. Monadazynrosoti, 34, Axmobe, Kazaxcman

Juckperusanus periennii ypasueHuil Ilyaccona 1o HeTo4uHOU MHMOpManumu

AHHOTanusi: YpaBHEHUs] B YaCTHBIX IPOU3BOIAHBIX HAPLy C (DYHKIHEH, MPOU3BOMHON, MHTEIPAJIOM OTHOCATCH K
OCHOBHBIM MaTe€MaTHUYECKUM MOZeJsiM. VX pemneHusi, naxke B CjIydae SIBHOIO BBIPAXXEHUsI IIOCPEJICTBOM DPsiJIOB HWJIU
WHTErpajoB, (aKTUYECKU OISATH K€ IPEJCTABISIOT CO60il HEJOCTYIHBIE K IPSIMBIM KOMIIBIOTEPHBIM BBIYUCIECHUSIM
OECKOHEYHBbIE OO'BEKTHI. 31ecb CHOBa BO3HHMKAET 3ajada IPUOJIMXKEHHUSI KOHEYHBIMU OOBbEKTaMU, MaTeMaTUYecKasi
bOpMYIMPOBKa KOTOPOH COAEPKUTCS B onpeesieHn KoMIbIOTEpHOro (BBIYUCIUTEIBHOIO) OIEPEUHUKA.

B crarpe m3yuaercs 3amadya JUCKpeTH3AIMU pelleHuit ypaBHeHusi [lyaccona ¢ mpaBoit dacThio f M3 aHU30TPOIIHBIX
kJaccoB Kopobosa E"1:"s 1o nerounoit nuudopmarmu. [losydeHbl OleHKN CBEPXY HOTPENTHOCTA B PABHOMEPHOI METPUKE
OUCKPEeTU3anny M0 MHEMOPMAIUN, COCTABJAOIINX 3HaYeHHs (PYHKOUM f B TOYKAX, BLIUUCIEHHBIX ¢ omubkoit. Ilpwm
9TOM yKa3aHbl I'DAHUIBI HETOUHOCTU UHQOPMAIMM, COXPAHSIONME IMOPSAKYM yObIBAHUS IOIPENTHOCTH BOCCTAHOBJIEHUS,
BBIYMCJIEHHBIX 110 TOYHON wuHMOpManmu. BbruucauresbHbIe arperarbl IIOCTPOEHBI 10 ONTUMAJIBHBIM KBaIPATYPHBIM
dopmynam KopoboBa ¢ paBHBIMU BeCAMM U y3JIaMU, OCHOBAHHBIM HA TEOPHH JAUBU30POB AJTCOPUTMAM.

KoaroueBble csioBa: Ypasaenue llyaccoHa, mUCKpeTw3alusi PeIIeHHWil, ONTUMAJIbHBIA BBIYUCIUTEILHBIN arperar,
Hero4yHas uHGOpMaIys, KoMIbioTepHbIi (BBIYUCIUTENBHBIN) IONEPEYHNK, AaHU30TPOIIHbIE KJlacchl KopoGosa.
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