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Galerkin approximation for parametric and stochastic elliptic PDEs

Abstract: We study the Galerkin approximation for the parametric elliptic problem

−div
(
a(y)(x)∇u(y)(x)

)
= f(x) x ∈ D, y ∈ I∞, u|∂D = 0,

where D ⊂ Rm is a bounded Lipschitz domain, I∞ := [−1, 1]∞ , f ∈ L2(D) , and the diffusions a
satisfy the uniform ellipticity assumption and are affinely dependent with respect to y . Assume that
we have an approximation property that there is a sequence of finite element approximations with
a certain error convergence rate in energy norm of the space V := H1

0 (D) for the nonparametric
problem −div

(
a(y0)(x)∇u(y0)(x)

)
= f(x) at almost every point y0 ∈ I∞ with regard to the

uniform probability measure µ on I∞ . Based on this assumption we construct a sequence of finite
element approximations with the same error convergence rate for the parametric elliptic problem in
the norm of the Bochner spaces L2(I∞, V, µ) . This shows that the curse of dimensionality for the
parametric elliptic problem is rid by linear methods.

Keywords: Parametric and stochastic elliptic PDEs, collective Galerkin approximation, affine
dependence of the diffusion coefficients, the curse of dimensionality.

1. Introduction

Let D ⊂ Rm be a bounded domain with a Lipschitz boundary ∂D and Id := [−1, 1]d . Consider
the parametric elliptic problem

−div(a(y)∇u(y)) = f in D, u|∂D = 0, y ∈ Id, (1)

where the gradient operator ∇ is taken with respect to x , the diffusions a(y)(x) := a(x, y) are
functions of x = (x1, ..., xm) ∈ D and of parameters y = (y1, ..., yd) ∈ I∞ on D × Id , and the
function f(x) is functions of x = (x1, ..., xm) ∈ D . In the equation (1), the parameter y may
be either deterministic or random variable. The main challenge in numerical computation is to
approximate the entire solution map y 7→ u(y) up to a prescribed accuracy with acceptable cost.
This problem becomes actually difficult when d may be very large. Here we suffer the so-called curse
of dimensionality coined by Bellman: the computational cost grows exponentially in the dimension d
of the parametric space. Moreover, in some models the number of parameters may be even countably
infinite.

Based on finite element approximations with respect to the spatial variable x and polynomial
approximations with respect to the parametric variable y , there have been proposed several numer-
ical methods for solving (1). Many works have been devoted to the development of the parametric
Garlerkin technique for the numerical solving of (1). As shown in [13], these methods are promis-
ing since they can use the possible regularity of the solution u(y) with respect to the parameters
y to achieve faster convergence than sampling methods like Monte Carlo. A parametric Garlerkin
method is a projection technique over a set of orthogonal polynomials with respect to an appropriate
probability measure [1, 2, 5, 8, 10, 11, 13, 16, 17, 19, 20, 21]. We refer the reader to [9, 18, 22] for
surveys and bibliography on different aspects in study of approximation and numerical methods for
the problem (1).

In [7]–[11], [19] with an assumption on the `p -summability
(
‖ψj‖W 1

∞(D)

)
j∈N ∈ `p(N) for some

0 < p < 1 on the affine expansion (2), the authors proposed nonlinear n -term approximation
76
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methods in energy norm by establishing a priori the set of the n most useful infinite dimensional
polynomials in Taylor expansion, Legendre polynomials expansion and Lagrange interpolation. The
obtained n -term approximands then are approximated by finite element methods. The results of
[10, 11] have been improved [3, 4]. Best n -term approximations of infinite-dimensional polynomial
expansions providing a benchmark for convergence rates, are not constructive. In the recent papers
[13, 14], we have considered a particular case of the equation (1) where D = [0, 1]m , with an a
priori assumption that the solution possesses higher order mixed smoothnesses of Sobolev-Korobov
type or of Sobolev-analytic type simultaneously on spatial variable x and parametric variable y .
Applying results on hyperbolic cross approximation in infinite dimension, we constructed linear
collective Galerkin methods on both variables x and y for approximation of the solution which
give the same approximation rate in energy norm as for the approximation by Galerkin methods for
solving the corresponding nonparametric elliptic problem the domain [0, 1]m .

Throughout the present paper we preliminarily assume that d =∞ , f ∈ L2(D) and the diffusions
a satisfy the uniform ellipticity assumption

0 < r < a(y)(x) = a(x, y) ≤ R < ∞, x ∈ D, y ∈ I∞,
and are affinely dependent with respect to y , or more precisely,

a(y)(x) = a(x) +
∞∑
j=1

yj ψj(x), x ∈ D, y ∈ I∞, a, ψj ∈W 1
∞(D), (2)

where W 1
∞(D) is the space of functions v on D , equipped with the semi-norm and norm

|v|W 1
∞(D) := max

1≤i≤m
‖∂xiv‖L∞(D), ‖v‖W 1

∞(D) := ‖v‖L∞(D) + |v|W 1
∞(D).

Let V := H1
0 (D) and denote by W the subspace of V equipped with the norm

‖v‖W := ‖∆v‖L2(D).

(This is a norm since if v ∈ V and ∆v = 0 , then v = 0 ). Assume that we have the following
approximation property on the spatial domain D : There are a nested sequence of subspaces (Vn)n∈N
in V , a sequence of linear bounded operators (Pn)n∈N from V into Vn , and a number 0 < α ≤ 1/m
such that dimVn ≤ n and

‖v − Pn(v)‖V ≤ CD n
−α ‖v‖W , ∀v ∈W. (3)

In the present paper, we propose collective Galerkin and Legendre approximations in the Bochner
spaces L2(I∞, V ) and L∞(I∞, V ) for solving (1), based on this approximation property and the
Legendre polynomials expansion on the parametric domain I∞ . All the methods are linear and con-
structive. These approximations are of hyperbolic cross type (see [15] for a survey and bibliography
on hypebolic cross approximation and applications). Moreover, they are collective with regard to
spatial variable x and parametric variable y . This means that in constructing these methods, the
m -variate spatial part and the infinite-variate parametric part are not separately but collectively
treated. Assume that (

‖ψj‖W 1
∞(D)

)
j∈N ∈ `p(α)(N)

with p(α) := 2
1+2α for the collective Galerkin approximation, and with p(α) := 1

1+α for the
collective Legendre approximation. Under this condition on the diffusions a(y) , we show that
our methods give the same convergence rate n−α of the error of the approximation of the solution
of the nonparametric elliptic problem using the approximation property (3). All the conditions
on the diffusions a(y) in particular, the `p(α) -assumption do not affect the convergence rate of
the approximation error, completely disappear from it and influence only the constant. This in
particular, shows that the curse of dimensionality for the parametric elliptic problem is rid by linear
methods. Notice also that the construction of linear collective approximations in the present paper
is different from the construction of finite element approximations in [8], [10], [11], and from the
construction of linear collective approximations in [13, 14]. See also the extended arXiv preprint
[12] and [23] for new related results on collective Taylor and collocation approximations for the
parametric elliptic problem (1) .
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The outline of the present paper is the following. In Section 2 we process the construction and error
estimation of collective Galerkin methods for solving (1). In Section 3 we process the construction
and error estimation of collective Legendre methods for solving (1).

2. Galerkin approximation

2.1. Nonparametric elliptic problem. Let us preliminarily consider the nonparametric situation
when we have only one equation:

−div(a∇u) = f in D, u|∂D = 0, (4)

where f, a are functions on D , f ∈ L2(D) and a satisfies the ellipticity assumption

0 < r < a(x) ≤ R < ∞, x ∈ D.
By the well-known Lax-Milgram lemma, there exists a unique solution u ∈ V in weak form which
satisfies the variational equation∫

D
a(x)∇u(x) · ∇v(x) dx =

∫
D
f(x) v(x) dx, ∀v ∈ V.

From the embedding inequality ‖f‖V ∗ ≤ ‖f‖L2(D) and the inequality ‖u‖V ≤ 1
r‖f‖V ∗ we have

that

‖u‖V ≤
‖f‖L2(D)

r
, (5)

where V ∗ = H−1(D) denotes the dual of V .
If we assume that a ∈ W 1

∞(D) , then the solution u of (4) is in W . Moreover, u satisfies the
estimate

‖u‖W ≤ 1

r

(
1 +
|a|W 1

∞(D)

r

)
‖f‖L2(D). (6)

For construction of a collective Galerkin approximation we need an approximation property in
the spatial domain in the following assumption.
Assumption (i): There are a nested sequence of subspaces (Vn)n∈N in V , a sequence of linear
uniformly bounded operators (Pn)n∈N from V into Vn , and a number 0 < α ≤ 1/m such that
dimVn ≤ n and

‖v − Pn(v)‖V ≤ CD n
−α ‖v‖W , ∀v ∈W, (7)

where CD is a constant which may depend on the domain D .
For example, classical error estimates [6] yield that the convergence rate in (7) with α = 1/m

can be achieved by using Lagrange finite elements on quasi-uniform partitions. Throughout the
remainder of the present paper, α is fixed and used only for denoting the convergence rate in
Assumption (i).

Under Assumption (i) by Céa’s lemma we have

‖u− un‖V ≤
√
R

r
inf
v∈Vn

‖u− v‖V ≤
√
R

r
‖u− Pn(u)‖V ≤

√
R

r
CD n

−α,

where un is the Galerkin approximation which is the unique solution of the problem∫
D
a(x)∇un(x) · ∇v(x) dx =

∫
D
f(x) v(x) dx, ∀v ∈ Vn.

For k ∈ Z+ , we define

δk(v) := P2k(v)− P2k−1(v), k ∈ N, δ0(v) = P0(v).

If Assumption (i) holds, then we can represent every v ∈W by the series

v =
∞∑
k=0

δk(v)

converging in V and satisfying the estimate

‖δk(v)‖V ≤ (1 + 2α)CD 2−αk ‖v‖W , k ∈ Z+, (8)
78
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which follows from Assumption (i) and the inequality

‖δk(v)‖V ≤ ‖v − P2k(v)‖V + ‖v − P2k−1(v)‖V .

2.2. Parametric elliptic problem. Let us first reformulate the parametric equation (1) in the
variational form. For every y ∈ I∞ , by the well-known Lax-Milgram lemma, there exists a unique
solution u(y) ∈ V in weak form which satisfies the variational equation∫

D
a(x, y)∇u(y)(x) · ∇v(x) dx =

∫
D
f(x) v(x) dx, ∀v ∈ V. (9)

Define a probability measure µ on I∞ as the infinite tensor product measure of the univariate
uniform probability measures on the one-dimensional I :

dµ(y) =
⊗
j∈Z

1

2
dyj .

The sigma algebra Σ for µ is generated by the rectangles
∏
j∈N Ij where only a finite number

of the Ij are different from I . Then (I∞,Σ, µ) is a probability space. Let L2(I∞, µ) denote the
Hilbert space of functions on I∞ equipped with the inner product

〈f, g〉 :=

∫
I∞
f(y)g(y) dµ(y).

Consider two types of Legendre univariate polynomials expansions different only in their nor-
malization for basis. The univariate Legendre basis (Pn)n∈N is defined with L∞(I) -normalization:
‖Pn‖L∞(I) = 1 . The orthonormal basis (Ln)n∈Z+ in L2(I, dy/2) for which Ln =

√
2n+ 1Pn and

‖Ln‖L2(I) = 1 . Observe that L0 = P0 = 1 and there hold the Rodrigues formulas

Pn(t) =
(−1)n

2nn!

dn

dtn

[
(1− t2)n

]
. (10)

Denote by F the subset in Z∞+ of all s such that supp(s) is finite, where supp(s) is the support
of s , that is the set of all j ∈ N such that sj 6= 0 . We define the tensor products of these
polynomials

Ps(y) :=
∏
j∈N

Psj (yj) and Ls(y) :=
∏
j∈N

Lsj (yj), s ∈ F.

Then (Ls)s∈F is an orthonormal basis of L2(I∞, µ) .
Let X be a Banach space and 1 ≤ p ≤ ∞ . Denote by L∞(I∞, X) the space of all mappings v

from I∞ to X for which the following norm is finite

‖v‖L∞(I∞,X) := sup
y∈I∞

‖v(y)‖X .

We also use the notation
|v|L∞(I∞,X) := sup

y∈I∞
|v(y)|X

for a semi-norm |v(y)|X in X if any. he probability measure µ induces the Bochner space
Lp(I∞, X, µ) of µ -measurable mappings v from I∞ to X which are p -summable. The norm
in Lp(I∞, X, µ) is defined by

‖v‖Lp(I∞,X,µ) :=

(∫
I∞
‖v(·, y)‖pX dµ(y)

)1/p

,

with the change to ess sup norm when p = ∞ . For simplicity we identify L∞(I∞, X, µ) with
L∞(I∞, X) . For a Hilbert space X and p = 2 , the Bochner space L2(I∞, X, µ) coincides with the
tensor product X ⊗ L2(I∞, µ) .

Due to (5) there hold the inclusions u ∈ L∞(I∞, V ) ⊂ L2(I∞, V, µ) . Hence it follows that u
admits the unique expansion

u =
∑
s∈F

us Ps =
∑
s∈F

vs Ls, (11)
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converging in the Hilbert space L2(I∞, V, µ) , where the Legendre coefficients us, vs, are defined by

vs := 〈u, Ls〉, us :=
∏
j∈N

(2sj + 1)1/2 vs, s ∈ F. (12)

Moreover, from the identity L2(I∞, V, µ) = V ⊗ L2(I∞, µ) it follows Parseval’s identity

‖u‖2L2(I∞,V,µ) =
∑
s∈F
‖vs‖2V . (13)

Similarly, assume that a ∈ L∞(I∞,W 1
∞(D)) , then by (6) we have the inclusions u ∈ L∞(I∞,W ) ⊂

L2(I∞,W, µ) , and therefore, the convergence of the Legendre expansion (11) in the Hilbert space
L2(I∞,W, µ) and Parseval’s identity

‖u‖2L2(I∞,W,µ) =
∑
s∈F
‖vs‖2W . (14)

For s ∈ F with supp(s) ⊂ {1, 2, ..., J} , we define the partial derivative

∂syu :=
∂|s|u

∂s1y1 · · · ∂sJyJ
,

where |s| :=
∑J

j=1 |sj | .
It is known [10] that at any y ∈ I∞ , the function y 7→ u(y) admits a partial derivative ∂syu .

Moreover, starting with u(y) which is the unique solution in V of the variational equation (9), we
can recursively find all ∂syu(y) as the unique solution of the variational equation∫

D
a(y)(x)∇∂syu(y)(x) ·∇v(x) dx = −

∑
j: sj 6=0

sj

∫
D
ψj(x)∇∂s−ejy u(y)(x) ·∇v(x) dx. ∀v ∈ V. (15)

By use of (10) we derive from (15) by inductive integration by parts in the variables yj the formulas
for the Legendre coefficients

vs =
1

s!

∏
j: sj 6=0

(2sj + 1)1/2

2sj

∫
I∞
∂syu(y)

∏
j: sj 6=0

(1− y2
j )
sjdµ(y), (16)

where s! :=
∏J
j=1 sj ! .

Since u ∈ L2(I∞, V, µ) , it can be defined as the unique solution of the variational problem: Find
u ∈ L2(I∞, V, µ) such that

B(u, v) = F (v) ∀v ∈ L2(I∞, V, µ),

where

B(u, v) :=

∫
I∞

∫
D
a(x, y)∇u(x, y) · ∇v(x, y) dx dµ(y),

F (v) :=

∫
I∞

∫
D
f(x) v(x, y) dx dµ(y).

For a subset G in Z+ × F , denote by V(G) the subspace in L∞(I∞, V ) of all functions v of
the form

v(y)(x) =
∑

(k,s)∈G

vk(x)Ps(y), y ∈ I∞, vk ∈ V2k ,

and define the linear operator SG : L∞(I∞, V )→ V(G) by

SGu(y)(x) :=
∑

(k,s)∈G

δk(vs)(x)Ls(y) =
∑

(k,s)∈G

δk(us)(x)Ps(y).

If G is a finite set, we define the Galerkin approximation uG to u as the unique solution to the
problem: Find uG ∈ V(G) such that

B(uG, v) = F (v) ∀v ∈ V(G).
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By Céa’s lemma we have the estimate

‖u− uG‖L2(I∞,V,µ) ≤
√
R

r
inf

v∈V(G)
‖u− v‖L2(I∞,V,µ),

and consequently,

‖u− uG‖L2(I∞,V,µ) ≤
√
R

r
‖u− SGu‖L2(I∞,V,µ). (17)

For linear collective Galerkin approximations we need the following assumption.
Assumption (ii): There exist 0 < p < 2 , a positive sequence σ = (σs)s∈F and a constant M
such that the sequence (σ−1

s )s∈F belongs to `p(F) and

‖vs‖W ≤M σ−1
s , s ∈ F.

Let 0 < p <∞ and σ := (σs)s∈F be a positive sequence. For T > 0 , define the following subset
in Z+ × F

G(T ) = Gp,σ(T ) :=
{

(k, s) ∈ Z+ × F : 2kσps ≤ T
}
. (18)

Theorem 1. Let Assumptions (i) and (ii) hold and a ∈ L∞(I∞,W 1
∞(D)) . Then we have for every

T > 0 ,

‖u− uG(T )‖L2(I∞,V,µ) ≤
√
R

r

∥∥∥u− SG(T )u)
∥∥∥
L2(I∞,V,µ)

≤ C

√
R

r
T−min(α,1/p−1/2),

where

C := M CD
2α + 1

2α∗ − 1

∥∥(σ−1
s

)∥∥p∗/2
`p∗ (F)

and α∗ := α , p∗ := 2(1 − pα) for α ≤ 1/p − 1/2 , and α∗ := α − 1/p + 1/2 , p∗ := p for
α > 1/p− 1/2 .

Proof. We preliminarily show that

lim
N→∞

‖u− SGN (u)‖L2(I∞,V,µ) = 0, (19)

where GN := {(k, s) ∈ Z+ × F : 0 ≤ k ≤ N} . Obviously, by the definition,

SGN (u) =
∑
s∈F

N∑
k=0

δk(vs)Ls =
∑
s∈F

P2N (vs)Ls.

By the assumptions we have the inclusion u ∈ L2(I∞,W, µ) ⊂ L2(I∞, V, µ) . From the uniform
boundedness of the operators P2N and (13)

‖SGN (u)‖2L2(I∞,V,µ) =
∑
s∈F
‖P2N (vs)‖2V ≤ C2

D

∑
s∈F
‖vs‖2V = C2

D ‖u‖2L2(I∞,V,µ).

This means that SGN (u) ∈ L2(I∞, V, µ) . Hence, by (13), Assumption (i) and (14) we deduce that

‖u−SGN (u)‖2L2(I∞,V,µ) =
∑
s∈F
‖vs−P2N (vs)‖2V ≤ C2

D 2−2αN
∑
s∈F
‖vs‖2W = C2

D 2−2αN‖u‖2L2(I∞,W,µ)

which prove (19).
Let T be given and ε arbitrary positive number. Then since G(T ) is finite from the definition

of GN and (19) there exists N = N(T, ε) such that G(T ) ⊂ GN and

‖u− SGN (u)‖L2(I∞,V,µ) ≤ ε. (20)

By the triangle inequality,

‖u− SG(T )u‖L2(I∞,V,µ) ≤ ‖u− SGN (u)‖L2(I∞,V,µ) + ‖SGN (u)− SG(T )u‖L2(I∞,V,µ). (21)

We prove that
‖SGN (u)− SG(T )u‖L2(I∞,V,µ) ≤ C T−min(α,1/p−1/2). (22)
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Let us first consider the case α ≤ 1/p− 1/2 . We have by (13) and (8) that

‖SGN (u)− SG(T )u‖2L2(I∞,V,µ) =
∥∥∥∑
s∈F

N∑
k=0

δk(vs)Ls −
∑
s∈F

∑
2k>Tσ−ps

δk(vs)Ls

∥∥∥2

L2(I∞,V )

=
∥∥∥∑
s∈F

∑
Tσ−ps <2k<N

δk(vs)Ls

∥∥∥2

L2(I∞,V )

=
∑
s∈F

∥∥∥ ∑
Tσ−ps <2k<N

δk(vs)
∥∥∥2

V

≤
∑
s∈F

( ∑
Tσ−ps <2k<N

‖δk(vs)‖V
)2

≤
∑
s∈F

( ∑
Tσ−ps <2k<N

(2α + 1)CD 2−αk‖vs‖W
)2

≤ (2α + 1)2C2
D

∑
s∈F
‖vs‖2W

( ∑
2k>Tσ−ps

2−αk
)2
.

Hence, by Assumption (ii) and the inequality 2(1− pα) ≥ p we derive that

‖SGN (u)− SG(T )u‖2L2(I∞,V,µ) ≤ (2α + 1)2C2
D

∑
s∈F

σ−2
s

( ∑
2k>Tσ−ps

2−αk
)2

≤ T−2αM2C2
D

(2α + 1)2

(2α − 1)2

∑
s∈F

σ−2(1−pα)
s

= C2 T−2α.

We next consider the case α > 1/p− 1/2 . Again, we have by (13), (8) and Assumption (ii) that

‖SGN (u)− SG(T )u‖L2(I∞,V,µ) =
∥∥∥ N∑
k=0

∑
s∈F

δk(vs)Ls −
N∑
k=0

∑
σs≤(T2−k)1/p

δk(vs)Ls

∥∥∥
L2(I∞,V )

≤
N∑
k=0

∥∥∥ ∑
σs>(T2−k)1/p

δk(vs)Ls

∥∥∥
L2(I∞,V )

=

N∑
k=0

( ∑
σ−1
s <(T2−k)−1/p

‖δk(vs)‖2V
)1/2

≤
N∑
k=0

( ∑
σ−1
s <(T2−k)−1/p

(
(2α + 1)CD 2−αk‖vs‖W

)2
)1/2

≤ (2α + 1)CDM

N∑
k=0

2−αk
( ∑
σ−1
s <(T2−k)−1/p

σ−2
s

)1/2

= (2α + 1)CDM

N∑
k=0

2−αk
( ∑
σ−1
s <(T2−k)−1/p

σ−2+p
s σ−ps

)1/2

≤ (2α + 1)CDM T−(1/p−1/2)
∞∑
k=0

2−(α−1/p+1/2)k

(∑
s∈F

σ−ps

)1/2

= C T−(1/p−1/2).
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The estimate (22) is proven. This estimate in combining with (20) and (21) gives

‖u− SG(T )u‖L2(I∞,V,µ) ≤ ε + C T−min(α,1/p−1/2)

for arbitrary positive number ε . Hence,

‖u− SG(T )u‖L2(I∞,V,µ) ≤ C T−min(α,1/p−1/2)

which together with (17) proves the theorem.
We show that under the assumptions of Theorem 1, for a given n ∈ N , the respective operator

SG(Tn) with properly chosen p = 2
1+2α and T = Tn is a bounded linear operator in L∞(I∞, V ) of

rank ≤ n which gives the convergence rate of the approximation to u(y) as n−α . For any n ∈ N ,
let Tn be the number defined by the inequalities

2
∥∥(σ−1

s

)∥∥p
`p(F)

Tn ≤ n < 4
∥∥(σ−1

s

)∥∥p
`p(F)

Tn. (23)

Theorem 2. Let the assumptions and notation of Theorem 1 hold. For any n ∈ N , let Tn be the
number defined as in (23) and put Vn := V

(
G(Tn)

)
, Pn := SG(Tn) , un := uG(Tn) . Then

•
{
Vn
}
n∈Z+

is a nested sequence of subspaces in L2(I∞, V, µ) and dimVn ≤ n ;
•
{
Pn
}
n∈Z+

is a sequence of linear bounded operators from L2(I∞, V, µ) into Vn ; and
• for every n ∈ N ,

‖u− un‖L2(I∞,V,µ) ≤
√
R

r

∥∥u− Pnu∥∥L2(I∞,V,µ)
≤ C ′

√
R

r
n−min(α,1/p−1/2),

where
C ′ := C4α

∥∥(σ−1
s

)∥∥pα
`p(F)

.

In particular, if in addition, p = 2
1+2α in Assumption (ii) , then we have that∥∥u− Pnu∥∥L2(I∞,V )

≤ C ′ n−α, (24)

Proof. We have that

dimV(G(T )) ≤
∑

(k,s)∈G(T )

dimV2k ≤
∑

(k,s)∈G(T )

2k

≤
∑

σps ≤ T

∑
2k ≤Tσ−ps

2k ≤ 2
∑

σps ≤ T

Tσ−ps

≤ 2T
∑
s∈F

σ−ps ≤ 2
∥∥(σ−1

s

)∥∥p
`p(F)

T.

Hence, by (23) we derive that

dimV(G(Tn)) ≤ 2
∥∥(σ−1

s

)∥∥p
`p(F)

Tn ≤ n. (25)

On the other hand, by (23),
T−αn ≤ 4α

∥∥(σ−1
s

)∥∥pα
`p(F)

n−α

which together with Theorem 1 and (25) completes the proof of the theorem.
From Theorem 1 we see that the problem of construction of a linear collective Galerkin approxi-

mation is reduced to the construction of a sequence σ = (σs)s∈F satisfying Assumption (ii). There
may be several ways to construct such a sequence. Here, we present a way based an estimate for
‖∂syu‖L∞(I∞,W ) . We define the following constant K and sequence b as follows.

K :=
1

r

[
1 +

(
1 +
|a|L∞(I∞,W 1

∞(D))

r

)]
‖f‖L2(D); (26)

b = (bj)j∈N, bj :=
1

r

(( |a|L∞(I∞,W 1
∞(D))

r
+ 2

)
‖ψj‖L∞(D) + |ψj |W 1

∞(D)

)
. (27)

See [12, Lemma 3.4] for a proof of the following lemma.
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Lemma 1. Assume that a ∈ L∞(I∞,W 1
∞(D)) . Then we have

‖∂syu‖L∞(I∞,W ) ≤ K|s|! bs, s ∈ F.

Lemma 2. Assume that a ∈ L∞(I∞,W 1
∞(D)) . Define the sequence

d = (dj)j∈N, dj := bj/
√

3. (28)

Then we have
‖vs‖W ≤ K

|s|!
s!
ds, s ∈ F.

Proof. From (16) we derive that

‖vs‖W ≤ 3−|s|/2

s!
‖∂syu‖L∞(I∞,W )

which combining with Lemma 1 proves the lemma.

Lemma 3. Let 0 < p <∞ , c = (cj)j∈N be a positive sequence. Then we have the following.(
|s|!
s!
cs
)
∈ `p(F) ⇐⇒

{
‖c‖`1(N) < 1, c ∈ `p(N), for p ≤ 1;

‖c‖`1(N) ≤ 1, for p > 1.

This lemma was proven in [10, Theorem 7.2] for p ≤ 1 and in [14, Theorem 5.2] for p > 1 . From
Lemmata 2 and 3 we obtain the following corollary.

Corollary 1. Let the function a belong to L∞(I∞,W 1
∞(D)) , p(α) = 2

1+2α and the sequence
d = (dj)j∈N defined in (28) satisfy the condition{

‖d‖`1(N) < 1, d ∈ `p(N), for p ≤ 1;

‖d‖`1(N) ≤ 1, for p > 1.

Then there holds Assumption (ii) for M = K and the sequence

σ :=
(
σs
)
s∈F, σ−1

s :=
|s|!
s!
ds.

3. Legendre approximation

The collective Legendre approximation is constructed on the basis of a representation of the
solution u by a series converging unconditionally in L∞(I∞, V ) as in the following lemma.

We say that a sequence (ΛN )N∈N ⊂ F of finite sets exhausts F if any finite set Λ ⊂ F is
contained in all ΛN for N ≥ N0 with N0 sufficiently large. Similarly, we say that a sequence
(GN )N∈N ⊂ Z+ × F of finite sets exhausts Z+ × F if any finite set G ⊂ Z+ × F is contained in all
GN for N ≥ N0 with N0 sufficiently large.

Lemma 4. Let Assumption (i) hold and let the sequence
(
‖ψj‖W 1

∞(D)

)
j∈N belong to ∈ `1(N) .

Then (‖us‖W )s∈F belongs to `1(F) and u(y) can be represented as the series

u(y) =
∑

(k,s)∈Z+×F

δk(us)Ps(y), y ∈ I∞, (29)

converging unconditionally in L∞(I∞, V ) .

Proof. To prove the lemma we need the following fact. If the sequence
(
‖ψj‖L∞(D)

)
j∈N belong to

`1(N) , then us ∈ V belongs to `1(F) and the Legendre expansion (11) converges unconditional in
L∞(I∞, V ) . This assertion can be proven in a similar way to the proof of [11, Theorem 4.1] which
states that if

(
‖ψj‖L∞(D)

)
j∈N ∈ `p(N) for some 0 < p < 1 , then (‖us‖V )s∈F belongs to `p(F) , and

there hold the expansions (11) with unconditional convergence in L∞(I∞, V ) .
Let us prove the lemma. The inclusion (‖us‖W )s∈F ∈ `1(F) can be proven in a similar way to

the proof of [11, Theorem 5.1] which states that if
(
‖ψj‖W 1

∞(D)

)
j∈N ∈ `p(N) for some 0 < p < 1 ,

then (‖ts‖W )s∈F belongs to `p(F) . We now prove the unconditional convergence of the series (29).
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It can be proven in a way similar to the proof of [12, Lemma 2.1]. For completeness let us process
a detailed proof. We first prove the convergence of the series (29) for a sequence of special form
(G∗N )N∈N with

G∗N = {(k, s) ∈ Z+ × F : 0 ≤ k ≤ N, s ∈ ΛN},
for any sequence (ΛN )N∈N is of finite subsets in F which exhausts F . We have for every y ∈ I∞
that∥∥∥u(y)−

∑
(k,s)∈G∗N

δk(us)Ps(y)
∥∥∥
V
≤
∥∥∥u(y)−

∑
s∈ΛN

usPs(y)
∥∥∥
V

+
∥∥∥ ∑
s∈ΛN

usPs(y)−
∑

(k,s)∈G∗N

δk(us)Ps(y)
∥∥∥
V
.

Since the Legendre expansions (11) converge unconditional in L∞(I∞, V ) , it is enough to prove that

lim
N→∞

∥∥∥ ∑
s∈ΛN

usPs −
∑

(k,s)∈G∗N

δk(us)Ps

∥∥∥
L∞(I∞,V )

= 0. (30)

By Assumption (i) we get that for every y ∈ I∞ ,∥∥∥ ∑
s∈ΛN

usPs(y)−
∑

(k,s)∈G∗N

δk(us)Ps(y)
∥∥∥
V

=
∥∥∥ ∑
s∈ΛN

usPs(y)−
∑
s∈ΛN

N∑
k=0

δk(us)Ps(y)
∥∥∥
V

=
∥∥∥ ∑
s∈ΛN

[
us − P2N (us)

]
Ps(y)

∥∥∥
V
≤

∑
s∈ΛN

‖us − P2N (us)‖V

≤
∑
s∈ΛN

CD 2−αN‖us‖W ≤ CD 2−αN‖(‖us‖W )‖`1(F)

which proves (30).
Take any sequence (GN )N∈N of finite subsets in Z+ × F which exhausts Z+ × F . Then for

arbitrary number ε > 0 , there exists M = M(ε) such that∥∥∥u− ∑
(k,s)∈G∗M

δk(us)Ps

∥∥∥
L∞(I∞,V )

≤ ε

2
.

We obtain by (8) that∑
(k,s)6∈G∗M

‖δk(us)‖V ≤ (2α + 1)CD 2−αM
∑

(k,s)6∈G∗M

‖us‖W ≤ (2α + 1)CD 2−αM‖(‖us‖W )‖`1(F).

Therefore, we may also assume that ∑
(k,s)6∈G∗M

‖δk(us)‖V ≤
ε

2
.

Since (GN )N∈N exhausts Z+ × F , there exists N∗ such that G∗M ⊂ GN for all N ≥ N∗ . Hence
we derive that for arbitrary number ε > 0 ,∥∥∥u− ∑

(k,s)∈G∗N

δk(us)Ps

∥∥∥
L∞(I∞,V )

≤
∥∥∥u− ∑

(k,s)∈G∗M

δk(us)Ps

∥∥∥
L∞(I∞,V )

+
∑

(k,s)6∈G∗M

‖δk(us)‖V ≤ ε.

This proves the lemma.
For the linear collective Legendre approximation to the solution u we need the following assump-

tion.
Assumption (iii): There exist 0 < p < 1 , a positive sequence σ = (σs)s∈F and a constant M
such that the sequence (σ−1

s )s∈F belongs to `p(F) and

‖us‖W ≤M σ−1
s , s ∈ F.

Theorem 3. Let Assumptions (i) and (iii) hold. For T > 0 , consider the set G(T ) = Gp,σ(T ) as
in (18). Then we have for every T > 0 ,∥∥∥u− SG(T )u

∥∥∥
L∞(I∞,V )

≤ C T−min(α,1/p−1),
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where
C := M CD

2α + 1

2α∗ − 1

∥∥(σ−1
s

)∥∥p∗
`p∗ (F)

,

and α∗ := α , p∗ := 1− pα for α ≤ 1/p− 1 , and α∗ := α− 1/p+ 1 , p∗ := p for α > 1/p− 1 .

Proof. By Lemma 4 the series (29) converging unconditionally in L∞(I∞, V ) to u , and, conse-
quently, we can write for every y ∈ I∞ ,∥∥∥u(y)− SG(T )u(y)

∥∥∥
V

=
∥∥∥ ∑

(k,s)6∈G(T )

δk(us)Ps(y)
∥∥∥
V
≤

∑
(k,s)6∈G(T )

‖δk(us)‖V .

By (8) we have that

‖δk(us)‖V ≤ (2α + 1)CD 2−αk‖us‖W ∀(k, s) ∈ Z+ × F.
Therefore, by Assumption (iii)∥∥∥u− SG(T )u

∥∥∥
L∞(I∞,V )

≤ (2α + 1)CDM
∑

(k,s)6∈G(T )

2−αkσ−1
s .

Hence and from the inequality [12, Lemma 2.2]∑
(k,s)6∈G(T )

2−αkσ−1
s ≤ C∗ T−min(α,1/p−1) (31)

with
C∗ :=

1

2α∗ − 1

∥∥(σ−1
s

)∥∥p∗
`p∗ (F)

T−min(α,1/p−1),

we obtain the theorem. For completeness, let us prove (31). If α ≤ 1/p − 1 , we have for every
N ∈ N , ∑

(k,s)6∈G(T )

2−αkσ−1
s ≤

∑
s∈F

σ−1
s

∑
2k > Tσ−ps

2−αk ≤
∑
s∈F

1

2α − 1
σ−1
s

(
Tσ−ps

)−α

=
T−α

2α − 1

∑
s∈F

σ−(1−pα)
s ≤ C∗ T−α.

If α > 1/p− 1 , we have for every N ∈ N ,∑
(k,s)6∈G(T )

2−αkσ−1
s ≤

∑
k ≥0

2−αk
∑

σs≥(T2−k)1/p

σ−1
s ≤

∑
k ≥0

2−αk
∑

σs≥(T2−k)1/p

σ−(1−p)
s σ−ps

= T−(1/p−1)
∑
k ≥0

2−(α−1/p+1)k
∑
σs∈F

σ−ps ≤ C∗ T−(1/p−1).

In the last step we used the inequality α− 1/p+ 1 > 0 . The inequality (31) is proven.
Similarly to the proof of Theorem 2, from Theorem 3 we derive the following

Theorem 4. Let the assumptions and notation of Theorem 3 hold. For any n ∈ N , let Tn be the
number defined as in (23) and put Vn := V

(
G(Tn)

)
, Pn := SG(Tn) . Then

•
{
Vn
}
n∈Z+

is a nested sequence of subspaces in L∞(I∞, V ) and dimVn ≤ n ;
•
{
Pn
}
n∈Z+

is a sequence of linear bounded operators from L∞(I∞, V ) into Vn ; and
• for every n ∈ N , ∥∥u− Pnu∥∥L∞(I∞,V )

≤ C ′ n−min(α,1/p−1),

where
C ′ := C 4α

∥∥(σ−1
s

)∥∥pα
`p(F)

.

Moreover, if in addition, p = 1
1+α in Assumption (ii) , then we have that∥∥u− Pnu∥∥L∞(I∞,V )

≤ C ′ n−α.
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From Theorems 3 and 4 we see that the problem of construction of a linear collective Legendre
approximation is reduced to the construction of a sequence σ = (σs)s∈F satisfying Assumption (iii).

Corollary 2. Let the constant K be as in (26) and the sequence b as in (27). Assume that the
function a ∈ L∞(I∞,W 1

∞(D)) , there exists 0 < p < 1 such that the sequence
(
‖ψj‖W 1

∞(D)

)
j∈N

belongs to `p(N) and ‖b‖`1(N) < 1 . Then there holds Assumption (iii) for p , M = K and the
sequence

σ :=
(
σs
)
s∈F, σ−1

s :=
|s|!
s!
bs.

Proof. By using of (12), (16) and Lemma 1 we derive that

‖us‖W ≤ 1

s!
‖∂syu‖L∞(I∞,W ) ≤ K

|s|!
s!
bs = K σ−1

s .

On the other hand, from the assumptions we have that b ∈ `p(N) and ‖b‖`1(N) < 1 . Hence by
Lemma 3 the sequence (σ−1

s )s∈F belongs to `p(F) . This proves the corollary.
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Динь Зунг
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Каузяй, Ханой, Вьетнам

Параметрлi және стохастикалық эллиптикалық дербес туындылы теңдеулердiң
шешiмдерiнiң Галеркин жуықтауылары

Аннотация: Шенелген Липшиц облысы D ⊂ Rm, I∞ := [−1, 1]∞ , f ∈ L2(D),
бiрқалыпты эллиптикалық шартты қанағаттандыратын және y -қа аффиндi тәуелдi a(y) диффузиясы
жағдайларындағы

− div
(
a(y)(x)∇u(y)(x)

)
= f(x) x ∈ D, y ∈ I∞, u|∂D = 0,

параметрлiк эллиптикалық теңдеу үшiн Галеркиннiң жуықтауы зерттеледi. Параметрлiк емес
−div

(
a(y0)(x)∇u(y0)(x)

)
= f(x) теңдеуi үшiн I∞ жиынының y0 барлық нүктелерiнде дерлiк I∞

жиынындағы µ бiрқалыпты ықтималдық өлшемi бойынша V := H1
0 (D) кеңiстiгiнiң энергетикалық

нормасында шешiмiне қайсiбiр жылдамдықпен жинақталатын ақырлы элементтер тiзбегi табылады
делiқ. Осы болжамға сүйене отырып, L2(I∞, V, µ) Бохнер кеңiстiктерiнiң нормасында параметрлiк
эллиптикалық мәселе үшiн сол жылдамдықпен шешiмiне ұмтылатын ақырлы элементтер тiзбегi
құрылды. Бұл параметрлiк эллиптикалық мәселе үшiн өлшемдiлiктiң қиянаттының қасiретiн
сызықтық әдiстер арқылы жойылатыны көрсетiлдi.

Түйiн сөздер: Параметрлi және стохастикалық эллиптикалық дербес туындылы теңдеулер,
Галеркиннiң бiрлескен жуықтауы, диффузия коэффициенттерiнiң аффиндық тәуелдiлiгi,
өлшемдiлiктiң қиянатты қасiретi.

Динь Зунг

Институт информационных технологий, Вьетнамский национальный университет, Суан Тхюи
144, Каузяй, Ханой, Вьетнам

Приближения Галеркина решений параметрических и стохастических эллиптических
уравнений в частных производных

Аннотация: Изучается приближение Галеркина для параметрической эллиптической задачи

−div
(
a(y)(x)∇u(y)(x)

)
= f(x) x ∈ D, y ∈ I∞, u|∂D = 0,

где D ⊂ Rm - ограниченная область Липшица, I∞ := [−1, 1]∞ , f ∈ L2(D) , а диффузия
a(y) удовлетворяет условию равномерной эллиптичности и аффинно зависит от y . Предположим,
что почти в каждой точке y0 ∈ I∞ относительно равномерной вероятностной меры µ на I∞
для непараметрической задачи −div

(
a(y0)(x)∇u(y0)(x)

)
= f(x) существует аппроксимативная

последовательность конечных элементов с определенной скоростью сходимости по энергетической
норме пространства V := H1

0 (D). На основе этого предположения построена последовательность
конечных элементов с той же скоростью сходимости для параметрической эллиптической задачи
по норме L2(I∞, V, µ) пространств Бохнера. Это показывает, что проклятия размерности для
параметрической эллиптической задачи преодолевается линейными методами.

Ключевые слова: параметрические и стохастические эллиптические уравнения в частных
производных, совместное приближение Галеркина, аффинная зависимость коэффициентов диффузии,
проклятие размерности.
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