ISSN 2616-7182

JLH. 'ymuneB arvingarst Eypasust yaTTbIK yHUBEPCUTETIHIH

XABAPIHIBICDHI

BULLETIN BECTHUK

of the L.N. Gumilyov Eurasian EBpasuiickoro HalmOHAILHOTO
National University yuusepcurera umenu JI.H. I'ymunesa

MATEMATUKA. THO®OPMATUKA. MEXAHUWKA cepusicet
MATHEMATICS. COMPUTER SCIENCE. MECHANICS Series

Cepugs MATEMATUKA. THOOPMATUKA. MEXAHUNKA

No1(122)/2018

1995 sxkpLIIAaH 6acTall MIBIFaIb]
Founded in 1995

Wznaercs ¢ 1995 roma

?Kbutbiaa 4 per mibirajbl
Published 4 times a year

BoixoauT 4 pasa B rof

Acrana, 2018
Astana, 2018



BAC PEJAKTOPBI

¢.-M.F.JI., Tpod
Temiprammes H. (Kazakcran)

Bac pedarxmopdvr, opwimbacapvl Kybanbimesa A.2K., PhD
(Kazakcram)

Bac pedarxmopdur, opwimbacapvl Haypnizoaes H.2K., PhD
(Kazakcramn)

Pedaxuus anxaco

AGakymos E.B. PhD, upod. (Ppanrust)
Anekceesa JI.A. b.-m.p.1., npod. (Kasakcran)
Annvxan Kunau PhD, upod. (ZKamomus)
Bexxkan Typabibek PhD, upod. (Keiraii)
Bekenos M.U. db.-m.r.x., gonent (Kazakcran)
T'ony6os B.11. d-mr. 1., ipod. (Peceit)
Syur Iuab d-mr. 1., tpod. (Bbernam)
N6paes A.T. db-mr. 1., npod. (Kazakcran)
Nsanos B.1. d-mr. 1., ipod. (Peceit)
Kob6enbkos I'.M. b-m.r. 1., pod. (Peceit)
Kypuna T.A. d-mr. 1., npod. (Peceit)
Mapkos B.B. db-mr. 1., npod. (Peceit)
Meitpmanos A.M. db-mr. 1., ipod. (DkBagoOp)
Cmenguackuit P.JI. db.-mr. 1., ipod. (Peceit)
Ymupbaes V.V. db-mr. 1., npod. (AKII)
Xonamesuukosa H.H. db.-mr. 1., ipod. (Peceit)

Pedaxyusnvir, mexenorcatio:: 010008, Kazakcran, Acrana K., Cornaes k-ci, 2, 408 6emmMe.
Tem: (7172) 709-500 (imki 31-428). E-mail: vest math@enu.kz

2Kayanmoer xamwwt, xomnvlomepde bemmezen
A. Hypbosar

JI.LH. 'ymuineB arbingarbl Eypasust yiITTBIK YHUBEPCUTETIHIH, XabapIibIChI.
MATEMATUKA. TH®POPMATUNKA. MEXAHUKA cepusicel

Memnmmikrenymi: KP Bxt'M "JI.H. I'ymuies atbiagarsr Eypasus yiarreik, yausepcureri” KK PMK
Mepszimimiri: KeutbiHa 4 per.

Kaszakcran PecrybiimkachiHbiH, AKIapaT koHe KOMMYHUKAIASIIAD MAHACTPJIMIMEH TipKeJIreH.
27.03.20182«. Ne 17000-x Tipkey Kyoutiri.

Tupaxsr: 30 nana

Tunorpadusansiy, Mexernzkaiior: 010008, Kasakcran, Acrana k., Kaxbimykan k-ci ,12/1,

res: (7172)709-500 (imki 31-428).

© JIL.H. 'ymunes arbiagarsl Eypasust yaTTeik yHUBEpCHTET]



Deputy Editor-in-Chief

Deputy Editor-in-Chief

Abakumov E.V.
Alexeyeva L.A.
Alimhan Keylan
Bekzhan Turdybek
Bekenov M.I.

Golubov B.I.
Ding Dinh
Ibrayev A.G.
Ivanov V.I.
Kobel’kov G.M.
Kurina G.A.
Markov V.V.
Meirmanov A.M.
Smelyansky R.L.
Umirbaev U.U.

EDITOR-IN-CHIEF
Prof., Doctor of Phys.-Math. Sciences
Temirgaliyev N. (Kazakhstan)

Zhubanysheva A.Zh., PhD (Kazakhstan)
Nauryzbayev N.Zh., PhD (Kazakhstan)
Editorial board

PhD, Prof. (France)

Doctor of Phys.-Math. Sciences, Prof. (Kazakhstan)
PhD, Prof. (Japan)

PhD, Prof. (China)

Candidate of Phys.-Math. Sciences,

Assoc.Prof. (Kazakhstan)

Doctor of Phys.-Math. Sciences, Prof.(Russia)
Doctor of Phys.-Math. Sciences, Prof.(Vietnam)
Doctor of Phys.-Math. Sciences, Prof.(Kazakhstan)
Doctor of Phys.-Math. Sciences, Prof.(Russia)
Doctor of Phys.-Math. Sciences, Prof.(Russia)
Doctor of Phys.-Math. Sciences, Prof.(Russia)
Doctor of Phys.-Math. Sciences, Prof.(Russia)
Doctor of Phys.-Math. Sciences, Prof.(Ecuador)
Doctor of Phys.-Math. Sciences, Prof.(Russia)
Doctor of Phys.-Math. Sciences, Prof.(USA)

Kholshchevnikova N.N. Doctor of Phys.-Math. Sciences, Prof. (Russia)

Editorial address: 2, Satpayev str., of. 408, Astana, Kazakhstan, 010008

Tel.: (7172) 709-500 (ext. 31-428)
E-mail: vest math@enu.kz

Responsible secretary, computer layout:
A. Nurbolat

Bulletin of the L.N. Gumilyov Eurasian National University.

MATHEMATICS. COMPUTER SCIENCE. MECHANICS Series

Owner: Republican State Enterprise in the capacity of economic conduct "L.N. Gumilyov Eurasian
National University" Ministry of Education and Science of the Republic of Kazakhstan

Periodicity: 4 times a year

Registered by the Ministry of Information and Communication of the Republic of Kazakhstan.
Registration certificate Ne17000-x from 27.03.2018.

Circulation: 30 copies

Address of printing house: 12/1 Kazhimukan str., Astana, Kazakhstan 010008;
tel: (7172) 709-500 (ext.31-428).

© L.N. Gumilyov Eurasian National University



[JIABHBI PEJAKTOP
npodeccop, A.¢.-M.H.

Temuprammes H. (Kazaxcran)
3am. 2nasroz0 pedaxmopa 2Ky6anbmesa A.2K., PhD (Kazaxcran)
3am. enasrozo pedaxmopa Haypsiz6aes H.2K., PhD (Kazaxcran)

Pedaxuyuonras xosnrezus

AGakymos E.B. PhD, npod. (Ppanrust)
Anekceena JI.A. 1.¢d.-M.H., npod. (Kazaxcran)
Annvxan Kunau PhD, upod. (Anonus)
Bekxan Typapioek PhD, upod. (Kurait)
Bekenos M. K.d.-m.H., nonent (Kasaxcran)
T'ony6os B.11. a.d.-m.H., npod. (Poccus)
Syur /Iuab 1.¢d.-M.H., pod. (Brernam)
N6paes A.T. a.d.-m.H., npod. (Kazaxcran)
Nsanos B.1. a.d.-m.H., npod. (Poccus)
Kob6enbkos I'.M. a.d.-m.H., npod. (Poccus)
Kypuna T.A. a.d.-m.H., npod. (Poccus)
Mapkos B.B. a.d.-m.H., npod. (Poccus)
Meitpmanos A.M. a.d.-M.H., mpod. (DKBamop)
Cmenguackuit P.JI. a.d.-m.H., npod. (Poccus)
Ymupbaes V.V. a.d.-m.H., pod. (CIIA)
Xonmesuukosa H.H. a.d.-m.H., mpod. (Poccus)

Adpec pedaxyuu: 010008, Kazaxcran, r. Acrana, yi. Carnaesa, 2, kab. 408
Tes: (7172) 709-500 (Bu. 31-428). E-mail: vest math@enu.kz

Omeemcmeentvili CEKPEMaAPd, KOMNLIOMEPHAA BEPCINKA
A. Hypbosar

Bectuuk EBpazuiickoro HammonasibHoro yuuBepcuteta umenu JI.H. I'ymuiena.

Cepuss MATEMATUKA. NTHPOPMATUKA. MEXAHUKA

Cobcersennuk: PI'TI na ITIXB "Espazuiickuii narponanpubiit yuusepcurer nmenu JILH. I'ymunesa" MOH PK
[lepuogmunocTs: 4 pasa B TOI.

3apeructpuposan MunncrepcrsoM nHpopMarun u komMmyHuKanmii Pecriybanku Kazakcram.
Perucrparmuonnoe ceugerensctso Ne17000-x ot 27.03.2018r.

Tupax: 30 skzemiusapos. Ajpec tunorpadum: 010008, Kazaxcran, r. Acrana, yi. Kaxbimykana, 12/1,
rest.: (7172)709-500 (BH.31-428).

(© Espaswuiickuit namuonanpHbiil yausepcurer umenn JI.H. I'ymunesa



JIL.LH. TYMNJIEB ATBIHIATHI EYPA3U A YJITTBIK YHUBEPCUTETIHIH,
XABAPIIBICBI. MATEMATUKA. THPOPMATUKA. MEXAHVKA CEPUACHI

Ne1(122)/2018

MA3MYHBHBI

MATEMATUKA-UHOOPMATUKA

Temipeaaues H. "JIL.H. I'ymuneB areiagarst Eypasus yiaTTbIK YHUBEPCUTETIHIH, XabapIIbICHL. 8
Maremaruka. Nadopmaruka. Mexanuka cepusicbl" »KypHaJIbIHBIH 6aCThl MAKCATTAPBI MEH OJIap bl
JKy3ere acbIpy KOJIJIapbl 2KeHiHe Bac pe1akTop/ by, aarbIce3i

Lorcypaxonos  O.A. Keitbip eki aiiHbIMAIBLIBI  (yHKIUsIAp Kiaccrapbin  Dypbe-Dpmur 70
YIIOYPBIITHL KOCBIHIBLIAPHI APKBLIBI KYBIKTay KATEIIKTEPIH KOFapbIIaH OarajiayIapblHBIH 19T
MOH/IePi

3yne JJuns [MapameTpiai KoHe CTOXACTHKAJBIK JUTHITUKAJBIK, J1epOeC TYBIHIBLIBI TeHIEYIeP/IiH 76
mernriMaepinig ['anepKun KybIKTaybLIaAPHI

VYmecos A.B., A60vrynros A.T. Tpuronomerpusiibik, Pypbe K03 pUIIMEHTTEDPIHEH AJIBIHFAH ]I 90

emec MosiMeTrTep OoiibiHma arm3oTponThl CoGO0JIEB KIIACTAPLIHLIH, (DYHKIUSIAPHIH YKyBIKTAY
mocestecinin Tosbik K(E)I-3eprreyi



BULLETIN OF L.N. GUMILYOV EURASIAN NATIONAL UNIVERSITY.
MATHEMATICS. COMPUTER SCIENCE. MECHANICS SERIES

Ne1(122)/2018

CONTENTS

MATHEMATICS-COMPUTER SCIENCE

Temirgaliyev N. Introdaction of the Editor-in-Chief of the journal "The Bulletin of the L.N. Gu-

8
milyov Eurasian National University. Mathematics. Computer Science. Mechanics series" about
the issue purposes and the ways of its implementation
Jurakhonov O.A. The exact values of the upper bounds for approximation in the mean of some 70
classes of bivariate functions by triangular Fourier—Hermite sums
Ding Dinh Galerkin approximation for parametric and stochastic elliptic PDEs 76
Utessov A.B., Abdykulov A.T. The complete C(N)D-solution of the problem recovery of functions 90

from anisotropic Sobolev classes by their unexact trigonometric Fourier coefficients



BECTHUK EBPA3UNCKOI'O HAIIMOHAJIBHOI'O YHUBEPCUTETA
MMEHN JIL.HITYMUWJIIEBA. CEPA MATEMATUKA. MTH®POPMATUKA. MEXAHUKA

Ne1(122)/2018

COIJEP2KAHUE

MATEMATUKA-UHOOPMATUKA

Temupearues H. Tlpemmcnosue [naBmoro pemakropa kypuaja "Becramk Espaswuiickoro 8
HarnmonasibHoro yumsepcurera umenn JI.H. I'ymmrea. Cepusi Maremaruka. Wudopmaruka.
Mexanuka" o 1eJIsIX U3JaHUs U [IyTIX UX Peaju3alluu

Lorcypaxonos O.A. Tounble 3HAYEHNMS BEPXHUX I'DaHEl MOIPEIIHOCTEN MPUOJINKEHUS B CpPeIHeM 70
HEKOTOPBIX KJIaCCOB (DYHKIUHN IBYX MEPEMEHHBIX TPEyrojbHbIMU cymMmaMu Dypbe-Dpmura

3yne  JHunv Ilpubnmxkenmsi lamepkuna pereHuil mapaMeTpUYECKHMX U CTOXACTUIECKUX 76
SUTUIITHIECKUX YPABHEHUN B YaCTHBIX MPOU3BOIHBIX

Ymecos A.B., A6owkynos A.T. Ionroe K(B)II-uccnenosanne 3a1auu BOCCTAHOBIEHUsT (DYHKITHI 90

U3 AHU30TPOMHBIX KJjaccoB (CobojieBa MO HETOYHBIM 3HAYEHHSIM WX TPUTOHOMETPUYECKHUX
ko3 durmenroB Pypue



JI.LH. I'vmusieB arpiagarel Eypasust yaTTBIK yHEBEPCUTETiHIH Xabapuibicel. Maremaruka.
Hudopmaruka. Mexanuka cepusicor, 2018, 1(122), 76-89 6errep
http://bulmathmc.enu.kz, E-mail: vest math@enu.kz

MPHTMN: 27.25.19
Dinh Ding

Information Technology Institute, Vietnam National University, 144 Xuan Thuy, Cau Giay,
Hanot, Vietnam
(E-mail: dinhzung@gmail.com)

Galerkin approximation for parametric and stochastic elliptic PDEs

Abstract: We study the Galerkin approximation for the parametric elliptic problem
—div (a(y)(z)Vu(y)(z)) = f(z) z€D, yeI®, wulop = 0,

where D C R™ is a bounded Lipschitz domain, I*° := [-1,1]*°, f € La(D), and the diffusions a
satisfy the uniform ellipticity assumption and are affinely dependent with respect to y. Assume that
we have an approximation property that there is a sequence of finite element approximations with
a certain error convergence rate in energy norm of the space V := H&(D) for the nonparametric
problem —div (a(yo)(x)Vu(yo)(z)) = f(z) at almost every point yo € I with regard to the
uniform probability measure g on I°°. Based on this assumption we construct a sequence of finite
element approximations with the same error convergence rate for the parametric elliptic problem in
the norm of the Bochner spaces Lo(I°°,V, u). This shows that the curse of dimensionality for the
parametric elliptic problem is rid by linear methods.

Keywords: Parametric and stochastic elliptic PDEs, collective Galerkin approximation, affine
dependence of the diffusion coefficients, the curse of dimensionality.

1. INTRODUCTION

Let D C R™ be a bounded domain with a Lipschitz boundary dD and 1% :=[~1,1]¢. Consider
the parametric elliptic problem

—div(a(y)Vu(y)) = f in D, ulpp = 0, yeld (1)

where the gradient operator V is taken with respect to x, the diffusions a(y)(z) := a(x,y) are

functions of x = (x1,...,2,) € D and of parameters y = (yi1,...,yq) € I on D x I?, and the
function f(x) is functions of =z = (x1,...,2,,) € D. In the equation (1), the parameter y may
be either deterministic or random variable. The main challenge in numerical computation is to
approximate the entire solution map y — u(y) up to a prescribed accuracy with acceptable cost.
This problem becomes actually difficult when d may be very large. Here we suffer the so-called curse
of dimensionality coined by Bellman: the computational cost grows exponentially in the dimension d
of the parametric space. Moreover, in some models the number of parameters may be even countably
infinite.

Based on finite element approximations with respect to the spatial variable x and polynomial
approximations with respect to the parametric variable gy, there have been proposed several numer-
ical methods for solving (1). Many works have been devoted to the development of the parametric
Garlerkin technique for the numerical solving of (1). As shown in [13], these methods are promis-
ing since they can use the possible regularity of the solution w(y) with respect to the parameters
y to achieve faster convergence than sampling methods like Monte Carlo. A parametric Garlerkin
method is a projection technique over a set of orthogonal polynomials with respect to an appropriate
probability measure [1, 2, 5, 8, 10, 11, 13, 16, 17, 19, 20, 21|. We refer the reader to [9, 18, 22| for
surveys and bibliography on different aspects in study of approximation and numerical methods for
the problem (1).

In [7]-[11], [19] with an assumption on the ¢, -summability (Hwﬁ'”W&(D))jeN € £,(N) for some

0 < p < 1 on the affine expansion (2), the authors proposed nonlinear n-term approximation
76
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methods in energy norm by establishing a priori the set of the n most useful infinite dimensional
polynomials in Taylor expansion, Legendre polynomials expansion and Lagrange interpolation. The
obtained n-term approximands then are approximated by finite element methods. The results of
[10, 11] have been improved |3, 4|. Best n-term approximations of infinite-dimensional polynomial
expansions providing a benchmark for convergence rates, are not constructive. In the recent papers
[13, 14|, we have considered a particular case of the equation (1) where D = [0,1]™, with an a
priori assumption that the solution possesses higher order mixed smoothnesses of Sobolev-Korobov
type or of Sobolev-analytic type simultaneously on spatial variable = and parametric variable y .
Applying results on hyperbolic cross approximation in infinite dimension, we constructed linear
collective Galerkin methods on both variables  and y for approximation of the solution which
give the same approximation rate in energy norm as for the approximation by Galerkin methods for
solving the corresponding nonparametric elliptic problem the domain [0, 1]™ .

Throughout the present paper we preliminarily assume that d = co, f € Lo(D) and the diffusions
a satisfy the uniform ellipticity assumption

0 <r < aly)(z)=alz,y) < R < o0, xz€D, yel™,

and are affinely dependent with respect to y, or more precisely,

oo
a(y)(z) = a(z) + Y yvi(x), zeD, yel™, ad;eWi(D), (2)
j=1
where WL (D) is the space of functions v on D, equipped with the semi-norm and norm
|U|Wgo(D) = 1glifgfn||3xﬂ’”Loo(D)a HU||W§O(D) = ||UHLOO(D) + |U\Wgo(D)-

Let V := H& (D) and denote by W the subspace of V' equipped with the norm

[ollw = [|Av]|Ly(p)-

(This is a norm since if v € V and Av = 0, then v = 0). Assume that we have the following
approximation property on the spatial domain D : There are a nested sequence of subspaces (V,)nen
in V', a sequence of linear bounded operators (P,)nen from V into V,,, and a number 0 < o < 1/m
such that dimV,, <n and

lv = Po(v)lly < Cpn™*|vflw, YveW. (3)

In the present paper, we propose collective Galerkin and Legendre approximations in the Bochner
spaces Lo(I*°, V) and Lo (I, V) for solving (1), based on this approximation property and the
Legendre polynomials expansion on the parametric domain I°° . All the methods are linear and con-
structive. These approximations are of hyperbolic cross type (see [15] for a survey and bibliography
on hypebolic cross approximation and applications). Moreover, they are collective with regard to
spatial variable = and parametric variable y. This means that in constructing these methods, the
m -variate spatial part and the infinite-variate parametric part are not separately but collectively
treated. Assume that

(\|¢j||wgo(D))jeN € Lp)(N)
1

with p(a) = H% for the collective Galerkin approximation, and with p(a) := 1 for the
collective Legendre approximation. Under this condition on the diffusions a(y), we show that
our methods give the same convergence rate n~“ of the error of the approximation of the solution
of the nonparametric elliptic problem using the approximation property (3). All the conditions
on the diffusions a(y) in particular, the p(a) -assumption do not affect the convergence rate of
the approximation error, completely disappear from it and influence only the constant. This in
particular, shows that the curse of dimensionality for the parametric elliptic problem is rid by linear
methods. Notice also that the construction of linear collective approximations in the present paper
is different from the construction of finite element approximations in (8|, [10], [11], and from the
construction of linear collective approximations in [13, 14]. See also the extended arXiv preprint
[12] and [23| for new related results on collective Taylor and collocation approximations for the
parametric elliptic problem (1) .
7
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The outline of the present paper is the following. In Section 2 we process the construction and error
estimation of collective Galerkin methods for solving (1). In Section 3 we process the construction
and error estimation of collective Legendre methods for solving (1).

2. GALERKIN APPROXIMATION

2.1. Nonparametric elliptic problem. Let us preliminarily consider the nonparametric situation
when we have only one equation:

—div(aVu) = f in D, wulpp = 0, (4)
where f,a are functions on D, f € Ly(D) and a satisfies the ellipticity assumption
0 <r<alr) < R< oo zeD.

By the well-known Lax-Milgram lemma, there exists a unique solution u € V' in weak form which
satisfies the variational equation

/a(:n)Vu(:E)-VU(:L‘)dx = /f(x)v(:r) dz, YvelV.
D D

I1f|lz,(py and the inequality [luly < L||f]
£l 2o(D)
T )

v+ we have

that

Jullv <

where V* = H~1(D) denotes the dual of V.
If we assume that a € WL (D), then the solution u of (4) is in W . Moreover, u satisfies the

estimate al
1 WL (D
fulbw < 2 (14 A2 ), ©)

For construction of a collective Galerkin approximation we need an approximation property in
the spatial domain in the following assumption.

(5)

Assumption (i): There are a nested sequence of subspaces (V,)nen in V', a sequence of linear
uniformly bounded operators (P,)nen from V into V,,, and a number 0 < o < 1/m such that
dimV,, <n and

[v—Pu(v)lly < Cpn™|vllw, YveW, (7)
where Cp is a constant which may depend on the domain D .

For example, classical error estimates [6] yield that the convergence rate in (7) with o = 1/m
can be achieved by using Lagrange finite elements on quasi-uniform partitions. Throughout the
remainder of the present paper, a is fixed and used only for denoting the convergence rate in
Assumption (i).

Under Assumption (i) by Céa’s lemma we have

IR IR IR _
lu — uplly < —Ulenf lu—oly < Hu— uw)lly < ?Cpn e

where wu,, is the Galerkin approximation which is the unique solution of the problem

/D a(x)Vup(z) - Vo(r)de = /f z)dz, Yv eV,

For k € Z4 , we define
(5k(v) = PQk (’U) — sz_1(’l)), keN, 50(’0) = PQ('U).

If Assumption (i) holds, then we can represent every v € W by the series

v o= 251:(11)
k=0

converging in V' and satisfying the estimate

I8k(0)lv < (1+2%Cp 27" vllw, k€ Zs, (8)
78
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which follows from Assumption (i) and the inequality
10k (0)[lv < lv = Por(0)llv + [lv = Por—r (v) | v-

2.2. Parametric elliptic problem. Let us first reformulate the parametric equation (1) in the
variational form. For every y € I°° | by the well-known Lax-Milgram lemma, there exists a unique
solution u(y) € V' in weak form which satisfies the variational equation

/a(x,y)Vu(y)(:c)'VU(x)dx = /f(x)v(:c) dz, YvelV. 9)
D D

Define a probability measure g on 1% as the infinite tensor product measure of the univariate
uniform probability measures on the one-dimensional 1:

1
du(y) = @) 5du;-
JEZ
The sigma algebra » for p is generated by the rectangles HjeN I; where only a finite number
of the I; are different from I. Then (I, X, p) is a probability space. Let Lo(I*°, 1) denote the
Hilbert space of functions on I*° equipped with the inner product

(f.g) = /Hoo FW)g(y) du(y).

Consider two types of Legendre univariate polynomials expansions different only in their nor-
malization for basis. The univariate Legendre basis (P, )nen is defined with Lo (I) -normalization:
| Pall ooy = 1. The orthonormal basis (Ln)nez, in La(I,dy/2) for which L, =+/2n+1P, and
| Ln|lpym = 1. Observe that Lo = Py = 1 and there hold the Rodrigues formulas

(=" d" 2\n
P(t) = 2 dt—n[(l—t) } (10)

Denote by F the subset in ZS° of all s such that supp(s) is finite, where supp(s) is the support
of s, that is the set of all j € N such that s; # 0. We define the tensor products of these
polynomials

Pu(y) = [ Ps(w;) and L(y):= []Ls (), s€F.
jEN JEN

Then (Ls)ser is an orthonormal basis of Lo(I%°, 1) .

Let X be a Banach space and 1 < p < oo. Denote by Lo (I°°, X) the space of all mappings v
from I* to X for which the following norm is finite

V]l oo, x) == sup [Jo(y)llx-
yelee
We also use the notation
’U|Loo(]1°°,X) = sup |v(y)|x
yeloe

for a semi-norm |v(y)|x in X if any. he probability measure g induces the Bochner space
L,(I*,X,u) of p-measurable mappings v from I*° to X which are p-summable. The norm
in L,(I*°, X, p) is defined by

1/p
vl L, @ x,0) = lo(, I duly) )
]IOO

with the change to ess sup norm when p = oco. For simplicity we identify Loo(I*°, X, ) with
Lo (I, X). For a Hilbert space X and p = 2, the Bochner space Lo(I*°, X, 1) coincides with the
tensor product X & Lo(I*, p) .

Due to (5) there hold the inclusions u € Loo(I*°, V) C L2(I*°,V, ). Hence it follows that u

admits the unique expansion
u = Z’U,SPS = ZUS L,, (11)

seF seF
79
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converging in the Hilbert space Lo(I°°, V, ), where the Legendre coefficients us, vs, are defined by

vs = (u,Lg), wus:= H(Qsj +1)Y20,, seF. (12)
jeN
Moreover, from the identity Lo(I*°, V,pn) =V @ Lo(I°°, i) it follows Parseval’s identity
el Zy e vy = D llosli (13)
selF

Similarly, assume that a € Lo (I°°, WL (D)), then by (6) we have the inclusions u € Lo (I, W) C
Lo(I°, W, 1) , and therefore, the convergence of the Legendre expansion (11) in the Hilbert space
Lo(I*°, W, 1) and Parseval’s identity

2 2
ol ey = 3 llesll (14)
seF
For s € F with supp(s) C {1,2,...,J}, we define the partial derivative
O = 8|8|U 7
4 aslyl...asJyJ
J
where s := 35 [s;].
It is known [10] that at any y € I°°, the function y — u(y) admits a partial derivative dyu.

Moreover, starting with «(y) which is the unique solution in V' of the variational equation (9), we
can recursively find all dju(y) as the unique solution of the variational equation

/ o(y)(@)VOu(y)(2) - Vol@)dz = — 3 s / by(2) VO u(y)(z) - Vo(r) de. Vo V. (15)
D j: 870 D
By use of (10) we derive from (15) by inductive integration by parts in the variables y; the formulas
for the Legendre coefficients

5. 1/2
Vs = : I1 (2];;1)/]10035%&(2/) I =¥ duly), (16)

j: 8570 j: 8570

where s!:= szl s;l.
Since u € Lo(I*°,V, ), it can be defined as the unique solution of the variational problem: Find
u € La(I°°,V, 1) such that

B(u,v) = F(v) Yve Ly(I*, V, p),

where

B(u,v) :== /Hm/[)a(w,y)w(fc,y)-Vv(x,y)dwdu(y),

o= [ r@) o deduto)

For a subset G in Z; x F, denote by V(G) the subspace in Lo (I, V) of all functions v of
the form

v)(@) = D w(@)Puly), yeI®, wvg€ Vi,
(k,s)eG

and define the linear operator Sg : Loo (I, V) — V(G) by
Sculy)(@) == Y Gw)@) Ls(y) = Y Oklus)(@) Pely).
(k,s)eG (k,s)eG

If G is a finite set, we define the Galerkin approximation ug to u as the unique solution to the
problem: Find ug € V(G) such that

B(ug,v) = F(v) YveV(G).
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By Céa’s lemma we have the estimate
uU—1u o0 \/ inf |lu—w i~
G| La(I°°,V,p) r 0ev(@) Lo(I°,V,u)s

and consequently,

IR
[u — UGHLQ(HOO,V,H) < o Ju— SGUHLQ(]IOO,V,;L)' (17)
For linear collective Galerkin approximations we need the following assumption.
Assumption (ii): There exist 0 < p < 2, a positive sequence o = (0s)ser and a constant M
such that the sequence (o;1)scr belongs to £,(F) and

S
lusllw < Magl, sel.

Let 0 <p < oo and o := (0s)ser be a positive sequence. For T > 0, define the following subset
in Z+ x F
G(T) = Gpo(T):= {(k,s) €Zy xF: okgP < T}. (18)
Theorem 1. Let Assumptions (i) and (i) hold and a € Lo (1%, WL (D)) . Then we have for every
T>0,

R

R —min(a,1/p—1/2
esmtiesn < ], < e,
where
. 29 +1 _1y\ 1P /2
C:= MCp ﬁ H (US ) £y« (F)

and o == «, p* =21 —pa) for a« < 1/p—1/2, and o«* == a—1/p+1/2, p* == p for
a>1/p—1/2.

Proof. We preliminarily show that
Jim = Say ()l vy = 0, (19)

where Gy := {(k,s) € Zy xF: 0 <k < N}. Obviously, by the definition,

N
Say () = D> Sp(vs)Ls = Y Pow(vs) Ls.

s€F k=0 selF

By the assumptions we have the inclusion u € Lo(I®°, W, u) C Lo(I*°,V, ). From the uniform
boundedness of the operators Py~ and (13)

ISex (W, vpy = D NPT < CH Y lluslly = CB llullZ oo vip-
selF seF
This means that Sg, (u) € La(I*°,V, u) . Hence, by (13), Assumption (i) and (14) we deduce that
= Sen (12 ey = 3 o= Pov (@)} < €322V S oyl = €327 2N Jul, ey
self seF

which prove (19).
Let T be given and ¢ arbitrary positive number. Then since G(T) is finite from the definition
of Gn and (19) there exists N = N(T,¢e) such that G(T) C Gy and

lu = Say (WL, v < € (20)
By the triangle inequality,
lu = SaryullLyae vy < llu—Sey@llae vy + San (W) = SeryullLyae vi- (21)
We prove that
[Say (v) = Saryullpyge vy < CT™ min(a,1/p=1/2), (22)
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Let us first consider the case aw < 1/p —1/2. We have by (13) and (8) that

1Se (W) = Seeryullyuo vy = HZZMSL 33 i)

seF k=0 selF 2k>To P

:HZ 3 5e(vs) ||

S€F 7o P<2k< N

- H > Gk(vs)

s€F  To P<ok<N

Ls La(I,V)

Lo (HOO ,V)

2

v

<y ( > lwlv)
seF TosP<2k<N
<Y (X @ e Hulw)

s€F T P<2k<N

< (2°+1)°CH ) sl ( > z_ak)Q'

s€F 2 >Tor P

Hence, by Assumption (ii) and the inequality 2(1 — pa) > p we derive that

865 () — Serullfy ey < @+ 1023 Y0 (3 27

seF 2k>To P
o0 g2 e 2+ 1) —2(1—
S T aM CDW Zo’s ( pa)
seF

= C*1
We next consider the case a > 1/p —1/2. Again, we have by (13), (8) and Assumption (ii) that

N
S () = Sairyull ooy = || D D2 0rlv) Lo Sl SRS

k=0 se€F k=0¢,< <(T2- k)l/p

N
X s
k=0

s> (T2-k)1/p

(X o) -

k=0 0-;1<(T2—k)71/p

< > ((2@“ +1)Cp 2—“’“Ilvs||w)2> v

k=0 ‘o le(T2-F)-1/p

(2@+1)CDM§: z—ak< > 05_2>1/2

k=0 o5 t<(T2-k)-1/p

N 1/2
= (2*+1)CpM Z 2_ak< Z 05_2'”’05_1”)

k=0 o5 t<(T2-k)-1/p

1/2
S (2a+1)CDMT (l/p 1/2)2 2 Oé 1/p+1/2 (ZJ >
k=0 selF

Wl Ly ee,v)

IN

Lo (e, v)

IN |
M= I[]=

IN

— o-(/p-1/2),
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The estimate (22) is proven. This estimate in combining with (20) and (21) gives
H“ N SG(T)UHLQ(HOO,V,M) < e+ CT—min(a71/p—1/2)
for arbitrary positive number e. Hence,

lu = Saryll pygevyy < CT P2

which together with (17) proves the theorem. |

We show that under the assumptions of Theorem 1, for a given n € N, the respective operator
Sa(r,,) with properly chosen p = =5~ +2 and T =T, is a bounded linear operator in L (I*°, V) of
rank < n which gives the convergence rate of the approximation to u(y) as n~®. For any n € N,
let T,, be the number defined by the inequalities

2/ (o5, Tn < n < 4 (@) e T (23)
Theorem 2. Let the assumptions and notation of Theorem 1 hold. For any n € N, let T, be the
number defined as in (23) and put Vy, :=V(G(T3,)), Pn:=S8gm,), Un:=ug,) - Then
° {Vn}nGZ+ is a nested sequence of subspaces in La(I%°,V,u) and dimV, < n;
° {Pn}neZ+ is a sequence of linear bounded operators from Lo(I°,V, 1) into V, ; and
e for every n € N,

R R — min(a,1/p—1/2
lu — unlly@oo vy < \/?HU_P”UHLQ(HOO,V,#) < C’,/?n (@1/p=1/2)

where
o —1) [|po
C" = C4%| (o) Iy, s
In particular, if in addition, p = H% in Assumption (ii), then we have that
lu— P”UHLQ(]IOO,V) < O, (24)

Proof. We have that
dmV(G(T)) < > dlmv2k < ) 2

(k,s)eG(T (k,s)eG(T)
< Y Yoo o2f <2 ) Tog?
ol < T 2k <To;P ol <T
<27} o < 20w T
seF
Hence, by (23) we derive that
dimV(G(Tn)) < 2||(o5 )| Tn < n. (25)

On the other hand, by (23),
T,® < 4a“(0;1)|’§j(15‘) n®

which together with Theorem 1 and (25) completes the proof of the theorem. g

From Theorem 1 we see that the problem of construction of a linear collective Galerkin approxi-
mation is reduced to the construction of a sequence o = (0s)ser satisfying Assumption (ii). There
may be several ways to construct such a sequence. Here, we present a way based an estimate for
|0yl Lo (1oo,w) - We define the following constant K and sequence b as follows.

1 lalr e, wi (D
e (R T TR (20
1 |al oo (1o, WL (D
b = (bj)jen, bj:= — << : r = +2) HT/}jllLoo(D)+|¢ngo(D)>- (27)

See [12, Lemma 3.4] for a proof of the following lemma.
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Lemma 1. Assume that a € Lo (I, WL (D)) . Then we have
||a;u”Loo(]I°°,W) < K|S|!bs, sel.

Lemma 2. Assume that a € Lo (I, WL (D)) . Define the sequence

d=(dj)jen, dj:=1b;/V3. (28)
Then we have
lusllw < KL:!‘ d’, sel.
Proof. From (16) we derive that
3—Isl/2
foolw < > 105l e 1)
which combining with Lemma 1 proves the lemma. d

Lemma 3. Let 0 <p <oo, c= (Cj)jeN be a positive sequence. Then we have the following.
! llelle,y < 1, c€€,(N),  forp <1
() e — { o '
5 lelleyoyy < 1, for p > 1.

This lemma was proven in [10, Theorem 7.2| for p <1 and in [14, Theorem 5.2] for p > 1. From
Lemmata 2 and 3 we obtain the following corollary.

Corollary 1. Let the function a belong to Lo(I®, WL (D)), pla) =
d = (dj)jen defined in (28) satisfy the condition

{Ildel(N) < 1, de ly(N), forp<I;
ey < 1, for p > 1.

2
175, and the sequence

Then there holds Assumption (ii) for M = K and the sequence

_ s|!
7= (0) e 0= S

3. LEGENDRE APPROXIMATION

The collective Legendre approximation is constructed on the basis of a representation of the
solution u by a series converging unconditionally in L (I°°, V) as in the following lemma.

We say that a sequence (Ay)nyeny C F of finite sets exhausts F if any finite set A C F is
contained in all Ay for N > Ny with Ny sufficiently large. Similarly, we say that a sequence
(GN)Nen C Zy X F of finite sets exhausts Z; x F if any finite set G C Z4 x F is contained in all
Gy for N > Ny with Ny sufficiently large.

Lemma 4. Let Assumption (i) hold and let the sequence (H@Z)jHWOlo(D))jGN belong to € ¢1(N).
Then (||us||w)ser belongs to £1(F) and u(y) can be represented as the series

U(y) = Z 5]@(“5) Ps(y)v Yy € ]Ioo’ (29)
(k,s)EZ 4 XF

converging unconditionally in Lo (I, V) .

Proof. To prove the lemma we need the following fact. If the sequence (Hq/)]H Lo D))j oy belong to
¢1(N), then us € V belongs to ¢1(F) and the Legendre expansion (11) converges unconditional in
Lo (I*°, V). This assertion can be proven in a similar way to the proof of [11, Theorem 4.1] which
states that if (||1/}j|’Loo(D))jEN € (p(N) for some 0 < p <1, then (||lus|lv)ser belongs to ¢,(F), and
there hold the expansions (11) with unconditional convergence in Lo (I, V).

Let us prove the lemma. The inclusion (||us||w)ser € ¢1(F) can be proven in a similar way to
the proof of [11, Theorem 5.1] which states that if (ijHWolo(D))jEN € (,(N) for some 0 <p <1,

then (||ts]|w)ser belongs to £,(F). We now prove the unconditional convergence of the series (29).
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It can be proven in a way similar to the proof of |12, Lemma 2.1|. For completeness let us process
a detailed proof. We first prove the convergence of the series (29) for a sequence of special form
(G*N) Nen with

Gy={(k,s)€Z: xF: 0<Ek<N, seAn},

for any sequence (Anx)nen is of finite subsets in F which exhausts F. We have for every y € I
that

H Z Ok (us) Ps( H < Hu(y)—ZusPs(y)Hv+H Zus s Z O (s ) Ps( H

(k,s)EGH s€EAN sEAN (k,s)EGH
Since the Legendre expansions (11) converge unconditional in Lo (I°, V'), it is enough to prove that

g 2 wh- 30 dwr

(k,s)EG

N gy = 0. (30)

By Assumption (i) we get that for every y € 1>,

IS wro - Y awro), = |5 wro - ¥ S awro)|,

seA N (k; S EG* SEAN sEAN k=0
= | X [us =P P, < X = Pl
SEAN sEAN
< Y o2 Nuslw < Cop 27N ([lusllw)lley )
SEAN

which proves (30).
Take any sequence (Gn)nyen of finite subsets in Z; x F which exhausts Zy x F. Then for
arbitrary number e > 0, there exists M = M (e) such that

Hu— Z Ok (us) P,

(k,s)EG?,

&
< —,
(V) T 2

We obtain by (8) that
S lIskw)lly < @+ 1Cp27 M 3" udllw < 2%+ DCh 27 M| ([fusllw) ey )
(k,8)gGy, (k,8)2G
Therefore, we may also assume that
Yo lokus)lv <
(kzs)gGXj

Since (Gn)nven exhausts Z; x I, there exists N* such that G}, C Gy for all N > N*. Hence
we derive that for arbitrary number £ > 0,

Hu— Z () B, Hu— S Gu(us)P. R Y akus)lly < e

Sy ks)€GYy (k,s)€G,

| ™

This proves the lemma. a
For the linear collective Legendre approximation to the solution u we need the following assump-

tion.

Assumption (iii): There exist 0 < p < 1, a positive sequence o = (05)scr and a constant M

such that the sequence (o;1)scr belongs to £,(F) and

us|lw < Mas_l, scF.

Theorem 3. Let Assumptions (i) and (iii) hold. For T > 0, consider the set G(T) = Gp(T) as
n (18). Then we have for every T >0,

< OT™ min(a,l/p—l)’

= Seand], e,
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where oo +1
C = MCD 1 H(O’s_l)

and o :=a, p*:=1—pa forozgl/p—l, and o :=a—1/p+1, p*:=p for a>1/p—1.

*

p
0y« (F)

Proof. By Lemma 4 the series (29) converging unconditionally in L. (I°°,V) to w, and, conse-
quently, we can write for every y € I,
u(y) = Seuly)| | = H ) Pl < S Ikl

2G(T) V' kegom)

By (8) we have that
10(us)lv < (2% +1)Cp 2 juglw  ¥(k,s) € Zy X F.
Therefore, by Assumption (iii)

. < «a —ak 71'
|u sg(T)uHLOO(MV) < @+ 1CpM Y 2%,
(k.5)€G(T)
Hence and from the inequality [12, Lemma 2.2]
Z 2—ak0_5—1 < C* T—min(a,l/p—l) (31)
(k,5)2G(T)

with
T— min(a,1/p—1)

e 1G]

we obtain the theorem. For Completeness, let us prove (31). If @ < 1/p — 1, we have for every

N eN|
Z g-aky—l < 20;1 Z g-ak < Z 2a1_10g1<T0;p)—a

(k,5)¢G(T) selF 2k > To; P seF

L (1-pa)
_ —(1—pa * —a
= Sa 7 208 Py <Ot
seF
If «>1/p—1, we have for every N € N
IR SIS SIS SIS SN R

(k,s)ZG(T) k >0 05> (T2-k)1/p k >0 05> (T2-F)1/p

—(1/p-1) Z 9—(a—1/p+1)k Z o < CF 7—1/p=1)
k >0 os€F
In the last step we used the inequality o —1/p+1 > 0. The inequality (31) is proven. 0
Similarly to the proof of Theorem 2, from Theorem 3 we derive the following

Theorem 4. Let the assumptions and notation of Theorem 8 hold. For any n € N, let T,, be the
number defined as in (23) and put V, :=V(G(Ty,)), Pn:=Sgr,) - Then

° {Vn}n€Z+ is a nested sequence of subspaces in Lo(I°,V) and dimV, <n;

° {Pn}nel+ is a sequence of linear bounded operators from Loo(I°, V) into V, ; and

e for every n € N,

H“*Pn“HLOO(Hoo,V) < Czn—min(a,l/P—l)7
where
C" = C 4 [[(o ) [l ey
Moreover, if in addition, p = 1+7a in Assumption (i ), then we have that
HU_P"UHLOO(I[OO,V) < C'n®
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From Theorems 3 and 4 we see that the problem of construction of a linear collective Legendre
approximation is reduced to the construction of a sequence o = (05)scrp satisfying Assumption (iii).

Corollary 2. Let the constant K be as in (26) and the sequence b as in (27). Assume that the
function a € Loo(I°°, WL (D)), there exists 0 < p < 1 such that the sequence (ijHWolo(D))jEN

belongs to £,(N) and [[bl|s;y) < 1. Then there holds Assumption (iii) for p, M = K and the
sequence
,_( ) -1._ |5|!bs
O = (0g € Og = ? .
Proof. By using of (12), (16) and Lemma 1 we derive that

1 ]!

lus|lw < EHa;UHLOO(]IOO,W) < K—b = KUs_l-

sl
On the other hand, from the assumptions we have that b € ¢,(N) and |[[b|l,,vy < 1. Hence by

Lemma 3 the sequence (o5 ')sep belongs to £,(F). This proves the corollary. d
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Huns 3yHr

Hnpopmayusanror; mexnonrozuarap uncmumymo, Bvemmuam yammo ynusepcumemi, Cyan Txiou 144,
Kaysat, Xanot, Bvemnam
ITapamMeTpJii >koHE CTOXACTUKAJIBIK, SJLIAIITUKAJIBIK, Aepbec TybIHABLIbI TeHAEYIePIAiH
meriMaepiuid I'ajepKuH »KybIKTAaybLIIAPbI

Awunoranusi:  Ilenenren Jlummmn obasicst D C R™, I = [-1,1]°, f € Lqo(D),
GiPKAJIBIITHI SJUINITHKAJIBIK IAPTTHl KAHAFATTAHIBIPATHIH KoHe ¥ -Ka adbduai Toyeani a(y) nuddysusce
KargaiapblHIarbl

—div (a(y)(z)Vu(y)(z)) = f(z) ze€D, yelI®, ulspp = 0,

mapaMeTpJIiK SJIUNTUKAJIBIK, TeHJey VINH [alepkuHHiH KybIKTaybl 3eprTernedi. Ilapamerpiik emec
—div (a(yo)(#)Vu(yo)(x)) = f(z) Temmeyi ymin I°° >KUBIHBIHBIH Yo GapsbIK HyKTeslepinge aepiik 1%
KUBIHBIHJAFBI L OIPKAJIBIITHl BIKTUMAJILIK, OJIeMi ooibiama Vo= H&(D) KEHICTIriHiH HEPTreTUKAJIBIK,
HOPMACBHIHJIA IIEeNNMiHe KaiciOip KbIIJaMIBIKIIEH YKUHAKTAJIATHIH aKbIPJIbl 3JIEMEHTTED Ti30eri TabbLIa bl
nenik. Ocebl Gospkamra cyitene orwipein, Lo(I°°) V) 1) Boxmep kenicTikrepinid HOPMACBIHIA HAPAMETPJIK
JUIANITUKAJIBIK, MOCEJe VIIH COJI KBUIJAMJIBIKIIEH IIelliMiHe YMTBUIATHIH aKbIPJIbI JIeMEeHTTep Ti30eri
KYPBLIJIBI. Byn mapamerTpiiik 3/UOTHKAIBIK, MOcese VINH OJIEeMIIIKTIH KASHATTBIHBIH KacipeTin
CBI3BIKTBIK, 9/IiCTED apKbIJIbl *KOUBLIATHIHBI KOPCETL/I .

Tyitia ce3mep: Ilapamerpiii KoHe CTOXACTHKAJIBIK IJUIMIITUKAJBIK, J1epOec TYBIHIBLIBL TEHIEYep,
Tanepkunnin,  Oipjecken KybiKTaybl, auddysus kKodpdunuenrrepinia, —adGUHABIK — TOYeJILIIr,
OJIMIEMILTIKTIH KUSHATTBI KacipeTi.

HAunap 3yHr

Hrnemumym ungopmayuonnve mexrnoroeut, Boemuamcruid nayuonaavnod yrusepcumem, Cyan Txiou
144, Kaysat, Xanot, Bvemnam

IIpubnmkenus I'asiepkuHa penieHuili MapaMeTPUIECKUX U CTOXACTUIECKUX SJIIUNTUIECKUX
YPaBHEHUI B YACTHBIX IMPOU3BOIHBIX

Awnnoranus: Vzygaercs npubimxkenne [ajiepkuHa Jjisi TapaMeTpUIeCcKOil SJUIUIITHIECKON 3a,1a9n

—div (a(y)(x)Vu(y)(x)) = f(x) ze€D, yel®, wulsp = 0,

rme D C R™ - orpammyennas obnacrs Jlummwmma, [ = [-1,1]*°, f € Lo(D), a mubdysua
a(y) yIOBJIETBODSIET YCIOBHIO DABHOMEPHOI sjumunrudHoctd u adduHHO 3aBucuT oT Y. Illpemmonoxum,
YTO TOYTH B KaXKJIO0W Touke Yo € 1 OTHOCHUTEIHPHO DPABHOMEDHON BEPOSITHOCTHON Mephl p Ha 1™
ans Henapamerpuieckoit sagaun  — div (a(yo)(#)Vu(yo)(z)) = f(z) cymecTByer anmpokcuMaTHBHAS
TOCJIETOBATEIBHOCTD KOHEUHBIX JIEMEHTOB C OIPEIEJIEHHON CKOPOCTBHIO CXOJUMOCTH MO SHEPTETHIECKOI
nopme mpoctpanctsa V = H}(D). Ha ocHoBe 3TOr0 TpeIONOMKEHIs MOCTPOEHA MOCTeI0BATETLHOCTD
KOHEYHBIX 3JIEMEHTOB C TOW K€ CKOPOCTBIO CXOJMMOCTH JIJIsi TAPAMETPUIECKON SJUIHIITUIECKON 3a/1a49u
no HopMme Lo(I°,V, i) mpocrpancts Boxmepa. 9TO NOKA3bIBAET, UTO TPOKJSTUS DPA3MEPHOCTH sl
MapaMeTPUIECKON JUIMIITHIECKO 3a/1a49U IPEOJIOSIEBACTCS] INHEHBIMA METOIAM.

KirwoueBble ciioBa: mnapaMeTpuyeckne ¥ CTOXACTHYECKHE SJUINNTHYECKUE YPABHEHUS B YACTHBIX
IPOU3BOJIHBIX, COBMECTHOe npubimkenne [anepkuna, adduunas 3apucuMocTh KoabdunmneHTos auddysumn,
MPOKJISITHE PA3MEPHOCTH.
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