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SOLUTIONS OF THE DIRICHLET PROBLEM FOR THE LAPLACE

EQUATION IN THE CIRCLE

Abstract: The Dirichlet problem for the Laplace equation in the case of a circle belongs
to the classical ones and in various aspects has been the subject of study in various fields of
mathematics. Among them are such topics as

- "Boundary properties of analytic functions", in the study of which powerful methods of
function theories were created and honed,

- The Banach problem on the existence of a basis for a class of functions consisting of contin-
uous in a closed circle and analytic in,

- Numerical methods, since this problem as a mathematical model describes many real pro-
cesses.

In this article, we consider the discretization problem of solutions of the Dirichlet problem for
the Laplace equation in a circle from finite numerical information obtained from the boundary
function as a result of applying all possible linear functionals. The optimal order of discretization
error is found and the corresponding optimal operator of discretization is constructed.

The problem of constructing probabilistic measures on functional classes is also considered.
Probabilistic measures on the Korobov E"(0,27) and Nikolsky H3(0,27) classes are introduced.
Two-sided estimates of the mean-square error of discretization the solution of the problem by
operator (Tnf) («, 0) are established.

Keywords: informative power of a given class of functionals; discretization of solutions of a
differential equation; mean-square error in relation to a probability measure
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1. INTRODUCTION

The statement of the problem, which is the subject of this work, is preceded by an extensive
citation from the article [1] of P. Laks:

"Everyone knows about the incredible progress made over the past 50 years in the speed of
computers and the amount of information they store, as well as improvements in graphics and
software. As a result, tasks that were previously on the edge of the computer’s capabilities can
now be solved much faster and cheaper, and we can approach tasks of daunting complexity. But
what many people don’t realize is that much of this progress is due not only to improvements
in hardware and software, but equally to new mathematical ideas about how to solve emerging
computational problems.

Here are some amazing examples.

Multi-grid method. After discretizing elliptic systems of partial differential equations - the
standard example is the Dirichlet problem for the Laplace equation-the problem of numeri-
cal solution of the resulting system of linear algebraic equations arises. An effective iterative
method for performing this task, called the multigrid method, was proposed in the 1960s by
R.P. Fedorenko [2] and analyzed by N.S. Bakhvalov [3]; it was further developed and applied
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by Aki Brandt [!]. Schematically, the idea is to obtain information about the behavior of the
solution over large distances by computing on a coarse grid.

The purpose of this paper is to elucidate the approximative capabilities of computational
aggregates constructed using arbitrary algorithms applied to numerical information of a given
volume N obtained from boundary functions by means of N linear functionals in the approx-
imation problem (in the L? metric) of the solution of the Dirichlet problem for the Laplace
equation.

We present the statement of the general problem (in edition [5, 0]) in relation to the con-
cretization considered in this paper.

Let u(a,0) = u(a,0; f) be a solution of the Laplace equation in polar coordinates (see
[7, page 236])

P 10w 10
0a?2  ada a? 062

satisfying the boundary condition

=0, (1)

u(@,0)|o=p = f(9), (2)

where - f is some 27 - periodic function that ensures the correctness of the problem (1)-(2),
moreover, the belonging of the solution u (o, 8; f) to a given normalized space Y .

For each positive integer N by Ly = {(I");ox)} we denote the set of all pairs (IV); o),
where 1Y) = (I3,...,1y) is an ordered set of linear functionals Li(-) (j =1,...,N), defined
on the linear envelope of a set F', and the function ¢n = pn(71,...,7N;q,0) acts from
CN x [0, R] x [0,27] in C, where C, as usual, the field of complex numbers.

Also assume that for arbitrary fixed 71,...,7y and « function ¢p , considered as a function
of 8, belongs to a normed space Y .

For (Z(N);QON) € Dy C Ly assume

Sn((IN)son); F)y =sup sup |Ju(a, -, f) —on (11 (f) s In (F) s )y
fEF 0<a<R

and

Sn(Dyn;F)y = inf  dn((I™);0n); Fy. (3)
(IM)pn)eDN

In the case of Ay C Ly, Dy = An X {pn} value (3) is called the informative power of
a given class of functionals Ay, and in the case of Ay = Ly - the informative power of all
possible linear functionals.

The task is to obtain the upper and lower estimates for the value (3) and to specify the pair
(Z(N); ¢n) that implements the upper estimate.

From a position of evaluating the results of this article it is important to note (see |5, 6, 8]) that
the linear diameter, diameter Fourier transform (orthopaedic), the partial sums of the Fourier
series over all orthonormal systems (including systems consisting of bursts) and decomposition on
the bases, linear methods of summation of Fourier series when the appropriate choice Dy C Ly
is also contained in the definition (3), and for every choice Dy holds the inequality

IN(DN; F)y > 0n(Ln; F)y.

Also note that the problem of reconstruction in the above statement is devoted to the work

[ ) Yy O ]
In this paper, as a class F' considered the Sobolev class W, (0,27) (r- is positive integer),
defined as follows (see |21, 22]):

£(6) e wr(0,2m)E <1

— ’

m=—00||q

{fmym} "™
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and the Besov class By 5 (0,27) (see [21]):

o0

f(0) € By (0.2m) € | L2 || ST f(m) - e <1,
mep(T)

Lq ) r=1llj=

where (1 <gq, & <oo,r>0),m = max{l; |m|},p(T) = {m eZ: 7 l<mc< 27}, HfHLq -
the Lebesgue norm with the ¢ degree of summability of the 27 - periodic function f,

N 1 2 —im6
Fomy= o= [ F@)-c "o
T Jo
-the trigonometric Fourier coefficients of the function f, and |{a-};Z,|[;a is the norm of the

numerical sequence a = {a.}>-, defined as

1
. (52, o, %)% if1 < e < o0,
Rar}r= e = sup |a,| ifoe = 0.
T
By ¢(...) we will denote some positive values that are different, generally speaking, in dif-

ferent formulas and depend only on the parameters specified in parentheses. With a positive A
and any B record B = 0,4, (A),B < A will mean |B| < ¢(«,f,...)A. With a positive A

(67

and B record A =< B means A < ‘B < A.
a7Bv"' a767"' O‘?Bv"'
In the following two paragraphs, the problems of discretization of solutions of equation (1)-(2)

are investigated in the sup-norm and in the root-mean-square, respectively.
2. DISCRETIZATION IN THE SUP-NORM
The following theorem holds.

Theorem 1. Let the numbers 2 < g < v < 400 be given.
a) Let r - be a positive integer. Then there is a two-sided estimate (N =1,2,...)

6N(LN7 W(’;(O, 271_))Lu[0727r] = Nﬁ (1“7(%7%)) .

6) Let rg>1 and 1 <& < oo. Then there is a two-sided estimate (N =1,2,...)

1_1

ON(LN; B @(0,27)) Lrjo2n) < N (-(-2)).

Wherein in each of the cases a) and &) the upper estimate is implemented by the operator (N =
2" n=1,2,...)

(PN(ll(f)7--.,lN(f);Oé,9) = Von (Ol,@;f) :ZQk(a79;f)7
k=0

where Vi (a, 0; f) - the average Vallée Poussin function u (o, 0; f) of order 28 by variable 6,
and Qo = Voo, Qr = Vor — Vo1 for all k> 1 [21, p. 295-300].

3. DISCRETIZATION IN THE MEAN SQUARE

The main way to assess the quality of the reconstruction is the "worst case", i.e. the case

when the maximum class error is calculated. At the same time, the comparison of operators for
reconstruction functions from a class by the maximum (in terms of the class) error (deviation)
can turn out to be rough: two operators can have the same maximum deviations, while for the
first operator it is achieved on functions that are in a certain sense “few” in the class, and for the
second-on “most” functions of the class (quantitative characterization of the sizes of subsets of
functions is made on the basis of the Lebesgue measure). Although the first sampling method is
obviously preferable, the two methods are indistinguishable when evaluating the quality of the
approximation by the value of the maximum deviation.

JI.LH. 'ymuneB arsiagarsl EYY Xabapmeicsl. MaTtemaruka. Komnbiorepiik reiabiMaap. Mexanuka, 2021, Tom 134, Nel

Becrnuk EHY um. JI.H. I'ymunesa. Maremaruka. Komnbiorepubsle Hayku. Mexanuka, 2021, Tom 134, Nel

44



M.Y. Berikkhanova, K.Y. Sherniyazov

Thus, the statement of this problem consists in estimates from below and from above of the
value (see also (3))

/ sup (@, - ) — o (4 (f) oo v () s 00 )12 dpare (1),

0<a<R

pr(f) is a probability measure defined on F'.

Let {T'x} be a sequence of pairwise disjoint finite sets I'y, C Z, the union of which is all Z .
By di we denote the number of points in the I'y .

Let v—1 =0 and vg =do + -+ dg,a,) are a fixed ordering of I'y . Then each set

Y = {ym}mez (4)
complex numbers, taking into account the equality, ym, = a;j(m) + ibj(m), we will consider it
represented as a sequence Y = (a1,b1,...,au,,by,...).

Next, let for each k on a 2dj, — dimensional Euclidean space R?% - be given a non-negative
continuous function )y, such that ,(0) =0.

We define the classes H(T'k, %) as the collection of all sets (4) such that for each k(k =
0,1,2,...) the inequality is satisfied

wk(auk_l—‘rlu bl/k_l-i-l) ceey Gy bl/k) < ]-7
ie.
H(Fka d)k‘) = {((11, bla e 7allk7bllka e ) : wk(auk,1+17 bl/k,1+17 ceey Quyy bl/k) S 1}
Suppose

o0
d
ne () HTk, ¢r).
k=1
Let

Dy = {(@y_ 11, buy 4155 Gy b)) € B2 2 app(ay, 41, b ia1s e Gy by ) <13
Then
H=DyxDyx--+XDpx---
Cylindrical sets Ty (FE)) are defined as follows:
Tk(Ek) = {(al, bi,... y Quy byk, .. ) € H: (ayk_ﬁ_l, byk_l_H, ey Quypy byk) S Ek},

where Ej C Dy, (Ey € F(Dy)) .
Let F(H) — be the smallest o -algebra containing all cylindrical sets.

Theorem A (see [23]). Fach of the possible probability measures p on the measurable space
(H,F(H)) is uniquely determined by setting the sequence of measures puy on (Dy, F(Dy)) such
that for all k(k=0,1,2,...) an Ey € F(Dg) the next equality holds

Tk (Ek)) = pr(Ek).

Following this theorem, we introduce a probability measure on the Korobov E"(0,27) and
Nikolsky H3(0,2m) classes.
By definition of the class E"(0,2m)(r > 1)

f(a) € B'(0,2m) & | f (m)] < — = pm(m € 2)

mT
where f(z) -is a 2w -periodic function.
Let for each m € Z the function

Am(7) [0, pm] — [0, 1]

is continuous, non-decreasing on [0, p,,] and satisfies the conditions A,,(0) = 0 and
Am(pm) =1.
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For any a by K(a) we denote a closed circle of the complex plane with the center at zero
and with radius «a:

Kla)={z=71¢¥:0<7<a,0<¢p<2r}={2€C:2<a}.
Then .
fx) € B7(0,2m) & f(z) =Y f(m f(m) € K (pm).

meZ
Hence, the mapping

B [ (F(0),f(1),f(=1),...) € K (po) x K (p1) x K (p-1)

establishes a one-to-one correspondence

E"(0,27) <> K (po) X K (p1) x K (p-1) x
Hence, by virtue of the theorem on setting a measure on the Cartesian product of a countable
number of spaces with a measure (see [21, pp. 152-156]), to enter a measure on E"(0,27) , it is
sufficient to enter probabilistic measures p,, in each K (pp,)(m € Z). As p, , we take a plane
Lebesgue measure in a circle K (p,,) such that if

ng,(%)<pg)§pmand0§g01<g02§27r,
then

(1) (2) _p2-w ) _ (1)
fim (1" STS Py pl <@ S92) = (Am<pm) Am(pm)>- (5)
In particular,
2T
Hm (K (pm)) = 27( ( - )‘m(O)) =1
(5)

Measure i, in K (pn,) with condition is denoted by ), .
Then the desired measure in the class E"(0,2m) itself is defined as follows. Let be given a
positive integer n and integers m, ... m™ . For planar ,uf;L -measurable sets

EW C K (p,1)) . E® C K (p») ..., E™ C K (pym)

consider cylindrical sets
TES®,  EMy={fecE:f (m<1>) ceEW, .. .} (m(">) c EMY c E.

Then, according to Theorem A, the equalities

pNTEW, . EM)) =[] s (BY). (6)
j=1

the probability measure p* is uniquely determined on the smallest ¢ - algebra of subsets E”
containing all cylindrical sets T(EM), ..., E(M) .

Next, we give the definition of the probability measure given on Hj(0,27) .

Let

p(ry={mez: 27 ' <m<2'}={27 —27 o7y 271 1 .27 -1, —27 + 1}
for 7=2,3,... and p(1) = {0,1,—1} subsets of Z ("binary bundles") and let n, = |p(7)|.
Then by the equivalent definition of class Hj(0,27) (see e.g. [22])

N 2
fem.2m & Y f(m)’ <972,
mep(r)

We introduce the following notation for:
f e H5(0,2m) :
() = (FE, J=2 ), @+ 1), f=2 = 1), FT = 1), f(=2 1))
for 7=2,3,... and z(V(f) = (f(0), F(1), F(~1)).
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If a ball in C™ (or in R?"" ) of radius 277" centered at the origin is denoted by D, i.e.

2 2
D, = {Z(T) = (z% ™) zéT),...,zS;)> eC" ‘ZY) 2N < 2_2”},

nr

2
4+ 4

+ ’zg)

then the above definition of class Hj(0,27) is rewritten as
fe H50,21) & () e D, (Vr=1, 2,..).

Hence, taking into account the introduced notation, and the Riesz-Fischer theorem, we can
establish the following one-to-one correspondence:

H3(0,27) 3 f(z) ¢

A

< (/}(0)7 f(l)a f(_1)7f(2)7f(_2)7 (3)7 f(_3)7 "'7.]?(27-71)7 f(_2771)7 7f(2T - ) f( 27 + 1) ) =

-~

2 (5) 2 (f) 20 (f)
= (z(l) (f), 2D (f), .., 2D (f),...) €D X Dax - XDy x-on.
Let for each 7 = 1,2,... measure pu, be an absolutely continuous probability measure on

Dr:
pr(Br) = / Dr (ZfT),ng)...,zg)) dng)de), ,,,7dx£;)dy§;)7
where Er C D;-is a measurabie set,
20 =2 4y k=1, n,),
and the density
pr(=) = pea 0l oD 00) = (@ + WP+ e+ @)+ D))

@) 0D O e p

- radially depends on <x1 JYD e Ty ,ynT) Let be given positive integers k and

numbers 71, ..., 7,(7; # Tjati # j) . For measurable sets £, C D, consider cylindrical sets
T(Es, ..., Br) = {f € H5(0,21) : 2V (f) € Eyy, oy 20 (f) € E} (7)
Suppose

def (7 T, T,
IU(T(ETU Tk H/ (ri) dl‘( Z)dy( i) (8)

The set of cylindrical sets of the form (7) forms a semiring.

Then, by Theorem A on the continuation of the measure, we can assume that in the smallest
o - algebra F(HY), which contains all cylindrical sets of the form (7), the measure p is given.

In the following theorems, we obtain two-sided estimates for the mean-square discretization
error of the solution of problem (1)-(2) regardingto the introduced measures. In both theorems

(Tyf) (a Zf (2 ) Ko (0= 225 ).

where ([...| — is the integer part)

) 21
KN(a,t):N 1+2- Z (E) -cosnt
n=1

Theorem 2. Let u(a,0; f) be the solution of problem (1)-(2), r > 1 and p> be the probability
measure (6), defined on E" . Then

Pm
[ s luta s f) = @ e ) gam di* = 3 / N (
E7(0,27) mGZ\< [ H
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Corollary. Let

T—ph) if 7 € [0, p7,]
Am(7) = pm[()r—pfn) 2 2
W+1_pm7 lfTE[pm’pm]'
Then 1
/ sup ||u(a, 5 f)— (ITnf) (e, +) ”%2(0,270 dp* (f) =< C(r) W
o N2

E7(0,27)

Theorem 3. Let u(a,0; f) - be the solution of problem (1)-(2), r > & and p - be the probability
measure (8). Then there is a two-sided estimate (N =2" n=1,2,...)

[ swp e ) = (Tuf) ) g m dulf) =

H5(0,2)

o
= Z / (ZL’% +P 4+ 33317 + yZT) pr(z,y)dxdy.

T=np
4. CONCLUSION

The problem of discretization of solutions by means of arbitrary linear functionals is studied.
It is shown that the orders of discretization error are unimprovable.

Regarding probabilistic measures on the Korobov E" and Nikolsky Hj functional classes,
two-sided estimates of the mean-square error of discretization the solution of the problem by
operator (T f) («, 0) are established.
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M. E. BepikxanoBa, K. E. IIlepuusizoB
On-Papabu amvindazeo, Kasax yammok yrusepcumemi, Aamamu, Kasaxcman
BapJblK CBIBBIKTBIK (DYyHKIIMOHAIIAPABIH, AKIIAPATTHIK KYyaATThLJIBIFLI YKOHE JIOHTEJIEK >KAFJallbIHIarbl
Jlannac regaeyi yurin Jupuxie ecebiHiy 1IemiMil >KybIKTall KaJbIITACTBIPYAAaFbl OpTallla KBaJAPATTHIK,
KaTeJik

Aunvorauus: JeHrenek xarmaiibiHAarbl Jlamnac tenzeyi ymrid dupuxie ecebi KIIACCHKAJBIK, €CEIKE KaTa bl
JKOHE TYpJIi acleKTijiepie MaTeMaTUKaHbIH 9PTYPJI cajlajapblHIa 3€epTTey HbICAHBIH Kypabl. Ouapabiy imrziae keseci
TaKbIPBIITAPIBI aTall ©Tyre 00JIa/Ibl:

- «AHamUTUKAIBIK, QyHKIUAIAD/IBIH IEKAPAJIBIK, KACHETTEPI», OJAp/bl 3€PTTEy HEriziniae PyHKIUIIAD TEOPUICHIHBIH
MBIKTBI 9J1icTepi naiijta 60Jabl »KoHE MIBIHIAJIbI.

- leHresex inrin/ie aHAJIMTUKAJIBIK, TYHBIK JIOHre/IeKTe y3isicci3 60aTbiH OyHKIUsIap KIachl YIIiH 6a3ucTiH 6ap 6oLy bl
Typajbsl Bbanax ecebi.

- CangpIk dmicTep, ©WTKeHI OyJI ecell MaTeMaTHKAJIBIK, MOJEIb PETiHe Ken mporeccrepii 6eitnesneiiai. Ocbl KyMmbicTa
6apJIbIK MYMKIH CHI3BIKTHI (DYHKIIMOHAJIIAPAbI KOJIIAHY HOTHUXKECIH/E IIeKapaJIblK, (DYHKIUAIAH aJIbIHFaH aKbIPJIbl CAHIBIK,
akmapaT apKbliabl genresiexkreri Jlammac Temgeyi ymim Jlupuxse ecebiminm rmmemriMin 2KybIKTal KaJIBIITACTLIPY ecebi
KapacTeIpblIrad. 2KybIKTan KajbIITaCThIPY KATETIKTEPIHIH J9J1 peTi TaObIIIFaH YKOHE »KYBIKTAIl KAJIBIIITACTBIPYIbIH COUKeC
Tuimal omeparopsl Kypbuiran. CoHbIMEH Karap (QyHKIMOHAIALIK KjIacTapAa BIKTUMAJIIBLIK, OJIIIeMIEpiH eHrisy ecebi
kapacreipelirad. Kopobos E7(0,27) »xone Huxombckuit HJ(0,27) KiaaccrapbiHa bIKTHMAJIBIK ©JIIIEMJIEP] eHrisiires.
(TN f)(c, ) omepaTopbl apKBLIbI MMM 2KyBIKTAIl KAJILINITACTLIPY €Ce6iHIH OpTala KBaJIpaTThIK, KATEJIrHIH €Ki KaKThI
Oarachl aJIbIHFaH.

Tyitinai cesgep: 6epinren GyHKIMOHAIABI KJIACTHIH aKIapaTTHIK KyaTsl, uddepeHnnalablK, TEHIEYAIH MenriMaepin
2KYBIKTAIl KAJIBIITACTBIPY, BIKTUMAJIJIBIK, OJIIIEMIHE KATHICThI OpTallla KBaIPATThIK, KaTeiK.

M.E. Bepukxanosa, K.E. Illepausazos
Kasazcrull Hayuonaabholll yrusepcumem um. arv-DPapabu, Aamamol, Kasaxcman

NudopmaTuBHasi MOLIHOCTb BCEBO3MOXKHBIX JIMHENHBIX (PYHKIMIOHAJIOB U CPEJHEKBaApaTUudecKasi
[OrPEeIHOCTD IIPU JUcCKpeTusanuu perieHnil 3agauun Jdupuxie ais ypaBuenus Jlansaca B Kpyre

Annoranusi: Sanaga [lupuxie s ypaBHenust Jlamiaca B ciiydae Kpyra OTHOCUTCS K KJIACCUYECKMM U B Pa3/IMYHBIX
aCIIeKTax COCTAaBJIsJIA MIPEIMET M3yUIeHUs B Pa3HbIX o0jacTax MareMaruku. Cpean HUX TaKie TeMbl, KaK

- «'pannunble cBoiicTBa aHAJIMTHYECKUX (DYHKLIUN», IPU U3YYEHUH KOTOPBLIX CO3JABaJIACh U OTTAYMBAJIUCH MOIIHBIE
MeTOIBI Teopuit pyHKIHUIL,

- I[Ipobnema Banaxa o cymecrBoBanuu 6a3uca st Kjacca (pyHKIUH, COCTOSIIErO U3 HEIIPEPBIBHBIX B 3aMKHYTOM KDPyTe
U aHAJINTUYECKUX BHYTPH,

- YucsieHHBIE METO/IBI, IIOCKOJIbKY JaHHas 3a/a4a Kak MaTeMaTudecKasi MOJEJIb OIUCHIBAET MHOIME PEAJIbHBIE IIPOLIECCHI.

B nannoit pabore paccMoTpeHa 3ajada JUCKPETHU3AIUMU pelneHuil 3agadn lupuxie jjs ypaBHenus Jlamiaca B Kpyre
10 KOHEYHO! 4nCjI0BOM MHMOPMAIUY, IOJYyUYeHHONR OT I'PAHMYHON (DYHKIUN B pe3ysbTare IPUMEHEHHUs BCEX BO3MOXKHBIX
JnHeiHbIX dyHKIMoHAI0B. Haii/leH onTHMaJIbHBIN IOPSIIOK IOIPENIHOCTH AUCKPETU3AIMYA U IOCTPOEH COOTBETCTBY FOIIHIA
ONTUMAJIbHBIH OIIEPATOP JUCKPETU3AIUN.

Takke paccMoTpeHa 3ajada IIOCTPOEHHs BEPOSATHOCTHBIX Mep Ha (YHKIMOHAJIBHBIX KJIACCAX. Bsezenst
BEPOSITHOCTHBIE Mepbl Ha Kiaccax Kopo6osa E7(0,27) n Huxosmsckoro HJ(0,2m).  YcTaHOBJIEHBI J[BYCTOPOHHUE
OLIEHKN CPEJHEKBAIPATUIECKON MOIPEITHOCTU JUCKPETH3AMK PelleHnus 3azadn nocpeicrsom omneparopa (Tn f)(a,0) .
KiroueBble ciosa: nHpOpMaTUBHAS MOIIHOCTH JaHHOIO KJjacca (QyHKIMOHAJOB, JUCKDETU3alysl peLIeHni
uddepeHInaIbHOrO ypaBHEHNsI, CPEJHEKBAPATHYECKasl TOTPEIIHOCTh OTHOCUTEIBHO BEPOSITHOCTHOI MEpHI.
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